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The type of a measure Definition(s) of type

Definition

Let µ be a finite positive Borel measure on R. The type of µ is the
supremum T rµs of all a P r0,8q such that

span
 

eitz : |t| ď a
(

is not dense in L2pµq.

Finiteness of µ is a superfluous assumption. The natural class to consider
is measures with at most polynomial growth:

µ such that DN P N :

ż

R

dµpxq

1` x2N
ă 8.

This (and more) follows from equivalent ways to define T rµs.
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The type of a measure Definition(s) of type

Fact

Let Epaq be the Fourier image of all C8-functions with support in p´a, aq.
Then T rµs “ supta ě 0 : Epaq not dense in L2pµqu.

Fact

Given µ let Crµs be the set of all de Branges Hilbert spaces of entire
functions HpEq with

E is of Cartwright class and has no real zeroes,

HpEq is contained isometrically in L2pµq.

Then T rµs is the supremum of the exponential types of functions in

L :“
ď

HpEqPCrµs
HpEq,

equivalently, the supremum of exponential types of functions E,
HpEq P Crµs.
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The type of a measure A perturbation theorem about type

a A perturbation result

Definition (Majorisation up to an exponentially small error)

For two measures µ and µ̃ write µ ď µ̃, if

D δ ą 0, c0, c1, c2 ě 0 @ x P R :

µ
`

px´ e´δ|x|, x` e´δ|x|q
˘

ď

c0µ̃
`

px´ c1e
´δ|x|, x` c1e

´δ|x|q
˘

` c2e
´2δ|x|.

Theorem (A.Borichev, M.Sodin 2011)

If µ ď µ̃, then T rµs ď T rµ̃s.
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Type and spectral density

Type and spectral density

Harald Woracek (TU Vienna) Stability of order and type of a measure 8 / 37



Type and spectral density Krein-Feller operators of fractal strings

Let m be a nondecreasing bounded function on a finite interval r0, Ls, and
consider the Krein-Feller operator ´DmDx. Let

pxnqnPN be its spectrum arranged as increasing sequence,

µ its spectral measure,

µ̂ the symmetrised measure µ̂ :“
ÿ

nPN
µptxnuq

`

δt?xnu ` δt´
?
xnu

˘

.

Theorem (M.G.Krein 1951)

lim
nÑ8

n
?
xn
“

1

2
T rµ̂s “

ż L

0

a

m1pxq dx.

Notice

A corresponding theorem holds for canonical systems (M.G.Krein 1951 /
L.de Branges 1961).
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Type and spectral density Krein-Feller operators of fractal strings

` Self-similar measures

Let S1pxq :“
1
3x and S2pxq :“

1
3x`

2
3 .

Fact

For each p P p0, 1q there exists a unique probability measure ν which is
self-similar with weight p: for all M Ď r0, 1s Borel set

νpMq “ p ¨ ν
`

S´11 pMq
˘

` p1´ pq ¨ ν
`

S´12 pMq
˘

.

Theorem (U.Freiberg 2000)

Assume logpp3q
L

logp1´p3 q R Q. Let

ρ P p0, 1q the solution of pp3q
ρ ` p

1´p
3 q

ρ “ 1,

m the distribution function of ν, pxnqnPN the spectrum of ´DmDx,

Nprq :“ #tn :
?
xn ď ru the counting function.

Then limrÑ8Nprq{r
ρ P p0,8q.
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Type and spectral density Krein-Feller operators of fractal strings

Observe that...

...the type of the spectral measure cannot distinguish between different p.
It is always 0.

Still, on a finer scale, the spectra for different p are different.
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Type and spectral density Jacobi operators with power-asymptotics

Let ρn ą 0, qn P R, and consider the Jacobi operator

J “

¨

˚

˚

˚

˝

q0 ρ0
ρ0 q1 ρ1

ρ1 q2
. . .

. . .
. . .

˛

‹

‹

‹

‚

Theorem (M.Riesz 1923)

Assume that J is limit circle case (type C). Let

µ a spectral measure,

px`n qnPN the positive spectral points arranged increasingly,

px´n qnPN the negative spectral points arranged decreasingly.

Then
lim
nÑ8

n

x`n
“ lim

nÑ8

n

|x´n |
“ T rµs “ 0.
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Type and spectral density Jacobi operators with power-asymptotics

` Parameters having power-asymptotics

Assume the Jacobi parameters have power-like asymptotics

ρn “ nβ1
´

x0 `
x1
n
`Opn´2q

¯

, qn “ nβ2
´

y0 `
y1
n
`Opn´2q

¯

,

with x0 ą 0, y0 ‰ 0, and x1, y1 P R.

Fact

Necessary conditions that J is in limit circle case are

β1 ą 1 (Carleman 1926),

β1 ´ β2 ě 0 with |y0| ď 2x0 if β1 “ β2 (Wouk 1953).
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Type and spectral density Jacobi operators with power-asymptotics

Let pxnqnPN be the spectrum of J , Nprq :“ #tn : |xn| ď ru the counting
function, and assume that the Carleman and Wouk conditions hold.

Theorem (Yu.M.Berezanskii 1956)

Assume β1 ´ β2 ą 1. Then J is in limit circle case and for all ε ą 0

lim sup
rÑ8

Nprq

r
1
β1
´ε
“ 8, lim sup

rÑ8

Nprq

r
1
β1
`ε
“ 0.

Theorem (R.Pruckner 2017)

Assume β1 ´ β2 P r0, 1s with |y0| ă 2x0 if β1 “ β2. Then J is in limit
circle case and

lim sup
rÑ8

Nprq

r
1
β1

ą 0, lim sup
rÑ8

Nprq

r
1
β1 plnrms rq

1´ 1
β1

ă 8,m P N,

where lnr0s x :“ x and lnrms x :“ lnplnrm´1s xq.
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Type and spectral density Jacobi operators with power-asymptotics

Observe that...

...the type of the spectral measure cannot distinguish between different J .
It is always 0.

Still, on a finer scale, the spectra of different J are different.
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The basic problem

Order and λ-type

of a measure
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The basic problem

The basic problem (informally)

Does there exist an underlying concept of

“order of a measure µ”

which can distinguish between different p’s and J ’s ?

...... and what can one say about it.
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The basic problem

Let µ be a positive Borel measure on R with at most power growth, let
Crµs be the chain of all de Branges Hilbert spaces of entire functions
HpEq with

E is of Cartwright class and has no real zeroes,

HpEq is contained isometrically in L2pµq,

and set
L :“

ď

HpEqPCrµs
HpEq.

Recall that...

... T rµs is the supremum of the exponential types of functions in L.
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The basic problem

Definition

The order of µ is the supremum ρrµs of the orders of functions in
L “

Ť

HpEqPCrµs
HpEq.

Notice

The order of µ is always in r0, 1s.

For each given ρ P r0, 1s there exists µ such that ρrµs “ ρ.

Example

Let µ be a discrete measure µ “
ř

mn ¨ δan .
Let γ be the convergence exponent of panq.

Then ρrµs ď γ.

If µ is limit circle (i.e., Crµs has maximal element), then ρrµs “ γ.

Harald Woracek (TU Vienna) Stability of order and type of a measure 19 / 37



The basic problem

Definition

The order of µ is the supremum ρrµs of the orders of functions in
L “

Ť

HpEqPCrµs
HpEq.

Notice

The order of µ is always in r0, 1s.

For each given ρ P r0, 1s there exists µ such that ρrµs “ ρ.

Example

Let µ be a discrete measure µ “
ř

mn ¨ δan .
Let γ be the convergence exponent of panq.

Then ρrµs ď γ.

If µ is limit circle (i.e., Crµs has maximal element), then ρrµs “ γ.

Harald Woracek (TU Vienna) Stability of order and type of a measure 19 / 37



The basic problem

Definition

The order of µ is the supremum ρrµs of the orders of functions in
L “

Ť

HpEqPCrµs
HpEq.

Notice

The order of µ is always in r0, 1s.

For each given ρ P r0, 1s there exists µ such that ρrµs “ ρ.

Example

Let µ be a discrete measure µ “
ř

mn ¨ δan .
Let γ be the convergence exponent of panq.

Then ρrµs ď γ.

If µ is limit circle (i.e., Crµs has maximal element), then ρrµs “ γ.

Harald Woracek (TU Vienna) Stability of order and type of a measure 19 / 37



The basic problem

A growth function is a function λ : r0,8q Ñ p0,8q which “regularly”
increases to 8.

Typical examples are

λprq “ ra ¨
`

log r
˘b1
¨
`

log log r
˘b2
¨ . . . ¨

`

logrms r
˘bm (r large),

where a ě 0 and b1, . . . , bm P R such that log r “ opλprqq.

Definition

The λ-type of an entire function f is the infimum of all α ą 0 with

Dβ ą 0 : |fpzq| ď βeα¨λp|z|q, z P C.

Equivalently: λ-type of f “ lim sup
|z|Ñ8

log |fpzq|

λp|z|q
.
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The basic problem

Definition

The λ-type of µ is the supremum τλrµs of the λ-types of functions in
L “

Ť

HpEqPCrµs
HpEq.

Notice

The λ-type of µ is understood in r0,8s.

For each given λ and τ P r0,8s there exists µ such that τλrµs “ τ .
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The basic problem

Fact (limit circle case is easy...)

Assume µ is limit circle, i.e., Crµs has a maximal element HpE0q.

Then L “ HpE0q and the order (λ-type, resp.) of µ equals the order
(λ-type, resp.) of E0.

µ is discrete, and the order (λ-type, resp.) can be read off the
support of µ.

Notice

Can be used for constructing limit point example:

1 assume E0 has a certain growth (order or λ-type),

2 consider the de Branges–chain in HpE0q,

3 append an infinite polynomial chain.

Then

the resulting limit circle measure has the same order and λ-type as
E0.
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the resulting limit circle measure has the same order and λ-type as
E0.
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The basic problem

The basic problem (less informally)

is the inverse problem:

Given µ (limit point),

1 what is the order of µ ?
2 what is the λ-type of µ ?

A complete solution seems out of reach ......

...... any results welcome !
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Borichev-Sodin type perturbations

Growth dependent

Borichev-Sodin type

perturbations
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Borichev-Sodin type perturbations Growth dependent majorisation of measures

Recall that...

Majorisation up an exponentially small error: µ ď µ̃, if

D δ ą 0, c0, c1, c2 ě 0 @ x P R :

µ
`

px´ e´δ|x|, x` e´δ|x|q
˘

ď

c0µ̃
`

px´ c1e
´δ|x|, x` c1e

´δ|x|q
˘

` c2e
´2δ|x|.

Definition (Majorisation up a λ-small error)

Let λ be a growth function.

For two measures µ and µ̃ write µ ĺλ µ̃, if

D c0, c1, c2 ě 0 @ x P R :

µ
`

px´ e´λp|x|q, x` e´λp|x|qq
˘

ď

c0µ̃
`

px´ c1e
´λp|x|q, x` c1e

´λp|x|qq
˘

` c2e
´2λp|x|q.
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Borichev-Sodin type perturbations Growth dependent majorisation of measures

Fact

λ̂prq ě λprq ` log r ñ

´

µ ĺλ̂ µ̃ñ µ ĺλ µ̃
¯

Example

Measures which arise from discrete ones when point masses spread over
small intervals.

µ is a bump measure if there exist δ ą 0 and disjoint intervals In with

µpInq ‰ 0 and suppµ Ď
Ť

In,

length of In is ď expp´δ ¨ |max In|q.

Pick an P In and set µ̃ :“
ř

µpInq ¨ δan . Then µ ĺδr µ̃ and µ̃ ĺδr µ.
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Borichev-Sodin type perturbations The Fast Growth Theorem

U Fast Growth Theorem

Assume µ is majorised by µ̃.

We think of µ̃ as the unperturbed measure and of µ as the perturbed.

L̃ “
Ť

HpEqPCrµ̃sHpEq.

Fast Growth Theorem (informally)

Assume suitable a priori knowledge connecting the maximal growth of
functions in L̃ with the size of the perturbation. Then L̃ Ď L2pµq and:

1 either L̃ dense in L2pµq,

2 or ClosL2pµq L̃ contains functions growing faster than those in L̃.

This means that...

...density may be lost, but this loss must be balanced with occurrance of
fast growing functions in the closure.
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Borichev-Sodin type perturbations The Fast Growth Theorem

Parameters occur which should be fitted to each other.

A growth function λ and c P r0,8q.
Quantifies the a priori knowledge and strength of the conclusion.

A growth function λ1. Quantifies the admissible size of perturbation.

Fast Growth Theorem (quantitatively precise)

Assume: µ, µ̃ have at most power growth, µ̃ infinite index of determinacy

µ ĺλ1 µ̃

@ f P L̃ : lim sup|z|Ñ8
log |fpzq|
λp|z|q ă 8 and lim supxÑ˘8

log |fpxq|
λp|x|q ď c

D c` ą c : λ1 ě 2c`λ

Then: L̃ Ď L2pµq, and

1 either ClosL2pµq L̃ “ L2pµq

2 or D f P ClosL2pµq L̃ :

lim sup|z|Ñ8
log |fpzq|
λp|z|q “ 8 or lim supxÑ˘8

log |fpxq|
λp|x|q ą c
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Borichev-Sodin type perturbations The Fast Growth Theorem

U Fast Growth Theorem (large λ1)

Fast Growth Theorem (large λ1)

Assume r “ Opλ1prqq and use λprq :“ r, c :“ 0.
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Borichev-Sodin type perturbations The Fast Growth Theorem

Example

Let α P p0, 1q and dµpxq :“ e´|x|
α
dx.

What can one say about the chain Crµs ?

Crzs Ď L2pµq and ClosL2pµqCrzs ‰ L2pµq.

@ f P L : lim sup
|z|Ñ8

log |fpzq|

|z|α
ď

1

2 cospπ2αq
, lim sup
xÑ˘8

log |fpxq|

|x|α
ď

1

2
.

To be expected: Towards the end of the chain functions grow
arbitrarily close to these bounds.

Consider µ as perturbation of “tiny” measure, say dµ̃pxq :“ e´|x|dx.

Fast Growth Theorem λprq“λ1prq “ rα, c “ 1
2 ´ ε (ε ą 0 arbitrary).

Assumptions: µ ĺλ1 µ̃ 3, L̃ “ Crzs 3, λ1 ě 2 ¨ 12 ¨ λ 3.

Conclusion: D f P ClosL2pµqCrzs : lim sup
xÑ˘8

log |fpxq|

|x|α
ě

1

2
´ ε.
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arbitrarily close to these bounds.

Consider µ as perturbation of “tiny” measure, say dµ̃pxq :“ e´|x|dx.

Fast Growth Theorem λprq“λ1prq “ rα, c “ 1
2 ´ ε (ε ą 0 arbitrary).

Assumptions: µ ĺλ1 µ̃ 3, L̃ “ Crzs 3, λ1 ě 2 ¨ 12 ¨ λ 3.

Conclusion: D f P ClosL2pµqCrzs : lim sup
xÑ˘8

log |fpxq|

|x|α
ě

1

2
´ ε.
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Borichev-Sodin type perturbations Coincidence Theorem

U Coincidence Theorem

Coincidence Theorem

Assume: µ, µ̃have at most power growth, µ, µ̃ infinite index of determinacy

µ ĺλ1 µ̃ and µ̃ ĺλ1 µ

@ f P LY L̃ : lim sup
|z|Ñ8

log |fpzq|
λp|z|q ă 8 and lim sup

xÑ˘8

log |fpxq|
λp|x|q ď c

D c` ą c : λ1 ě 2c`λ

Then:
Crµs “ Crµ̃s (as sets, i.e., excluding norms).

In particular: ρrµs “ ρrµ̃s and τλrµs “ τλrµ̃s.
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Borichev-Sodin type perturbations Coincidence Theorem

Corollary

Assume: µ, µ̃have at most power growth, µ, µ̃ infinite index of determinacy

µ ĺrρ µ̃ and µ̃ ĺrρ µ

ρ ą maxtρrµs, ρrµ̃su

Then:
ρrµs “ ρrµ̃s.

This means that...

...an a priori estimate gives rise to equality of orders.
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Borichev-Sodin type perturbations Coincidence Theorem

Example

Let µ be a bump measure with at most power growth.

Let In be supporting intervals, and pick an P In (an ‰ 0).

Assume that the convergence exponent γ of panq is ă 1.

Set P pzq :“
ś

`

1´ z
an

˘

.

Then
ρrµs ď γ

with equality if

DN P N :
ÿ 1

µpInq|P 1panq| ¨ |an|N
ă 8.
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Borichev-Sodin type perturbations Monotonicity Theorems

Definition

For a growth function λ and a measure µ set

hλrµspφq :“ sup
!

lim suprÑ8
log |fpreiφq|

λprq : f P
Ť

HPCrµsH
)

,

hλrµspφq :“ sup
!

lim infrÑ8
log |fpreiφq|

λprq : f P
Ť

HPCrµsH
)

,

the λ-indicator and lower λ-indicator of µ.

Definition

For a growth function λ set ρλ :“ limrÑ8
rλ1prq
λprq .

Notice

For λprq “ ra ¨
`

log r
˘b1
¨
`

log log r
˘b2
¨ . . . ¨

`

logrms r
˘bm , we have ρλ “ a.
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Borichev-Sodin type perturbations Monotonicity Theorems

U Quasi-Monotonicity Theorem

Quasi-Monotonicity Theorem

Set θ :“ π
2 if ρλ ď

1
2 and θ :“ π

2 p
1
ρλ
´ 1q if 1

2 ă ρλ ď 1.

Assume: µ, µ̃ have at most power growth, Crµs has no maximal element,

µ ĺλ1 µ̃

@ f P LY L̃ : lim sup
|z|Ñ8

log |fpzq|
λp|z|q ă 8 and lim sup

xÑ˘8

log |fpxq|
λp|x|q ď c

D c` ą c : λ1 ě 2c`λ

Then:
hλrµspφq ď hλrµ̃spφq, |φ´

π

2
| ă θ.

If ρλ P p
1
2 , 1q, λprq “ oprρλq, or ρλ “ 1, also for ““ θ”.

Observe that...

...only the lower λ-indicator of µ is estimated.
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U Quasi-Monotonicity Theorem (large λ1)

Monotonicity Theorem (large λ1)
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Monotonicity Theorem (large λ1)

Assume r “ Opλ1prqq and use λprq :“ r, c :“ 0.
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@ f P LY L̃ : lim sup
|z|Ñ8

log |fpzq|
λp|z|q ă 8 and lim sup

xÑ˘8

log |fpxq|
λp|x|q ď c
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Monotonicity Theorem (large λ1)
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log |fpzq|
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...automatic 3
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D c` ą c : λ1 ě 2c`λ
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Then:
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2

˘

ď hλrµ̃s
`π

2

˘

.
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log |fpxq|
λp|x|q ď c

...automatic 3

D c` ą c : λ1 ě 2c`λ ...automatic 3

Then:
T rµs “ hλrµs

`π

2

˘

“ hλrµs
`π

2

˘

ď hλrµ̃s
`π

2

˘

“ T rµ̃s.
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