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Introduction to the problem Canonical systems

We consider a 2-dimensional canonical system

f 1pxq “ zJHpxqfpxq, x P p0, Lq,

where the Hamiltonian H satisfies

H : p0, Lq Ñ R2ˆ2,

Hpxq ě 0, x P p0, Lq a.e.,

H P L1
locp0, Lq,

H does not vanish identically on any set of positive measure,

z P C a parameter,

J “
´

0 ´1
1 0

¯

.

We always assume

ż x

0
trHpyq dy ă 8, x ă L.
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Introduction to the problem Canonical systems

Fundamental solution

The fundamental solution of H is the unique 2ˆ2-matrix valued solution
W px, zq “ pwijpx, zqq

2
i,j“1 of the initial value problem

# d
dxW px, zqJ “ zW px, zqHpxq, x P r0, Lq,

W p0, zq “ I.

For technical reasons one passes to the transpose in the original equation.

For each x P p0, Lq the entries of W px, zq are entire functions in z.
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Introduction to the problem Canonical systems

The de Branges chain

For each x P p0, Lq the kernel

Kxpw, zq :“
w12px, zqw11px,wq ´ w11px, zqw12px,wq

z ´ w

is positive semidefinite and generates a reproducing kernel Hilbert space
Hx of entire functions. This space is a de Branges space.

Let 0 ă x ă y ă L. Then Hx Ď Hy and the inclusion map is contractive.

If x is not inner point of an indivisible interval, the inclusion Hx Ď Hy is
isometric.

An interval pa, bq Ď p0, Lq is indivisible, if Hpxq “ hpxqξφξ
T
φ for x P pa, bq

a.e., where ξφ “ pcosφ, sinφqT and hpxq ą 0 is a scalar-valued function.
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Introduction to the problem Order and type

Order and type

Definition

For x P r0, Lq let ρpxq be the order of the function w11px, ¨q. That is, the
infimum of all ρ ą 0 such that there exist α, β ą 0 with

|w11px, zq| ď α exp
`

β ¨ |z|ρ
˘

, z P C. (1)

Definition

Let x P r0, Lq and assume that ρpxq ă 8. Let τpxq be the type of the
function w11px, ¨q w.r.t. its order. That is, the infimum of all β ą 0 such
that (1) holds for some α ą 0 and ρ “ ρpxq.
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Introduction to the problem Order and type

Order and type

Type can also be considered w.r.t. a growth function λprq (instead of rρ).
For example:

λprq “ rρ ¨ plog rqα1 ¨ plog log rqα2 ¨ ¨ ¨

Definition

The type τλpxq w.r.t. λprq is the infimum of all β ą 0 such that

|w11px, zq| ď α exp
`

β ¨ λp|z|q
˘

, z P C.
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Introduction to the problem Order and type

Order and type

The principle problem:

Given H, compute ρpxq and τpxq, or τλpxq for prescribed λ.
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Introduction to the problem Order and type

Krein–de Branges formula

Theorem (M.G.Krein 1951 / L.de Branges 1961)

Exponential type (i.e., type w.r.t. λprq “ r) is given by the formula

τrpxq “

x
ż

0

a

detHpyq dy.

It cannot be expected that for other speeds of growth τλpxq can be
described by a nearly as neat formula, and the same for ρpxq.
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Introduction to the problem Order and type

Properties of order and type

Theorem (explicit: A.D.Baranov and H.Woracek 2006)

The functions wijpx, ¨q, i, j “ 1, 2, all have the same order and
λ-type.

ρpxq and τλpxq are the maximum of orders or types, respectively, of
elements of the space Hx.

Corollary

The functions ρ : x ÞÑ ρpxq and τλ : x ÞÑ τλpxq are nondecreasing.

The functions ρ and τλ are neither necessarily left-continuous nor
right-continuous.

For each finite sequence λ1, . . . , λn of growth functions with
λi ď λi`1, and 0 ă α1 ď . . . ď αn, there exists a Hamiltonian H
such that for some points 0 ă x1 ă ¨ ¨ ¨ ă xn ă L

τλipxiq “ αi, i “ 1, . . . , n.
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Introduction to the problem Order and type

Properties of order and type

It is an open question...

whether every nondecreasing function into r0, 1s (or r0,8s) is the function
ρpxq (or τλpxq, resp.) of some Hamiltonian.

For ρpxq the answer is expected to be “yes”.
The same for τλpxq provided λprq “ oprq.

This restriction is natural:

If λprq “ r a function is of the form τλpxq if and only if it is
nondecreasing and absolutely continuous.

If r “ opλprqq, τλpxq is identically 0.
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Theorems I. Limit circle case

Theorems I. Limit circle case
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Theorems I. Limit circle case

In this chapter assume that

ż L

0
trHpxq dx ă 8.

Then the monodromy matrix W pL, zq of the system exists and we may
investigate ρpLq.
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Theorems I. Limit circle case General estimate from above

Romanov’s Theorem

Theorem (R.V.Romanov 2016)

Let α P p0, 1s. Assume: DC ą 0 @R ą 1 DH‹ composed of N‹ ă 8
indivisible intervals px‹j´1, x

‹
j q with angles φ‹j Da

‹
j P p0, 1s:

řN‹

j“1
1

pa‹
j q

2

şx‹
j

x‹
j´1

›

›Hpxq ´H‹pxq
›

› dx ď CRα´1

řN‹

j“1pa
‹
j q

2
“

x‹j ´ x
‹
j´1

‰

ď CRα´1

řN‹´1
j“1 ln

“

1` | sinpφ‹j`1 ´ φ
‹
j q| ¨ pa

‹
j`1a

‹
j q
´1
‰

ď CRα

| ln a‹1| ` | ln a
‹
N‹ | `

řN‹´1
j“1

ˇ

ˇ ln
a‹
j`1

a‹
j

ˇ

ˇ ď CRα

Then ρpLq ď α.

In very simplified words: If H can be approximated well by finite
dimensional Hamiltonians, the order is small.
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Theorems I. Limit circle case General estimate from above

Romanov’s Theorem

This result is sharp:

For each ρ P p0, 1q there exists a Hamiltonian H such that ρpLq “ ρ and
that the conditions of the theorem are satisfied for all α P pρ, 1s.
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Theorems I. Limit circle case General estimate from above

Romanov’s Theorem

It is an open question...

whether Romanov’s theorem always computes ρpLq:

Given H, is it possible to find for every α P pρpLq, 1s an approximation
satisfying the conditions of the theorem ?

We don’t know what to expect.
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Theorems I. Limit circle case Hamburger Hamiltonians

Hamburger moment problems

A sequence psnq
8
n“0 is a Hamburger moment sequence if sn “

ş

R x
n dµpxq

with some positive Borel measure µ.

Associated to a Hamburger moment sequence is the Jacobi operator J . Its
eigenvalue equation can be written as a three-term recurrance:

zPnpzq “ ρnPn`1pzq ` qnPnpzq ` ρn´1Pn´1pzq, n “ 0, 1, 2, . . .

with ρn, qn being the Jacobi parameters of psnq
8
n“0.

The three-term recurrance of a Hamburger moment sequence can be
rewritten as a canonical system: Hpxq :“ ξφnξ

T
φn

, x P rxn´1, xnq, where

qn “ ´
1

ln

“

cotpφn`1 ´ φnq ` cotpφn ´ φn´1q
‰

1

ρn
“ | sinpφn`1 ´ φnq|

a

lnln`1, xn :“
n
ÿ

k“1

lk.
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Theorems I. Limit circle case Hamburger Hamiltonians

Livšic’s Theorem

Theorem (M.S.Livšic 1939)

Let H be the Hamiltonian arising from an indeterminate moment sequence
psnq

8
n“1. Then

ρpLq ě lim sup
nÑ8

2n lnn

ln s2n
.

In Livšic’s estimate equality does not always hold. The gap between the
left and right hand sides can be arbitrarily close to 1.

Harald Woracek (TU Vienna) Order and type of canonical systems 20 / 46



Theorems I. Limit circle case Hamburger Hamiltonians
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Theorems I. Limit circle case Hamburger Hamiltonians

The Berg-Szwarc formula

Theorem (C.Berg and R.Szwarc 2014)

Let H be the Hamiltonian arising from an indeterminate moment sequence
psnq

8
n“1, and let Pnpzq “

řn
k“0 bk,nz

k, n P N0, be the orthogonal
polynomials associated with this sequence. Then

ρpLq “ lim sup
kÑ8

´2k ln k

ln
8
ř

n“k

b2k,n

.

This formula is unlikely to be of much practical use, since it requires
knowledge of all coefficients of orthogonal polynomials.
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Theorems I. Limit circle case Hamburger Hamiltonians

A lower estimate for a Hamburger Hamiltonian

However, it yields a practical estimate in terms of the Hamiltonian.

Definition

Let ~l, ~φ be sequences of real numbers with ln ą 0 and φn`1 ı φn mod π.
The Hamburger Hamiltonian H~l,~φ is

H~l,~φpxq :“ ξφnξ
T
φn , x P rxn´1, xnq, xn :“

n
ÿ

k“1

lk.

Corollary

Let H~l,~φ be a Hamburger Hamiltonian in the limit circle case. Then

ρpLq ě lim sup
kÑ8

´k ln k

ln
k´1
ś

n“1
| sinpφk`1 ´ φkq|

a

lklk`1

.
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Theorems I. Limit circle case Hamburger Hamiltonians

An upper estimate for a Hamburger Hamiltonian

We introduce measures for decay and smoothness of a Hamburger
Hamiltonian H~l,~φ.

Decay of lengths: ∆l :“ max
 

1, suptτ ě 0 : ln “ Opn´τ qu
(

Smoothness of angles:

∆φ :“ sup
!

τ ě 0 :
1

n

2n´1
ÿ

k“n

| sinpφn`1 ´ φnq| “ Opn´τ q
)

Speed of possible convergence of angles:

Λ :“ sup
φPr0,πq

sup
!

τ ě 0 :
8
ÿ

j“n

lj | sinpφj ´ φq| “ O
`

n1´∆`
l ´τ

˘

)
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Theorems I. Limit circle case Hamburger Hamiltonians

An upper estimate for a Hamburger Hamiltonian

Theorem (R.Pruckner and R.V.Romanov and H.Woracek Jto appearK)

Let H~l,~φ be a Hamburger Hamiltonian in limit circle case (i.e.
ř

ln ă 8).

Case ∆l `∆φ ě 2, p∆l,∆φ,Λq ‰ p1, 1, 0q:

ρpLq ď
1

∆l `∆φ
. (2)

Case ∆l `∆φ ă 2, Λ ě 2∆φ: Also (2).

Case ∆l `∆φ ă 2, Λ ă 2∆φ:

ρpLq ď
1´∆φ `

1
2Λ

∆l ´∆φ ` Λ
.

In simplified words: If ~l decays fast and φn behave smoothly, the order is
small.

Harald Woracek (TU Vienna) Order and type of canonical systems 24 / 46



Theorems I. Limit circle case Hamburger Hamiltonians

An upper estimate for a Hamburger Hamiltonian

Combining the upper bound (1st case) with the lower bound obtained from
the Berg-Szwarc formula allows to compute ρpLq for Hamburger
Hamiltonians whose lengths ln and angle differences |φn`1 ´ φn| behave
not too wildly and decay sufficently fast.

Corollary

Assume

τ ą 1, σ ą 0, and τ ` σ ą 2

ln “ n´τ ¨ rn with ln rn
lnn Ñ 0

|φn`1 ´ φn| is nonincreasing and Opn´σq

Then

ρpLq “
1

τ ` σ
.
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Theorems I. Limit circle case Hamburger Hamiltonians

An upper estimate for a Hamburger Hamiltonian

It is an open question...

whether this bound is sharp at every point of the critical region (3rd case)
“∆l `∆φ ă 2, Λφ ă 2∆φ”.

We tend to believe the answer is “yes”.
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Theorems II. Limit point case

Theorems II. Limit point case
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Theorems II. Limit point case

In this chapter assume that

ż L

0
trHpxq dx “ 8.

Then the Weyl coefficient

QHpzq :“ lim
xÕL

w11px, zqτ ` w12px, zq

w21px, zqτ ` w22px, zq
, z P CzR

of the system exists independently of τ P RY t8u, is an analytic function
in C` with nonnegative imaginary part in this half-plane, and satisfies
QHpzq “ QHpzq.
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Theorems II. Limit point case Uniform order via Schatten class properties

Uniform order

Definition

Assume QH is meromorphic in the whole plane. The uniform order ρ̄pHq
of H is the convergence exponent of the sequence p 1

ωn
q, where ωn are the

nonzero poles of QH .

If QH is not meromorphic throughout C, set ρ̄pHq :“ 8.

This is a straight generalisation of the limit circle situation:

If H ends with an indivisible interval pL1, Lq, then ρ̄pHq “ ρpL1q.

Uniform order is maybe best understood from an operator theoretic
viewpoint: ρ̄pHq is the infimum of all α ą 0 such that selfadjoint
realisations of the canonical system have resolvents belonging to the
Schatten-class Sα.
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Theorems II. Limit point case Uniform order via Schatten class properties

The Hilbert-Schmidt condition

Theorem (explicit: M.Kaltenbäck and H.Woracek 2007)

A Hamiltonian H has the property S2, if and only if there exists an angle
φ P r0, πq with

ż L

0
ξTφHpxqξφ dx ă 8,

ż L

0
ξTφ`π

2
Gpxqξφ`π

2
¨ ξTφHpxqξφ dx ă 8 where Gpxq :“

şx
0 Hpyq dy.

For φ “ 0 these conditions take the simple form (Hpxq “ phijpxqq
2
i,j“1)

ż L

0
h11pxq dx ă 8,

ż L

0

´

ż x

0
h22pyq dy

¯

h11pxq dx.

Hence, the property S2 relates to a theorem of de Branges about
Hamiltonians which are in the limit point case at their left endpoint.
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Theorems II. Limit point case Krein strings

Krein strings

A string is given by a nondecreasing function m : r0, Ls Ñ r0,8s, its mass
distribution function.

Associated to a string is the Krein-Feller differential operator ´DmDx. Its
eigenvalue equation can be written as an integral boundary value problem:

$

’

&

’

%

fpxq ´ fp0q ` z

ż

r0,xs
px´ yqfpyq dmpyq “ 0, x P r0, Ls ,

f 1p0´q “ 0

The equation of a string can be rewritten as a canonical system:

Hpxq :“

ˆ

1 ´mpxq
´mpxq mpxq2

˙

, x P r0, Lq.
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Theorems II. Limit point case Krein strings

dating back to Krein...

Let m : r0,8q Ñ r0,8q be nondecreasing and bounded, and consider

Hpxq :“

ˆ

1 ´mpxq
´mpxq mpxq2

˙

, x P r0,8q.

Theorem (I.S.Kac and M.G.Krein 1958)

QH is meromorphic in the whole plane if and only if
lim
xÑ8

xpmp8q ´mpxqq “ 0.

Theorem (M.G.Krein «1952)

H has the property S1 if and only if

ż 8

0
x dmpxq ă 8.
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Theorems II. Limit point case Krein strings

Kac’s Theorems

Theorem (I.S.Kac 1962)

Assume lim
xÑ8

xpmp8q ´mpxqq “ 0 and let α P t2, 3, . . .u. Then H has

the property Sα if and only if

ż

Q
Upx1, x2qUpx2, x3q ¨ ¨ ¨ ¨ ¨ Upxα´1, xαqUpxα, x1q dx1 ¨ ¨ ¨ dxα ă 8,

where

Upx, sq :“

#

mp8q ´mpsq , x ď s

mp8q ´mpxq , x ą s

and
Q :“

 

px1, . . . , xαq P Rα : 0 ď x1 ď ¨ ¨ ¨ ď xα
(

.
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Theorems II. Limit point case Krein strings

Kac’s Theorems

Theorem (I.S.Kac 1986)

Assume

ż 8

0
x dmpxq ă 8 and let α P p0, 1q. Then H has the property Sα

if and only if
ż L

0

ż sxplq

0

“

uxptq
‰α´1

dt dmpxq ă 8,

where

uxpsq :“ s
`

mpx` sq ´mpx´ sq
˘

, s P r0,mintx, L´ xuq,

sxptq :“ sup
 

s P r0,mintx, L´ xuq : uxpsq ď t
(

.
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Theorems II. Limit point case Krein strings

Kac’s Theorem

It is an open question...

how to characterise the property Sα when α ą 1 but not an integer.

Maybe interpolating between α’s might help ?
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Theorems II. Limit point case Non-uniform order via the de Branges chain

Non-uniform order

Can one define a notion of order of a measure generalising that of the
type of a measure ?

Most of the common definitions of the type of a measure (density of
exponentials, density of Fourier transforms of fast decaying functions) are
intrinsically related to exponential type and cannot be adapted for small
orders.

For a meaningful definition of the order of a measure (say, a finite
measure), one needs an appropriate testing space.

This space is found by considering the canonical system whose Weyl
coefficient is the Cauchy-transform of the measure.
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Theorems II. Limit point case Non-uniform order via the de Branges chain

Non-uniform order

Definition

Let H be a Hamiltonian. We define the non-uniform order ρpLq as

ρpLq :“ sup
 

ρpxq : x P r0, Lq
(

P r0, 1s.

The order of measure is now defined as follows: Let µ be given, let H be
the Hamiltonian whose Weyl coefficient is

ş

R
dµpxq
x´z , and let the order ρpµq

of µ be ρpLq.

Let Hx be the spaces of the de Branges chain of H. Then ρpLq is the
supremum of orders of elements of the linear space

L :“
ď

xPr0,Lq

Hx.
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Theorems II. Limit point case Non-uniform order via the de Branges chain

Non-uniform order

ρpLq ď ρ̄pLq.

It may happen that ρpLq “ 0 whereas ρ̄pLq “ 8.

For each ρ P r0, 1s there exist measures µ with nontrivial absolutely
continuous part, such that the order of µ is ρ.

In order to determine or estimate non-uniform order, one can of
course use the very definition, and try to estimate ρpxq by means of
limit circle theorems for every x. Such investigations, however, have
not been undertaken yet.

The non-uniform order of a semibounded (finite) measure cannot
exceed 1

2 . This, however, has rather trivial reasons.

Otherwise, we do not know any theorem which determines or
estimates the non-uniform order for a significant class of
Hamiltonians.

Harald Woracek (TU Vienna) Order and type of canonical systems 38 / 46



Theorems II. Limit point case Non-uniform order via the de Branges chain

Non-uniform order

ρpLq ď ρ̄pLq.

It may happen that ρpLq “ 0 whereas ρ̄pLq “ 8.

For each ρ P r0, 1s there exist measures µ with nontrivial absolutely
continuous part, such that the order of µ is ρ.

In order to determine or estimate non-uniform order, one can of
course use the very definition, and try to estimate ρpxq by means of
limit circle theorems for every x. Such investigations, however, have
not been undertaken yet.

The non-uniform order of a semibounded (finite) measure cannot
exceed 1

2 . This, however, has rather trivial reasons.

Otherwise, we do not know any theorem which determines or
estimates the non-uniform order for a significant class of
Hamiltonians.

Harald Woracek (TU Vienna) Order and type of canonical systems 38 / 46



Theorems II. Limit point case Non-uniform order via the de Branges chain

Borichev-Sodin type perturbation

A notion of majorisation of measures was introduced by A.Borichev and
M.Sodin (2011) for the case ρ “ 1 to investigate the type of a measure.

We are intereted in orders ă 1.

Definition

Let ρ P p0, 1q. Write µ1 ĺ µ2, if

D c0, c1, c2 with c1 ě 1, c0, c2 ě 0 @x P R :

µ1

`

px´ e´|x|
ρ
, x` e´|x|

ρ
q
˘

ď

c0µ2

`

px´ c1e
´|x|ρ , x` c1e

´|x|ρq
˘

` c2e
´|x|ρ .
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Theorems II. Limit point case Non-uniform order via the de Branges chain

Borichev-Sodin type perturbation

Theorem (A.D.Baranov and H.Woracek JrecentK)

Let ρ P p0, 1q and assume that ρpµ1q, ρpµ2q ă ρ.

If µ1 ĺ µ2 and µ2 ĺ µ1, then ρpµ1q “ ρpµ2q.
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