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A perturbation problem
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Given α “ pαnqnPN, β “ pβnqnPN with

• αn, βn P Rzt0u;

• αn pairwise different, βn pairwise different;

• the canonical products converge:

Pαpzq :“ lim
rÑ8

ź

|αn|ďr

´

1´
z

αn

¯

, Pβpzq :“ lim
rÑ8

ź

|βn|ďr

´

1´
z

βn

¯

.

The question

How large may the perturbation γn :“ βn ´ αn be, such that still

D c, C ą 0 : c|P 1αpαnq| ď |P
1
βpβnq| ď C|P 1αpαnq|, n P N.
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• At places in the vicinity of which the sequence α is well
separated and grows regularly, the sequence
α1 “ pP 1αpαnqqnPN behaves regularly and can be controlled.

• Points of α being close to each other give rise to peaks in α1,
and lumps of points being close to each other produce peaks
which even may spread out over neighbouring points.

The intuition

The perturbation γ must be smaller than the separation of α and
must not allow that lumps of points appear/vanish in the vicinity
of any point of α. Its maximal size

• depends on the asymptotic growth of α,

• is limited relative to the separation of α,

• is limited relative to the local irregularity of α.
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Our aim is

. . . to make this intuition quantitatively precise.
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Two toy examples

Example

Consider αn :“
`

n` 1
2

˘2
and βn :“

`

n` 3
2

˘2
, n “ 0, 1, 2, . . .

Then

• Pαpzq “ cos
?
z, Pβpzq “ p1´ 2zq´1 cos

?
z.

• P 1αpαnq “
p´1qn`1π

2n`3 , P 1βpβnq “
p´1qn`2π

p2n`3qp2n`2q .
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Two toy examples

Example

Consider αn :“
`

n` 1
2

˘2
and βn :“

`

n` 3
2

˘2
, n “ 0, 1, 2, . . .

Then

• Pαpzq “ cos
?
z, Pβpzq “ p1´ 2zq´1 cos

?
z.

• P 1αpαnq “
p´1qn`1π

2n`3 , P 1βpβnq “
p´1qn`2π

p2n`3qp2n`2q .

Conclusion
• γn “ αn`1 ´ αn — n œ P 1αpαnq ffi P 1βpβnq.

Our Theorems will show

• γn “ O
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log n ¨ plog log nq2

¯

ñ P 1αpαnq — P 1βpαn ` γnq.
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Two toy examples

Example

Consider

α2k´1 :“ k, α2k :“ ´k, k “ 1, 2, 3, . . . , α0 :“
1

10
.

• Pαpzq “
1´ 10z

πz
sinpπzq. Hence, |P 1αpαnq| — 1.

Let |γn| “ O
`

n´ε
˘

for some ε ą 0 (with γn ‰ ´αn), and set
βn :“ αn ` γn.

• Pβpzq is a sine type function. Hence, |P 1βpβnq| — 1.

Our Theorems will show

• γn “ O
´ 1

log n ¨ plog log nq2

¯

ñ P 1αpαnq — P 1βpαn ` γnq.
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Well-separated sequences

For sequences α and γ denote

• α` the (finite or infinite) subsequence consisting of all positive
elements of α arranged according to increasing modulus.

• γr`s the correspondingly arranged subsequence of γ:

γ
r`s
n “ γkpnq ô α`n “ αkpnq.

α´, γr´s . . . analogous for the negative elements of α.

Theorem (communicated by A.Baranov)

Assume Dρ ě 0, c ą 0 : |α˘n`1 ´ α
˘
n | ě cnρ, and

•
ř

n
|γ
r˘s
n |

|α˘n |
ă 8,

• DC ą 0 : |γ
r˘s
n | ď C nρ

logn

Then P 1αpαnq — P 1βpαn ` γnq.
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Growth functions,

separation

and local irregularity
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Growth functions

Definition
λ : R` Ñ R` is a growth function if

(gf1) λ is (for large r) differentiable, and lim
rÑ8

λprq “ 8.

(gf2) ρλ :“ lim
rÑ8

log λprq
log r P r0,8q

(gf3) lim
rÑ8

´

r λ
1prq
λprq

M

log λprq
log r

¯

“ 1.

Example

λprq “ ra ¨
`

logpm1q
r
˘b1
¨ . . . ¨

`

logpmnq r
˘bn , with

• a ě 0, mi P N, m1 ă . . . ă mn,

• b1, . . . , bn P R, with b1 ą 0 if a “ 0,

• logp1q r :“ log r, logpk`1q r :“ log
`

logpkq r
˘

, k P N.

We have ρλ “ a.
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Properties of growth functions

• For large r the function λ is strictly increasing and bounded
away from 0.

• lim
rÑ8

λpCrq
λprq “ Cρλ uniformly in C on compact subsets of

p0,8q.

• Let σ ą 0. Then (for large r)

λprq

rσ
is

#

increasing , σ ă ρλ

decreasing , σ ą ρλ
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Upper and lower densities

Definition
Let λ be a growth function and pξnqnPN, ξ P R, a sequence without
finite accumulation point. Set

nξprq :“ #tn P N : |ξn| ď ru

• Upper λ-density: ∆λpξq :“ lim suprÑ8
nξprq
λprq

• Lower λ-density: δλpξq :“ lim infrÑ8
nξprq
λprq

Lemma
Let λ be a growth function and pξnqnPN, 0 ă ξ1 ď ξ2 ď ξ3 ď . . ., a
sequence without finite accumulation point. Then

δλpξq “ lim inf
nÑ8

n

λpξ`n q
, ∆λpξq “ lim sup

nÑ8

n

λpξ`n q
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Upper and lower densities

Example

Let λ be a growth function, and set ξn :“ λ´1pnq. Then

δλpξq “ ∆λpξq “ 1.

Remark

• For each sequence ξ without finite accumulation point, there
exists a growth function λ with 0 ă ∆λpξq ă 8.

• It is not always possible to choose λ such that

∆λpξq ă 8 and δλpξq ą 0.

This is due to possible existence of large clusters of points in ξ.
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Separation and local irregularity

Definition
Let ξ “ pξnqnPN, ξ P Rzt0u, and let ρ ą 1.

Define

• sξpnq :“ inf
 

|ξk ´ ξn| : k P N, ξk ‰ ξn
(

• rξpρ, nq :“ #
!

k P N :
ξk
ξn
P

´ 1

ρ
, ρ
¯)

Example

Consider ξn :“ nσ with σ ě 1. Then

sξpnq — nσ´1, rξpρ, nq “
Y

`

ρ
1
σ ´ ρ´

1
σ

˘

n
]

, ρ ą 1.
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(

• rξpρ, nq :“ #
!

k P N :
ξk
ξn
P

´ 1

ρ
, ρ
¯)

Example

Consider ξn :“ nσ with σ ě 1. Then

sξpnq — nσ´1, rξpρ, nq “
Y

`

ρ
1
σ ´ ρ´

1
σ

˘

n
]

, ρ ą 1.
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The role of rξ
Lemma
Let λ be a growth function, ρ ą 1, and pξnqnPN,
0 ă ξ1 ď ξ2 ď ξ3 ď . . ., a sequence without finite accumulation
point.

• Assume ∆λpξq ă 8, δλpξq ą 0. Then

rξpρ, nq “ Opnq,
ÿ

kPN
ξk
ξn
Pp 1
ρ
,ρq

1

k
“ Op1q, nÑ8.

• Assume ξn “ λ´1pnq. Then

rξpρ, nq — n pif ρλ ą 0q,
ÿ

kPN: k‰n
ξk
ξn
Pp 1
ρ
,ρq

1

|ξk ´ ξn|
“ O

ˆ

n log n

ξn

˙
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The stability theorems
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Sequences under consideration

Remember: For a sequence α denote by

• α` the (finite or infinite) subsequence consisting of all positive elements
of α arranged according to increasing modulus.

• α´ . . . analogous for the negative elements of α.

Definition
Let S the set of all sequences α “ pαnq

8
n“1 with

(S1) αn P Rzt0u, pairwise distinct, without finite
accumulation point.

(S2) lim
nÑ8

n

α`n
“ lim

nÑ8

n

|α´n |
P r0,8q

(S3) lim
rÑ8

ÿ

|αn|ďr

1

αn
P R
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The general situation

Theorem
Let α P S and let Λ be a growth function, such that

• Λprq
r is (for large r) non-increasing or non-decreasing.

•
ř

nPN
1

Λp|αn|q
ă 8.

Let β P S, set γ :“ β ´ α, and assume

(A) |γn| “ O
´

|αn|
Λp|αn|q

¯

.

(B)
´

γn
sαpnq

¯

nPN
P `1.

(C) D ρ ą 1 : |γn| “ O
´

sαpnq
rαpρ,nq

¯

.

Then |P 1αpαnq| — |P
1
βpβnq|.
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Mild regularity

Theorem
Let α P S and let Λ be a growth function, such that

• Λprq
r is (for large r) non-increasing or non-decreasing.

•
ř

nPN
1

Λp|αn|q
ă 8.

• α` infinite ñ Dλ` : ∆λ`pα
`q ă 8, δλ`pα

`q ą 0
α´ infinite ñ Dλ´ : ∆λ´pα

´q ă 8, δλ´pα
´q ą 0

Let β P S, set γ :“ β ´ α, and assume

(A) |γn| “ O
´

|αn|
Λp|αn|q

¯
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Strong regularity. I

Theorem
Let α P S and let Λ be a growth function, such that

• Λprq
r is (for large r) non-increasing or non-decreasing.
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nPN
1

Λp|αn|q
ă 8.
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Strong regularity. I

Theorem
Let α P S and let Λ be a growth function, such that

• Λprq
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ř
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1
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|αn|
Λp|αn|q
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(B2) |γ
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`

α`n
nsα` pnq

1
logn

˘
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r´s
n |
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`

α`n
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logn

˘
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Strong regularity. I

Theorem
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´

|αn|
Λp|αn|q

¯

.

(B2) |γ
r`s
n |

sα` pnq
“ O

`

α`n
nsα` pnq

1
logn

˘

, |γ
r´s
n |

sα´ pnq
“ O

`

α`n
nsα` pnq

1
logn

˘

.

Then |P 1αpαnq| — |P
1
βpβnq|.
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Strong regularity. II

Theorem
Let α P S and let Λ be a growth function, such that

• Λprq
r is (for large r) non-increasing or non-decreasing.

•
ř

nPN
1

Λp|αn|q
ă 8.
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Returning to the example

Example

Consider αn :“ nσ, n P N, with σ ą 1.

• αn “ pλ`q´1pnq for λ`prq :“ r
1
σ .

• We may use, e.g., Λprq :“ r
1
σ log rplog log rq2:

Λprq

r
“ r

1
σ
´1 log rplog log rq2 non-increasing (for large r)

ÿ

nPN

1

Λp|αn|q
“

ÿ

nPN

1

n ¨ σ log n ¨ plog σ ` log lognq2
ă 8

λ`prq

Λprq
“

1

log rplog log rq2
non-increasing

ρλ` “
1

σ
ą 0
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General Theorem:
ÿ

nPN

|γn|

nσ´1
ă 8.
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Returning to the example

Example

Consider αn :“ nσ, n P N, with σ ą 1.

General Theorem:
ÿ

nPN

|γn|

nσ´1
ă 8.

Mild regularity: |γn| “ O
`

nσ´2
˘

.

Strong regularity (I or II): |γn| “ O
´ nσ´1

log n ¨ plog log nq2

¯

.
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Returning to the example

Example

Consider αn :“ nσ, n P N, with σ ą 1.

General Theorem:
ÿ

nPN

|γn|

nσ´1
ă 8.

Mild regularity: |γn| “ O
`

nσ´2
˘

.

Strong regularity (I or II): |γn| “ O
´ nσ´1

log n ¨ plog log nq2

¯

.

Remember: |γn| — nσ´1 is not allowed!
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(In-)determinate measures

Definition
Let µ be a positive Borel measure on R which has all power
moments, and set

sn :“

ż

R
tn dµptq, n “ 0, 1, 2, . . .

• µ is determinate, if there is no other measure ν with
ş

R t
n dνptq “ sn, n “ 0, 1, 2, . . .

• µ is indeterminate otherwise.

Convention: We always assume that suppµ is not finite.

Proposition

Assume µ is indeterminate. Then µ is discrete.
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Nevanlinna parameterisation

Theorem
Assume µ is indeterminate.

Then there exist four entire functions A,B,C,D, such that

ż

R

dνptq

t´ z
“
Apzqτpzq `Bpzq

Cpzqτpzq `Dpzq

establishes a bijection between

 

ν :

ż

R
tn dνptq “ sn, n “ 0, 1, 2, . . .

(

and N0 :“
 

τ : analytic in C`, Im τpzq ě 0
(

.

Note: µ itself appears in the first of these sets, and hence
corresponds to some parameter τ0.
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N-extremal measures

Definition
Let µ be a positive Borel measure on R which has all power
moments.

µ is N-extremal, if the space Crzs of polynomials is dense in L2pµq.

Theorem
µ is N-extremal if and only if

either

• µ is determinate,

or

• µ is indeterminate and corresponds to a constant parameter in
the Nevanlinna parameterisation.
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The Hamburger class

Definition
The Hamburger class H is the set of all entire function F with

• F is a transcendental entire function,

• F has minimal exponential type,

• F has only real and simple zeros, say pynq
8
n“1, and

lim
nÑ8

|yn|
l

|F 1pynq|
“ 0, l “ 0, 1, 2, . . . .

Remark
If F P H and F p0q “ 1, then F pzq “ lim

rÑ8

ź

|yn|ďr

´

1´
z

yn

¯

.
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Indeterminate and N-extremal measures

Theorem (A.Borichev, M.Sodin)

Consider µ “
ř8
n“1 µnδxn . Then µ is indeterminate and

N-extremal if and only if

• F pzq :“ limrÑ8
ś

|xn|ďr

`

1´ z
xn

˘

P H;

•
ř8
n“1 |xn|

lµn ă 8 for all l “ 0, 1, . . . ;

•
ř8
n“1

1
µn|F 1pxnq|2p1`x2nq

ă 8;

• for every function G P H with F
G entire,

8
ÿ

k“1

1

µnpkq|G1pxnpkqq|2
“ 8,

where pxnpkqq
8
k“1 is the sequence of zeros of G.
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Applying the stability theorem

Theorem
Let µ “

ř8
n“1 µnδαn be indeterminate and N-extremal. Let

pβnq
8
n“1, βn P R pairwise distinct, and let νn ą 0.

Choose a growth function Λ, such that

• Λprq
r is (for large r) non-increasing or non-decreasing.

•
ř

nPN
1

Λp|αn|q
ă 8.

• |βn ´ αn| “ O
´

|αn|
Λp|αn|q

¯

.

•
´

βn´αn
sαpnq

¯

nPN
P `1.

• D ρ ą 1 : |βn ´ αn| “ O
´

sαpnq
rαpρ,nq

¯

.

Then ν :“
ÿ

nPN
νnδβn is indeterminate and N-extremal.
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Using regularity ?

The versions of our stability theorem for regularly distributed
sequences do not apply immediately to this problem.

The reason is that a subsequence of a regularly behaving sequence
is not necessarily itself regularly behaving.
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Canonical systems

Let H : r0, Lq Ñ R2ˆ2 be such that

• H P L1
locpr0, Lqq,

• Hptq ě 0, t P r0, Lq,

• H does not vanish identically on any set of positive measure.

The canonical system with Hamiltonian H is the equation

y1ptq “ zJHptqyptq, t P r0, Lq.

Here z is a complex parameter and J :“
´

0 ´1
1 0

¯

.

Assume that Weyl’s limit point case takes place at L, i.e.,

ż L

0
trHptq dt “ 8.
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The Weyl coefficient
Let W px, zq “ pwijpx, zqqi,j“1,2 be the solution of the initial value
problem

d

dt
W pt, zqJ “ zW pt, zqHptq, t P r0, Lq, W p0, zq “ I,

Then, for each τ P RY t8u, the limit

lim
tÕL

w11pt, zqτ ` w12pt, zq

w21pt, zqτ ` w22pt, zq
“: qHpzq

exists locally uniformly on CzR and does not depend on τ .

qH is the Titchmarsh–Weyl coefficient (or Weyl m-function) of H.

It is characterised by

yptq “

˜

w11pt, zq

w12pt, zq

¸

´ qHpzq

˜

w21pt, zq

w22pt, zq

¸

P L2pHq
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Spectral theorems

Theorem (Direct Theorem)

The Titchmarsh–Weyl coefficient of H belongs to the Nevanlinna
class N0, i.e.,

• qH is analytic on CzR;

• qHpzq “ qHpzq, z P CzR;

• Im qHpzq ě 0 for Im z ą 0.

Theorem (Inverse Theorem)

Let q P N0. Then there exists H, such that q “ qH .
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Spectral theorems

Definition
Two Hamiltonians H1, H2 are reparameterisations of each other, if
there exists ϕ : p0, L2q Ñ p0, L1q with

• ϕ is absolutely continuous, increasing, and bijective;

• ϕ´1 is absolutely continuous;

• H2ptq “ H1pϕptqq ¨ ϕ
1ptq, t P p0, L2q a.e.

Theorem (Uniqueness Theorem)

Let H1, H2 be given. If qH1 “ qH2 , then H1 and H2 are
reparameterisations of each other.
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Indivisible intervals

Definition
Let H be a Hamiltonian on r0, Lq, and let px1, x2q Ď p0, Lq be
nonempty. Then px1, x2q is indivisible (for H), if

Hptq “ hptq

ˆ

cosφ
sinφ

˙

¨

ˆ

cosφ
sinφ

˙T

, t P px1, x2q a.e.

• hptq “ trHptq, t P px1, x2q a.e.

• px1, x2q is indivisible, if and only if detHptq “ 0 for
t P px1, x2q and kerHptq is constant on px1, x2q.

• The angle φ is unique mod π and is the type of px1, x2q.

• The length of px1, x2q is
şx2
x1

trHptq dt.

• Each indivisible interval is contained in a maximal indivisible
interval.
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Hamiltonians ending with indivisible intervals

Definition
Let H be a Hamiltonian on r0, Lq. We say that H ends with at
least N indivisible intervals, if

D 0 ď x0 ă x1 ă ¨ ¨ ¨ ă xN “ L :

each interval pxi´1, xiq is maximal indivisible.

Remark
The role of the indivisible interval ending at L is different than the
role of the others. Namely, its length is infinite whereas the length
of the others is finite.

Note: H ends with (at least) 1 indivisible interval, means – in
essence – that H is in limit circle case at L.
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Hamiltonians ending with indivisible intervals

Theorem
Let H be a Hamiltonian, and let N P N.

Then H ends with at least N indivisible intervals, if and only if

• qH is meromorphic in C

• let αn be the poles of qH , then lim
rÑ8

ÿ

|αn|ďr

1

αn
P R

• lim
nÑ8

n

α`n
“ lim

nÑ8

n

|α´n |
P r0,8q

• let σn be the negative residuum of qH at αn, then

ÿ

nPN

α2N´4
n

P 1αpαnqσn
ă 8.
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Applying stability theorems

Theorem
Let H be a Hamiltonian which ends with at least N indivisible
intervals, let αn be the poles of qH and σn its negative residues.

Let βn P S be such that the hypothesis of any of our stability
theorems are fullfilled, and let τn — σn.

Then the Hamiltonian H̃ whose Titchmarsh-Weyl coefficient has
poles βn with negative residues τn ends with at least N indivisible
intervals.
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The Krein class

Definition
The Krein class K is the set of all entire functions F with

• The zeroes αn of F are simple.

•
ÿ

nPN

ˇ

ˇ

ˇ
Im

1

αn

ˇ

ˇ

ˇ
ă 8.

• Dl P N :
ÿ

nPN

1

|αn|l|F 1pαnq|
ă 8.

• Dp polynomial, s.t. for z P Cztαn : n P Nu

1

F pzq
“ ppzq `

ÿ

nPN

1

F 1pαnq

ˆ

1

z ´ αn
`

1

αn
` . . .`

zl´2

αl´1
n

˙
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The Krein class: real zeroes

Definition
Let l P N. Denote by Kl the set of all entire functions F with

• F pRq Ď R, F p0q “ 1, all zeroes of F are real.

• Dl P N :
ÿ

nPN

1

|αn|l|F 1pαnq|
ă 8.

• Dp polynomial with deg p ď l ´ 2, s.t. for z P Cztαn : n P Nu

1

F pzq
“ ppzq `

ÿ

nPN

1

F 1pαnq

ˆ

1

z ´ αn
`

1

αn
` . . .`

zl´2

αl´1
n

˙

Remark
We have Kl Ď Kl`1 Ď K, l P N. Moreover,

Ť

lPNKl is the set of
all real F P K with only real zeros.
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Applying stability theorems

Theorem
Let α, β P S and l P N. Assume that the hypothesis of any of our
stability theorems are fullfilled. Then

Pα P Kl ô Pβ P Kl
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