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These slides are available from my website

http://asc.tuwien.ac.at/index.php?id=woracek
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Definition of aPs

A triple (A, [-, |4, O) is an almost Pontryagin space (aPs for
short), if

e A is a linear space,
e [-,:]4 is an inner product on A,

e (0 is a topology on A,

such that the following axioms hold:
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Definition of aPs

A triple (A, [-, |4, O) is an almost Pontryagin space (aPs for
short), if

(aPsl) The topology O is a Hilbert space topology on A (i.e., it
is induced by some inner product which turns A into a
Hilbert space).

(aPs2) The inner product [, ] 4 is O-continuous (i.e., it is
continuous as a map of A x A into C where A x A
carries the product topology O x O and C the euclidean
topology).

(aPs3) There exists an O-closed linear subspace M of A with
finite codimension in A, such that (M, [, -] 4l mxm) is a
Hilbert space.
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Definition of aPs

A triple (A, [-, |4, O) is an almost Pontryagin space (aPs for
short), if

(aPsl) The topology O is a Hilbert space topology on A (i.e., it
is induced by some inner product which turns A into a
Hilbert space).

(aPs2) The inner product [, ] 4 is O-continuous (i.e., it is
continuous as a map of A x A into C where A x A
carries the product topology O x O and C the euclidean
topology).

(aPs3) There exists an O-closed linear subspace M of A with
finite codimension in A, such that (M, [, -] 4l mxm) is a
Hilbert space.

If (A,[,]a,O) and (B, [, ], T) are almost Pontryagin spaces, a
map 1 : A — B is an isomorphism, if it is linear, isometric, and
homeomorphic.
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The role of the topology

Let (A,[.,.].4) be an inner product space. Denote
A ={zr e A:[z,yla =0,y € A}.

Directing Functionals
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The role of the topology

Let (A,[.,.].4) be an inner product space. Denote
A :={z e A:[r,yla =0,y € A}.
e Assume that [.,.] 4 is nondegenerated (i.e., A° = {0}). Then
being an aPs is a property of the inner product alone: there
exists at most one topology O s.t. (A, [.,.]4,O) is an aPs.
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The role of the topology

Let (A,[.,.].4) be an inner product space. Denote
A :={z e A:[r,yla =0,y € A}.

e Assume that [.,.] 4 is nondegenerated (i.e., A° = {0}). Then
being an aPs is a property of the inner product alone: there
exists at most one topology O s.t. (A, [.,.]4,O) is an aPs.

e If [,.] 4 is degenerated (i.e., A° # {0}), dim A = oo, and O

is a topology s.t. (A, [.,.]4,O) is an aPs, then there exists a
topology 7, T # O, s.t. (A,[.,.]Ja,T) is an aPs.
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The role of the topology

Let (A,[.,.].4) be an inner product space. Denote
A :={z e A:[r,yla =0,y € A}.

e Assume that [.,.] 4 is nondegenerated (i.e., A° = {0}). Then
being an aPs is a property of the inner product alone: there
exists at most one topology O s.t. (A, [.,.]4,O) is an aPs.

e If [,.] 4 is degenerated (i.e., A° # {0}), dim A = oo, and O
is a topology s.t. (A, [.,.]4,O) is an aPs, then there exists a
topology 7, T # O, s.t. (A,[.,.]Ja,T) is an aPs.

e (A, [.,.]a,O) is a nondegenerated aPs if and only if (A, [.,.]4)
is a Pontryagin space and O is its Pontryagin space topology.
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The role of the topology

Let (A,[.,.].4) be an inner product space. Denote
A :={z e A:[r,yla =0,y € A}.

e Assume that [.,.] 4 is nondegenerated (i.e., A° = {0}). Then
being an aPs is a property of the inner product alone: there
exists at most one topology O s.t. (A, [.,.]4,O) is an aPs.

e If [,.] 4 is degenerated (i.e., A° # {0}), dim A = oo, and O
is a topology s.t. (A, [.,.]4,O) is an aPs, then there exists a
topology 7, T # O, s.t. (A,[.,.]Ja,T) is an aPs.

e (A, [.,.]a,O) is a nondegenerated aPs if and only if (A, [.,.]4)
is a Pontryagin space and O is its Pontryagin space topology.

e (A, [.,.]4,0) is a nondegenerated and positive definite aPs if
and only if (A, [.,.]4) is a Hilbert space and O is its Hilbert
space topology.
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Example
For a > 0, the Paley-Wiener space is

PW, ::{F entire : F' exponential type < a, F|g € LQ(R)}
—{F:3f € I%(-a,d]) st. F(2) :/ F(t)e = dt).

[_ava}
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Example
For a > 0, the Paley-Wiener space is

PW, ::{F entire : F' exponential type < a, F|g € LQ(R)}
—{F:3f € I%(-a,d]) st. F(2) :/ F(t)e = dt).

[_ava}

Set

[F,G] := /]R F(t)G(t)dt — mF(0)G(0), F,G € PW,,

and let PW, be endowed with the subspace topology of L?(R).
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Example
For a > 0, the Paley-Wiener space is

PW, ::{F entire : F' exponential type < a, F|g € LQ(R)}
—{F:3f € I%(-a,d]) st. F(2) :/ F(t)e = dt).

[_ava}

Set

[F,G] := /]R F(t)G(t)dt — mF(0)G(0), F,G € PW,,

and let PW, be endowed with the subspace topology of L?(R).

Then
Hilbert space , a<m

PWyis § aPs (dimA°=1), a=m7
Pontryagin space , a>m
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Equivalent definitions of aPs

Let there be given
e a linear space A,
e an inner product [+, -] 4 on A,

e a topology O on A.

Directing Functionals
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Equivalent definitions of aPs

Let there be given
e a linear space A,
e an inner product [+, -] 4 on A,
e a topology O on A.

Then the following statements are equivalent:

Directing Functionals
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Equivalent definitions of aPs

o (A [,-]4,0) is an almost Pontryagin space.

Directing Functionals
000000



Almost Pontryagin Spaces Reproducing Kernel Spaces Hamburger moment problem Directing Functionals

[e]e]e] le} (e]e} 0000000 000000
000000 000000 000000
00000 [e]

Equivalent definitions of aPs

o (A,[,+]4,0) is an almost Pontryagin space.
e dim A° < co. We have a decomposition

A= A HA A,

with: A_ finite dimensional and negative definite, A, Hilbert
space when endowed with [.,.] 4 and O-closed.
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Equivalent definitions of aPs

o (A,[,+]4,0) is an almost Pontryagin space.

e dim A° < co. We have a decomposition
A= Ay [FA-[+]A°

with: A_ finite dimensional and negative definite, A, Hilbert
space when endowed with [.,.] 4 and O-closed.

e There exists a Pontryagin space which (isometrically) contains
A as a closed subspace.
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Equivalent definitions of aPs

o (A,[,+]4,0) is an almost Pontryagin space.

e dim A° < co. We have a decomposition
A= A [FHA-[+]A°,
with: A_ finite dimensional and negative definite, A, Hilbert

space when endowed with [.,.] 4 and O-closed.

e There exists a Pontryagin space which (isometrically) contains
A as a closed subspace.

e There exists a Hilbert space inner product (.,.) on A, and G
bounded selfadjoint in (A, (.,.)) s.t. (E spectral measure of G)

[z.yla=(Gz,y), =yecA
Je > 0: dimran E((—o0,¢]) < 0.
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The dual space

Let (A,[.,.]4,O) be an aPs, and A’ its topological dual space.
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The dual space

Let (A,[.,.]4,O) be an aPs, and A’ its topological dual space.
o {[,yla:y € A} is a w*-closed linear subspace of A’
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The dual space

Let (A,[.,.]4,O) be an aPs, and A’ its topological dual space.
o {[,yla:y € A} is a w*-closed linear subspace of A’

e dim (A//{[',y]A Ly e A}) = dim A°.
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The dual space

Let (A,[.,.]4,O) be an aPs, and A’ its topological dual space.
o {[,yla:y € A} is a w*-closed linear subspace of A’

* dim (A//{['7?/]A 1y € A}) — dim A°.
Let F C A’ be point separating on A°, i.e. assume

A°0 [ kerg = {0},

peF

and denote by 7 : A — A/A° the canonical projection.
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The dual space

Let (A,[.,.]4,O) be an aPs, and A’ its topological dual space.
o {[,yla:y € A} is a w*-closed linear subspace of A’

* dim (A//{['7?/]A 1y € A}) — dim A°.
Let F C A’ be point separating on A°, i.e. assume

A°0 [ kerg = {0},

peF

and denote by 7 : A — A/A° the canonical projection.
o A ={[,yla:y€ A} +spanF.
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The notion of a completion

Definition
Let (L, [.,.]z) be an inner product space. A pair (1, A) is an
aPs-completion of L, if
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The notion of a completion

Definition
Let (L, [.,.]z) be an inner product space. A pair (1, A) is an
aPs-completion of L, if

e Ais an aPs,
e ,: L — Ais linear and isometric,

e ran is dense in A.
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The notion of a completion

Definition
Let (L, [.,.]z) be an inner product space. A pair (1, A) is an
aPs-completion of L, if

e Ais an aPs,
e ,: L — Ais linear and isometric,
e ran is dense in A.

Two aPs-completions (v, A;), i = 1,2, are isomorphic, if there
exists an isomorphism ¢ : A; — Aa with p o1 = 1.
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The notion of a completion

Definition
Let (L, [.,.]z) be an inner product space. A pair (1, A) is an
aPs-completion of L, if

e Ais an aPs,

e ,: L — Ais linear and isometric,

e ran: is dense in A.
Two aPs-completions (v, A;), i = 1,2, are isomorphic, if there
exists an isomorphism ¢ : A7 — As with g 011 = 19,
We speak of a Hilbert-space completion or a Pontryagin-space
completion, if

ind_ A =0,dimA° =0 or dim.A° =0, resp.
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Consider £ :=Jyoqer PWa and set

F,G): /F G dt— 7F(0)G(0), F,GeL,
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Example
Consider £ :=Jyoqer PWa and set

[F,G] : / F(t)G(t)dt — nF(0)G(0),

Then
e (L,[.,.]) is positive definite.

F.GelL.

Directing Functionals
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Example

Consider £ :=Jyoqer PWa and set

F,G): / FO)GH) dt — =F(0)G(0), F.G € L.

Then
e (L,[.,.]) is positive definite.

e The norm F — [F, F]% is not equivalent to the L?(R)-norm
on L.
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Consider £ :=Jyoqer PWa and set

.Gl : / PG dt — 7F0)G(0), F.G € L.

Then
e (L,[.,.]) is positive definite.

e The norm F — [F, F]% is not equivalent to the L?(R)-norm
on L.

o (PWy,I.,.]) with ¢ : F+— F'is an aPs completion of L.
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Completions: Existence

Let (£,[.,.]z) be an inner product space. Set

ind_ £ :=sup { dim N : \ negative definite subspace of L}.
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Completions: Existence

Let (£,[.,.]z) be an inner product space. Set

ind_ £ :=sup { dim N : \ negative definite subspace of L}.

Proposition

Let £ be an inner product space. The following are equivalent:
e ind_ L < oo.
e L has an aPs-completion.

e L has a Pontryagin-space completion.
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Completions: Description 7

Task: describe the totality of completions of £ (up to isomorphism).
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Completions: Description 7
Task: describe the totality of completions of £ (up to isomorphism).

Proposition

Let L be an inner product space with ind_ L < co. Then each two
Pontryagin-space completions of L are isomorphic.
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Completions: Description 7
Task: describe the totality of completions of £ (up to isomorphism).

Example
Let (L, (.,.)z) be a Hilbert space, fi,..., fn: L — C be linear with

L ﬂspan{fl,...,fn} = {0}.
Set

A=LxC" (x):= (:L‘; (fi(ac))?zl),
(5 (&), (ys (i)in)] 4 = (2, 9)c,

(5 (&), (s (m)imn) 4 = (2, y)e + D &l

=1

Then (¢, A) is an aPs-completion of £ with dim .4° = n.
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The intrinsic dual

Let £ be an inner product space with ind_ £ < oc.

Definition

Let ¢ : £L — C be linear. We write p € L*, if
V(In)nENaxn eLl:

(s 2le = 0, [on,2le = 0,2 € £) = pzn) > 0.
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The intrinsic dual

Let £ be an inner product space with ind_ £ < oc.

Definition

Let ¢ : £L — C be linear. We write p € L*, if
V($n)n€N7$n el:

(s 2le = 0, [on,2le = 0,2 € £) = pzn) > 0.

e [* can be interpreted as the topological dual w.r.t. a certain
seminorm on L.
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Completions: Description
For an aPs-completion (¢, A) of L, set

(A ={four: fe A}

Directing Functionals
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Completions: Description
For an aPs-completion (¢, A) of L, set

(A ={four: fe A}

Theorem
The map (1, A) — *(A’) induces a bijection between

e the set of isomorphy classes of aPs-completions of L,
and

e the set of those linear subspaces of the algebraic dual L* of L
which contain L* with finite codimension.

For each aPs-completion it holds that

dim (L* (A,)/ﬁ*) = dim A°.
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REPRODUCING KERNEL SPACES
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Continuity of point evaluations

For a set Q2 and 7 € ) denote by X, : C? — C the
point-evaluation functional x, : f — f(n).

Directing Functionals
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Continuity of point evaluations

For a set 2 and n € (2 denote by x, : C? — C the
point-evaluation functional x, : f — f(n).
Definition
Let ) be a set. An aPs A is a reproducing kernel aPs on (Q, if
(rk1) A C C® (linear operations defined pointwise);
(rk2) Vn e Q: xy,la € A'.
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Continuity of point evaluations

For a set 2 and n € (2 denote by x, : C? — C the
point-evaluation functional x, : f — f(n).
Definition
Let ) be a set. An aPs A is a reproducing kernel aPs on (Q, if
(rk1) A C C® (linear operations defined pointwise);
(rk2) Vn e Q: xyla e A

Being a reproducing kernel aPs is a property of the inner product
alone (regardless whether it is nondegenerated or degenerated):

Proposition

If (A,[.,.].4) is an inner product space with (rkl), then there exists
at most one topology O on A such that (A, |[.,.]4,0) is a
reproducing kernel aPs.



Almost Pontryagin Spaces Reproducing Kernel Spaces Hamburger moment problem Directing Functionals

00000 oce 0000000 000000
000000 000000 000000
00000 [e]

Continuity of point evaluations

Example

For each a > 0, the Paley-Wiener space PW, endowed with the
inner product

[F,G] := /R F(t)G(t)dt — mF(0)G(0), F,G e PW,,

and the subspace topology of L2(R) is a reproducing kernel aPs of
entire functions.
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Continuity of point evaluations

Example

For each a > 0, the Paley-Wiener space PW, endowed with the
inner product

[F,G] := /R F(t)G(t)dt — mF(0)G(0), F,G e PW,,

and the subspace topology of L2(R) is a reproducing kernel aPs of
entire functions.

Remember
Hilbert space , a<T

PW,is { aPs (dimA° =1), a=m
Pontryagin space , a>m7
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Kernel functions ?

e Let A be a reproducing kernel Pontryagin space (i.e., a
nondegerated reproducing kernel aPs). Then

NK:QxQ—=C: Kw,.)eAuweQ,

fw) =1[f, K(w,.)]a, f € Awe .
This function is called the reproducing kernel of A.
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Kernel functions ?

e Let A be a reproducing kernel Pontryagin space (i.e., a
nondegerated reproducing kernel aPs). Then
NIK:OxQ—>C: K(w,.) e AweQ,
fw) =1[f, K(w, )], f € A w e Q.
This function is called the reproducing kernel of A.

e Let A be a degenerated reproducing kernel aPs. Then there
cannot exist a function K with these properties:

fw)=[f,K(w,)Ja=0, feA weq
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Kernel functions ?

e Let A be a reproducing kernel Pontryagin space (i.e., a
nondegerated reproducing kernel aPs). Then
NIK:OxQ—>C: K(w,.) e AweQ,
fw) =1[f, K(w, )], f € A w e Q.
This function is called the reproducing kernel of A.

e Let A be a degenerated reproducing kernel aPs. Then there
cannot exist a function K with these properties:

fw)=[f,K(w,)Ja=0, feA weq

Example
Let a > 0, a # 7. The reproducing kernel of (PWj, [.,.]) is

sinfa(z — w)] 1 sin[ﬁa@] sinfaz| '

m(z — W) T—a w z

K(w,z) =
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Almost reproducing kernels
Definition

Let A be a reproducing kernel aPs. A function K : Q x Q — C is
an almost reproducing kernel of A, if
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Almost reproducing kernels
Definition
Let A be a reproducing kernel aPs. A function K : Q2 x Q — C is
an almost reproducing kernel of A, if

(aRK1) K is a hermitian kernel on €, i.e.,
K(z,w)=K(w,z), zwe€?Q,

(aRK2) K(w,.)e A, weQ,
(aRK3)  There exists data & = ((w;)_q; (73)11) € Q" x R"
where n := dim A°, such that

Ve AweQ:

fw)=[f,K +Z% X (F) Xaw; (K (w,.)).
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Almost reproducing kernels: Existence
Theorem

Let A be a reproducing kernel aPs, set n := dim A°, and let
(wi)i—, € Q" be such that

A°nN ﬂ ker x, = {0}.

=1
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Almost reproducing kernels: Existence

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let
(w;)_, € Q" be such that

A°nN ﬂ ker x, = {0}.

=1

Then there exists a closed and nowhere dense exceptional set
E CR", such that for each (v;)!'; € R"\ E there exists an
almost reproducing kernel of A with data & := ((w;)I1; (vi)")-
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Almost reproducing kernels: Existence

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let
(w;)_, € Q" be such that

A°nN ﬂ ker x, = {0}.

1=1

Then there exists a closed and nowhere dense exceptional set
E CR", such that for each (v;)!'; € R"\ E there exists an
almost reproducing kernel of A with data & := ((w;)I1; (vi)")-

e Such choices of (w;)!"_; € 2" certainly exist since
{Xw : w € Q} is point separating.
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Almost reproducing kernels: Properties
For a hermitian kernel K we denote by ind_ K € Ny U {oo} the

supremum of the numbers of negative squares of quadratic forms

n
> K(wj,w)&E; where n €N, wy,...,w, €.
ij=1
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Almost reproducing kernels: Properties

For a hermitian kernel K we denote by ind_ K € Ny U {oo} the
supremum of the numbers of negative squares of quadratic forms

n
> K(wj,w)&E; where n €N, wy,...,w, €.
ij=1

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let
& = ((wi)izy; (vi)izy) € Q" x R™.
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Almost reproducing kernels: Properties

For a hermitian kernel K we denote by ind_ K € Ny U {oo} the
supremum of the numbers of negative squares of quadratic forms

ZK(wj,wi)&;{? where n €N, wy,...,w, € Q.

1,j=1

Theorem

Let A be a reproducing kernel aPs, set n := dim A°, and let
& = ((wi)izy; (Vi)i=1) € Q" x R™.

Assume K is an almost reproducing kernel of A with data b.
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Almost reproducing kernels: Properties

For a hermitian kernel K we denote by ind_ K € Ny U {oo} the
supremum of the numbers of negative squares of quadratic forms

ZK(wj,wi)&;?j where n €N, wy,...,w, € Q.

1,j=1

Theorem

Let A be a reproducing kernel aPs, set n := dim A°, and let

& = ((wi)izy; (vi)izy) € Q" x R™.

Assume K is an almost reproducing kernel of A with data 6. Then

o A° NN, ker xy, = {0},
e ind_ K < o0,
o'yi;éO, i,i:l,...,n,

1 ..
L K(wi,wj) :5ij§i, 1,1 = 1,...,77,.
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Almost reproducing kernels: Uniqueness

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let K;

and Ko be almost reproducing kernels for A with corresponding
data 81 and &2, respectively.
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Almost reproducing kernels: Uniqueness

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let K;

and Ko be almost reproducing kernels for A with corresponding
data &, and &3, respectively.

Non-uniqueness: If the data &1 and 69 has the same points
(w;)_, but different weights (v;)}'_, then K; # K>.
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Almost reproducing kernels: Uniqueness

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let K;

and Ko be almost reproducing kernels for A with corresponding
data &, and &3, respectively.

Non-uniqueness: If the data &1 and 69 has the same points
(w;)_, but different weights (v;)}'_, then K; # K>.

Uniqueness: If &1 = 8o, then K1 = K.
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Almost reproducing kernels: Uniqueness

Theorem
Let A be a reproducing kernel aPs, set n := dim A°, and let K;

and Ko be almost reproducing kernels for A with corresponding
data &, and &3, respectively.

Non-uniqueness: If the data &1 and 69 has the same points
(w;)_, but different weights (v;)}'_, then K; # K>.

Uniqueness: If &1 = 8o, then K1 = K.

e Due to the Existence Theorem, A has many different almost
reproducing kernels.
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Almost reproducing kernels: Description
Theorem

Let K be a hermitian kernel, let ((w;)?_¢, (7i)7—,) € Q" x R", and
assume that

e ind_ K < o0,
e v, #0, 4,i=1,...,n,

— 1 D=
OK(wi,wj')—&'j;, Z,Z—l,...,n.
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Almost reproducing kernels: Description

Theorem
Let K be a hermitian kernel, let ((w;)?_¢, (7i)7—,) € Q" x R", and
assume that

e ind_ K < o0,

e v, #0, 4,i=1,...,n,

L4 K(wi,wj):&'j%i, i,i:1,...,n.
Then there exists a unique reproducing kernel aPs, such that K is
the almost reproducing kernel of A with data

& = ((wi)izys (Va)izy)-
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Reproducing kernel space completions 7

Let £ be an inner product space whose elements are functions.

Does there exist a reproducing kernel aPs which contains L
isometrically and densely ?
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Reproducing kernel space completions 7

Does there exist a reproducing kernel aPs which contains L
isometrically and densely ?

Example
Consider the space £ := .. PW, endowed with

[F,G] := /R Ft)G(t)dt — mF(0)G(0), F,G € L.
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Reproducing kernel space completions 7

Does there exist a reproducing kernel aPs which contains L
isometrically and densely ?

Example
Consider the space £ := .. PW, endowed with

[F,G] := /]R Ft)G(t)dt — mF(0)G(0), F,G € L.

Then L is positive definite, and

e L is isometrically and densely contained in the (degenerated)
reproducing kernel aPs (PW,, ., .]).

e There does not exist a reproducing kernel Pontryagin space
which contains £ isometrically and densely.

e There does not exist a reproducing kernel Hilbert space which
contains L isometrically.
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Reproducing kernel space completions 7

Does there exist a reproducing kernel aPs which contains L
isometrically and densely ?

Example

Let i be a positive Borel measure on the real line which is
compactly supported and not discrete, and consider the space £ of
all polynomials endowed with

[p,q] == /qudu, p,q€ L.



Reproducing kernel space completions 7

Does there exist a reproducing kernel aPs which contains L
isometrically and densely ?

Example

Let i be a positive Borel measure on the real line which is
compactly supported and not discrete, and consider the space £ of
all polynomials endowed with

[p,q] == /qudu, p,q€ L.

Then there does not exist a reproducing kernel aPs which contains
L isometrically.
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Topologising the intrinsic dual
Proposition

Let L be an inner product space with ind_ L < oco. Then, for each
aPs-completion (v, A) of L, it holds that

L :L*({[.,y]A:yEA}) = {:cr—> [Lx,y]A:yEA}.
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Topologising the intrinsic dual
Proposition

Let L be an inner product space with ind_ L < oco. Then, for each
aPs-completion (v, A) of L, it holds that

=0 {lylazye AY) ={z— [w,yla:y € A}

e The map ¢*| 4 is injective since ¢(L) is dense in A.
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Topologising the intrinsic dual

Proposition

Let L be an inner product space with ind_ L < oco. Then, for each
aPs-completion (v, A) of L, it holds that

LY = L*({[.,y]A TS .A}) = {x =, yla iy € A}.
e The map ¢*| 4 is injective since ¢(L) is dense in A.

Definition
Let 7* be the topology induced by the norm

Illx = I(*a) " Bllar, &€ L
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Existence Theorem
Theorem

Let L be an inner product space whose elements are functions.
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Existence Theorem

Theorem
Let L be an inner product space whose elements are functions.

There exists a reproducing kernel aPs which contains L
isometrically, if and only if

(A) ind- £ < oo,

and
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Existence Theorem

Theorem
Let L be an inner product space whose elements are functions.

There exists a reproducing kernel aPs which contains L
isometrically, if and only if

(A) ind- £ < oo,
and

(B) dim ([5* +span{xuwlc : w € Q}] /ﬁ*) < o0,
(C) L£* Nspan{xw|c : w € Q} is T*-dense in L.
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Almost Pontryagin Spaces Reproducing Kernel Spaces

Existence Theorem
Theorem

Let L be an inner product space whose elements are functions.

There exists a reproducing kernel aPs which contains L
isometrically, if and only if

(A) ind_ £ < o0,

and

(B) dim ([5* +span{xuwlc : w € Q}] /ﬁ*) < o0,
(C) L£* Nspan{xw|c : w € Q} is T*-dense in L.

These conditions can be reformulated in a concrete way. It holds
that
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ere exist e Nand (w;);, € , such that the
B') There exist N € N and (w;)Y; € M¥, such that th

following implication holds. If (f,,)nen is a sequence of
elements of £ with

[fna fn]ﬁ = 07 nh_{go[frwg]ﬁ = 07 gEc ‘Ca
lim xu,(fn) =0, i=1,...,N,
n—oo

lim
n—oo

then limy, 00 Xw(fn) =0, w € Q.



(B') There exist N € N and (w;)Y.; € M¥, such that the
following implication holds. If (f,)nen is a sequence of
elements of £ with

nh—>H<;lo[fm fn][l = O, [fn,g]ﬁ = 07 g€ ﬁa

lim xu,(fn) =0, i=1,...,N,
n—oo

lim
n—oo

then limy, 00 Xw(fn) =0, w € Q.
(C') If (fn)nen is a sequence of elements of £ with

lim [fn_fmafn_fm]ﬁzoa lim [fn_fmag]ﬁzoa geL,

n,m—oo n—0o0

lim X (fn) =0, w € €,
n—00

then lim,, o[ fn,9lc =0, g € L.
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Theorem

Let L be an inner product space whose elements are functions, and
assume that (A), (B), (C) hold. Then there exists a unique
reproducing kernel aPs which contains L isometrically and densely.
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Uniqueness

Theorem

Let L be an inner product space whose elements are functions, and
assume that (A), (B), (C) hold. Then there exists a unique
reproducing kernel aPs which contains L isometrically and densely.

e We call this unique space the reproducing kernel completion
of L.
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Uniqueness

Theorem

Let L be an inner product space whose elements are functions, and
assume that (A), (B), (C) hold. Then there exists a unique
reproducing kernel aPs which contains L isometrically and densely.

e We call this unique space the reproducing kernel completion
of L.
e The number A(L) := dim .A° where A is the reproducing

kernel completion of £ is an important geometric invariant of
L.
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A MOTIVATING EXAMPLE:

THE HAMBURGER POWER
MOMENT PROBLEM
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The Hamburger power moment problem

Given (s5), sn € R, does there exist a positive Borel

measure on R with s, = [¢"du(t), n=0,1,2,... 7
R
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Existence of solutions

Theorem
There exists a solution 1 if and only if

Directing Functionals
000000
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Existence of solutions

Theorem
There exists a solution 1 if and only if

VN € Ng: det [(S’H‘j)z]'?[j:O] >0

Directing Functionals
000000



Almost Pontryagin Spaces Reproducing Kernel Spaces Hamburger moment problem Directing Functionals

000 000000

Existence of solutions

Theorem
There exists a solution 1 if and only if

VN €Ng: det [(sij)i—0] >0

Consider the inner product
[Z Otiti, Z ,Bjtj] = Z Sitj - OliFj
i J 2

on the space C|[z] of all polynomials. Then (C|[z],[.,.]) is positive
semidefinite.
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Existence of solutions

Theorem

Assume the moment problem is solvable. Then one of the
following alternatives must occur.



Almost Pontryagin Spaces Reproducing Kernel Spaces Hamburger moment problem Directing Functionals

00000 (e]e} O@00000 000000
000000 000000 000000
00000 [e]

Existence of solutions

Theorem

Assume the moment problem is solvable. Then one of the
following alternatives must occur.

e The solution p is unique (determinate case).

e There exist infinitely many solutions (indeterminate case).
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Existence of solutions

Theorem
Assume the moment problem is solvable. Then one of the
following alternatives must occur.

e The solution p is unique (determinate case).

e There exist infinitely many solutions (indeterminate case).

Let S be the multiplication operator Sp(z) := zp(z) on Cl[z]. Let
H be the Hilbert space completion of (C[z],[.,.]), and let T" be the
closure of S in 7. Then one of the following holds.

e T is selfadjoint (determinate case).

e T is symmetric with defect index (1, 1) (indeterminate case).
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The Nevanlinna parameterisation

Theorem
Assume the moment problem is indeterminate.
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The Nevanlinna parameterisation

Theorem
Assume the moment problem is indeterminate.

There exist four entire functions A, B, C, D, such that

/ du(t)  A(z)7(z) + B(z)
R

t—z C(2)7(2) + D(2)

establishes a bijection between {1 : solution} and
No := {7 : analytic in C*,Im7(z) > 0}.
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The Nevanlinna parameterisation

Theorem
Assume the moment problem is indeterminate.

There exist four entire functions A, B, C, D, such that

/ du(t)  A(z)7(z) + B(z)
R

t—z C(2)7(2) + D(2)

establishes a bijection between {1 : solution} and
No := {7 : analytic in C*,Im7(z) > 0}.

The operator T is entire with respect to the gauge u := 1. The

matrix (é g) is the u-resolvent matrix of 7.
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The three term recurrence
Given p with all power moments, let p,,, n € Ny, be the
polynomials with degree n and positive leading coefficient, such
that {p, : n € No} is orthonormal w.r.t. [p,q] := [ pgdp.
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The three term recurrence
Given p with all power moments, let p,,, n € Ny, be the
polynomials with degree n and positive leading coefficient, such
that {p, : n € No} is orthonormal w.r.t. [p,q] := [ pgdp.

Theorem

There exist unique a,, > 0 and b, € R, s.t. (p—1 :=0)
an(z) = an+1pn+1(z) + bnpn(z) + anpn—l(z)a n € Np
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The three term recurrence

Given p with all power moments, let p,,, n € Ny, be the
polynomials with degree n and positive leading coefficient, such
that {p, : n € No} is orthonormal w.r.t. [p,q] := [ pgdp.

Theorem

There exist unique a,, > 0 and b, € R, s.t. (p—1 :=0)
an(z) = an+1pn+1(z) + bnpn(z) + anpn—l(z)a n € Ny

The operator T is unitarily equivalent to the operator in ¢? defined
by the Jacobi matrix

bo al 0 0 0
al bl as 0 0
=10 ay by a3 O
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(In-)determinate measures

Definition

Let 1 be a positive measure with all power moments. Then p is
called determinate if it is uniquely determined by the sequence of
its power moments, and indeterminate otherwise.
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(In-)determinate measures

Definition

Let 1 be a positive measure with all power moments. Then p is
called determinate if it is uniquely determined by the sequence of
its power moments, and indeterminate otherwise.

Theorem
w is determinate if and only the polynomials are dense in L?(1).
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(In-)determinate measures

Definition

Let 1 be a positive measure with all power moments. Then p is
called determinate if it is uniquely determined by the sequence of
its power moments, and indeterminate otherwise.

Theorem
w is determinate if and only the polynomials are dense in L?(1).

Being (in-)determinate means that the moment problem for

Sn ::/t”d,u(t), n=20,1,2,...,
R

which is by definition solvable, is actually (in-)determinate.
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The index of determinacy

Definition
For p determinate and w € C set

indy (1) :=sup {k € Ny : |t—w|**dpu(t) determinate} € NoU{oo}.
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The index of determinacy

Definition
For o determinate and w € C set

indy,(p) := sup {k € No : [t—w|*dpu(t) determinate} € NoU{oo}.

Theorem
Let i be determinate.

e Ifind,(u) = oo for some w € C, then ind,,(u) = oo for all
w e C.

o Assume ind,,(p) < oo for some w € C. Then p is discrete
and ind,,(p) is constant on C \ supp u, denote this constant
by ind(u).

e Assume ind,,(u) < oo for some w € C. Then
ind,, (p) = ind(p) + 1, w € supp p.
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The index of determinacy

For each k € N the (infinite, still well-defined) matrix J* defines a
linear operator Vj, on £2 by taking the closure of the operator
defined by the action of J* on the subspace of finite sequences.
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The index of determinacy

For each k € N the (infinite, still well-defined) matrix J* defines a
linear operator Vj, on £2 by taking the closure of the operator
defined by the action of J* on the subspace of finite sequences.

Theorem
Let i be determinate. Then the following are equivalent.



Hamburger moment problem
O00000e

The index of determinacy

For each k € N the (infinite, still well-defined) matrix J* defines a
linear operator Vj, on £2 by taking the closure of the operator
defined by the action of J* on the subspace of finite sequences.

Theorem
Let i be determinate. Then the following are equivalent.

e 4 has finite index of determinacy.

e There exists N € N such that V,..., Vy are selfadjoint, but
VN+1 is not.
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The index of determinacy

For each k € N the (infinite, still well-defined) matrix J* defines a
linear operator Vj, on £2 by taking the closure of the operator
defined by the action of J* on the subspace of finite sequences.

Theorem
Let i be determinate. Then the following are equivalent.

e 4 has finite index of determinacy.

e There exists N € N such that V,..., Vy are selfadjoint, but
VN+1 is not.

If 1« has finite index of determinacy, then N = ind(p) + 1.



Almost Pontryagin Spaces Reproducing Kernel Spaces Hamburger moment problem Directing Functionals

00000 (e]e} 0000000 000000
000000 000000 ®00000
00000 [e]

A class of distributions

Definition
(1) Let p be a distribution on R. We write n € Do, if

AN €Ny, c1,...,cn € R, positive measure on R\ {c1,...,cn}:

u(f) = /fdu, f e C5(R),supp f SR\ {ei, ..., en}
R\{e1,....en}
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A class of distributions
Definition

(1) Let p be a distribution on R. We write n € Do, if

AN €Ny, c1,...,cn € R, positive measure on R\ {c1,...,cn}:
W= [ Fdu feCHE S CRA fern o)
R\{e1,....en}

(2) We say p € Do has all power moments, if
f\tlzto [t|" du(t) < oo, n € N, provided ty > max{|ci],...,|en|}
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A class of distributions

Definition
(1) Let p be a distribution on R. We write n € Do, if

AN €Ny, c1,...,cn € R, positive measure on R\ {c1,...,cn}:
W= [ Fdu feCHE S CRA fern o)
R\{Ch...,CN}

(2) We say p € Do has all power moments, if
f\tlzto [t|" du(t) < oo, n € N, provided ty > max{|ci],...,|en|}

(3) Let R« be the set of formal expressions p := > > ailégz
i=11=0

where w; € CT pairwise different, k; € Ny, a;; € C with a, # 0.
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A class of distributions

Definition

Let (1, p) € Deoo X Reoo and assume that p has all power
moments. For f which is C*°(R) with f(¢t) = O(|t|"), t — oo, and
locally holomorphic at w;, define

(0)(F) = () +D2 Y (a0 +az [10@). ne Ny
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The indefinite moment problem

Given (s5p)52, sn € R, does there exist
(H, P) € Deoo X Reoo With 5, = (Ha p)(tn): n €Ny ?
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Existence of solutions

For a sequence (s;,)52, of real numbers, set £ := C[z] and

[Z aiti, Z ﬂjtj} = Z Sitj - alﬂ?.
( J (2]
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Existence of solutions

For a sequence (s;,)52, of real numbers, set £ := C[z] and
[Z aiti, Z 5jtj:| = Z Sitj - OZZE
i J ¥

Theorem
There exists a solution (y, p) if and only if
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Existence of solutions

For a sequence (s;,)52, of real numbers, set £ := C[z] and
[Z aiti, Z 5jtj:| = Z Sitj - OZZE
i J ¥

Theorem
There exists a solution (y, p) if and only if

3N € No:  sgndet [(si4;)j—0] constant for n > N
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Existence of solutions

For a sequence (s;,)52, of real numbers, set £ := C[z] and
[t o5t = Y sias i
i J ¥

Theorem
There exists a solution (W, p) if and only if

3N € No:  sgndet [(si4;)j—0] constant for n > N

The inner product space (C[z], [.,.]) has finite negative index.
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Existence of solutions

Theorem
Assume the indefinite moment problem is solvable.

Directing Functionals
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Existence of solutions

Theorem
Assume the indefinite moment problem is solvable.

Then there exists a number A € No U {oo}, such that
(/{0 = ind_ E)

n ‘O oo ko Ko+l - Ko+FA Ko+ A
0o --- 1 0 00 00

# solutions
ind- =n

This includes the extremal case as follows:
e [f A =0, the number of solutions is oo for all n > kg,

e [f A = oo, the number of solutions is O for all n > k.
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Parameterization of solutions

Let K2 be the set of all function 7 meromorphic in C*, such that
the maximal number of quadratic forms

m A—1 m

Q€1 Emios - A1) Z (w) = 7(w;) EzfﬂrZZRe (zFe)

w; — Wj
,J=1 J =0 i=1

where m € Ny, w1, ...,w,, € CT, equals &.
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Parameterization of solutions

Let K2 be the set of all function 7 meromorphic in C*, such that
the maximal number of quadratic forms

m A—1 m
wl —Tw
Q&1 &mimo,- -, na-1) Z P 2) EzfﬂrZZRe (= &mw)
,j=1 J =0 i=1
where m € Ny, w1, ...,w,, € CT, equals &.

Theorem
Assume the indefinite moment problem has A < oc.
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Parameterization of solutions

Let K2 be the set of all function 7 meromorphic in C*, such that
the maximal number of quadratic forms

m A—1 m
w;) — 7(w
Qs i ma) = 3 T(”f@ﬁZZRe (zem)
=1 J k=0 i=1
where m € Ny, w1, ...,w,, € CT, equals &.

Theorem
Assume the indefinite moment problem has A < oc.

There exist four entire functions A, B, C, D, such that

1 ) _ A(2)1(2) + B(2)
t—z C(2)1(z) + D(2)

(1 0)(

establishes a bijection between {(u, p) : ind_(u, p) = K, solution}
and K2

K—KQ "
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The significance of completions

The positive definite case:

e The moment problem is solvable and indeterminate if and
only if £ has a reproducing kernel Hilbert space completion.

e Assume the moment problem is solvable and determinate, and
let 1 be its unique solution. Then ind(u) < oo if and only if
L has a reproducing kernel aPs-completion. If ind(u) < oo,
then ind(u) = A(L) — 1.



Hamburger moment problem

The significance of completions

The positive definite case:

e The moment problem is solvable and indeterminate if and
only if £ has a reproducing kernel Hilbert space completion.

e Assume the moment problem is solvable and determinate, and
let 1 be its unique solution. Then ind(u) < oo if and only if
L has a reproducing kernel aPs-completion. If ind(u) < oo,
then ind(u) = A(L) — 1.
The indefinite case:

e Assume the indefinite moment problem is solvable. Then
A < o if and only if £ has a reproducing kernel
aPs-completion. If A < oo, then A = A(L).

e Assume the indefinite moment problem is solvable with
A < oo. The functions A, B,C, D occur from (an
aPs-version) of Krein's resolvent matrix.
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Let £ be an inner product space whose elements are analytic
functions.

e Can one improve the general conditions for existence of a
reproducing kernel aPs-completion of £ due to analyticity ?

o If there exists a reproducing kernel aPs-completion, are its
elements again analytic ?



Directing Functionals

Let £ be an inner product space whose elements are analytic
functions.

e Can one improve the general conditions for existence of a
reproducing kernel aPs-completion of £ due to analyticity ?
o If there exists a reproducing kernel aPs-completion, are its
elements again analytic ?
An answer is obtained from an aPs-version of Krein's method of
directing functionals.
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Sets of semi-®-regularity
Definition
Let £ be an inner product space, let S be a linear relation in L, let
QCCand M CQ,and d: L x Q — C.
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Sets of semi-®-regularity
Definition
Let £ be an inner product space, let S be a linear relation in L, let
QCCand M CQ,and d: L x Q — C.

rc(S,®) = {77 € Q:ran(S —n) C ker@(ﬂ?)}
ro(8,®) == {n € 2 : xan(S — 1) 2 ker &(-, 1)}
r(S, ®) = rc(S, ®) Nr5(S, )
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Sets of semi-®-regularity
Definition

Let £ be an inner product space, let S be a linear relation in L, let
QCCand M CQ,and d: L x Q — C.
rc(S,®) ;== {ne Q:ran(S —n) Cker®(-,n)}

ro(8,®) == {n € 2 : xan(S — 1) 2 ker &(-, 1)}
(S, ®) == rc (S, @) Nr5 (S, @)

rgpp(S,@; M) = {77 € Q: Vo € ker ®(-,n) I(xn)nen s-t.
xy € ran(S —n),
lim [xmxn]X = [xvl']Xv

lim [J;n?y]X = [$7y]X7 RS 'C7
n—oo o0

n—
lim ®(z,,w) = ®(z,w), we M }
n—oo
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Directing functionals in aPs
Definition
Let £ be an inner product space, let S be a symmetric linear
relation in £, let Q C C, and let & : L x 2 — C.
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Directing functionals in aPs

Definition
Let £ be an inner product space, let S be a symmetric linear
relation in £, let Q C C, and let & : L x 2 — C.

We call ® a directing functional for S, if it satisfies the following
axioms.
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Directing functionals in aPs

Definition
Let £ be an inner product space, let S be a symmetric linear
relation in £, let Q C C, and let & : L x 2 — C.

We call ® a directing functional for S, if it satisfies the following
axioms.
(DF1)  For each w € 2 the function ®(-,w) : £L — C is linear.

(DF2)  The set € is open. For each x € L the function
O(x,-) : Q@ — Cis analytic.
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Directing functionals in aPs

Definition
Let £ be an inner product space, let S be a symmetric linear
relation in £, let Q C C, and let & : L x 2 — C.

We call ® a directing functional for S, if it satisfies the following
axioms.
(DF1)  For each w € 2 the function ®(-,w) : £L — C is linear.
(DF2)  The set € is open. For each x € L the function
O(x,-) : Q@ — Cis analytic.
(DF3)  There is no nonempty open subset O of €, such that
®lrx0 = 0.
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Directing functionals in aPs

Let £ be an inner product space, let S be a symmetric linear
relation in £, let Q C C, and let & : L x 2 — C.

We call ® a directing functional for S, if it satisfies the following

axioms.

(DF1)
(DF2)

(DF3)
(DF4)

(DF5)

For each w € 2 the function ®(-,w) : £L — C is linear.
The set €2 is open. For each x € L the function
O(x,-) : Q@ — Cis analytic.

There is no nonempty open subset O of €2, such that
®lrx0 = 0.

The set r- (S, ®) has accumulation points in each
connected component of Q2 \ R.

The set r27(S, ®; 2\ R) has nonempty intersection
with both half-planes C* and C~.
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Directing functionals in aPs

Example
Let (sn)2%g. sn € R, be given and consider:
o [ = (C[z] with [., .];
o S:={(p(2);2p(2)) : p € C[]};
e :=C;
e O(p,w) := p(w).
Then

Directing Functionals
00@000
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Directing functionals in aPs
Example

Let (sn)2%g. sn € R, be given and consider:
o L :=Cl[z] with [.,.];

o S:={(p(2);2p(2)) : p € Clz]};
e O:=C;

e (p,w) :=p(w).
Then

o O(,w) = xy is linear;

Directing Functionals
00@000
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Directing functionals in aPs
Example

Let (sn)2%g. sn € R, be given and consider:
o L :=Cl[z] with [.,.];

o 5:={(p(2);2p(2)) : p € Clz]};

e O0:=C;
o O(p,w) := p(w).
Then

o O(,w) = xy is linear;
e O(p,-) = pis entire;

Directing Functionals
00@000
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Directing functionals in aPs

Example

Let (sn)2%g. sn € R, be given and consider:
o L :=Cl[z] with [.,.];
o §:={(p(2);2p(2)) : p € Clz]};

e O0:=C;
o O(p,w) := p(w).
Then

o O(,w) = xyp is linear;
e O(p,-) = pis entire;

e &(1,w) =1, hence ®(1,-) vanishes nowhere;

Directing Functionals
00@000
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Directing functionals in aPs

Example

Let (sn)2%g. sn € R, be given and consider:
o L :=Cl[z] with [.,.];
o §:={(p(2);2p(2)) : p € Clz]};

e O0:=C;
o O(p,w) := p(w).
Then

o O(,w) = xyp is linear;

e O(p,-) = pis entire;

e &(1,w) =1, hence ®(1,-) vanishes nowhere;

e Vw e C:ran(S —w) = {p € Clz] : p(w) = 0} = ker ®(-, w),
hence r(S, ®) = C.
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aPs-completion of spaces of analytic functions

Theorem
Let L be an inner product space with ind_ L < oo, let S be a

symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.
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aPs-completion of spaces of analytic functions

Theorem

Let L be an inner product space with ind_ L < oo, let S be a
symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.

Assume that

e JM C rc(S,®) s.t. M has accumulation points in each
connected component of 2\ R, and

dim ([z* + span{®(-,w) : w € M}]/U) < oo;
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aPs-completion of spaces of analytic functions

Theorem
Let L be an inner product space with ind_ L < oo, let S be a

symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.

Assume that

e JM C rc(S,®) s.t. M has accumulation points in each
connected component of 2\ R, and

dim ([E* + span{®(-,w) : w € M}]/ﬁ*) < o0;
e Either £* Nspan {®(-,w) : w € (5, P),
®(-,w) € L* + span{®(-,w) : w € M}}

or £* Nspan {®(-,w) : w € r¥*(S,®; 2\ R) \ R}
is dense in £* w.r.t. T*.
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aPs-completion of spaces of analytic functions

Theorem

Let L be an inner product space with ind_ L < oo, let S be a
symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.

Under these assumptions:

e There exists a unique reproducing kernel aPs B, such that
O,z O(x,-) maps L isometrically onto a dense subspace
of B.

e The elements of B are analytic on ).

L ClOSB [((I)g X @5)(5)] = S(B).
Here S(B) is the multiplication operator in B.
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aPs-completion of spaces of analytic functions

Theorem
Let L be an inner product space with ind_ L < oo, let S be a

symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.

Under these assumptions:
Concerning the geometry of B, we have
. ®:(B') = L* + span {®(-,w) : w € M}
= L* + span {®(-,w) : w € Q}

e indg B = dim ([ﬁ* + span{®(-,w) : w € Q}]/ﬁx)

e The set {w € Q:0p(w) > 0} is discrete.

Here d(w) is the minimal multiplicity of w as a zero of some
element of B\ {0}.
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aPs-completion of spaces of analytic functions

Theorem

Let L be an inner product space with ind_ L < oo, let S be a
symmetric linear relation in L, let Q C C, and let & : L x Q = C
be a directing functional for S.

Under these assumptions:

Concerning the operator theory of S(B), we have
e S(B) is of defect (1,1);
. QCr(S(B))
o ran(S(B) — w) = ker Y25 |z w € Q
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De Branges space completions

Definition
An inner product space £ whose elements are entire functions is
called algebraic de Branges space, if

o If fe L,we C\R with f(w) =0, then 1) £ We have

zZ—w

[zf@ zZ—W

9(2)] = [1(2),9()].
.9 €B, f(w) = g(w) = 0.

o If f € L then f#(2) := f(Z) € L. We have

[f#’g#][j:[gvf]ﬁa f,gEL.

zZ—Ww zZ—Ww
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De Branges space completions

Definition

An inner product space £ whose elements are entire functions is
called algebraic de Branges space, if

o If fe L,we C\R with f(w) =0, then IG) ¢ £ We have

zZ—w

[zf@ zZ—W

9(2)] = [1(2),9()].
.9 €B, f(w) = g(w) = 0.

o If f € L then f#(2) := f(Z) € L. We have

[f#’g#][::[gvf]ﬁa f,QEC.

zZ—Ww zZ—Ww

If in addition £ is a reproducing kernel aPs, then L is called a
de Branges aPs.
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De Branges space completions

Theorem

Let L be an algebraic de Branges space. If L has a reproducing
kernel aPs-completion, then this completion is a de Branges aPs.
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