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We are going to discuss a class of canonical systems with two
singular endpoints whose spectral properties can be investigated
along the lines of Weyl's theory for the limit circle case.
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We are going to discuss a class of canonical systems with two
singular endpoints whose spectral properties can be investigated
along the lines of Weyl's theory for the limit circle case.

This presentation is based on joint work with Matthias Langer:

B M. Langer and H. Woracek. “Direct and inverse
spectral theorems for a class of canonical systems with
two singular endpoints’. manuscript in preparation.

B M. Langer and H. Woracek. “Indefinite Hamiltonian
systems whose Titchmarsh—Wey! coefficients have no
finite generalized poles of non-positive type". In: Oper.
Matrices 7.3 (2013), pp. 477-555.

El M. Langer and H. Woracek. Distributional
representations of generalized Nevanlinna functions.
submitted. preprint: ASC Report 17. 2013.



This work is around for a long time. We presented parts of it
e at the conference IWOTA 2010 (Berlin),
e in a Seminar talk at the University of Vienna (~ 2011).

Since then it improved and expanded......


http://asc.tuwien.ac.at/index.php?id=woracek
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This work is around for a long time. We presented parts of it
e at the conference IWOTA 2010 (Berlin),

e in a Seminar talk at the University of Vienna (~ 2011).
Since then it improved and expanded

These slides are available from my website

http://asc.tuwien.ac.at/index.php?id=woracek


http://asc.tuwien.ac.at/index.php?id=woracek
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The Canonical System

We consider 2 x 2-Hamiltonian systems without potential:
y(t) = 2TH(y(t), ¢ € (a.b).

Here the Hamiltonian H shall be subject to
H(t) : (a,b) — R?*2,

H(t) >0,te€ (a,b),

H e L _(a,b),

loc

H does not vanish identically on any set of positive measure,

z € C a parameter,

7=(173)
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The Canonical System

This equation is the eigenvalue equation of a differential operator.

We investigate the spectral theory of its selfadjoint realisations.



The Canonical System

This equation is the eigenvalue equation of a differential operator.
We investigate the spectral theory of its selfadjoint realisations.
Direct Problems: Given a Hamiltonian H, find information about
spectral data of selfadjoint realisations.

Inverse Problems:

e Existence Theorems: Given some spectral data, does there
exist a Hamiltonian H which leads to this data.

e Uniqueness Theorems: Which spectral data obtained from
some Hamiltonian determine this Hamiltonian uniquely.
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The Weyl construction in the Limit Circle Case
Simple Spectrum in the Limit Point Case
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The Weyl construction
Direct Theorems
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THE OPERATOR MODEL

(FOR A CANONICAL SYSTEM)

N
0
i)
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Not all what we say in this section is strictly correct.

We neglect the possible existence of indivisible intervals

and the need of forming equivalence classes.
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The model space

Definition (The model space L*(H))
The model space L?(H) is the space of all f: (a,b) — C? with

\Wg—/f f(t)di < .

If endowed with the scalar product

b
cmm:/mwmww%.MEﬁwx

the space L?(H) becomes a Hilbert space.
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The model operator

Definition (The maximal operator Ty,..(H))
The (graph of the) maximal operator Tynax(H) is

Tnax (H) = { (f39) € L2(H) x L*(H) -

f is locally absolutely continuous and f’ = JHg}

The operator Tinax(H) is closed.
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The model operator

Definition (The maximal operator Ty,..(H))
The (graph of the) maximal operator Tynax(H) is

Tnax (H) = { (f39) € L2(H) x L*(H) -

f is locally absolutely continuous and f’ = JHg}

The operator Tinax(H) is closed.
Definition (The minimal operator Ty, (H))
The minimal operator Trin(H) is Tnin(H) = Tmax(H)*.

The operator Tiin (H) is closed and symmetric. It is either
selfadjoint, or completely nonselfadjoint.
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Limit Circle vs. Limit Point Case

The spectral theory of Ti,.x(H ) depends on the growth of H
towards the endpoints a and b.
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Limit Circle vs. Limit Point Case

The spectral theory of Ti,.x(H ) depends on the growth of H
towards the endpoints a and b.

e H is in limit circle case at a, if (xg € (a,b))

/xotrH(t)dt<oo ( & He Ll (a,b)) )

e H isin limit point case at a, if (xg € (a,b))

o
/ tr H(t) dt = oo.
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Limit Circle vs. Limit Point Case

The spectral theory of Ti,.x(H ) depends on the growth of H
towards the endpoints a and b.

e H is in limit circle case at a, if (xg € (a,b))
Zo
/ tr H(t) dt < oo ( & He Ll (a,b)) )
e H isin limit point case at a, if (xg € (a,b))

o
/ tr H(t) dt = oo.

Similar: limit circle case at b and limit point case at b.
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Limit Circle vs. Limit Point Case

The (closed and symmetric) operator Tiin (H) has finite and equal
deficiency indices.
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Limit Circle vs. Limit Point Case

The (closed and symmetric) operator Tiin (H) has finite and equal
deficiency indices.

e Casel, Ic < Ic:

i

e Casell, lc<>lporlp«lc:  (1,1).
e Case lll, Ip < lp: (0,0).
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Limit Circle vs. Limit Point Case

The (closed and symmetric) operator Tiin (H) has finite and equal
deficiency indices.

e Casel, Ic ¢ lc: (2,2).
e Casell, lc<>lporlp«lc:  (1,1).
e Case lll, Ip « lp: (0,0).

In Case I, Tiyin(H) = Tmax(H). Hence, Tiin(H) is selfadjoint
and is the only selfadjoint realisation.

In the Cases | and Il, there are many different selfadjoint
realisations.
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Limit Circle vs. Limit Point Case

The (closed and symmetric) operator Tiin (H) has finite and equal
deficiency indices.

e Case lll, Ip < Ip: (0,0).

In Case I, Tiyin(H) = Tmax(H). Hence, Tiin(H) is selfadjoint
and is the only selfadjoint realisation.

In the Cases | and Il, there are many different selfadjoint
realisations.



OOOOOOOOO
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THE WEYL CONSTRUCTION IN
THE

LiMiT CiRCLE CASE
(Ic <> Ip)
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The Weyl construction

e Vi edomThax(H): YP(a):= li{n P(x) exists.
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The Weyl construction
e Vi edomThax(H): YP(a):= li{‘n P(x) exists.

e Denote by 91, the set of all solutions of the canonical system.

For each z € C the map V — (a) is a bijection from N,
onto C2.
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The Weyl construction
e Vi edomThax(H): YP(a):= li{‘n P(x) exists.

e Denote by 91, the set of all solutions of the canonical system.
For each z € C the map V — (a) is a bijection from N,
onto C2.

o Let 0(-52) = (0;(-32))7y, @(12) = (9i-12))7; € N: with
0(a;2) = (1, 0)T, @(a;2) = (0, 1)T. Then

. 01w 2)7T + 02(2;5 2)
qr(z) := lim
x,/b ©1(x;2)T + @a(x; 2)

exists locally uniformly on C \ R as an analytic function in z,
does not depend on 7 € RU {oc}, and

Imgy(z) >0, zeC™.
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The Weyl construction

Direct Theorem: Let py; be the measure in the Herglotz-integral

representation of ¢z, so that uy is a positive Borel measure on R
with [ (1 + %)t dug(t) < oo. Set

Ap :={(f;9) € Tmax(H) : (1,0) f(a) = 0}.
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The Weyl construction

Direct Theorem: Let py; be the measure in the Herglotz-integral
representation of ¢z, so that uy is a positive Borel measure on R

with [ (1 + %)t dug(t) < oo. Set
Ap = {(fag) € Tmax(H) : (170)f(a) = 0}'
b
. (OuhD) = / 0w )T H(z)f(z)dz, tER,
’ f e L2(H), sup(supp f) < b,

extends to an isomorphism of L?(H) onto L?(uy) with
@H OAD = MMH O@H.

e In particular, Ap has simple spectrum.
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The Weyl construction

Direct Theorem: Let py; be the measure in the Herglotz-integral

representation of ¢z, so that uy is a positive Borel measure on R
with [ (1 + %)t dug(t) < oo. Set

Ap :={(f;9) € Tmax(H) : (1,0) f(a) = 0}.

. (O59)x) = /oo 9(0@(x:t) dun(t), = < (a,b),

—0o0

g € L*(uy), suppg compact.
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The Weyl construction

Inverse Theorem:

e Let ¢ be a function of Nevanlinna class (i.e., analytic with
nonnegative imaginary part in CT).
Then 34 H: lc < lp,q = qg.
This Hamiltonian is (essentially) unique.



Operator Model Brief Review Three Classes of Objects Spcctm\ theory dinger operators

Q)

The Weyl construction

Inverse Theorem:

e Let ¢ be a function of Nevanlinna class (i.e., analytic with
nonnegative imaginary part in CT).
Then 34 H: lc < lp,q = qg.
This Hamiltonian is (essentially) unique.
e Let p be a positive Borel measure on R with
Je(+ 3"t dun(t) < oo.
Then 3 H: lc lp, = pp.
This Hamiltonian is (a bit less, but still essentially) unique.
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SIMPLE SPECTRUM IN THE
LimMiT POINT CASE

(Ip < Ip)




—
Ip

Q>
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H H_ H,
Ip ¢ R P A S P S
a Zo b a Zo Zo b
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H H_ H,
Ip ¢ R P A S P S
a Zo b a Zo Zo b

o Weyl-coefficients gy_ and qp, .



Operator Model Brief Review Three Classes of Objects

Spectral theory Schrédinger operators
[e]e] 000 0000 000000 000
[o]e] @00 [e]e] [e]e) 0000000
o] 000
H H_ H,
Ip ¢ 3~ el lb—)p
a Zo b a Zo Zo b

o Weyl-coefficients gg_ and qp. .

1 _
° QH(Z) = <QH+_(Z)(]H (Z) Qfa(z)>
qm, (2) +qu_(2) qn, (2)
is a 2 X 2-matrix valued Nevanlinna function.
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H_ H,
b = el lc—)p
b a To b

Zo

o Weyl-coefficients gg_ and qp. .

1 _
° QH(Z) = <QH+_(Z)(]H (Z) qﬁji(z)>
qm, (2) +qu_(2) qn, (2)
is a 2 X 2-matrix valued Nevanlinna function.

o Let O be the 2 x 2-matrix measure in the Herglotz-integral
representation of Q. Then there exists a unitary operator
U:L*(H) — L*(Qp) with

U o Twin(H) = M, oU.
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H_ H,
b ¢ b = el lc—)p
b a To b

Zo

o Weyl-coefficients gg_ and qp. .

1 _
° QH(Z) = <QH+_(Z)(]H (Z) qﬁji(z)>
qm, (2) +qu_(2) qn, (2)
is a 2 X 2-matrix valued Nevanlinna function.

o Let O be the 2 x 2-matrix measure in the Herglotz-integral
representation of Q. Then there exists a unitary operator
U:L*(H) — L*(Qp) with

U o Twin(H) = M, oU.

Corollary
The spectral multiplicity of Tinin(H) cannot exceed 2.
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Kac's Theorem

Theorem
Let H be lp < Ip.

e The singular spectrum of Ty, (H) is always simple.

e The absolutely continuous spectrum of Ty, (H) is simple, if
and only if the set

{zeR: liﬁ)l Im qp, (x + i€) exists in (0,00) }

N{zeR: liigllqui(—.%' + i€) exists in (0,00)}

has Lebesgue measure zero.
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De Branges class

Definition
Let H be Ip <> Ip. We say that H is of de Branges class, if
e for one (and hence for all) g € (a,b)
J2° ) H @) () dw < 0o, [7% maa(w) (5) H () () da < o0
where mag(x) := ff (?)TH(y) ((1)) dy.
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De Branges class

Definition
Let H be Ip <> Ip. We say that H is of de Branges class, if

e for one (and hence for all) g € (a,b)
S Q) H@) () do < 0, [77 man(w) (o) H () (p) d < o0
where mgs(z) := [ (?)TH(y) (%) dy.

Theorem

Let H belp < lp. If H is of de Branges class, then the selfadjoint
extensions of Tyin(H_) have resolvents of Hilbert-Schmidt class.
By Kac’s Theorem, Tyin(H) has simple spectrum.
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THREE CLASSES OF OBJECTS

(THE MAIN PLAYERS)
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The class H of Hamiltonians

For a Hamiltonian H and g € (a,b) define X}, : (a,z0) — C? by
Xo(@) = (), Xu(x):= [} JH(y)Xp-1(y)dy, k € N.
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The class H of Hamiltonians

For a Hamiltonian H and xg € (a,b) define X}, : (a,x9) — C? by
Xo(@) = (), Xu(x):= [} JH(y)Xp-1(y)dy, k € N.
Definition
We say that H e H if H is Ip <> Ip and

e For one (and hence for all) z¢ € (a,b)
[ (?)*H(m)(?) de < oo, [ may(x) (é)*H(aj) (5) dz < o0

a

z \T
where moa(x) := fa ((1)) H(y) ((1)) dy.
l.e., H is of de Branges class.

e dNeNp: L2<H’(a,x0)) ﬂspan{Xk k< N} % {0} (]_)
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The class H of Hamiltonians

For a Hamiltonian H and g € (a,b) define X}, : (a,z0) — C? by
Xo(@) = (), Xu(x):= [} JH(y)Xp-1(y)dy, k € N.

Definition
We say that H e H if H is Ip <> Ip and

For one (and hence for all) g € (a,b)
S Q) H@) () do < 00, [77 man(w) (o) H () (p) d < o0
where mgs(z) := [ (?)TH(y) (%) dy.

l.e., H is of de Branges class.

dN eNp: L2<H’(a,x0)) ﬂspan{Xk k< N} % {0} (]_)

If H € H, we denote by A(H) the smallest number N with (1).
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Spectral theory
000000

The class H of Hamiltonians

Example
Let @ € R and set

Schrédinger operators
000
0000000
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The class H of Hamiltonians

Example
Let @ € R and set

Then H, is in Ipc at oo, and [ ()" H(z)(?) dz < cc.

Schrédinger operators
000
0000000
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The class H of Hamiltonians

Example
Let @ € R and set

ral theory

dinger operators

Then H, is in Ipc at oo, and [ ()" H(z)(?) dz < cc.

a<l lc < Ip

1<a<2|lp<+Ip|class H with
A(Hy)=n,a€[2-1,2

n’

—TH),TLGN

1

a>2 Ip <> Ip | not de Branges class (hence not H)
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The class H of Hamiltonians

Example

The Hamiltonian

Schrédinger operators
000
0000000
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The class H of Hamiltonians

Example

The Hamiltonian

, x € (0,1),

e islp <> Ip;

e is of de Branges class;

Schrédinger operators
000
0000000
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The class H of Hamiltonians

Example

The Hamiltonian

z 2 O
H(z) : <1n5>2 ) z e (0,1),

e islp < Ip;
e is of de Branges class;

e is not of class H.

Schrédinger operators
000
0000000
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The class H of Hamiltonians

Example (The Bessel Hamiltonian)
For o« > 1 set

, z € (0,00).

Schrédinger operators
000
0000000

This Hamiltonian arises when rewriting the Bessel equation as a

first-order system.



Operator Model
[e]e]
[o]e]

Brief Review
000
000

Three Classes of Objects Spectral theory
oooe

000000
(ele]
[e]

(e]e]
[e]e]e}

The class H of Hamiltonians

Example (The Bessel Hamiltonian)
For o« > 1 set

) z € (0,00).

Schrédinger operators
000
0000000

This Hamiltonian arises when rewriting the Bessel equation as a

first-order system.

We have H, € H with A(Hy) = |25 |.
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The class H of Hamiltonians

Example (The Bessel Hamiltonian)
Assume « not odd integer. Then

( k k—1
gt D A gt
1=0 m=1 if kis even,
leven modd
0
Xi(r) =
0
: — if k is odd
—atl m i is odd.
> Y A
=1 m=0
\ \lodd

meven
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The class H of Hamiltonians

Example (The Bessel Hamiltonian)
Assume « not odd integer. Then

( k k—1
l +
D el Y At
=0 m=1 if kis even,
leven m odd
0
Xy(2) =
0
: — if k is odd
— l | IS O .
D mgr Y A g™
=1 m=0
\ \/odd meven

If & € 2Ng + 1, additional logarithmic terms occur.
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The class N, of generalised Nevanlinna functions

Definition
A function q is called a generalised Nevanlinna function, if
e ¢ is meromorphic in C\ R;
e q(Z) = q(2), 2z € p(q) (where p(q) denotes the domain of
analyticity of ¢ in C\ R);
e the reproducing kernel

Ky (w,z) = (i

8\:9\
\_/

z,w € p(q),

has a finite number negative squares.
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The class N, of generalised Nevanlinna functions

Definition
A function q is called a generalised Nevanlinna function, if
e ¢ is meromorphic in C\ R;
e q(Z) = q(2), 2z € p(q) (where p(q) denotes the domain of
analyticity of ¢ in C\ R);
e the reproducing kernel

Ky (w,z) = 4(2) = a(w)

) 6 )
P z,w € p(q)

é\:‘i\

has a finite number negative squares.

We denote the set of all generalised Nevanlinna functions by N_.
If ¢ € N<oo, we denote the actual number of negative squares of
the kernel K, by ind_ q.
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The subclass N>

Definition

We denote by N<§) the set of all functions ¢ € N- such that

lim q2€31 € (—00,0) or lim ‘ ngi)l) =00, (2)

where k :=ind_¢q and ' " denotes the non-tangential limit.



dinger operators
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The subclass N>

Definition
We denote by /\/22 the set of all functions ¢ € N- such that
lim q2(z)1 € (—00,0) or lim ‘ q2(2)1) =00, (2)
2—yico ZE PRLICINS ZE

where  :=ind_ ¢ and “—" denotes the non-tangential limit.

The significance of the condition in this definition is not that (2)
holds for some k, but that it holds exactly for k = ind_ q.
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The class M of measures

Definition
Let i be a positive Borel measure on R. We say that p belongs to
the class M if

d
dNeNyp: /R(l_i_/:gv“<oo. (3)

If © € M, we denote by A(u) the smallest non-negative integer NV
such that (3) holds.
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THE SPECTRAL THEORY

(OF HAMILTONIANS OF cLASS H)
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Regularized Boundary Values

Let H € H be given, and fix zg € (a,b).

Schrédinger operators
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Regularized Boundary Values

Let H € H be given, and fix 2o € (a,b).

Theorem (Existence)

For each z € C and each solution \ = (1, 2)T € M, the
boundary value

tbv, 1\ = ii{}}lﬂ)l(x)

and the regularized boundary value

rbv, o 1=
A(H) 2A(H)—1
—lim [ Z (vl (z))" T <1b(x)—lim P (t) Z ZFrofo (x)) }
al 75 tha k=A(H)+1

exist.
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Regularized Boundary Values

Theorem (The Boundary Value Map)
For each z € C the map

M, — C?
P = (tbv,1 ¥, thv, 2 )T

rbv, :

is a bijection from M. onto C?.

Schrédinger operators
000
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Regularized Boundary Values

Theorem (The Boundary Value Map)
For each z € C the map

n, — C?
rbv, :
LU (rbvz,l U, 1bv; 2 II))T
is a bijection from M. onto C?.
Theorem (Existence of a well-behaved Solution)

e For each z € C\ {0} there exists an (up to scalar multiples)

unique solution \p = (P1,\P2) € N, \ {0} such that
limg~ o Po(x) exists.

o li\rxn Pao(z) exists <= P|(g00) € L2(H|(a,x0))

<~ I‘szJlI) =0
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Regularized Boundary Values

Theorem (Controlling zo-dependence)

Let xo,z{, € (a,b), and let rbv, and rbv’, be the correspondingly
defined regularized boundary value mappings.

There exists a polynomial p € R[z] with p(0) = 0 and

degp < 2A(H), such that

rbva’Qll) =rbv, 2 +r1bv, 1 V- p(2), Pen, zeC.
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Singular Wey! coefficients

Let H € H be given, and fix zg € (a,b).

Schrédinger operators
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Singular Weyl coefficients

Let H € H be given, and fix zg € (a,b).

Theorem (Existence of limits)
For z € C denote by 0(-;2) = (01(-;2),02(-;2))" and
o(-;2) = (91(-52), @2(-; 2))T the unique solutions in N, with

rbv, 8(-;2) = (1, 0)T, rbv, @(-;2) = (0, 1),
Then, for each T € RU {oo}, the limit

01(x; 2)7 + 02(x; 2)
z /b @1(x; 2)T + @a(z; 2)

exists locally uniformly on C\ R as an analytic function in z and
does not depend on T.
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Singular Weyl coefficients

Definition

We call the function gp constructed as such limit a(!) singular
Weyl coefficient of H.
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Singular Weyl coefficients

Definition
We call the function gp constructed as such limit a(!) singular
Weyl coefficient of H.

Theorem (Some properties)

e Fach function qp; constructed as such limit belongs to the
(00)
class N\ ()"
o We have

0(-;2) —qu(2)@(-;2) € L*(H|zp), z€C\R,

and this property characterizes the value qp(z) for each
z€ C\R.
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Singular Weyl coefficients

Theorem (Controlling zo-dependence)

Let zo,x;, € (a,b), and let g and ¢ be the correspondingly
defined limits.

There exists a polynomial p € R[z] with p(0) = 0 and

degp < 2A(H), such that

(%) = qu(2) + p(2).
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Singular Weyl coefficients

Theorem (Controlling zo-dependence)

Let zo,x;, € (a,b), and let g and ¢ be the correspondingly
defined limits.

There exists a polynomial p € R[z] with p(0) = 0 and

degp < 2A(H), such that

1 (2) = qu(2) + p(2).

Definition

Write 1 ~ g2 if g1 — g2 € R[] A (g1 — ¢2)(0) = 0.

We denote by [¢]z the equivalence class modulo ~ which contains
some (and hence any) function gy constructed as limit, and speak
of [q]m as the(!) singular Weyl coefficient of H.
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The Spectral Measure

Theorem

Let H € H be given. There exists a unique positive Borel measure
wr on R such that for any qp € [q|ln

1 So+¢€
pr ([s1,52]) = 7 L hm Tm g (t + 46) dt,
s1—€

— 00 < 81 < 89 < 00.

We have p € M and A(up) = A(H).
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The Spectral Measure

Theorem

Let H € H be given. There exists a unique positive Borel measure
wr on R such that for any qp € [q|ln

1 So+¢€
pr ([s1,52]) = 7 L hm Im g (t + i6) dt,
s1—€

— 00 < 81 < 89 < 00.
We have p € M and A(up) = A(H).

Definition
We call up the spectral measure of H.
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The Fourier Transform
Theorem

Let H € H be given, and let ¢(-;z) € M, be the unique solution
with tbv, @(-;2) = (0, 1)T.

b
. ©uf)t) = / () H(z)f(z)dz, tER,
‘ f € L*(H), sup(supp f) < b,

extends to an isomorphism of L?>(H) onto L*(py) with

®H OTmin(H) - MHH (¢] @H

. (07'9)(x) = /°° g(O@(x;t) dun(t), =€ (a,b),

—00

g € L*(uy), suppg compact.
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Inverse Theorems

Theorem (Existence)

o letgc NS’;) with ind_ g > 0. Then there exists a
Hamiltonian H € H with q € [q]H.

o Let yp € M with A(u) > 0. Then there exists a Hamiltonian
H e H with ug = p.
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Inverse Theorems

Hamiltonians Hy and Hy are reparameterizations of each other, if
3 ¢ : (ag,bs) — (a1,b1) bijective, monotonically increasing, ¢, ¢!
absolutely continuous, with Hy(t) = H1(p(t)) - ¢'(t), t € (az, ba).
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Inverse Theorems

Hamiltonians Hy and Hy are reparameterizations of each other, if
3 ¢ : (ag,bs) — (a1,b1) bijective, monotonically increasing, ¢, ¢!
absolutely continuous, with Hy(t) = H1(p(t)) - ¢'(t), t € (az, ba).
Theorem (Global Uniqueness)
Let Hy, Hy € H be given.
o [f there exist singular Weyl coefficients qp, and qp, such that
qm, — qm, € R[2], then (o := (qm, — qm,)(0))

(b )n(l)

o If[qlm, = [q)H,, then Hy ~ Hj.
o If g, = pH,, then there exists o € R such that (4) holds.
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Inverse Theorems
Theorem (Local Uniqueness)

Let Hy, Hy € H be given (both defined on (a,b)). Set

si(T) == sup{:n € (a,b) : /ax Vdet Hy(y) dy < 7'}, 7> 0.

Then, for each T > 0, the following are equivalent.
® H1|(a,sl(‘r)) ~ HQ‘(CLSQ(T)).
° 3qm,,qm,, 8 € (0,m) Yex>0:
aH, (T’eiﬁ) — qm, (T’eiﬁ) — O(e(f2r+s)rsinﬁ)’ = 0o,

° 3qu,,qm, k>0 Ve (0,m/2): (in|argz — /2| <6)

g, () — amy(2) = O((Im 2)"e2712) | 2] — co.
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APPLICATION TO SCHRODINGER
OPERATORS

(AND THE PERTURBED BESSEL OPERATOR)
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A class of potentials

Consider a 1-dimensional Schrodinger equation

—u"(z) + V(z)u(z)
We say V € K, if 1.-4. hold:

1. V real-valued and V € L (a,b);

loc

Au(z), =z € (a,b).

Schrédinger operators
®00
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A class of potentials

Consider a 1-dimensional Schrodinger equation

—u"(x) + V(z)u(z) = Mu(x), =z € (a,b).

We say V € K, if 1.-4. hold:

1. V real-valued and V € L (a,b);

loc

2. V can be represented as V' = %, with a function ¢ satisfying

o(x) >0, z¢€(a,b),

dag € (a’vb) : ¢|(a,xo) € L2(a7x0)7¢_1|(a,x0) ¢ LQ(aa 330)
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A class of potentials
Consider a 1-dimensional Schrodinger equation
—u"(x) + V(z)u(z) = Mu(x), =z € (a,b).
We say V € K, if 1.-4. hold:
1. V real-valued and V € L (a,b);

loc

2. V can be represented as V' = %, with a function ¢ satisfying

¢(x) >0, =z € (ab),
dag € ((I,b) : ¢|(a,xo) € L2(a7x0)7¢_1|(a,x0) ¢ LQ(aa 330)

3. For one (and hence for all) =g € (a,b)

/axo B(z)? /:O <z><1)2 dt dx < oo.




Operator Model Brief Review Three Classes of Objects
[e]e]

Spectral theory
000 0000 000000
[o]e] 000 [e]e] (e]e]
o] 000

A class of potentials

Consider a 1-dimensional Schrodinger equation

—u"(z) + V(z)u(z)
We say V € K, if 1.-4. hold:

Define function @;° : (a,b) — R recursively by

f¢ wily (1) dt,
~T 1 ~T
W=y = fcb O
) ( )
4. AN eNp:

ﬁ}]\ﬂ(a,mo) S LQ(CL, xo).

Au(z), =z € (a,b).

Schrédinger operators
®00
0000000

k odd

k even
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A class of potentials

Consider a 1-dimensional Schrodinger equation
—u"(x) + V(z)u(z) = Mu(x), =z € (a,b).

We say V € K, if 1.-4. hold:

Define function @;° : (a,b) — R recursively by

f¢ D% () dt, K odd
7L0 1 720

Wyl () == , Wl (x) = N
o) fd) Jwp® (t)dt , k even

4. 3N eNy:  0(a2) € L*(a,z0).
Denote be the minimal such number N by A(V).
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A class of potentials

Example (The perturbed Bessel potential)
Consider a potential V € L _(0,b) of the form

Vi) = l(l: 1)

+ Vo(z)

where

o either I > —1/2, zVp(z) € L1(0, o),
or  1=-1/2, (Inz)zVi(z) € L0, z0);
e Ipc at b;

e the minimal operator is bounded from below (w.l.o.g.
positive).
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A class of potentials

Example (The perturbed Bessel potential)
Consider a potential V € L _(0,b) of the form

Viz) =

l(l+1)+Vo( )

where

e either I > —1/2, 2Vy(x) € LY(0, z0),
or 1=-1/2, (Inz)zVo(z) € L(0,x0);
e Ipc at b,
e the minimal operator is bounded from below (w.l.o.g.
positive).
Then V € K with A(V) = [+ 3].
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A class of potentials

Example (Power asymptotics)
Assume V = %l where ¢ > 0 and

Ja>1: o) =<ax®

Schrédinger operators
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A class of potentials

Example (Power asymptotics)
Assume V = %l where ¢ > 0 and

Ja>1: o) =<ax®
Then V € K with A(V) = |24 ].

Schrédinger operators
ooe
0000000
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A class of potentials

Example (Power asymptotics)
Assume V = %/ where ¢ > 0 and

Ja>1: o) =<ax®

Then V € K with A(V) = |24 ].

Schrédinger operators
ooe
0000000

Each perturbed Bessel potential is of this kind, but there are also

others. For example oscillatory potentials V' with ¢ like

¢(x) ==z (2 + sin i), x> 0.
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Direct and Inverse Spectral Theorems
Let V € K and keep ¢ € (a,b) fixed.

Theorem (Regularized Boundary Values)
For each \ € C and each solution v at A

e the boundary value exists:

vy u = lim (@) () — ¢ (@)u(@))
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Direct and Inverse Spectral Theorems
Let V € K and keep ¢ € (a,b) fixed.

Theorem (Regularized Boundary Values)
For each \ € C and each solution v at A

e the regularized boundary value exists:
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Direct and Inverse Spectral Theorems
Let V € K and keep ¢ € (a,b) fixed.

Theorem (Regularized Boundary Values)
For each \ € C and each solution v at A

e the regularized boundary value exists:

LA(V) iy

rbv)\2u —hm [ Z /\k w2k+1 x)u'(z) — (wgngl)/(a:)u(m))—i-

n )\A(zv) wzo(v)(:x)u(fn) if A(V) is even
0 if A(V) is odd

V)—1 2k—A(V

#(av ) b Z )0

k= S0
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Direct and Inverse Spectral Theorems

Theorem (Singular Titchmarsh-Weyl Coefficient)
Let ©(-; A) and @(-; \) be the solutions with

fo( ) = (o). et = (7).

. 0(z;N)

A) =1
s v = @)
exists locally uniformly;

o my € N> with k= L#J
o 0(5A) —my(N)e(;A) € L*(x0,b).
We call my a singular Titchmarsh-Weyl coefficient of V.

Then

AeC\ [0,00),
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Direct and Inverse Spectral Theorems

Theorem (Spectral Measure)

There exists a unique positive Borel measure (v with

1 So+¢€
v ([s1,s2]) =  lim lim Tmmy (t + i) dt,
51—€

— 00 < 81 < 89 < 00.

This measure satisfies

d
v ((—00,0)) =0, /[Ooo) (1_?;)(211 <0

with n := A(V') and no smaller n € Ny.
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Direct and Inverse Spectral Theorems
Theorem (Fourier Transform)

Let V € K be given, and let @(-;\) be the unique solution with

rbvy @(-;2) = (0, 1)7. Let Ay be the Friedrichs extension of the
minimal operator.

b
¢ @)= [ et f)ds teR,
' f € L¥(a,b), sup(supp f) < b,
extends to an isomorphism of L?(a,b) onto L?(uy) with
Oy o Ay = M, o Oy.

. <eymmw—/mawmmwqux 7 € (a,b),
0

g€ L*(uy), suppg C (0,00) compact.
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Direct and Inverse Spectral Theorems

As for canonical systems x(-dependence can be controlled.
Definition

For V' € K we denote by [m]y the equivalence class of a singular
Titchmarsh-Weyl coefficient modulo “m; — mg € R[z]".
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Direct and Inverse Spectral Theorems
As for canonical systems x(-dependence can be controlled.
Definition
For V' € K we denote by [m]y the equivalence class of a singular
Titchmarsh-Weyl coefficient modulo “m; —mg € R[z]".

The function ¢ in the representation of V is not unique; we can
multiply ¢ with any positive constant c¢. Then my and uy are
multiplied with ¢~2.
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Direct and Inverse Spectral Theorems
As for canonical systems x(-dependence can be controlled.
Definition
For V' € K we denote by [m]y the equivalence class of a singular
Titchmarsh-Weyl coefficient modulo “m; —mg € R[z]".

The function ¢ in the representation of V is not unique; we can
multiply ¢ with any positive constant c¢. Then my and uy are
multiplied with ¢~2.

Theorem (Global Uniqueness)

Let V1,Va € K be given (defined on (0,b;), i =1,2). The
following are equivalent:

e by = by and Vl(fL‘) = VQ(ZL‘), T € (O,bi) a.e.
e Jc>0: [m]y, =cmly,.
e dc>0: puy, = cpy,.
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Direct and Inverse Spectral Theorems

Theorem (Local Uniqueness)

Let V1, V5 € H be given (defined on (0,b;), i = 1,2). Then, for
each T > 0, the following are equivalent.

o Vi(z) =Va(x), z € (0,7) a.e
e Imy,,my,[ € (0,2r),c>0 Ve>0:

my, (re??) — emy, (re?) = 0(6(727%)*/;““%), T — 00.

e Imy,,myy,k>0,c>0 Ve (0,m): (in|arg\— x| <6)
_ _ k_—27Im VX
my; (A) — emy, (A) = O(|/\| e ), |A| = oo,

where /) is the branch with Tm v/ > 0.
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