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We are going to survey the spectral theory of 2-dimensional
Hamiltonian Systems without a potential term.

Many results are classical, dating back to the 1950's or 60's (for
particular cases, even much earlier). Others are more recent, and
taken from work of various authors.

We will also see a few results shown by myself (with different
coauthors).

These slides are available from my website
http://asc.tuwien.ac.at/index.php?id=woracek



®

Not all what is written on these slides is strictly correct.

We will occasionally neglect some
technical difficulties and/or exeptional cases.

Each such instance will be clearly marked.



We consider 2 x 2-Hamiltonian systems without potential:

y(0) = 2TH(Oy(t), t€ (s-,5).

Here the Hamiltonian H shall be subject to
o H(t):(s_,s4) — R2¥2
H(t)>0,te (s—,s4),
H € Lige(s-, 51),
H does not vanish identically on any set of positive measure,

z € C a parameter,

7=(173)



This equation is the eigenvalue equation of a differential operator.
We investigate the spectral theory of its selfadjoint realizations.
Direct Problems: Given a Hamiltonian H, find information about
spectral data of selfadjoint realizations.

Inverse Problems:

e Existence Theorems: Given some spectral data, does there
exist a Hamiltonian H which leads to this data.

e Uniqueness Theorems: Which spectral data obtained from
some Hamiltonian determine this Hamiltonian uniquely.
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The Operator Model

Let H be a Hamiltonian on (s_,s;), let (a,b) C (s—, s+) and
¢ € R. Then (a,b) is H-indivisible of type ¢, if

cos ¢

H(t) = h(t) - <Sm ;

)(COS¢, sing), t€ (a,b),

with some scalar function h € L{ (a,b).

Definition (The model space L*(H))
The model space LQ(H) is the space of all f: (s_,s;) — C? with

. IF1% —/ FOH® (1) dt < oo

e If (a,b) C (s_,s4) is indivisible of type ¢, then
(cos ¢,sin @) f(t) = constant on (a,b).
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The Operator Model

In the definition of L?(H), we tacitly understand that two
functions f, g with

are identified.

If endowed with the scalar product

e / TG HW () dt, f.g € L2H),

the space L?(H) becomes a Hilbert space.
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The Operator Model

S .
Q Here we suppress some technical terms.

Definition (The maximal operator T, (H))
The (graph of the) maximal operator Tynax(H) is

Tnax (H) = { (f39) € L*(H) x L*(H) :

is locally absolutely continuous and f' = JH
y y g

The operator Tiax(H) is closed.

> Ip
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The Operator Model

Definition (The minimal operator Th,in(H))
The minimal operator Tyin(H ) is Tmin(H) = Tmax(H)*.

The operator Tiin(H) is closed and symmetric. It is either
selfadjoint, or completely nonselfadjoint.
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Limit Circle vs. Limit Point Case

The spectral theory of Th,.x(H ) depends on the growth of H
towards the endpoints s_ and s;.

e H is in limit circle case at s_, if (xg € (s—, s4))
xo
/ tr H(t) dt < oo ( & He L ([s-,s4)) )
S—
e H isin limit point case at s_, if (xg € (s—,5+))

o
/ tr H(t) dt = oo.

Similar: limit circle case at s;. and limit point case at s, .
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The Three Fundamental Cases

We know the operator Ti,in(H) is closed and symmetric.

Its deficiency indices are always finite and equal.
e Casel, Ic < lc: (2,2).
e Casell,lc<>lporlp<«lc:  (1,1).
e Case lll, Ip < Ip: (0,0).

In Case I, Tiyin(H) = Tmax(H). Hence, Tin(H) is selfadjoint
and is the only selfadjoint realization.

In the Cases | and Il, there are many different selfadjoint
realizations.



Operator Model

Boundary Values

If s_ is in limit circle case, each f = (f1, fo)T € dom Tyax(H) has
a continuous extension to s_. Similar for s .

Selfadjoint realizations can be described with boundary conditions.

e Assume Case Ic <+ Ip. Then (for example)
Ap = {(f79) € Tmax(H) : fi(s-) = 0}

is a selfadjoint restriction of Ti,ax(H).

e Assume Case Ic <> Ic. Then (for example) for each
T € RU{o0}

AD,T = {(fag) € TmaX(H) : fl(s—) = Ova1(8+)+f2(S+) = O}

is a selfadjoint restrictions of Tiyax(H).
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Reparameterizations

Two Hamiltonians Hy on H defined on (s!,s)) and (s2,s2),
respectively, are reparameterizations of each other, if there exists

such that
e ¢ is bijective and monotonically increasing,

e ¢ and ¢! are both absolutely continuous,
o Hy(t) = Hi(o(t)) - ¢/(t) for t € (52, 57).

If Hy and Hs are reparameterizations of each other, their operator
models are unitarily equivalent.
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Examples: 1. The Schrodinger Equation
Consider the equation (0 < T < o0)
=y (t) + V(t)y(t) = zy(t), te[0,T],
where the potential V (t) belongs to L'([0, T]).
Let y; and yo be the solutions of —y”(t) + V (¢)y(t) = 0 with
y1(0) = 0,1(0) =1, 32(0) = 1,45(0) =0,

and define

_( n®)*  nit)y(t)
H(t) = (yl(t)y2(t) ya2(t)? > o 10T

Then H is a Hamiltonian which is lc < lc.
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Examples: 1. The Schrodinger Equation

A function y(t) solves the Schrodinger equation with potential
V(t) and parameter z, if and only if the function

v (t) yz(t)> (y(t)>
u(t) = .
0= (ko o) (o
solves the Hamiltonian system with Hamiltonian H (t) and
parameter z.

The operator models of the Schrodinger equation and of the
Hamiltonian system are unitarily equivalent.
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Examples: 2. The String Equation

<% Here we ignore some technicalities.

Let L > 0, and u be a positive Borel measure on R with

supp ¢ C [0, L] and u({L}) = 0. Consider the integral equation
boundary value problem with complex parameter z:

(z) = inf{t>0: z<m(t)}, ae€l0,m(L)]
" , x>m(L)
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Examples: 2. The String Equation

@ Here we ignore some technicalities.

Define
> m(x)

H(z) = (ﬁ%(éj) 1 ) 2 € (0,00).

Then H is a Hamiltonian which is Ic < Ip.

The operator models of the string equation and of the Hamiltonian
system with this Hamiltonian are unitarily equivalent.
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Examples: 3. The Hamburger Moment Problem

Let (sn)n>0 be a sequence of real numbers. Is this sequence the
sequence of power moments of some positive Borel measure on the
real line ? That is, does there exist a positive Borel measure p on
R with

sn:/t"d,u(t), n>0 7
R

The answer is yes, if and only if

det [(3i+j)gj=o] >0, N2>O0.
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0000

Examples: 3. The Hamburger Moment Problem

Assume that Dy = det[(siﬂ)%zo] >0, N >0.

Either

e the solution of the Hamburger moment problem, i.e., the
measure having (s, )n>0 as its moment sequence, is unique,

or

e there exist infinitely many such measures.

If Dy =0 for some N > 0, then the solution is unique and is a
discrete measure with finitely many pointmasses.

Case lll: Ip <>



Operator Model Examples Case I: lc < Ic

Case ll: lc <> Iporlp <> Ic Case lll: Ip <> Ip
0000 00 00000 [e]e] 0000
0000 00 [e] 000 000
[e]e] [e} (e]e] 00000000 [e]e]

Examples: 3. The Hamburger Moment Problem

Assume that Dy = det[(si1;)7;_g] > 0, N > 0.
Set

Ey = det [(sitj+1)ij=0], Cn = det [(siy;j1)ij—o] (-1 =0),
lo=1, Iy= (E]Z\ + Cir)(Di\r_lDN)il, N >1,

N-1
to=0, tN=) lnnxl  T= lm t,
n=0

™

T arctan ( — ?\) , COn#0
o=, On= /N
’ : . Oy =0
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Examples: 3. The Hamburger Moment Problem

Define

cos O

H(t) = ( )(cosé?N,sinHN), tefty,tn-1), N >0.

sin O

Then H is a Hamiltonian which is
e |c <+ Ip, if the solution is unique,

e |c < Ic, if the solution is not unique.

The set of solutions of the Hamburger moment problem coincides
with the set of all spectral measures of the Hamiltonian H.
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Case Ic <> Ic. Spectral Measures

Denote by W (t, z) = (w;;(t, Z))?,j:l the solution of

%W(t, T = W DHE), tels syl  W(s_,2) =TI

Then, for each 7 € RU {00}, the function

wi1(S4, 2)T + wia(s4, 2)
wa1(S4, 2)T + waa(s4, 2)

qH,T(z) =

belongs to the Nevanlinna class, that is,
e qp is analytic in C\ R and ¢y (Z) = qu(2),
e Imgp(z) >0 for Imz > 0.



Case I: Ic <= Ic
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Case Ic <> Ic. Spectral Measures

We can represent qp» as (Herglotz integral representation)

1 t

qH(2) ZGH,TMH,TH/R <§ 11

— )duna(t), z€C\R,

with
e ag, €R, by, >0,

d,u‘H,T (t)
1+¢2

The measure pif7- can be computed from g+ by means of the
Stieltjes Inversion Formula, and the constant by . from the
behaviour of g towards ioco.

e up positive Borel measure with [ < 0.

Each measure p1f7 - obtained in this way is called a spectral
measure of H.
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Case Ic > Ic. Fourier Transforms

@ Here we ignore the exceptional case by - > 0 and technicalities.

Theorem (Integral transforms, Ic < Ip)

Let 7 € RU{oo}. A unitary map U, : L*(H) — L*(upg ) is
defined by

(U f)(z) = / (w1, ), wan(t, ) H () f(£)dt.

Its inverse U7t : L2 (up,) — L*(H) is given as

@ = [ (D) P ).

—co \W22 t,:E)
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Case Ic > Ic. Fourier Transforms

{% Here we ignore the exceptional case by » > 0 and technicalities.

Theorem (Unitary equivalence)
Let 7 € RU{oo}. The selfadjoint realization

AD,T = {(f7g) € Tmax(H) : fl(s—) = O,Tf1(5+) + f2(8+) = 0}

is unitarily equivalent to the the multiplication operator M, in
Lz(,uHJ) via U;, that is,

UT o) ADJ— = Mz o UT.
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[elelele] J

Case Ic «> lIc. A Direct Theorem

Theorem (Direct Spectral Theorem)

e Fach selfadjoint realization has compact resolvents.

e The spectrum of each selfadjoint realization defined by
separated boundary conditions is simple.

o Let (\}) and (X)) denote the sequences of positive and
negative, respectively, eigenvalues of a selfadjoint realization
arranged according to increasing modulus. Then

hm)%_ —hm— / \/det H (t)dt.

n




Examples Case I: Ic <+ Ic Case ll: lc <> Ipor Ip <> Ic

Case Ic <> Ic. A Uniqueness Theorem

A Hamiltonian H is not uniquely determined by the spectrum of
one of its selfadjoint realizations. It may happen that H; and Hs
are different (not reparameterizations of each other), and still

U(AlD,o) = U(A2D,O)‘

Theorem (Inverse Theorem / Uniqueness)
Assume that two Hamiltonians Hy and H satisfy

0(Apo) =0(ADg) and o(Ap ) =o(AD ),

then Hy and Hy are equal (up to a reparameterization).
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Case Ic > Ic. Existence Theorems

Theorem (Characterization of spectra)

Let (\,) be a sequence of pairwise different real numbers. Then
there exists a Hamiltonian H in Ic <+ |c with {\,} = 0(Apy), if
and only if all \,, are nonzero, and

e the limits lim )\% and lim % exist in [0,00) and are equal,
n n
where (\}) and (\,)) denote the sequences of positive and

negative elements of (\,),

1
e lim Z — exists in R,

R—o0 n
Anl<R
1 . z
. En A O < 0o where A(z) = Rh_r;a)o (1 - /\—n)
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Case Ic > Ic. Existence Theorems

Theorem (Characterization of pairs of spectra)

Let (N\,) and (uy,) be two sequences of pairwise different real
numbers. Then there exists a Hamiltonian H in Ic <> |c with
{M}=0(Apyp) and {pn} = 0(Ap.), if and only if all \,, are
nonzero, the point zero is among the uy's, and

e the sequences (\,) and (uy) interlace,

1
. lim)% = lim = € [0,00) and lim Z — exists in R,

n )\n R~>oo|>\n|SR n
1
° < 00 where
Zn: [An?[A" (M) B(An)]
. z . z
A= g TT (1) w2t T (=0

[An|<R 0<|pun|<R

Case lll: Ip <>
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Case Ic <> Ip. The Weyl Construction

The cases Ic <> Ip and Ip < Ic are fully analogous. We confine
attention to Ic < Ip.

Theorem (Weyl coefficient. Existence)

Denote by W (t, z) = (wq;(t, z))?’j:1 the solution of

d

%W(t, 2) = 2W(t,z)H(t), te€[s_,sy4), Wi(s_,z)=1.

Then, for each 7 € RU {oc} the limit

. wii(t, 2)T + wia(t, 2)
qu(z) = lim
t sy woy(t, 2)T + waa(t, 2)

exists locally uniformly on C\ R. It does not depend on 7.
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Case Ic <> Ip. The Weyl Construction

Theorem (Weyl coefficient. Properties)

The function qr belongs to the Nevanlinna class, that is,
e qy is analytic in C\ R and qi(Z) = qu(2),
e Imgp(z) >0 forImz > 0.

We can therefore represent qy as

(z)=ag +b +/< L t
) =anons T |\ T 1+
with

e ag €R, by >0,

e up positive Borel measure with fR

)dun(), zeC\R,

dpp (1)
1442 <

The measure g obtained in this way is called the spectral
measure of H.
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Case Ic <> Ip. A Direct Theorem

<Z> Here we ignore the exceptional case by > 0 and technicalities.

Theorem (Direct Spectral Theorem)
A unitary map U : L*(H) — L?*(uy) is defined by

S+
(Uf)(z) = / (w1 (t, ), waz(t, ) H(t) f(t)dt.
It intertwines Ap and the multiplication operator M, in LQ(,uH):

UOAD:MxOU.

Its inverse U=t : L?(uy) — L*(H) is given as

W= [ () (e

—0o0 w22( 733)
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Case Ic <> Ip. The Inverse Theorem

The following Existence and Uniqueness Theorem is the major
result in the spectral theory of Hamiltonian systems.

Theorem (Inverse Spectral Theorem)

Let a function q in the Nevanlinna class be given. Equivalently, let
a€R,b>0, and a positive Borel measure . with [ Cf’jr(fz) be
given.

Then there exists a (up to reparameterization) unique Hamiltonian
in Ic <> Ip whose Weyl coefficient equals q.

> Ic Case ll: lc <> Ipor lp <> Ic Case Ill: Ip >
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Case Ic <> Ip. A Local Uniqueness Theorem

Theorem (Local uniqueness)

Let Hy and H, be Hamiltonians defined on (s, sl ) and (s%,s%),
respectively. For a > 0 set

sj—sup{te /\/detH d:c<a} j=12.

Then the following are equivalent.

o ‘ 1 .1y and Hy ‘ 2 o\ are reparameterizations of each
(8—78CL) (87780,)
other.

° qu, (2) —qm,(z) = O((Im 2)36_2a1mz), z = 400.
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Case Ic <> Ip. Semibounded Spectrum

Theorem (Consequence of semibounded spectrum)

Let H be given with inf supp iy > —oo. Then there exist unique
L e (0,00] and v :[0,L) — [0,400), such that

e v is nondecreasing, right-continuous, and normalized by
v(0) € [0,7) and v(t) —v(t—) <,

e H is (a reparameterization of)

[cot v()]? — cot v(t) .
(_ cot (1) ) > ifv(t) & nZ

10 .
(0 0> ifv(t) € nZ

H,(z) =
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Case Ic <> Ip. Semibounded Spectrum

The question converse to the above theorem is: Given v with the
properties stated in the theorem. Is the spectral measure of H,
semibounded from below ?

The answer is unknown.
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Case Ic <> Ip. Semibounded Spectrum

Theorem (The case of finite negativity)
The following are equivalent:

e H is (up to a reparameterization) equal to H,, with v being
(in addition) bounded.

e (—00,0) Nsupp pp is a finite set.
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Case Ic <> Ip. Discrete Spectrum

It is a question of interest for which Hamiltonians their selfadjoint
realizations have discrete spectrum (equivalently, have compact
resolvents).

The answer is unknown.

What is easy to see is that for each discrete subset M of R, there
exist (infinitely many) Hamiltonians H which are Ic <> Ip and such

that
O‘(AD) =M.
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Case Ic <> Ip. Discrete Spectrum
Write H (t) = (hij(t)); j—,, and set B(t f hyo(x)dz.

For r > 0 set

My(r) = {/\ eR\ {0} :

t 54
lim sup </h22(x)62>‘3(x)dsc /hn(x)e”‘B(x)dx) < 7‘2},
t/‘8+ f >\

Ms(r) = {)\ e R\ {0}:

t S4

lim sup </h11($)62>\3(w)d$ /hgg(x)e_z)‘B(m)dx> < 7“2}
t s+ A

s_ t
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Case Ic <> Ip. Discrete Spectrum

@ In the literature this theorem is only stated. We have not seen a proof.

Theorem (Discreteness of spectrum)
If upr is discrete, then

R \ {0} - Ml(l) U Mg(l).

If there exist sequences A\; — +00 and p; — —oo with

{Nii e N}U{p; i€ N} C | (Mi(r) U Ma(r)),

1
T<Z

then up is discrete.
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Case Ic <> Ip. Discrete Spectrum

Theorem (The diagonal case)
Assume that H is diagonal, that is,

H(z) = (hl(()u’ﬂ) h2?$)> , T € (s_,s4) a.e

Then g is discrete, if and only if either

S+ S+ x
/hl(ﬂf) dx < oo and lim (/hl(t>dt/h2(t)dt> =0,
z,/s4
or
/hg(x)dac < oo and lim (/h2(t)dt-/h1(t)dt> ~0.
z,/s4

S— x S—
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Case Ic <> Ip. Hilbert-Schmidt Property

Contrasting discreteness of the spectrum, the property that the
spectrum is discrete with square summable eigenvalues can be
characterized in general.

Theorem (Characterization of Hilbert-Schmidt class)

The resolvents of selfadjoint realizations belong to the
Hilbert-Schmidt class, if and only if there exists an angle ¢ € [0, )
such that (here &, = (5°2))

sin

° /SJr ggH(t)f(b dt < 00,

. /:+ ( / ' €0 H(u)éy gdu) €T H(1)E, dt < oo,
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Case Ip <> Ip. Vector-Valued L?-Spaces

Let 2 = (Q;5)7,—; be a positive n x n-matrix valued Borel
measure on R, that is, a map of Borel sets to positive semidefinite
n X n-matrices which is o-additive and satisfies () = 0.

Set p(A) = trQ(A), then p is a finite positive Borel measure on R
and each entry ();; is absolutely continuous w.r.t. p. The
symmetric derivative of () w.r.t. p is

s imQ((x—s,x—i—e))
dp 0 p((z—e,x+¢))

, T €Rpae.

L?(€) is the space of all f: R — C™ which are p-measurable and

(f(2), Zg(x)f(:z:))cn € L'(p). It is endowed with

(.92 = /R (f(a), fg(@g(x))cn dp(z).
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Case lp <> Ip. Matrix Weyl Function

Choose a point sg € (s—,sy). Then
e Hy = H|(, ) is a Hamiltonian lc < Ip.

e H_ = HJ_ ) is a Hamiltonian in Ip < Ic,

»S0

The 2 x 2-matrix valued function

B 1 qu, (2)qg_(2) —qu, (2)
QH(Z)‘qm(quH(z)( g (z) -1 >

belongs to the 2 x 2-Nevanlinna class, that is,
e Qp is analyticin C\ R and Qg (z) = Qu(2)*,

o Imgpy(z) = £(Qu(z) — Qu(2)*) is positive semidefinite for
each z with Im z > 0.
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Case lp <> Ip. Matrix Weyl Function

We can represent Qg as (z € C\ R)

1 t
t—z 1+41¢2

Qulz) = aH+sz+/R< ) (14 )50,

where
o ap,bg € C**2, with ay = a}; and by positive semidefinite,

e () positive 2 X 2-matrix valued Borel measure.
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Case lp <> Ip. The Titchmarsh-Kodaira formula

@ Here we ignore the exceptional case by # 0.

Theorem (Unitary equivalence)

The selfadjoint operator T, (H) is unitarily equivalent to the
multiplication operator in the space L*>(Qy). That is, there exists
a unitary operator U : L?>(H) — L*(Qy) which intertwines
Tmin(H) and Mz

UoTmin(H)= M, oU.
The action of U can again be described as an integral transform.

Corollary
The spectral multiplicity of Tyin(H) cannot exceed 2.
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00

Case lp <+ Ip. Local Spectral Multiplicity

Let E be the projection valued spectral measure of Ty, (H), and
let 01,09 be scalar positive Borel measures with 0o < 01 ~ FE
such that 71,y (H) is unitarily equivalent to the multiplication
operator in L?(o1) @ L?(02).

Set (layers of spectrum)

doy

dal( z) € (0,00]}, 1=1,2,

{:BER

and (spectral multiplicity function)

Ny (z) = #{l e{l,2}:z € Yl}, r €R, or-ae.

ell:lc <> Iporlp < Ic Case lll: Ip <> Ip



0000
0000

Operator Model Examples Case I: Ic +» Ic Case ll: lc <+ Iporlp < Ic
Case lp <+ Ip. Local Spectral Multiplicity
Theorem
dQy .
We have Ny (x) = rank T(m) for z € R, p-a.e. (notice p
y)

Denote by A the Lebesgue measure, and set p:= upy, +pn_

Decompose
E=F, +FE; with E,, <\ E; LM\,
and further
Ey=Fyae+ Ess With Eyge < i, Ess L.
Moreover, decompose
b= fac + ps  with g << A p LA

Case lll: Ip <+ Ip
0000

0®0

oo

~ E).
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Case lp <+ Ip. Local Spectral Multiplicity

Set (z € R, p-a.e.)

du dpp_
2, %( ))%($>€(ano]
d
r(r) = {1, exactly one of ZT (),
d d
0. i (2), %(@ =0

du

Theorem (Computation of the multiplicity function)

We have

o Egc ~ lige and Ng(x) = r(x), Eqye-a.e.
* Esac ~ Lip(z)=2)dps and Nu(xz) =1, E; gc-a.e.

e Ny(z)=1, E,s-a.e.

Case lll: Ip <> Ip
0000

ooe

oo

(x) is nonzero
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Corollary

Examples Case I: Ic +» Ic Case ll: Ic <+ Ipor Ip <+ Ic
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Case Ip <> Ip. Simple Spectrum

The singular spectrum of Ty,in(H) is always simple.

Theorem (Characterization of simplicity)

Case lll: Ip <> Ip
0000

000

(1)

The operator Tyin(H) has simple spectrum if and only if the set

{zeR: hﬁ)l Im gp, (@ + i) exists in (0,00) }
€

N{zeR: lifglqu_(—x + i€) exists in (0,00) }
€

has Lebesgue measure zero.
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Case Ip <> Ip. Simple Spectrum

An explicit sufficient condition for simplicity is:

Theorem

Assume that H, has the Hilbert-Schmidt property, i.e., that there
exists ¢ € [0, m) with

. /s+ ELH )y dt < oo,

. /j (/t 5§+%H(u)§¢+gdu) TH (g dt < oo.

Then the spectrum of Ty, (H) is simple.
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