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REVIEW OF THE
POSITIVE DEFINITE
THEORY




Hamiltonians and canonical systems

A Hamiltonianis a function

w H :[0y,01) — R*** defined a.e., measurable;
= H(t) 20, H € Ly,.((00,01));

= [ tr H(t) dt < oo (initial value problem);
= H does not vanish on any set of positive measure.
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Hamiltonians and canonical systems

A Hamiltonianis a function
w H :[0y,01) — R*** defined a.e., measurable;

wm H(t)>0,H e L. ((00,01));

loc

= [ tr H(t) dt < oo (initial value problem);

= H does not vanish on any set of positive measure.

Thecanonical systerwith Hamiltonian4 Is the
differential equation

J(z) = 2 (? _01> H(z)y(z), z € [00,01)
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limit circle case vs. limit point case

A Hamiltonian H is said to be in the
= limit circle caseif [ tr H(t) dt < 400;

= limit point caseif [ tr H(t)dt = +oc.
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Summary (limit point case)

Hamiltonian
H(t)

Matrix chain Model space

(W) L*(H)
\

Weyl coefficient
qu(2)
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Summary (limit point case)

Hamiltonian
H(t)

Matrix chain Model space

(W) L)
\\\\\\ e

Weyl coefficient
qu(2)
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Summary (limit point case)

Hamiltonian
H(t)
\construction
defect elements
~ ~ resolventmatrix = ~
Matrix chain ~ rks= L*(H|py) Model space
(W) L*(H)
_ 7
lim Wi % T _-I2(0) = L2(H)

Weyl coefficient
qu(2)
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The Inverse Spectral Theorem

The assignment
H(t) — qu(2)

yields a bijection between the set of all Hamiltonians (up
to reparameterization) and the Nevanlinna cl&gs
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SOME EXAMPLES OF
CANONICAL SYSTEMS



Positive definite functions

Leta € (0,00). Afunction f : (—2a,2a) — C is called

positive definite, iff (—t) = f(¢) and if the kernel
K(s,t) = f(t—s), s,t € (—a,a),

IS positive definite. The set of all continuous positive defi-
nite functions on the interval-2a, 2a) is denoted byP ,.
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ve definite functions

uation problemtet f € Py ,. Do there exist
ationsf € Py . ?



Continuation problemtet f € P, ,. Do there exist
continuationsf € Py ?

Solution: There exists either a unique continuation or
Infinitely many continuations. In the second case the set
of all continuations Is parameterized by

i/ooo et f(t) dt = Wi(2) % 7(2)

wherell’; is a certain entir@ x 2-matrix function and the
parameter runs through the Nevanlinna class.
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Pos.def. functions & can. systems

Let f € Py.. Assume that the set
I; :={a>0: f|_24.2 has infinitely many continuations

IS honempty.

-7

S
SS.
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Pos.def. functions & can. systems

Then the family

1 0 5 »
Wi(z) = (-(f(0)1+t)z 1) , t € [—=/f(0)"7,0)
Wl Cora (2) tel

IS the matrix chain of a certain Hamiltonidi;.
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The Bessel equation

The Bessel equation is the eigenvalue problem with
singular endpoin®

—u"(x) - Lu(z) = du(x), = > 0

Herev Is a parameter > % and \ Is the eigenvalue pa-
rameter.
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Rewriting this equation as a first-order-system, making a
substitution in the independent variable, and setting

a:=2v — 1, A = 2%, yields an equation of the form of a
canonical system with

Ho(x) = (‘f f&)

In order thatH,, Is integrable ab, we need that < 1,
..e.v < 1. In this case the matrix chai¥V,);cj0.~) and
the Weyl coefficienty;; can be computed explicitly:
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Bessel equation & can. systems

Leta € (0,1). Then
Waﬂg(Z):

T (v)z "t (t2) 2T (V)2 T, (tz)
2T (—) 2t I, (t2) 27T (=) 2ty (£2)

with v := O‘T_l = v —1,and

Q. (2) = cqz™“

with ¢, := £T'(v)?sinve™.
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INDEFINITE ANALOGUE OF
CANONICAL SYSTEMS




Indefinite can.systems / Motivation

POSITIVE DEFINITE
Hamiltonian
Matrix chain
Boundary triplet
Nevanlinna clasg/;

CONCEPTS
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General Hamiltonians

A general Hamiltoniarconsists of the data

00, -..,0n11 € RU{Fo0}, 09 <01 <... < 0pi1,

: 2X2 -
Hi.(O};,O’fH_l)—>R ,Z—O,...,n,

E C | J(oi,0i11) U {00, 0,11} finite
1=0

d@(), - ;dz’,QA?;—l c R, 0; €Ny, b’i,].) C. 7bi,(')'7;+1 c R

subject to certain conditions.
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General Hamiltonians

= 0y = Starting point
® 0,1 = endpoint
moy,...,0, = Singularities
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H, H, H,

Hy, ..., H, = Hamiltonians, not integrable at
oy,...,0, (01,...,0, SIingularities)

H, integrable ab (initial value problem)
H,, integrable/not atr,,.; (limit circle/point case)
growth of H; towards singularity Is restricted
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General Hamiltonians

di,j da,j dp,j

Hy ..
@

= d; ; = Interface conditions at a singularity

= E quantitative measurement of ‘local at a
singularity’
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General Hamiltonians

d1,; d2,j dn,j
€0 HO e1 €9 H1 es em—lHn em
L . @ L —@ @
A A A
01,015 02, b2 ; On, bn,

= 0;, b; ; = contribution concentrated in the singularity
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Maximal chains of matrices

Axiomization of ‘fundamental solution’
Wy =TandW; € |J,., M, for
t € log,01) U (01,09)U...U(0p,0n41)
o WW, e, oo M, and
ind_ W, = ind_ W, + ind_ W' W,

wIf W e Uyog M, W W, € U9 M, and

ind_ W, = ind_ W +ind_ W',
thenWW = W, for somet

= some technical conditions
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Theory of indefinite can.systems

Maximal chain
(W)

general
Hamiltonian

)

Weyl coefficient
0y (2)

Model space

B(h)
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Theory of indefinite can.systems

general
Hamiltonian

y

construction

defect elements
~ resolvent matrix = -

s~ ~

Maximal chain rks= L?(H|jp,p) Model space

(W) B(h)

Weyl coefficient
0y (2)
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Theory of indefinite can.systems

general
Hamiltonian
solution off - b
singularities _ ~ construction
, /
y ¢ defect elements
y —
; __— resolventmatrix———~__
Maximal chain ~ rks= B(blpy) ~ Model space
(W) B(h)
_ =
lim W * T _ - TI(¢) = PB(h)

Weyl coefficient
0y (2)
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The Inverse Spectral Theorem

The assignment
h — ay(2)

yields a bijection between the set of all general Hamilto-
nians (up to reparameterization) ankl., V..
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In our examples we had obtained generalized Nevanlinne
function which seemed to be the ‘Weyl coefficient of the
underlying indefinite canonical system’, namely:

gr(z) = & — 1 € N, from the hermitian indefinite
function f(¢t) =1 — |¢|.

Ga(2) = caz™® € N(o) Wherer(a) := [2H], from
the Bessel equation with parameter
aeRT\{1,3,5,...}.
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In our examples we had obtained generalized Nevanlinne
function which seemed to be the ‘Weyl coefficient of the
underlying indefinite canonical system’, namely:

gr(z) = & — 1 € N; from the hermitian indefinite
function f(t) =1 — |¢|.
Go(2) = caz™® € Ny(o) Wherers(a) := [2H], from
the Bessel equation with parameter
aeRT\{1,3,5,...}.
n order to fit these examples, we have to find the genera
Hamiltonian whose Weyl coefficient i5 or ¢,, and see
now it is related to the ‘Hamiltoniand? s and .
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THE END




The matrix chain (1;)

Let H be a Hamiltonian defined dnyg, o1). ThenWV,,

t € |0y, 01), denotes the unique solution of the initial
value problem

I 0

Indefinite Canonical Systems — p.29/51



The Weyl coefficientgy (z2)

ForW = (wy;); ,_; € C*** andr € C denote

W11T T W12

Wo1T T W2

The assignment — 1V x 7 maps the upper half plane to
some (general) disk:

B e

v
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The Weyl coefficientgy(z)

Let (W).ec(0,.0,) D€ the matrix chain associated with the

HamiltonianH. The assignments — W; x 7 mapC™ to
a nested sequence of disks containe@in The disk
W; x« C* is contained in the upper half plane and its

rad|u5|sf tr H(z) dz] .
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The Weyl coefficientgy(z)

Let (W).ec(0,.0,) D€ the matrix chain associated with the

HamiltonianH. The assignments — W; x 7 mapC™ to
a nested sequence of disks containe@in The disk
W; x« C* is contained in the upper half plane and its

radius |sf tr H(x) dx]~".
Thus the limitgy (2) := lim; ~,, Wi(2) x 7 exists, does
not depend om € C*, and belongs tav). ®
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Supressing some technicalities which arise from
‘Indivisible intervals’, we have

()= {1+ (00,00~ T [ F07T HOF(0)dt < o)
Tonaa(H ) = {( f.9) € L*(H)?: f absolutely continuous
f= (1 ) H®), ael
L(H)(f39) := f(00). (f:9) € Tonas(H)

0 —1
I 0

O
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W from defect elements

Letyl(z $) — (y1(27$)2,y1(2,$)2)T and
Yo (2, ) = (z Q?)Q,yQ(Z z)2)" be the elements of

(
ker (T az(H | (o z), such thaty, (z, 09) = (1,0)! and
yg(z O'Q) ( ) Then

Wi(z) = <y1(z>t)1 y1(Zﬂf)2)

y2(za t)l y2(zv t)2
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W/ as resolvent matrix

Consider

51 = {(gj,y) € Dnaw(H|(50.1))
7-‘-l,lF(]{’(ag,t))(Qj; y) — 07 WTF(H’(UOJ))(:C; y) — O}

U : (ZU; y) — 7Tl,2F(H’(ao,t))(37§ y)v (375 y) = Tmaaﬁ(H‘(ao,t))

ThensS; is symmetric with defect andu|gs: is

continuous. The matrix functioW, I1s au-resolvent
matrix of S;.
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The kernel

i) () ) W= ()

Ky, (w, 2) == ——

IS positive definite, thus generates a reproducing kernel
Hilbert space’k(1V;). The elements af(1V;) are entire
2-vector-functions.

The operatoiS(1V;) of multiplication byz is a symmetry
with defect2. The mapl’(WW;) : f — f(0) is a boundary

map forS (V).
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The reproducing kernel space ofit;

The boundary triplet

(L2(H | (50.0))s Tinin (H |(0.1)), I'(H |(5,1))) IS iSOMOTrphic to
(R(Wy), S(Wy), T'(W,)). The isomorphism of
L?(H|(5,.1)) to (W) is given by

H/W () dz
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The Fourier transform

The Weyl coefficient admits an integral representation of
the form

CIH(Z):aerzwL/R(tiZ 1jt2)d0(t)'

Assumingb = 0, the map

f@) = [ ONW ) () ds

is an isomorphism of.?( H) onto L*(o).
O
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Denote by\, the set of all functions, which are

analytic inC \ R, satisfyr(z) = 7(z), and are such that
the Nevanlinna kernel

7(2) = 7(w)

Qr(w, z) = —

< — W

IS nonnegative definite. This means that each of the
guadratic forms

m

(&1, bn) = Q) 20)&E;

i,j=1
IS nonnegative definite.
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A more classical approach to this class of functions is
given by the following result:

A functionr which is analytic inC \ R and satisfies

7(Z) = 7(z) belongs to the clasy/y, if and only if it
maps the open upper half plane into the closed upper
half plane.

O
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Leta € (0, 00). A function f : (—2a,2a) — C is called
hermitian indefinite, iff (—t) = f(¢t) and if the kernel

K(s,t) = f(t—s), s,t € (—a,a),

has a finite number of negative squares. The set of all
continuous hermitian indefinite functions withnegative
squares on the interval-2a, 2a) is denoted byP, ,.
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Hermitian indefinite functions

Continuation problemtet f € P, .. Do there exist
continuationsf € P, ., ?

Clearly, for the existence of a continuatigre Pr.cos ITIS
necessary that > k.
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Solution: There exists a numbek(f) € NU {0, 0c0}:

If A(f) =0, thenf has infinitely many
continuations in each of the classBs.., x > k.

If 0 < A(f) < oo, thenf has a unique continuation
IN Py, ~, NO continuations IfP, ., with

ko < k < Ko + A(f), and infinitely many
continuations in each of the classes..,

Kk > ko + A(f).

If A(f) = oo, thenf has a unique continuation in
P00, @and no continuations in any of the classes

7)/{,’00, Y > I’{/O.
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Assume that\ () < oo. Then there exists an entire
2 x 2-matrix functionW; such that the formula

i/ooo e f(t) dt = Wi(2) % 7(2)

parameterizes the continuations ¢fin (J..,. Pk -
Thereby continuationg € P~ COrrespond to parame-
terst in the cIassIC,f(f). If A(f) > 0, the unique solution

INn Py, ~ IS given by the parameter= oo.
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Herindef. functions & can. systems

An exampleThe functionf(t) := 1 — |¢| belongs to
P1,00- Again consider the restrictiory§_s; o). Then

0 ,0<t<lort>1

A(f‘(—Qt,Qt)) — {1 =1
f‘(—2t,2t) - 7D(),t; 0<t<l, f’(_ztjzt) - 771,75, t > 1, and

Wf|(—2t,2t)(z) —
(sintéi)c;stz (Z% . (t . 1)) Sin t2 tcozstz)

2210_81752 (t — 1)zsintz + costz
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Herindef. functions & can. systems

The family
, {( : 0)  te[—1,0]
Wt(z) — —(1+t)z 1
W o (2) , te (0,1)U(1,00)

satisfies a differential equation of the form of a canonical
system with

0 0 , t € (—1,0)
Hi(t) = E(()tl2)2 ?) ,ti(O,l)U(LOO)

¢ (—1)2
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The functionZ; Is locally integrable on
—1,1) U (1, 00), but NOT at the point. Moreover,

[ tr Hy(z) dz = +o0 for T > 1, i.e. the ‘limit point
case’ prevails at infinity.

If we formally carry out the construction of the Weyl
coefficient, we obtain

) 1
QHf(Z):?—;, zeC”

This function belongs ta\/;.
O
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The functionH,(¢) and the matrice¥/, ;(z) are

well-defined fora € R™ \ {1, 3,5,...}. Moreover,W,, ;
satisfies a differential equation of the form of a canonical
system withH,,. The functionH, Is locally integrable on

(0, 00), but NOT at the poin®. Moreover,
[ tr Hy(x) dz = 400 for T > 0, i.e. the ‘limit point
case’ prevails at infinity.

If we formally carry out the construction of the Wey!
coefficient, we obtain

qu.(2) = coz™®, 2 € CT

This function belongs tdV,,,) with r(a) := |2,

O
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Forv, A € Ny, denote byC2 the set of all functions,

which are meromorphic i€ \ R, satisfy7(z) = 7(z),
and are such that the maximal number of negative
sguares of quadratic forms

%‘(fl; - 7€m;77()7 . . 777A—1) —

m T(Z)—T(Z) A—1 m
=) T GG ) ) Re(am)
ij=1 8T~ k=0 i=1

is v. Note thatiC2 = N,,.
O
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Forx € Ny, denote byV.. the set of all functions,

which are meromorphic i€ \ R, satisfy7(z) = 7(z),
and are such that the Nevanlinna kernel

Qf(w,z) — T(Z) i :(UJ)

< — W

hask negative squares. This means that the maximal
number of negative squares of quadratic forms

(G Em) = Y Qrlz), 2)66
is equal tos. W

O
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T'he Weyl coefficientqgy(z)

The limit

qp(2) = tl}l? Wi(z) *T

exists as a meromorphic function locally uniformly on
C \ R and does not depend anc C™.

O
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The matrix functionlV,, t € | J._, (01, 0;), is for every
v = 1,...,n asolution of the differential equation

G (1) = WD, o € (o)

On the intervaloy, 01) it is uniquely determined by its
initial value W, = I.

O
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The kernel

i) () ) W= ()

Ky, (w, z) := ——

has a finite number of negative squares, thus generates ¢

reproducing kernel Pontryagin spagd&V;). The
elements ofR(11;) are entire2-vector-functions.

The operatoS(1W;) of multiplication byz is a symmetry
with defect2. The mapl’(1W;) : f — f(0) is a boundary
map forS ().
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The reproducing kernel space ofit;

There exists an isomorphisfn of the boundary triplets
(R(W), S(W;), T(W)) and (B2 (56.))> S(Blo0.6)) T (Blo,0)))
If J .= [S_, S_|_] C (0'7;_1, 02’)1 then the map

A @) e [ W) H () f(z) da

is an isomorphism oLQ(}{Z-hS_M) onto
R(W, )|—]R(W,_ ). We have

L*(Hil ;) —=BOloy.s))

v
ﬁ(WSJr)[_]ﬁ(WS_) Q)
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The Weyl coefficient admits a representation of the form

)

with some distribution ofR. This distribution generates
a Pontryagin spacH(¢). There exists an isomorphism

of B(h) ontoIl(e).

t— 2

O
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W/ as resolvent matrix

Fort € I consider

S1 1= {(x,y) S T(b‘(ao,t)) :
1110 (0] (00.0) (@3 %) = 0, 1. D(B] (5000 ) (5 4) = 0}

u:(z;y) — Wz,zr([]’(ao,t))($53/)a (z;y) € T(h’(ao,t))

ThensS; is symmetric with defect andu|gs: is

continuous. The matrix functioW, I1s au-resolvent
matrix of .Sy.
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A from defect elements

Let¢., . € ker(T'(h(,,.+)) b€ such that

1 0
ML (D) (00,0)) (025 202) = (0)7 Tl (B (0.0 (V2 2002) = (1)

Then

I

7L (B (00,0) ) (025 2002)"



Given a general Hamiltoniaipnwe construct an operator
model, which is a Pontryagin space boundary triplet

(BB), T(h), I'(h))

The actual construction is quite involved and too compli-
cated to be elaborated here.
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The model spacel(h)

It J=[s_,s.| C (04,0;41), there exists an isometric and
homeomorphic embedding

vy 2 L*(H;ly) — B(b)
If J C J’, then

O
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The general Hamiltonian made up of the data

op=—1,00=1,00 =400, E={-1,0,2,+00}
0 0
(01> ,te(—1,0)

(7 L) e

o= (57 0 )

51 — 1,[91’1 — 2, b172 — O, d() — —Q,dl =
has Wey! coefficieng;. ®
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Hy(t) =



Hamiltonian for ¢,

The general Hamiltonian made up of the data

op=—1,00=0,00 =400, E={-1,1+0}

=4 (0 2) mo= ;2

has Weyl coefficiend,.
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The class M.

W e M, if
= IV Is entire2 x 2-matrix function
mW(O)=1
= The kernel
0 —1 0 —1
we (75 ) wer - (7 )
Ky (w,z) =

hasx negative squares
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