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REVIEW OF THE
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Hamiltonians and canonical systems

A Hamiltonianis a function

H : [σ0, σ1) → R
2×2 defined a.e., measurable;

H(t) ≥ 0,H ∈ L1
loc((σ0, σ1));

∫ σ0+ǫ

σ0
trH(t) dt <∞ (initial value problem);

H does not vanish on any set of positive measure.
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Hamiltonians and canonical systems

A Hamiltonianis a function

H : [σ0, σ1) → R
2×2 defined a.e., measurable;

H(t) ≥ 0,H ∈ L1
loc((σ0, σ1));

∫ σ0+ǫ

σ0
trH(t) dt <∞ (initial value problem);

H does not vanish on any set of positive measure.

Thecanonical systemwith HamiltonianH is the
differential equation

y′(x) = z

(

0 −1

1 0

)

H(x)y(x), x ∈ [σ0, σ1) .
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limit circle case vs. limit point case

A HamiltonianH is said to be in the

limit circle caseif
∫ σ1

σ1−ǫ
trH(t) dt < +∞;

limit point caseif
∫ σ1

σ1−ǫ
trH(t) dt = +∞.
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Summary

Hamiltonian
H(t)
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Summary (limit point case)

Hamiltonian
H(t)

solution

��

construction

��

Matrix chain
(Wt)

rks∼= L2(H|[0,t))
//________________

lim Wt ⋆ τ ''OOOOOOOOOOO
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uu S
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k
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The Inverse Spectral Theorem

The assignment
H(t) 7→ qH(z)

yields a bijection between the set of all Hamiltonians (up

to reparameterization) and the Nevanlinna classN0.
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SOME EXAMPLES OF

CANONICAL SYSTEMS
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Positive definite functions

Let a ∈ (0,∞). A functionf : (−2a, 2a) → C is called
positive definite, iff(−t) = f(t) and if the kernel

Kf(s, t) = f(t− s), s, t ∈ (−a, a) ,

is positive definite. The set of all continuous positive defi-

nite functions on the interval(−2a, 2a) is denoted byP0,a.
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Positive definite functions

Continuation problem:Let f ∈ P0,a. Do there exist
continuationsf̃ ∈ P0,∞ ?
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Positive definite functions

Continuation problem:Let f ∈ P0,a. Do there exist
continuationsf̃ ∈ P0,∞ ?

Solution:There exists either a unique continuation or
infinitely many continuations. In the second case the set
of all continuations is parameterized by

i

∫ ∞

0

eiztf̃(t) dt = Wf(z) ⋆ τ(z)

whereWf is a certain entire2×2-matrix function and the

parameterτ runs through the Nevanlinna classN0.

Indefinite Canonical Systems – p.10/51



Pos.def. functions & can. systems

Let f ∈ P0,∞. Assume that the set

If :=
{

a > 0 : f |(−2a,2a) has infinitely many continuations
}

is nonempty.

If

f̃

f

2a−2a

f |(−2a,2a)
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Pos.def. functions & can. systems

Then the family

Wt(z) :=











(

1 0
−(f(0)−1 + t)z 1

)

, t ∈ [−f(0)−1, 0)

Wf |(−2t,2t)
(z) , t ∈ If

is the matrix chain of a certain HamiltonianHf .
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The Bessel equation

The Bessel equation is the eigenvalue problem with
singular endpoint0

−u′′(x) +
ν2 − 1

4

x2
u(x) = λu(x), x > 0

Hereν is a parameterν > 1
2 andλ is the eigenvalue pa-

rameter.
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Bessel equation & can. systems

Rewriting this equation as a first-order-system, making a
substitution in the independent variable, and setting
α := 2ν − 1, λ = z2, yields an equation of the form of a
canonical system with

Hα(x) =

(

xα 0

0 x−α

)

In order thatHα is integrable at0, we need thatα < 1,

i.e. ν < 1. In this case the matrix chain(Wα,t)t∈[0,∞) and

the Weyl coefficientqHα
can be computed explicitly:
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Bessel equation & can. systems

Let α ∈ (0, 1). Then

Wα,t(z)=

=

(

2ν1Γ(ν)z−ν1t−ν1Jν1
(tz) 2ν1Γ(ν)z−ν1tνJν(tz)

−2−νΓ(−ν1)z
νt−ν1J−ν1

(tz) 2−νΓ(−ν1)z
νtνJ−ν(tz)

)

with ν1 := α−1
2 = ν − 1, and

qHα
(z) = cαz

−α

with cα := 2α

π
Γ(ν)2 sin νeiνπ.

Indefinite Canonical Systems – p.13/51



INDEFINITE ANALOGUE OF

CANONICAL SYSTEMS
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Indefinite can.systems / Motivation

POSITIVE DEFINITE
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General Hamiltonians

A general Hamiltonianconsists of the data

σ0, . . . , σn+1 ∈ R ∪ {±∞}, σ0 < σ1 < . . . < σn+1,

Hi : (σi, σi+1) → R
2×2, i = 0, . . . , n,

E ⊆
n
⋃

i=0

(σi, σi+1) ∪ {σ0, σn+1} finite

di,0, . . . , di,2∆i−1 ∈ R, öi ∈ N0, bi,1, . . . , bi,öi+1 ∈ R

subject to certain conditions.
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General Hamiltonians

σ0 σ2 σn σn+1

× ×| )×
σ1

σ0 = starting point

σn+1 = endpoint

σ1, . . . , σn = singularities
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General Hamiltonians

σ0 σ2 σn σn+1

× ×| )×
σ1

H0 H1 Hn

H0, . . . , Hn = Hamiltonians, not integrable at
σ1, . . . , σn (σ1, . . . , σn singularities)

H0 integrable at0 (initial value problem)

Hn integrable/not atσn+1 (limit circle/point case)

growth ofHi towards singularity is restricted
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General Hamiltonians

σ0 σ2 σn σn+1

× ×| )×
σ1

H0 H1 Hn
•• •• • • •

e0 e1 e2 e3 em−1 em

d1,j d2,j dn,j

di,j = interface conditions at a singularity

E quantitative measurement of ‘local at a
singularity’
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General Hamiltonians

σ0 σ2 σn σn+1

× ×| )×
σ1

H0 H1 Hn
•• •• • • •

e0 e1 e2 e3 em−1 em

d1,j d2,j dn,j

ö1, b1,j ö2, b2,j ön, bn,j

öi, bi,j = contribution concentrated in the singularity
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Maximal chains of matrices

Axiomization of ‘fundamental solution’

W0 = I andWt ∈
⋃

κ≥0 Mκ for
t ∈ [σ0, σ1) ∪ (σ1, σ2) ∪ . . . ∪ (σn, σn+1)

W−1
s Wt ∈

⋃

κ≥0 Mκ and

ind−Wt = ind−Ws + ind−W
−1
s Wt

If W ∈
⋃

κ≥0 Mκ,W−1Wt ∈
⋃

κ≥0 Mκ and

ind−Wt = ind−W + ind−W
−1Wt

thenW = Wt for somet

some technical conditions
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Theory of indefinite can.systems

general
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h
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(Wt)

Model space
P(h)

Weyl coefficient
qh(z)
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Theory of indefinite can.systems

general
Hamiltonian

h
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//________________
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solution off
singularities
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�
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|

x
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The Inverse Spectral Theorem

The assignment
h 7→ qh(z)

yields a bijection between the set of all general Hamilto-

nians (up to reparameterization) and
⋃

κ≥0 Nκ.
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Fitting our examples

In our examples we had obtained generalized Nevanlinna
function which seemed to be the ‘Weyl coefficient of the
underlying indefinite canonical system’, namely:

qf(z) = i
z2 −

1
z
∈ N1 from the hermitian indefinite

functionf(t) = 1 − |t|.

qα(z) = cαz
−α ∈ Nκ(α) whereκ(α) :=

[

α+1
2

]

, from
the Bessel equation with parameter
α ∈ R

+ \ {1, 3, 5, . . .}.
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Fitting our examples

In our examples we had obtained generalized Nevanlinna
function which seemed to be the ‘Weyl coefficient of the
underlying indefinite canonical system’, namely:

qf(z) = i
z2 −

1
z
∈ N1 from the hermitian indefinite

functionf(t) = 1 − |t|.

qα(z) = cαz
−α ∈ Nκ(α) whereκ(α) :=

[

α+1
2

]

, from
the Bessel equation with parameter
α ∈ R

+ \ {1, 3, 5, . . .}.

In order to fit these examples, we have to find the general
Hamiltonian whose Weyl coefficient isqf or qα, and see
how it is related to the ‘Hamiltonians’Hf andHα.
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A SHORT ACCOUNT ON

THE L ITERATURE
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The matrix chain (Wt)

LetH be a Hamiltonian defined on[σ0, σ1). ThenWt,
t ∈ [σ0, σ1), denotes the unique solution of the initial
value problem

d

dt
Wt(z)

(

0 −1

1 0

)

= zWt(z)H(t), x ∈ [σ0, σ1) ,

W0(z) = I .
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The Weyl coefficientqH(z)

ForW = (wij)
2
i,j=1 ∈ C

2×2 andτ ∈ C denote

W ⋆ τ :=
w11τ + w12

w21τ + w22

The assignmentτ 7→ W ⋆ τ maps the upper half plane to
some (general) disk:

C
+
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The Weyl coefficientqH(z)

Let (Wt)t∈[σ0,σ1) be the matrix chain associated with the
HamiltonianH. The assignmentsτ 7→ Wt ⋆ τ mapC

+ to
a nested sequence of disks contained inC

+. The disk
Wt ⋆ C

+ is contained in the upper half plane and its
radius is[

∫ t

σ0
trH(x) dx]−1.

C
+
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The Weyl coefficientqH(z)

Let (Wt)t∈[σ0,σ1) be the matrix chain associated with the
HamiltonianH. The assignmentsτ 7→ Wt ⋆ τ mapC

+ to
a nested sequence of disks contained inC

+. The disk
Wt ⋆ C

+ is contained in the upper half plane and its
radius is[

∫ t

σ0
trH(x) dx]−1.

C
+

Thus the limitqH(z) := limtրσ1
Wt(z) ⋆ τ exists, does

not depend onτ ∈ C
+, and belongs toN0. 	
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The model spaceL2(H)

Supressing some technicalities which arise from
‘indivisible intervals’, we have

L2(H) :=
{

f : (σ0, σ1)→C
2 :

∫ σ1

σ0

f(t)TH(t)f(t) dt <∞
}

Tmax(H) :=
{

(f ; g) ∈ L2(H)2 : f absolutely continuous,

f(t) =
(

0 −1

1 0

)

H(t)g(t), a.e.
}

Γ(H)(f ; g) := f(σ0), (f ; g) ∈ Tmax(H)
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Wt from defect elements

Let y1(z, x) = (y1(z, x)2, y1(z, x)2)
T and

y2(z, x) = (y2(z, x)2, y2(z, x)2)
T be the elements of

ker(Tmax(H|(σ0,t) − z), such thaty1(z, σ0) = (1, 0)T and
y2(z, σ0) = (0, 1)T . Then

Wt(z) =

(

y1(z, t)1 y1(z, t)2

y2(z, t)1 y2(z, t)2

)
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Wt as resolvent matrix

Consider

S1 :=
{

(x; y) ∈ Tmax(H|(σ0,t)) :

πl,1Γ(H|(σ0,t))(x; y) = 0, πrΓ(H|(σ0,t))(x; y) = 0
}

u : (x; y) 7→ πl,2Γ(H|(σ0,t))(x; y), (x; y) ∈ Tmax(H|(σ0,t))

ThenS1 is symmetric with defect1 andu|S∗

1
is

continuous. The matrix functionWt is au-resolvent
matrix ofS1.
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The reproducing kernel space ofWt

The kernel

KWt
(w, z) :=

Wt(z)

(

0 −1

1 0

)

Wt(w)∗ −

(

0 −1

1 0

)

z − w

is positive definite, thus generates a reproducing kernel
Hilbert spaceK(Wt). The elements ofK(Wt) are entire
2-vector-functions.

The operatorS(Wt) of multiplication byz is a symmetry

with defect2. The mapΓ(Wt) : f 7→ f(0) is a boundary

map forS(Wt).
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The reproducing kernel space ofWt

The boundary triplet
〈L2(H|(σ0,t)), Tmin(H|(σ0,t)),Γ(H|(σ0,t))〉 is isomorphic to
〈K(Wt),S(Wt),Γ(Wt)〉. The isomorphism of
L2(H|(σ0,t)) to K(Wt) is given by

f(x) 7→

∫ t

σ0

Wx(z)H(x)f(x) dx .
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The Fourier transform

The Weyl coefficient admits an integral representation of
the form

qH(z) = a+ bz +

∫

R

( 1

t− z
−

t

1 + t2

)

dσ(t) .

Assumingb = 0, the map

f(x) 7→

∫ σ1

σ0

(0, 1)Wx(z)H(x)f(x) dx

is an isomorphism ofL2(H) ontoL2(σ).
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The classN0

Denote byN0 the set of all functionsτ , which are
analytic inC \ R, satisfyτ(z) = τ(z), and are such that
the Nevanlinna kernel

Qτ(w, z) :=
τ(z) − τ(w)

z − w

is nonnegative definite. This means that each of the
quadratic forms

qτ
(

ξ1, . . . , ξm
)

:=
m
∑

i,j=1

Qf(zj, zi)ξiξj

is nonnegative definite.
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The classN0

A more classical approach to this class of functions is
given by the following result:

A functionτ which is analytic inC \ R and satisfies
τ(z) = τ(z) belongs to the classN0, if and only if it
maps the open upper half plane into the closed upper
half plane.
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Hermitian indefinite functions

Let a ∈ (0,∞). A functionf : (−2a, 2a) → C is called
hermitian indefinite, iff(−t) = f(t) and if the kernel

Kf(s, t) = f(t− s), s, t ∈ (−a, a) ,

has a finite number of negative squares. The set of all

continuous hermitian indefinite functions withκ negative

squares on the interval(−2a, 2a) is denoted byPκ,a.
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Hermitian indefinite functions

Continuation problem:Let f ∈ Pκ0,a. Do there exist
continuationsf̃ ∈ Pκ,∞ ?

Clearly, for the existence of a continuatioñf ∈ Pκ,∞, it is

necessary thatκ ≥ κ0.
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Hermitian indefinite functions

Solution:There exists a number∆(f) ∈ N ∪ {0,∞}:

If ∆(f) = 0, thenf has infinitely many
continuations in each of the classesPκ,∞, κ ≥ κ0.

If 0 < ∆(f) <∞, thenf has a unique continuation
in Pκ0,∞, no continuations inPκ,∞ with
κ0 < κ < κ0 + ∆(f), and infinitely many
continuations in each of the classesPκ,∞,
κ ≥ κ0 + ∆(f).

If ∆(f) = ∞, thenf has a unique continuation in
Pκ0,∞, and no continuations in any of the classes
Pκ,∞, κ > κ0.
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Hermitian indefinite functions

Assume that∆(f) <∞. Then there exists an entire
2 × 2-matrix functionWf such that the formula

i

∫ ∞

0

eiztf̃(t) dt = Wf(z) ⋆ τ(z)

parameterizes the continuations off in
⋃

κ≥κ0
Pκ,∞.

Thereby continuations̃f ∈ Pκ,∞ correspond to parame-

tersτ in the classK∆(f)
κ−κ0

. If ∆(f) > 0, the unique solution

in Pκ0,∞ is given by the parameterτ = ∞.
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Her.indef. functions & can. systems

An example:The functionf(t) := 1 − |t| belongs to
P1,∞. Again consider the restrictionsf |(−2t,2t). Then

∆(f |(−2t,2t)) =

{

0 , 0 < t < 1 or t > 1

1 , t = 1

f |(−2t,2t) ∈ P0,t, 0 < t < 1, f |(−2t,2t) ∈ P1,t, t > 1, and

Wf |(−2t,2t)
(z)=

=

(

sin tz−z cos tz
(t−1)z

(

1
z2 − (t− 1)

)

sin tz − t cos tz
z

z cos tz
t−1 (t− 1)z sin tz + cos tz

)
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Her.indef. functions & can. systems

The family

Wt(z) :=







(

1 0
−(1 + t)z 1

)

, t ∈ [−1, 0]

Wf |(−2t,2t)
(z) , t ∈ (0, 1) ∪ (1,∞)

satisfies a differential equation of the form of a canonical
system with

Hf(t) =















(

0 0
0 1

)

, t ∈ (−1, 0)
(

(t− 1)2 0

0 1
(t−1)2

)

, t ∈ (0, 1) ∪ (1,∞)
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Her.indef. functions & can. systems

The functionHf is locally integrable on
[−1, 1) ∪ (1,∞), but NOT at the point1. Moreover,
∫∞

T
trHf(x) dx = +∞ for T > 1, i.e. the ‘limit point

case’ prevails at infinity.

If we formally carry out the construction of the Weyl
coefficient, we obtain

qHf
(z) =

i

z2
−

1

z
, z ∈ C

+

This function belongs toN1.
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Bessel equation (α ≥ 1)

The functionHα(t) and the matricesWα,t(z) are
well-defined forα ∈ R

+ \ {1, 3, 5, . . .}. Moreover,Wα,t

satisfies a differential equation of the form of a canonical
system withHα. The functionHα is locally integrable on
(0,∞), but NOT at the point0. Moreover,
∫∞

T
trHα(x) dx = +∞ for T > 0, i.e. the ‘limit point

case’ prevails at infinity.

If we formally carry out the construction of the Weyl
coefficient, we obtain

qHα
(z) = cαz

−α, z ∈ C
+

This function belongs toNκ(α) with κ(α) :=
[

α+1
2

]

.
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The classK∆
ν

Forν,∆ ∈ N0, denote byK∆
ν the set of all functionsτ ,

which are meromorphic inC \ R, satisfyτ(z) = τ(z),
and are such that the maximal number of negative
squares of quadratic forms

qτ
(

ξ1, . . . , ξm; η0, . . . , η∆−1

)

:=

=
m
∑

i,j=1

τ(zi) − τ(zj)

zi − zj

ξiξj +
∆−1
∑

k=0

m
∑

i=1

Re(zk
i ξiηk)

is ν. Note thatK∆
ν = Nν.
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The classNκ

Forκ ∈ N0, denote byNκ the set of all functionsτ ,
which are meromorphic inC \ R, satisfyτ(z) = τ(z),
and are such that the Nevanlinna kernel

Qf(w, z) :=
τ(z) − τ(w)

z − w

hasκ negative squares. This means that the maximal
number of negative squares of quadratic forms

qτ
(

ξ1, . . . , ξm
)

=
m
∑

i,j=1

Qf(zj, zi)ξiξj

is equal toκ.
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The Weyl coefficientqh(z)

The limit
qh(z) := lim

tրσn

Wt(z) ⋆ τ

exists as a meromorphic function locally uniformly on
C \ R and does not depend onτ ∈ C

+.
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The maximal chain (Wt)

The matrix functionWt, t ∈
⋃n

i=1(σi−1, σi), is for every
i = 1, . . . , n a solution of the differential equation

d

dt
Wt(z)

(

0 −1

1 0

)

= zWt(z)Hi(t), x ∈ (σi−1, σi)

On the interval[σ0, σ1) it is uniquely determined by its
initial valueWσ0

= I.
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The reproducing kernel space ofWt

The kernel

KWt
(w, z) :=

Wt(z)

(

0 −1

1 0

)

Wt(w)∗ −

(

0 −1

1 0

)

z − w

has a finite number of negative squares, thus generates a
reproducing kernel Pontryagin spaceK(Wt). The
elements ofK(Wt) are entire2-vector-functions.

The operatorS(Wt) of multiplication byz is a symmetry

with defect2. The mapΓ(Wt) : f 7→ f(0) is a boundary

map forS(Wt).
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The reproducing kernel space ofWt

There exists an isomorphismΦt of the boundary triplets
〈K(Wt),S(Wt),Γ(Wt)〉 and〈P2(h|(σ0,t)), S(h|(σ0,t)),Γ(h|(σ0,t))〉

If J := [s−, s+] ⊆ (σi−1, σi), then the map

λJ : f(x) 7→

∫ s+

s−

Wx(z)H(x)f(x) dx

is an isomorphism ofL2(Hi|[s−,s+]) onto
K(Ws+

)[−]K(Ws−). We have

L2(Hi|J)
ιJ //

λJ
��

P(h|(σ0,s+))

K(Ws+
)[−]K(Ws−)

Φs+

55kkkkkkkkkkkkkk
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The Fourier transform

The Weyl coefficient admits a representation of the form

qh(z) = φ
( 1

t− z

)

with some distribution onR. This distribution generates
a Pontryagin spaceΠ(φ). There exists an isomorphism
of P(h) ontoΠ(φ).
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Wt as resolvent matrix

For t ∈ I consider

S1 :=
{

(x; y) ∈ T (h|(σ0,t)) :

πl,1Γ(h|(σ0,t))(x; y) = 0, πrΓ(h|(σ0,t))(x; y) = 0
}

u : (x; y) 7→ πl,2Γ(h|(σ0,t))(x; y), (x; y) ∈ T (h|(σ0,t))

ThenS1 is symmetric with defect1 andu|S∗

1
is

continuous. The matrix functionWt is au-resolvent
matrix ofS1.
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Wt from defect elements

Let φz, ψz ∈ ker(T (h|(σ0,t))) be such that

πlΓ(h|(σ0,t))(φz; zφz)=

(

1

0

)

, πlΓ(h|(σ0,t))(ψz; zψz)=

(

0

1

)

Then

Wt(z) =

(

πrΓ(h|(σ0,t))(φz; zφz)
T

πrΓ(h|(σ0,t))(ψz; zψz)T

)
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The model spaceP(h)

Given a general Hamiltonianh we construct an operator
model, which is a Pontryagin space boundary triplet

〈P(h), T (h),Γ(h)〉

The actual construction is quite involved and too compli-

cated to be elaborated here.
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The model spaceP(h)

If J = [s−, s+] ⊆ (σi, σi+1), there exists an isometric and
homeomorphic embedding

ιJ : L2(Hi|J) → P(h)

If J ⊆ J ′, then

L2(Hi|J)

⊆
��

ιJ // P(h)

L2(Hi|J ′)

ιJ′

99ssssssssss
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Hamiltonian for qf

The general Hamiltonian made up of the data

σ0 = −1, σ1 = 1, σ2 = +∞, E = {−1, 0, 2,+∞}

H0(t) =















(

0 0
0 1

)

, t ∈ (−1, 0)

(

(t− 1)2 0

0 (t− 1)−2

)

, t ∈ (0, 1)

H1(t) =

(

(t− 1)2 0

0 (t− 1)−2

)

ö1 = 1, b1,1 = 2, b1,2 = 0, d0 = −2, d1 = 0

has Weyl coefficientqf . 	
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Hamiltonian for qα

The general Hamiltonian made up of the data

σ0 = −1, σ1 = 0, σ2 = +∞, E = {−1, 1,+∞}

H0(t) =
1

t2

(

0 0

0 1

)

, H1(t) =

(

tα 0

0 t−α

)

ö1 = 0, d0 =
1

α− 1
, d1 = 0

has Weyl coefficientqα.
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The classMκ

W ∈ Mκ if

W is entire2 × 2-matrix function

W (0) = I

The kernel

KW (w, z) :=

W (z)

(

0 −1

1 0

)

W (w)∗ −

(

0 −1

1 0

)

z − w

hasκ negative squares
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