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1 Introduction

Let p be a positive measure on R such that [ (1+[¢)~! du(t) < oo. The Cauchy transform

of p is the function
1
Clil(z) = [ 7= autt) (11)
RU—Z

defined and analytic in the open upper half-plane C*. It plays an important role in many
areas, such as spectral theory, moment problems, complex analysis and random matrix
theory. A prominent particular case occurs when p is supported on [0,00). Then we speak
of the Stieltjes transform of p and write

Slul(z) = /[ O, (1.2)

This function is defined and analytic in the slit plane C \ [0, c0).
A measure p can be reconstructed from its Cauchy (or Stieltjes) transform by means of
the Stieltjes inversion formula,

1 [F0
n((a,B) = %iﬁ)llsiﬁ)lw/(wé Im Cy](z + ig) dz (1.3)

for —o0o < a < B < 0o. This formula can be seen as relating the local behaviour of p at a
point or on a bounded interval in R with the local behaviour of C[u] around this point or
interval: in order to evaluate the right-hand side of (1.3) only the values of C[u](z) for z in
some rectangle (a, 3) x (0,€) € CT have to be known.

One question that has attracted a lot of attention is the relation between the asymptotics
of i at co and the asymptotics of its transform at co. For the case of the Stieltjes transform
results were obtained already in the early 20*® century: G. Valiron [35], E.C. Titchmarsh
[34], and G.H. Hardy and J.E. Littlewood [12] proved that, for each v € (—1,0),

Slul(=a) ~ea” & p([0,1) ~ T, (1.4)

where ¢, ¢ are related by a certain formula. Here the symbol ~ means that the quotient
of the left-hand and right-hand sides tends to 1, and is understood for z,t — 4o00. The
asymptotics of S[u] along the ray ¢“™(0,00) could be substituted by the asymptotics along
any ray contained in the domain of analyticity C\ [0, 00) (allowing the constant C' to depend
on the angle of the ray), or even non-tangentially. This early result about the Stieltjes
transform was generalised in several directions, and there is a vast literature on that topic.
As examples we mention [16] where J. Karamata generalised (1.4) to growth of regular
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variation instead of power asymptotics, or [27] where asymptotic expansions with infinitely
many terms instead of a monomial on the right-hand side of (1.4) was considered. In the
bilateral case, meaning measures that are not semi-bounded, asymptotics have to be taken
along the positive imaginary axis, or a ray in C* or non-tangentially. In this case there is
much less known. One of the main difficulties is that contributions from the positive and
negative half-axes can cancel each other.

In many applications, e.g. spectral theory of Sturm—Liouville and Schrédinger operators,
measures are used that grow faster at infinity: instead of [L(1+ [¢])~ du(t) < oo they have
only power bounded tails, meaning fR(l +t2) 75t du(t) < oo for some k € Ny. For such
measures the Cauchy transform (1.1) has to be redefined by including appropriate regular-
ising summands in the integrand. The most common case is that p is Poisson integrable,
i.e. k =0, and a commonly used regularisation in this case is

Clul(2) ::/R( 1 t )dﬂ(m zeCT. (1.5)

t—z 1+¢2

Some Abelian and Tauberian theorems dealing with polynomial asymptotics in the bilateral
case are given in [28, 29], a Tauberian theorem for the Cauchy transform (1.1) can be
found in [30], and an Abelian theorem of somewhat different type (and formulated for
integration on the unit circle instead of the real line) is [33]. A Tauberian theorem for
the regularised Cauchy transform (1.5) is stated in [2]; however, the proof given contains
a mistake. Fortunately the result itself turns out to be true; see Theorem 3.2 and the
discussion preceding it.

In the current paper we prove Abelian and Tauberian theorems for higher-order regular-
ised Cauchy transforms and growth of regular variation in Karamata’s sense (see Appendix A
for this notion). We relate the asymptotics of p([0,t)) and p((—t,0)) when ¢t — 400 to the
asymptotics of the higher-order regularised Cauchy transform when z — +ioco radially or
non-tangentially. The main result of the paper is Theorem 5.1 where we give a full char-
acterisation (including explicit formulae for constants) in the generic case. There are some
boundary cases, namely when the index of regular variation is an integer, where only one
direction is possible: either the Abelian direction where we deduce properties of the regular-
ised Cauchy transform from properties of the measure, or the Tauberian direction, which is
the other way round. The phenomenon that more complicated behaviour occurs at integer
powers was already observed in [28, 29]. We investigate these exceptional cases more closely
in Theorem 5.5.

For the proof of our results we follow common lines and consider imaginary and real
parts of the integral separately. The imaginary part can be written as a Stieltjes transform,
and thus inherits being well behaved; see Theorem 4.7. Contrasting this, the real part is the
difference of two Stieltjes transforms, and this is the point where cancellation may happen.

Let us give a brief overview of the contents of the paper. In Section 2 we define higher-
order regularised Cauchy transforms and study basic properties. In particular, we explore the
relation with generalised Nevanlinna functions in the sense of M.G. Krein and H. Langer [19],
characterise the range of the transform, and prove an analogue of the classical Grommer—
Hamburger theorem that relates convergence of a sequence of measures to convergence of
their Cauchy transforms. We use the latter theorem to prove a basic Tauberian theorem in
Section 3. The proofs of Abelian theorems, which are contained in Section 4, use different
methods: the main ingredients are Karamata’s theorems. In Section 5 we combine the results
from Sections 3 and 4 to prove our main theorems. We also provide counterexamples for
the boundary cases. Finally, in Appendix A we recall and extend some results on regularly
varying functions and Stieltjes transforms of measures supported on [0, 00).

Notation

Throughout the paper we use the following conventions and notations.

> Weset N:={1,2,...}, Ny := NU {0}, and let C be the field of complex numbers.



> We always use the branches of the logarithm and complex powers which are analytic on
C\ (—00,0] and take the value 0 or 1, respectively, at the point 1.

> Weset Ct:={2€C: Imz>0}and C~ :={2€C: Imz <0}.

> For a domain  denote by Hol(€2) and Mer(€2) the set of holomorphic and of meromorphic
functions on €2 respectively.

> We use the notation f ~ g to express that £ s = 1 and the notation f < g 1f — 0.

Further, we write f < g if there exists a constant ¢ > 0 such that f < c¢g, and We write
f=x<gif f<gandg 5 f. The domain of validity will be stated or will be clear from the
context.

> When we speak of a “measure”, we always mean positive Borel measure (unless explicitly
specified differently).

> Throughout the rest of the paper we use the Stieltjes transform 8[u] as defined in (A.7),
where we use a different sign convention from the one used in (1.2).

2 Regularised Cauchy integrals

2.1 Definition of higher-order regularised Cauchy integrals

To start with, let us recall the characterisations of the ranges of the transforms C' and C
introduced in (1.1) and (1.5). These are classical results going back to F. Riesz, G. Herglotz
and R. Nevanlinna; for a comprehensive account see, e.g. [14] or [10].

2.1 Proposition. Let ¢ € Hol(C™).

(i) The function q can be represented in the form

q(z) =a+ Cly] —a—i—/—du z€CT, (2.1)
with some a € R and a positive measure 1 on R with [, (1 + [t[)"*du(t) < oo if and
only if

VzeC': Img(z) >0 and / m(;(Zy)dy<oo.

1
(ii) The function q can be represented in the form
1 t

) dp(t), zeCh, (2.2

Q(z):a+bz+é[,u](z):a+bz+/R(t_z_m

with some a € R, b >0 and a positive measure pu on R with [5(1+12)~ du(t) < oo if
and only if
Vz e Ct: Img(z) > 0.
2.2 Remark.

(i) Assume that q is represented in the form (2.2). Then the constants a, b are given by

1
=R ) b= 1 — 2.3
a = Req(2), i aw), (2:3)
and the measure p is given by the Stieltjes inversion formula
B—d

1
% R : limlim = I i) dr = :
B €R, a<f: lmlim - m g(x + ie) dz = p((a, B8));

see, e.g. [14]. In particular, the map (a,b, ) — ¢ with ¢ satisfying (2.2) is injective.



(ii) Assume that a = b= 0 in (2.2), i.e. ¢(z) = C[u](z). Then

lq(iy)| <y, y— +o0, (24)
by (2.3), and
lim yImgq(iy) = supylm(ly) n(R); (2.5)
y——+o0
see again [14].
O

Tt is apparent that moving from function (2.1) to function (2.2) is only the first step on a
ladder: instead of Poisson-integrable measures one may use measures whose tails have at
most power growth, and instead of the term a + bz one may use any polynomial with real
coefficients. In the integral higher-order regularisation will become necessary.

We work with a scale of higher-order regularised Cauchy transforms which is commonly
used in the framework of indefinite inner product spaces; see, e.g. [19].

2.3 Definition. Let x € Ny.
(i) We denote by E<,; the set of all pairs (i, p) where

> u is a measure on R that satisfies

dypu(t
/]R(l Jﬁg))nﬂ < 095 (26)

> p is a polynomial with real coefficients whose degree does not exceed 2k + 1;

25+l in p satisfies

1 2k+1 du(t
G0 [ )

> the coefficient of z

(i) The k-regularised Cauchy transform is the map 6,: E<, — Hol(C™) defined by

%n[u,p](Z)r:p(Z)+(1+z2)”“/ 1 dp(®)

i w-rest zeCt. (2.8)

O

In order to represent polynomials with real coefficients as regularised Cauchy integrals, we
have to include pairs such as (0, 22%) in E<,. For this reason we cannot speak of “the leading
coefficient of p” in (2.7).

These maps can indeed be seen as higher-order regularised Cauchy integrals: for k € Ny
we have

k+1
A z’“: (1+22) 1 otz 1-(8)7
t— p 1+t23+1 t—z 1+t 1_ﬁ§§
1+z2 k+1
S A D ¢ =) IS B 5 (2.9
t—z 12 — 22 t—z (14t2)k17 '
hence we obtain, with k£ = &,
1 N
) =3+ [ | -0 S i a2

=0



Note that the regularising terms in the integral on the right-hand side of (2.10) are the first
K+ 1 terms of an expansion of 1~ = (t + 2) - ;2 in terms of powers of HLt? For k =0
relation (2.10) reads as

1 t+ 2z
t—z 14+1¢2

@larl(z) = p(2)+ ] ( ) duto). (211)

which yields the following connection with the previously discussed regularised Cauchy-type
integral (1.5):

> a+bz+ Cu)(2) = Bo[u,pl(2) with p(2) :=a+ (b+/Rf/jr<?2>z?

du(t
> (a,b, 1) € R x [0,00) x {,u: positive measure with / 1'3_(15)2 < oo}
R

< (u,p) € E<y with p related to a, b and p as above.

2.4 Remark. Using again (2.9) with k = 0 we obtain the following representation for @, for
arbitrary x € Ng:

1 _t—i—z) dp(t)
t—z 142/ (1+t2)"

- (p(z) —2(1 +z2)“4%>

e [ (- ) oo

t—z 1482/ A+

Gxlupl(2) = p(2) + (14 2%)" /R(

If the stronger integrability condition [, (1 + t)) =R+ Ddp(t) < oo is satisfied, then we can
split the second integral on the right-hand side of (2.12) and rewrite it as

B i du(t) t du(t)
Grlp,pl(2) = <p(z) —(1+2%) [Z/R (14 t2)r+1 +/R 1482 (1+t2)m:|)
2\k 1 dpu(?)
+ (1427 /Rt_z'm- (2.13)

O

Before we collect some properties of E<,, and 6., we recall the Stieltjes-Livsic inversion
formula; see, e.g. [21, Corollary 11.1.2] or [11, Theorem 1.2.4]). Let o be a finite measure on
R, let a, f € R with @ < 3, and let f be an analytic function on a neighbourhood of [«, 3].
For 6,6 > 0 let Fg be the path consisting of the two directed line segments

a+d—ie~f—-0—ic and S —0+ic~ a+d+ic. (2.14)
Then ) )
%ﬁ)llelﬁ)l%i/pg f(z)/Rt_Zda(t) dz—/(a,ﬁ) f(t) do(t). (2.15)

2.5 Lemma. Let x € Ny.

(1) The set E<, is a positive cone and B, is a cone map, i.e. compatible with finite sums
and non-negative scalar multiples.

(ii) The map B, is injective. For q € ran6, the element (u,p) = B 1q is obtained as
follows: the polynomial p can be recovered from solving the 2k + 2 equations obtained
by splitting real and imaginary parts of

q(J)(Z) = p(j)(i)v JE {07 R H}; (216)



the measure |1 can be obtained via the Stieltjes inversion formula: for o, € R with

a < B we have
B—5

R | .
1((a, B)) :151&)11;%1; - Im q(t + ie) dpu(t). (2.17)

(ii) Let ' > k. Then the inclusion ran 86, C ran B, holds, and, for (u,p) € E<,, we have
Gy [1t, p| = By [, p) with

’
K

~ N _ 2\j dp(t) tdp(t)
p(z) =p(2) + Z (1427) [Z/R (1+ 2)it1 +/R (1+t2)j+1:|'

Jj=r+1

Proof.

(i) The statements are clear from the definitions of E<, and 6.

(ii) Let (i, p) € E<, and set ¢ = B,[p, p]. It follows from the definition of 6, that (2.16)
holds, which implies that p is uniquely determined by g. To show (2.17), let us first extend

g to C\ R by symmetry: ¢(z) := ¢(%z) for z € C~. Moreover, let a,b € R with a < b and let
I'? be the path in (2.14). Then (2.15) implies that

1 -1
lim lim — Imq(t + 7e) dp(t) = lim lim — d
il - [, et + ) 0wt =iy o [ o)

-1 1 dp(t
= lim lim —/ (14 22)~+t / . uit) dz
540 €10 270 Jps rt—z (14¢2)stl

The unique determination of  and p shows that 6, is injective.
(iil) Let (1, p) € E< and let &’ > k. It follows from (2.9) that

’

L (el 1 (eSS () (2.18)
N T R e (e R e 2 e
which yields the statement in (iii). a

Note that the Stieltjes inversion formula (2.17) for the recovery of u is independent of .

2.2 Determining the range of 6,

An intrinsic characterisation of the range of 6,; along the lines of Proposition 2.1 (ii) can be
given. This is based on [19, 20, 22] and related to [25, Theorem 3.9] (a predecessor of the
latter is [15, Lemma 3.6]).

Let us first recall the definition of generalised Nevanlinna functions in the sense of [19].
We need, in particular, functions from the subclasses Ném), which are characterised by a
special behaviour at infinity and which were studied in, e.g. [6, 7, 8, 13, 24, 25, 26].

2.6 Definition. For ¢ € Mer(C") we denote by Q, its domain of analyticity; for the
constant ¢ = oo we set ; = ().

i) For ¢ € Mer(Ct) U {oco} we denote by x, € Ny U {oo} the number of negative squares
q
of the Hermitian kernel

Ky (w,z) := w, z,w € Qy, (2.19)



i.e. the supremum of all numbers of negative squares of the quadratic forms

m

Z KCI(wj’ wz)fzg

ij=1
with m € N and wy, ..., wy, € Q.

(i) Let € Nyg. We denote by N, the set of all functions ¢ € Mer(C") with x, = &.

K o0
Moreover, we set N<,, := |J N, and Neoo := |J Nor.
r’=0 K'=0

(ifi) Let & € No. We denote by N> the set of all functions q € N, for which

_ . q(iy)
=00 or lim ————
y—~+o00 (Zy)Qn—l

q(iy)

lim TS

Yy—r—+oo

€ (—00,0).

Moreover, we set N = (J NG and N = U NG
- =0 Kr'=0

K/ =

2.7 Remark.

(i) Note that the classes Ny and Néoo) coincide with the set of all Nevanlinna functions,
i.e. those functions ¢ that are analytic on C* and satisfy Imq(z) > 0 for z € C*.
Further, functions in A, have at most x poles and at most k zeros in C™.

(ii) The classes N,Eoo), which have also been denoted by N2° in the literature, can also
be characterised differently, namely, for ¢ € Mer(CT) the following conditions are
equivalent (see [13], or also [6, 15]):

(a) g € N

(b) oo is the only (generalised) pole not of positive type (in the sense of [19, §3]), i.e.
oo is the only (generalised) eigenvalue with a non-positive eigenvector of a repres-
enting relation in a Pontryagin space (see also [22] for an analytic characterisation
of generalised poles not of positive type);

(c) there exist m € Ny, a real polynomial p and a measure o on R such that [ (1 +
t?)~1do(t) < co and

o) = (142" [ (725 - 3) o)+ 000 (220)

1+¢2

(d) there exist n € N, Bi1,...,8, € CT UR, p; € N and ¢p € Nj such that

a(z) = [](= = 8))" (= = B))" qo(2).
j=1
If ¢ is as in (2.20) and degp = [ with leading coefficient ¢;, then ¢ € N,E“) with

L
PR

Lsenla) -1 odd;

[ even,

k < max{m, K,} where &, = { (2.21)

equality holds in (2.21) if m = 0 or o is an infinite measure; see, e.g. [6, (1.16)].
Note that for a real polynomial p one has k, < &’ if and only if degp < 2x’ + 1 and
p(2/{'+1)(0) > 0.



(iii) The representation (2.10) is a special case of the integral representation of N -
functions given in [19, Satz 3.1].

(iv) In [25] representations of functions in N. gf;) were constructed with distributions (more
precisely, distributional densities) on the one-point compactification R U {co} of R
which act like measures on R.

(v) Functions in /\fiﬁ) are analytic in Ct.

2.8 Theorem. For every k € Ny the equality ran 6, = Ngf) holds.
Proof. Let k € Ny. It follows from (2.12) that ¢ € ran8,; if and only if it can be written as

ti - 1%2) do(t) (2.22)

a2) =) + 1+ 22" |

with a real polynomial 7 of degree at most 2 + 1 with p(*+1(0) > 0 and a measure ¢ such
that [;(1+¢%)"'do(t) < oco.

First assume that ¢ € ranG,. Then (2.22) holds with ¢ and p as above. By Re-
mark 2.7 (ii) we obtain that ¢ € J\/'S: :

Conversely, assume that g € J\féo,:), say q € /\f,ffo) with x” € {0,...,k}. Then there exists

a representation of ¢ as in (2.20) such that &' = max{m, k,}, where £, is as in (2.21); in
particular m < k and k, < k. The function

itz) = (1 +22)m/R(i - 1%2) do (1)

belongs to ran6,, by the first paragraph of this proof. Since m < k, we obtain from
Lemma 2.5 (iii) that ¢ € ran€,. The relations degp < 2x + 1 and p*+t1(0) > 0 show
that (0,p) € E<s, and hence p = 6,[0,p] € ran6,.. Now Lemma 2.5 (i) implies that
q=q+p€EranB,. Q

2.3 6, as a homeomorphism: the Grommer-Hamburger theorem

Next we discuss a continuity property of 6,; see Theorem 2.12 below. This result is a variant
of a classical theorem of J. Grommer and H. Hamburger; see the discussion in Remark 2.13.
Before being able to formulate a result, we have to make clear which topologies we use.
On the set Hol(C™) we always use the topology of locally uniform convergence. Topologising
E<, is slightly more subtle. We proceed as follows. Fix x € Ny. The set of all positive
measures p that satisfies (2.6) is a subset of the dual space of the weighted Cy-space

Co(Rown) = {f € CR): Tm |f(@)lwn(@) =0}, ]l i=sup () on(e),

|z] =00
where w,, is the weight function w, () := (1 4+ 22)**1; note that

du(t)
[[ell o ®,wn ) :/RW (2.23)

for a positive measure p that satisfies (2.6). We endow the set of all positive measures p
that satisfy (2.6) with the subspace topology of the w*-topology in Cp(R,w,)’. The set of
all polynomials of degree at most 2x + 1 is isomorphic to R?**2 mapping a polynomial to
its coeflicients, and we endow polynomials with the Euclidean norm transported via this
isomorphism. The set E<, is now topologised as a subspace of the product.

This topology has some very nice properties, which are summarised in the following
lemma.



2.9 Lemma. Let k € Ny.
(i) E<, is a closed subset of Co(R,w,) x R 2,

(i) A subset & C E<, is relatively compact if and only if
sup {[[pll: (. p) € £} < 0. (2.24)

(iii) The sets
5N = {(ﬂ’p) € ES/{: Hp” < N}

are compact. We have Ey C IntEny1, and UNeN En = E<., where the interior
Int Ent1 of Enta is understood within E<,,.

Proof.
(1) Assume that ((pi,p:))ier is a net in E<,, that converges to some element (u,p) €
Co(R,w,) x R?***2 Then p is again a positive measure, and, by (2.23),

1 1
- (2K+1) O — 1 - (2K+1) 0
(2n+1)!p ©0) ier (2,%—#1)!10Z ()

- dp(t) dpu(t)
> 1 > .
= “?5“"4 (1 +2)~F1 = / (1 + 2)ntT

Thus (p,p) € E<,, and we see that E<,, is indeed closed.

(ii) Let w2 be the projection onto the second component of Cp(R,w,)" x R**2 Then
79 is continuous. This already shows the implication “=" in (ii). Conversely, assume that
(2.24) holds. It follows from (2.23) that

sup{ 1l .yt (1,p) € €} < sup{llplls (u,p) € €} = ¢ < oo,
We see that
£ C{ne CoRowe) [llcymuny <} x {pe R [p| < c},

and hence & is relatively compact in Cp(R,w,)’ x R?**2 by the Banach—Alaoglu Theorem.
Since E<,, is closed in this product space, £ is also relatively compact in E<.

Item (iii) follows from what we have shown so far and from the fact that the continuity
of w5 implies that £y is closed and that

IntEny1 = {(1,p) € E<yt [|pll < N +1}. (I

2.10 Proposition. The range of @, is closed in Hol(C"), and 6, is a homeomorphism
onto its range.

Proof. Continuity of 6, is clear from our choice of topology. Let (¢;);cs be a net in ran 6,
and assume that lim;er ¢; = ¢ in Hol(CT). Remembering (2.16) we find iy € [ and N € N
such that 6,1(q;) € Ex for all i > iy. Since Ey is compact (and 6, is continuous and
injective), it follows that the limit lim;e; 61 (g;) exists in Ex C E<y. Q

The following result is used in the proofs of Theorems 2.12 and 3.1.

2.11 Proposition. Let x € Ny and ¢, € N<,,, n € Ng. Assume that

(i) for each compact K C Ct with non-empty interior O there exists mx € N such that
qn 18 analytic on O for alln > my;

(ii) there exists M C C* with accumulation point in Ct such that lim gq,(z) exists for all
n—oo
ze M.



Then there exists § € N<,, N Hol(CT) such that lim q, = ¢ locally uniformly in C*. Here
- n—oo

we understand locally uniform convergence in the space of meromorphic functions considered
as analytic functions into the Riemann sphere.

Proof. Assumptions (i) and (ii) imply, in particular, that there exist k+1 points zo, ..., 2, €
C* such that |g,(z;)] < ¢ for all n € N and ¢ € {0,...,x} and some ¢ > 0. By [23,
Theorem 3.2] there exist a subsequence (gn, )ken, a set P C Ct with |P| <k, and ¢ € N<,
such that

lim ¢,, =¢ locally uniformly on C* \ P.

k—o0

Note that ¢ is meromorphic on C* because ¢ € N<,. Let w € P. There exists a closed disc
K C C* around w with interior O such that ¢ is zero-free on O \ {w}. By assumption (i),
Qn,, is analytic on O for all k with n; > mg. The convergence of the logarithmic residue
implies that ¢ is analytic at w, and hence limy_, o ¢n, = ¢ locally uniformly on O. Since
w was arbitrary in P, this shows that ¢ is analytic on C* and that limy_,o qn, = ¢ locally
uniformly on C*.

The above considerations can be done for every subsequence of (g,,) instead of (g,,) itself.
Now assumption (ii) implies that lim, s ¢, = ¢ locally uniformly on C*. a

We can now prove an analogue of the classical Grommer—Hamburger theorem for regularised
Cauchy transforms.

2.12 Theorem. Let k € Ny, let (un,pn) € E<,, for n € N, set q, := Bxltin, pn], and let
G € Hol(CT). Then the following three statements are equivalent:

(i) 3IM C C* such that M has an accumulation point in C* and that nhﬁngo an(2) = ¢(2)
forall z € M;
(ii) nh_)rr;<> Gn = G locally uniformly on C*;
(iii) 3(, p) € E<y such that ¢ = B[, pl, nh—>H;op" =p and
VabeR:a<bi({a) = () =0 —  lim pa((a,b) = a((ab). (225)

Proof. The equivalence of (i) and (ii) follows directly from Theorem 2.8 and Proposition 2.11
since ¢, is analytic on C* for every n € N.
Let us now prove the equivalence of (ii) and (iii). It follows from Proposition 2.10 that
(ii) is equivalent to
31 5) € Ent §= Gl lim p, = (2.26)

together with lim,, e ptr, = 2 w.r.t. w* in Cp(R, w,)’. Now assume that (2.26) holds. Then
the convergence of (p,) implies that

dpn (t) 1 (26+1)
— < r O <
||M?’L||CO(R,UJ,@) /l; (1 + t2>ﬁ+1 = (2/4} + 1)|pn ( ) S C

for some ¢ > 0. Since Cyo(R), which denotes the set of compactly supported continuous
functions on R, is dense in Cy(R,wy), the relation p, — & w.r.t. w* in Co(R,w,)’ is equi-
valent to p, — f w.r.t. w* in Cpo(R). The latter relation is equivalent to (2.25) by the
portmanteau-type theorem [1, Theorem 1]. Q

2.13 Remark.

(i) Let us make the connection with the original formulation of the Grommer-Hamburger
theorem; see, e.g. [36, §48]. The latter is about Cauchy transforms, (1.1), of finite
measures, and states the following: let (un)nen be a sequence of finite measures on R
whose total variations are uniformly bounded and let ¢ € Hol(C™T); then the following
statements are equivalent:
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(a) lim Cluy,)(z) = ¢(z) for all z € Ct;
n—oo
(b) there exists a finite measure /i such that ¢ = C[i] and (2.25) holds.

(ii) There has been some confusion about the formulation of the Grommer-Hamburger
theorem. The condition in (2.25) says that (un)nen converges vaguely, i.e. w.r.t. w*
in Coo(R)’. However, at some places in the literature it is claimed that (a) in item
(i) implies that (g, )nen converges weakly, i.e. w.r.t. w* in Cp(R)’, where C,(R) is the
space of bounded continuous functions. The example p,, = 6,, where §,, denotes the
Dirac measure at n, shows that this is not true: lim,_, C[d,] = 0 locally uniformly,
but lim,,_,+ 6, = 0 only vaguely and not weakly; in particular, mass is lost. Note that,
by the portmanteau theorem (see, e.g. [18, Theorem 13.16]), a sequence of uniformly
bounded measures (p,,) on R converges weakly to a measure fi if and only if it converges
vaguely to 1 and lim, o pin (R) = [1(R). See also the discussion in [9].

(iii) In the original Grommer—Hamburger theorem one needs the a priori assumption that
the total variations are uniformly bounded. On the other hand, in Theorem 2.12 the
integrals [, (1 + ¢2)~"*Ddp,(t) are automatically bounded by (2.7) and the conver-
gence of the polynomials (p,). Consider also the following example: let i, = n2d,

and py(z) = Lﬁ%z By (2.11) we have

Gl 2)(2) = 200 + [ (725 — 1) i (®)

zé[un](z):nZ( ! " )—>z

n—z 14+n?

locally uniformly as n — co. Note that the limit function belongs to ran 6y but is not
the Cauchy transform of a finite measure.

(iv) It follows from [1, Theorem 1] that (2.25) is equivalent to the following condition:

for every bounded Borel set A with 4(0A) =0:  lim p,(A) = 1(A).

n— oo

(v) Under the additional assumption that g € N, ,§°°), i.e. ¢ has the same number of negative
squares as ¢y, the implication (ii) = (2.25) in Theorem 2.12 can also be deduced from
[23, Corollary 3.1]; see also [26, Lemma 3.7].

3 A Tauberian theorem

In this section we prove a Tauberian theorem for the transform 6, where the asymptotic
behaviour of the measure p towards infinity can be derived from the asymptotic behaviour
of the function ¢ = 6,[y, p] at infinity. As mentioned in the Introduction, there is a wide
range of Tauberian theorems for Stieltjes transforms, where the measure is only supported
on the positive half-line. Surprisingly, it seems there is much less known for Cauchy integrals,
where the measure is allowed to be supported on the whole real line. One result, which has
been frequently cited, is claimed in [2, Theorem 7.5]. The proof given in that paper contains
a mistake!. Fortunately, the result itself turns out to be true. In this section we provide a
simple and conclusive argument which allows us, at the same time, to drop one assumption
made in [2] and to generalise it to higher-order regularised Cauchy transforms.

Theorem 3.2 contains the above mentioned Tauberian theorem for the transform ¢ =
B[, p]. In most cases the asymptotic behaviour of the measure p can be determined

'In particular, in that paper it is claimed that the relation [,(t — 2)~3dr(t) = 0 for all z € CT for a
non-decreasing function 7 on R implies that 7 is constant at all points of continuity, which is not true as the
example 7(t) =t shows.
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independently for the positive and the negative real axis; see (3.6) and (3.7). The assump-
tion about the asymptotic behaviour of ¢ at infinity can be formulated in different ways.
Theorem 3.1 shows the equivalence of these assumptions, where conditions (i) and (ii) are
relatively minimal assumptions. In particular, (i) says that, along one ray towards infin-
ity, ¢ behaves like a constant times a regularly varying function; for the latter notion see
Appendix A. Note that we prove Theorem 3.1 for the larger class N<, instead of the class
NE) = rang,.

The following functions play an important role in the current section, namely as limiting
functions of rescalings of a given ¢:

Qu() = m(i) . zecCH (3.1)
i
where o € R and w € C\ {0}. Note that, by the normalisation of the power function at the
end of the Introduction, we have Qq (1) = iw.

3.1 Theorem. Let k € Ny and ¢ € N<,, and let f : [rg,00) — (0,00) with ro > 0 be
measurable. Then the following statements are equivalent:

(i) there exists M C C* with an accumulation point in CT such that

Vze M: lim a(r) exists and is non-zero; (3.2)

r—00 f(r)

(ii) f is regularly varying and there exists z9 € Ct such that

lim a(rz) exists and is non-zero; (3.3)
r—oo  f(r)
(ili) f is regularly varying with index o € [—2k — 1,2k + 1] and there exists w € C\ {0}
such that
. oqlrz) . N
lim = Qaw(2) locally uniformly for z € CT;
AL
moreover, there exists k' € {0,...,k} such that Qq,. € Ny and hence

|arg((—1)“/w)f < g(l — el = 2/</|>. (3.4)

If (1)-(iii) are satisfied and & denotes the limit in (3.3), then w = ;(ZTO)ia
Note that in the case when x = 0 we must have " = 0 in (iii) and hence (3.4) reduces to
largw| < 5 (1 —|af).

3.2 Theorem. Let k € Ny and (i, p) € E<y, set ¢ := B, [u,pl, and let f : [xg,00) — (0, 00)
with xo > 0 be measurable. Assume that the equivalent conditions (i)—(iii) in Theorem 3.1
hold. Then o € [—-1,26 + 1] and Qquw € ranB,. Let py ., be the measure component of
6. Quw- For all a,b € R with a < b and i ,({a}) = pa.w({b}) = 0, we have

. 1 _ u
TILHQO Wﬂ((raﬂrb)) - ,uoc,w(( ab)) (35)

In particular, if o > —1, then

. 1 1 s
Tl;rglo T(T),u((o,r)) == a|:)—|1 cos(% - argw), (3.6)
. 1
Tlggo Wu((—r, 0)) = — a|c—|d—|1 cos(% + argw); (3.7)
if a = —1, then w > 0 and .
rlggo T(r)y((fr, r)) =w. (3.8)

12



3.8 Remark.

(i) Any asymmetry of the limits on the right-hand sides of (3.6) and (3.7) can be seen
from w. To this end, assume that a > —1 and write a = 2m + «ag with m € Ny and
lao] < 1; if o € 2Ng+1, choose m such that (—1)™w > 0. The limits on the right-hand
sides of (3.6) and (3.7) can be rewritten as follows:

1 | (om )
Cp 1= — - cos| — Fargw
* T a+1 2 Farg
(55 7 orew)
cos| — Fargw m even
B l |w| B) + arg s s
T oatl cos(%—l—ﬂq:argw), m odd,
1
= a|<j)|—|1 cos(% F arg((—l)mw)).

It follows from Lemma 3.4 below and its proof that m = x’ and hence, by (3.4), that
= F arg((—l)mw)’ < 5. From this the following equivalences follow easily, where
we set ¢ 1= arg((—1)"w),

cy >c_ = ap¥#0 A sgnag=sgny,

cy =cC_ = op=0 V =0,

cy < c_ — apn¥Y#0 A sgnag= —sgn,
cy =0 — ’%:Fw’:%

cp=c.=0 <= |a|=1V (=0 A |[¢|=3).

If ¢4 # 0, then the function r — u((0,7)) is regularly varying with index o + 1; if
c— #0, then r — u((—r,0)) is regularly varying with index « + 1.

Example 4.9 below shows that there are situations where (i)—(iii) in Theorem 3.1 are
satisfied but none of t — u((—t,t)), t — p((0,t)), t — wu((—t,0)) is regularly varying.
See also Example 5.3.

O
Before we prove Theorems 3.1 and 3.2, we need some lemmas.
3.4 Lemma. Leta € R and w € C\ {0} and let Qo be as in (3.1).
(i) We have Qu . € Ny if and only if
|arg((—1)"w)| < g(l — |l - 2&‘). (3.9)
This is possible only when
[P ifa ¢ 22+ 1,
k=l 0 €27 41 and (—1) " w >0, (3.10)
ol ifa € 2Z 41 and (-1) T w < 0.
In particular, |a‘271 <K< |0“2+1.

(i) Assume that Quw € Ny, i.e. that (3.9) is satisfied. Then Qu . € N if and only if
a > —1 and, in addition, w > 0 in the case when o = —1.
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(iii) Assume that Q. € N,E‘X’) and let g, be the measure component of ‘GEIQQM. If
o= —1, then g, = wdy, where §y is the Dirac measure at 0. If o > —1, then pq .
is absolutely continuous w.r.t. the Lebesgue measure and has density

d o,W
'lét’ (t) = |:—||t|a cos(a?7r — (sgnt) argw), a.e. t € R.
Proof.
(i) Write o« = 2m + ap with m € Z and |ap| < 1 (note that if v is an odd integer, then
m and o are not unique). Then

z z

Qaw(?) = iw(f)m(f)ao = 2*"qo(2) (3.11)

) )
with

go(2) =i(—1)"w (i)ao.

i
Since the only generalised poles and zeros not of positive type (in the sense of [19]; see also
[22]) can be 0 and oo, it follows from [5, Corollary] or [4, Proposition 3.2 and Theorem 3.3]
that Qqa. € N, if and only if |m| = k and gy € Ny. Determining the sector onto which C*
is mapped under ¢y one can easily show that ¢y € A if and only if

’arg((—l)mw” < g(l — |a0|).

Since |ag| = ||a| — [2m|| = ||a| — 2], the equivalence of Qq., € N, and (3.9) follows. The
formula for k can be derived easily from (3.9).

(ii) Tt follows from the factorisation (3.11) and [5, Corollary] that g € N if and only
if m > 0.

(iii) If & = —1 and w > 0, then Quu(2) = —% and hence Qu. € Ny = NO(OO) and
Pow = wdp. Assume that @ > —1. The function Qu,. can be extended to a continuous
function on (C* UR) \ {0}, and, for ¢ > 0, we have

Im Qa0 (£t) = Im[iw(Fit)*] = Im [|w|taei(%+arg“$°‘%)}
o . (T am o am
= |wl|t sm<§ +argw F 7) = |wl|t cos(argw F 7)

Now the assertion follows from the Stieltjes inversion formula (2.17). Note that there is no
point mass at 0 if o > —1. Q

3.5 Remark. It follows from (3.9) and (3.10) that Qa.. € Nc if and only if

lo|+1
2

a¢2Z+1 and | arg((fl)L Jo.))| < gdist(a, 2Z+1) (3.12)

or
a€2Z+1 and weR. (3.13)

O

The significance of regular variation is that having a regularly varying asymptotics for ¢(rz)
for one single point z already suffices to get locally uniform asymptotics depending on z as
a power. The reason for this is the multiplicative nature of the argument in ¢(rz). In the
following lemma we use the standard notation zoM = {z9z: z € M} with M C R.

3.6 Lemma. Let zo € CT, rg > 0 and let q : zo(rg,00) — C\ {0} be a continuous function.
Further, let f : [xg,00) — (0,00) with g > 0 be a measurable function and let B C (rg, o)
be a set with positive Lebesgue measure. Assume that

exists and is non-zero.

. q(rz)
B: 1
VaezB: lim Zos
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Then there exist « € R and w € C\ {0} such that f is reqularly varying with index o and

. q(rz2)
o)

Vz € 20(0,00) :

= Qaw(?), (3.14)

where Qq . s as in (3.1).

a(rz)

Proof. Set ¢(z) = lim, N ORKAS zoB. Choose sy € B. For every \ € iB we have
ASozg € zoB and sgzg € zpB and hence

_q(r-Xsozo) . - q(Ar - s020)
lim ————— = g(A lim ——/———=
rhee  F(r) G(Asoz0), T FOw)

Taking quotients of these equations we obtain

. f(r) _ q(Asoz0)
M8 T d(som)

= Cj(SoZ()).

Since the set %B has positive measure, the Characterisation Theorem [3, Theorem 1.4.1]
yields that f is regularly varying with index, say, a € R. Hence, for every A > 0 we have

lim q(r - Asozo) — lim q(Ar - s020) - lim FOr)
N I R G

Replacing Asgzp by z we obtain that, for every z € zo(0, 00),

. rz . Z \¢
lim a ):q(SoZO)(SOZO) )

= qO(SOZ()))\a.

which implies (3.14). a

3.7 Lemma. Let q € ran6,, r > 0, and consider the function qy(z) := q(rz). Then the
following statements hold.

(i) q¢) € ranB,.

(ii) The measure components v and iy of €, (q) and € (qy), respectively, are related
by
firy = w25,
where X7y is the push-forward of p under the map 7 : t — +t, i.e. puy (M) = %,u(TM)
for a measurable set M C R.

Proof. The statement in (i) is obvious from Theorem 2.8. Write ¢ = 6, [u, p] and gy =
Bu[tt(r), p(ry]. Making a change of variable (¢ = 7s) we obtain

1 du()
t—rz (14t2)rtL

0y (9) = a(r2) =p(r2) 4 (14 (r2))" " [

rk+1 1 d Z: S
=p(rz) + (1 + (7“2’)2) SR /R - i - ({+((rs;g))(”31 )

Extend ¢y to CT UC™ by symmetry: ¢y (2) := ¢y (%), 2 € C, and let 'Y be the path
in (2.14). The Stieltjes inversion formula (2.17) and the Stieltjes—Livsic inversion formula
(2.15) yield that, for all a, 8 € R with a < 3, we have

1 [he ~1
tiiry (e, B)) = lim lim — Im gy (t 4 ig) dt = lim lim ~— / qry(2) dz
re

610 el0 T Jous 610 £l0 2t
o =l st [ [ 1 LA
_%irollal,%IQM/pg(l—’—(TZ)) |:/RSZ.(1+(7’S)2)”+1:|dZ
1
- 2\At+l d(ziﬂ)(s) _ 1/
- /(a,ﬁ) (1 + (’I’S) ) (1 + (TS)2)K+1 - T(E*M)((a>b)) D
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Proof of Theorem 3.1. The implication (iii) = (ii) is trivial.
Next let us show the implication (ii) = (i). For each s > 0 the limit

drsz) o falrsa) fOe)Y | altz) | f(rs)
= (f(rs) f(r)) : !

TILH;O flr) r—00

T f() e )

exists and is non-zero. Hence (i) is satisfied with M = {szp: s € (0,00)}.
Finally, we prove the implication (i) = (iii). Let (r,)nen be an arbitrary sequence of
positive numbers with r,, — 0o, and set

o q(rn2) +
qn(2) : ) z2e€C™. (3.15)
It is easy to see that g, € N<,. Since ¢, as a function from N<,, has only finitely many
poles in C*, assumption (i) in Proposition 2.11 is satisfied. By (3.2) also assumption (ii)
in Proposition 2.11 is fulfilled. Hence, the latter proposition implies that there exists ¢ €
N<,, N Hol(C") such that lim, . g, = ¢ locally uniformly in C*. Since the sequence
(rn)nen was arbitrary, it follows again from (3.2) that

i (IJSZ:)) = ()

locally uniformly for z € C*. Now Lemma 3.6 implies that there exist @ € R and w € C\ {0}
such that f is regularly varying with index « and that ¢ = Q4 . Since N<, is closed under
locally uniform convergence, we have Qq € Ny with some £’ < k. By Lemma 3.4 this
shows that |a| <2k’ +1 < 2k 41 and that (3.4) holds. Q

Proof of Theorem 3.2. Let (r,)nen be an arbitrary sequence of positive numbers with r,, —
0o, and define ¢, as in (3.15). It follows from Lemma 3.7 that ¢, € ran 6, and that the
measure component i, of 8 1q, satisfies

b
Tnf(Tn)

for all a,b € R with @ < b. Theorem 2.12 implies that Q. € ran®, = Nif), which,

by Lemma 3.4 (ii) shows that o > —1. Let 4, be the measure component of 6, 'Qq .-
Further, let a,b € R be such that a < b and paw({a}) = pa,w({b}) = 0. It follows from
Theorem 2.12 that

,U*n((a7b)) = /‘((Tﬂavrnb)) (3.16)

lim g, ((a,)) = paw((a,b)). (3.17)

n— oo

Since the sequence (r,),en Was arbitrary, relations (3.16) and (3.17) imply (3.5). We obtain
from Lemma 3.4 (iii) that

1wl am
faw(£(0,1)) = < arl cos(7 F argw)
if @ > —1 and pe,w((—1,1)) = w if @ = —1. This, combined with (3.5), yields (3.6)-
(3.8). Q

4 The Abelian direction

In this section we consider Abelian theorems, i.e. we study the asymptotic behaviour of ¢ at
infinity using some knowledge about the asymptotic behaviour of the distribution functions
t — p([0,t)) and t — p((—t,0)). Some of the theorems contain also a Tauberian direction,
which complement the results in Section 3. The main tool is Karamata’s theorem about
Stieltjes transforms of measures that are supported on the half-axis [0,00). We follow the
common lines to pass from unilateral to bilateral theorems, e.g. [28, 30], and represent
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imaginary and real parts as Stieltjes transforms. To this end we use the push-forward
measure /i, of z1 under the map ¢ — ¢2, which satisfies

(20,0 =0 and . ([0.£2) = p(~t,)), >0, (4.1)

We shall often use a substitution to change between p and u*, let us note that, for a non-
negative, measurable function h on [0, 00), we have f[07oo) h(s) dus(s fR h(t?) du(t)

In order to apply Karamata’s theorem in an effective way, we need a finer class1ﬁcation
of the growth properties of the positive measure p, namely, let us set

. du(t)
n(w) ::mf{nEN: /7n<oo € NU {oo}. (4.2)
r (1 +[t])
In the Abelian theorems we often assume that the symmetrised distribution function
t — p((—t,t)) is regularly varying. The following lemma can be used to give a different
characterisation of () and its relation to the index of the regularly varying distribution
function.

4.1 Lemma. Let u be a measure on R. For v > 0 we have

/(df:(ltf) <oo & / twl dt<oo

Ift — p((—t,t)) is regularly varying with index 8, then p(p) is finite and 8 € [p(u)—1,p(w)].

Proof. Let the measure u. be defined as in (4.1), let v > 0 and define the measure v on
[1,00) such that v((t,00)) =t~ 2. Tt follows from Lemma A.3 that the following equivalences
hold:

<o & — <0 & s77 dp(s) < o0

/ dpu(t) dps(s)
r (1+[t])7 0,00) (L ++/5)7 [1,00)

~

& / T2 1,8))ds < oo (4.3)

=3 / tv+1 dt<oo

where in the last step we used the substitution s = 2.

Now assume that ¢ — p((— t ,1)) is regularly varying with index 5. Then s — pu.[l,s)
is regularly varying with 1ndex 5. It is clear that the integral in (4.3) is finite if v is large
enough, which shows that () 1s finite. Further, the fact that the integral in (4.3) is finite
for v = p(p) and infinite for v = p(u) — 1 (unless p itself is finite) implies that g — % <0

and g - M“T)_l > 0, which finishes the proof; cf. Proposition A.4. Note that, when pu is
finite, then 8 =0 and n(u) = 1. Q

For the Abelian theorems we treat real and imaginary parts of ¢(iy) separately as they have
different representations in terms of Stieltjes transforms. This is done in the following two
subsections.

4.1 The imaginary part

The imaginary part of ¢(iy) is relatively well behaved as it can be written in terms of one
Stieltjes transform. In order to apply Karamata’s theorem, we choose x minimal in (2.6) for
a given measure u. To this end, let us define

k(p) = inf{n € No: / (d““) < oo} < 0. (4.4)

R 1+ |t|)2n+2
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Comparing (4.4) with (4.2) we can easily deduce that
_r -1
k(p) = L 5 J (4.5)

Throughout this section we suppose that the following assumption is satisfied.

4.2 Assumption. Let y be a measure on R such that 2(u) < oo and set x := k(). Further,
let p € R[z] with p(2) = coxt122 1 + ... + ¢o such that (u,p) € E<,, and set g := G, [u, p].
O

Note that, by Definition 2.3 (i), we have cop1 > [ (1 + t2)~("FDdpu(t). The two cases,
equality and strict inequality, lead to different asymptotic behaviour of Im ¢(iy) as y — oo,
as the next proposition shows. Naturally, the case when the polynomial dominates the
integral is the simpler one.

4.3 Proposition. Let p, k, p and q be as in Assumption 4.2.
(i) If consr > Jp(1+2) =D du(t), then

) ; . du(t) .
q(iy) ~i(—1) <C2n+1 - /]R T 2y ey Y — 00
1 — 2\—(k+1
k+1 — 5
(il) If cony1 = Jp(1 +t2)~FDdpu(t), then
: . 1 dp(t)
2k+1 d I ~ (=1 K 2&—‘,—1/ . 46
lq(iy)| <y an mgq(iy) ~ (—1)"y R +y2 (L+2) (4.6)
as y — 0o.
(iii) If p is an infinite measure, then
(=) Img(iy) > y*~',  y— oo (4.7)

Proof.
@ From (2.12) we obtain

. o . du(t - 1 t du(t
otin) = vt + v -2 [ - [ (2 - ) e

. K dﬂ(t) 2k+1 K, 2K 2k—1
=i(-1) <02~+1—AW)9 + con(—1)"y —|—O(y )

+ (—1)”(y2" +O(y2“‘2)) /R(tliy - 1th2> (1df(tt2))n. (4.8)

Together with (2.4), this proves the assertion in (i), relation (4.7) when caeq1 > [p(1 +
¢2)=(**+Ddy(t), and the first relation in (4.6) when ca,i1 = [ (1 +t2) = FDdpu(t).

@ For the rest of the proof assume that ca.q1 = [5(1+¢2)~FDdpu(t). If the measure p is
finite, then x = 0 and

(i) = | = dult) = [ gz dult).

t—1y 2 + y2

® Let us now consider the case when g is infinite. We can use (4.8) to write the imaginary
part as

= et (25 ) 8] o0
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By the definition of x we have [ (14 t?)""du(t) = co. Hence (2.5) implies that

m{éij‘lfﬂ>dTgwy>;

from which the second relation in (4.6) follows.

Q

In the following we assume that the leading asymptotics of ¢(iy) is not given by a polynomial
term but the measure p. More precisely, we suppose that the following assumption is
satisfied.

4.4 Assumption. Let u, x, p and ¢ satisfy the conditions in Assumption 4.2. Further,
assume that

dp(t
Cok+1 :/R(lﬁfig))ﬁﬂ (49)
O

4.5 Remark. Suppose that Assumption 4.2 holds and that k = x(u) = 0, with x defined in
(4.4). According to (2.11) we can write

q(z) = Golp, p] = <01 _/]R fi(g)z—kco +/R(tiz - 1+tt?> du(t). (4.10)

Assumption 4.4 is equivalent to the coefficient of z in (4.10) vanishing. Hence with Assump-
tion 4.4 being satisfied we have

«w=@+4(1 t>dMﬂ=m+@M®, (4.11)

t—z 1482
where C[y] is defined in (1.5). O

The next lemma shows that the imaginary part of ¢(iy) can be written—at least asymp-
totically —in terms of a Stieltjes transform. For the definition of the Stieltjes transform see

(A.7).

4.6 Lemma. Letp, k, p and q satisfy the conditions in Assumption 4.2 and Assumption 4.4.
Further, let p, be the push-forward measure of u as in (4.1) and define the measure 7., on
[0, 00) by

dpus(s)

Then the Stieltjes transform 8[r] is well defined and
Im q(iy) ~ (=1)"y**1S[r](v?), Y — 00. (4.13)

/ dr(s) :/ dyi.(s) :/ dpu(t) ‘o
0,00) L+$ 0,00) (L4 8) T Jp (14 ¢2)rHl ’

the Stieltjes transform 8[7,] is well defined. It follows from Proposition 4.3 (ii) that

. 1 dpu(?)
I ~ (=1 Kk 2rk+1 / .
mafiy) ~ (9 [ s

_ (71)Ny25+1/ 1 . du*(s)
0,00) S tYy> (1+35)"

Proof. Since

K K 1 K K
[ ) = (D sl w?),

which proves (4.13). a
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In the following theorem we prove that the imaginary part of g(iy) is related to the symmetric
distribution function u((—t,t)) of the measure p. In most cases | Im ¢(iy)| is regularly varying
if and only if ¢ — pu((—t,t)) is regularly varying.

4.7 Theorem. Let u, k, p and q satisfy the conditions in Assumptions 4.2 and 4.4. Further,
let B > 0 and consider the following two statements:

(a) the symmetrised distribution function t — u((—t,t)) is regularly varying with index [3;
(b) the function y — (—1)"Imq(iy) is regularly varying with index 5 — 1.
Then we have the following relations.
(i) The implication (a)=(b) holds.
(ii) Unless k > 0 and S = 2k, also (b) = (a) holds.
(iii) Assume that (a) and (b) are satisfied. Then B € [2k,2k + 2] and

=g _
Sm{rﬁ u yy’y)), Be0,00)\{2,4,...},

Im g(iy) ~ { (=1)"By /1y % dt, B=2k A k>0, (4.14)

O e T
Y

as y — 0o, where the first fraction in the first case on the right-hand side is understood
as 1 when 8 = 0. In particular, if § € 2N, then

#(=y.9)

(=1)" Imq(iy) > =—

(4.15)

4.8 Remark. In the situation of Theorem 4.7 assume that (a) is satisfied and that 5 € 2N.
It follows from the definition of x in (4.4) and from Lemma 4.1 that

B =2k & / 1+|t| =0 @/ t5+1 dt = o,

b=2k+2 & / 1+|t| < 00 @/ tﬂ+1 dt<oo

O

Proof of Theorem 4.7. Let u, be the push-forward measure of p as in (4.1) and define 7, as
n (4.12). Then (4.13) holds. We prove the theorem in several steps.

@ Let us first consider the case when k = 0. Then 79 = u. and, by Theorem A.7, we have
the following equivalences:

(a) & s+ u.(0,s)) is regularly varying with index g

< 8[us] is regularly varying with index g -1

< (b).
Assume now that (a) and (b) hold. Another application of Theorem A.7 implies that
g € [0,1]. When 8 € [0,2), Remark A.8 yields

Tr,B 9 8 B
tmaliy) =y Sl ")~ by PO i R
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When $ = 2, we obtain from Theorem A.7 and the substitution s = ¢2 that

Img(iy) =y S[u.)(y*) ~ y/oo &2’8)) ds = Qy/oo ML) g

3
y2 S t

which proves (4.14) when x = 0.

@ Now let us consider the case when £ > 0. Set h(s) :=
definition of k we have

S s) = dp(s) — dp(?) —
/[0700) 1) dne ) /[o,oo) (1+s)" /R (1412~ ’

M) W) [ )
/[0700) T+s dps(s) = /[0700) (14 s)st1 - g (1 +t2)s+1 < 00,

which shows that (A.20) with v = p, is satisfied.

ﬁ ~ s7" s — oco. By the

® Assume that £ > 0 and (a) holds. Then s — . ([0, s)) is regularly varying with index g
By Proposition A.11 (i) with o = 5 and v = —x we have a +v = 5 — & € [0, 1] and hence
B > 0. Therefore we can apply Proposition A.11 (i) again to obtain that y — y***18[7,](y?)
is regularly varying with index 2x + 1 + 2(% —k—1)=pB-1,ie. (b) holds.

If 8 ¢ 2N, then o + v = g —k €(0,1) and (A.22) implies that

Im q(iy) ~ (—1)"y** ' S[r:)(y?)

Now assume that 5 € 2N. The relation g — k € [0,1] implies that either k = g or

K= g — 1. Let us consider the former case; the other case is similar. It follows again from
(A.22) that, with the substitution s = 2,

Im q(iy) ~ (—1)"y** ' S[r:] (%)

Kk, 2k+1 6 1 yZ —k—1
~(=1)"y 5@ 1 s 1« ([0, 5)) ds

= (_1)Kﬁy2fi—1 /y M*([O7t2)) dt = (_1)5By,3—1 /y M((_t7t)) dt7

1 $26+1 1
which proves (4.14) also in the case x > 0.

@ Now assume that £ > 0, 8 # 2k and (b) holds. It follows from (4.13) that S[7,] is
regularly varying. Since a4+~ = 5 — £ > 0, we can use Proposition A.11 (ii) to deduce that
s — ([0, 8)) is regularly varying, which implies that (a) holds.

® Finally, assume that 5 € 2N. Relation (4.15) follows from (4.14) and Theorem A.2.

Q

The following example shows that the implication (b)=-(a) is, in general, not valid when
B =2k > 0.
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4.9 Ezample. Let x € N and set h(s) = ﬁ, s € [0,00). Choose the measures o and v as
in Example A.12, and let u be the symmetric measure on R such that p, = v, i.e. u is the

discrete measure with point masses

p({e"?}) = n({—e"?}) =v({e"}) = 1+, neN.

According to Example A.12 the distribution function ¢ — u((—t,t)) = v([0,¢2)) is not
regularly varying, which means that (a) does not hold. On the other hand, ¢ — 7,,([0,¢)) =
a([0,t)) is slowly varying, again by Example A.12. Tt follows from Theorem A.7 that S[r,]
is regularly varying with index —1, and hence (b) holds with S = 2k; see (4.13). Note that
we have

Img(iy) ~ 2(=1)"y*""'logy,  y— oo,
by (A.27).

Since p is symmetric, we have Re ¢(iy) = 0 for y > 0. Hence (3.3) is satisfied with zy = ¢
and f(r) = r2*~Llogr. Theorem 3.2 implies that also (3.6) and (3.7) are satisfied. However,
since w = 2(—1)" € R and o = 2k — 1 is odd, the right-hand sides of (3.6) and (3.7) vanish.
This shows that, in some cases, one cannot use Theorem 3.2 to deduce from the validity of
(i)—(iii) in Theorem 3.1 that ¢t — p((—t,t)) is regularly varying. O
4.10 Example. Let a,b > 0 with a # b, and consider the function

q(z) = alog z — blog(—2),
which belongs to the Nevanlinna class Ny. Since q(ri) = (a —b)logr +i(a +b) %, conditions

(i)—(iii) in Theorem 3.1 are satisfied with f(r) =logr, & = 0 and w = i(b—a). Let u be the
measure in the representation ¢ = Gy[u, p]. Theorem 3.2 only yields that

o BO) L l(=n,0)

rooo rlogr ’ rooo  rlogr

On the other hand, since Im¢(ri) = (a + b)75, we can apply Theorem 4.7 to obtain that

r +— p((—r,r)) is regularly varying and that
2 .
(7)) ~ 2ring(ir) = (a + by

Note that, actually, 1((0,7)) = br and u((—r,0)) = ar. O

The next proposition shows that, in the case k = 0, the validity of the first asymptotic
relation in (4.14) implies already (a) and (b) in Theorem 4.7.

4.11 Proposition. Let ;i be a measure on R such that [,(1+ )" 'du(t) < oo, let o € R

and set q := Clu] + co. Assume that the limit

Jim <Im q(iy) / N((—yyy))>

exists and is positive. Then (a) and (b) in Theorem 4.7 are satisfied.

Proof. Let . be as in (4.1). By (4.13), the following limit

pel0.0) (097 (=)

lim = -
=00 t8[p](t)  v=oo y2S[ua](y?)  yv—oe yImg(iy)

exists and is positive. Hence [32, Theorem B] implies that ¢ — p.([0,¢)) is regularly varying,
and hence (a) and (b) hold. Q
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4.2 The real part

The real part of ¢(iy) is more subtle since it can be written only in terms of a difference
of two Stieltjes transforms and cancellations can arise. We introduce the following notation
for the main part of Req(iy). Let u be a measure on R such that there exists ¢ € Ny with

du(t
e < (116)
and define , s
RCe[p)(y) = (1—71")6/]1{{75%#2 a ﬁ(ﬂ))é, y > 0. (4.17)

4.12 Lemma. Let u, , p and q be as in Assumption 4.2, and let p(p) and RCy be as in
(4.2) and (4.17) respectively.

(i) If p(w) is odd, then there exists a real, even polynomial p of degree at most 2k —2 such
that

Req(iy) = (~1)* ( - / ﬁ dw))y% +RCAH() +Bly).  (418)

(ii) If p(p) is even, then there exists a real, even polynomial p of degree at most 2k such

that
Req(iy) = RCus1[u](y) + D(y) (4.19)
with ply) = (=1)"cany® + O(y* 72).
Proof.
(i) When p(p) is odd, then [¢(1+ [t[)~"+Ydpu(t) < co. Hence from (2.13) we obtain

Rea(iy) = Re(p(in)) — (1~ 12)* [ e du) + (1= [ i (B

which yields (4.18).
(ii) When pn(p) is even, then we use (2.8) to write

Req(iy) = Re(p(iy)) + (1 — y*)"*! /}R 72 _i 2 il;gt))nﬂ’

which gives (4.19). a

4.13 Assumption. Let u, x, p and ¢ be as in Assumption 4.2. Assume that, if p(u) is

odd, then
t
Cok _/]RW dp(t).
v

4.14 Remark. Assume that p(p) = 1 and that Assumptions 4.2 and 4.4 are satisfied. We then
have k = k(1) = 0 and, by Remark 4.5, we can write ¢ as in (4.11), i.e. q(z) = co + C[1](2).
If, in addition, Assumption 4.13 is satisfied, then ¢y = fR ﬁ dp(t) and hence ¢ is the
Cauchy transform of y, i.e.

t—=z

a(z) = / L au(t) = Clu(2),

where C[u] is defined in (1.1). O
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To investigate the behaviour of the real part, we often choose ¢ minimal so that (4.17) makes
sense, i.e. let us set

. dp(?)

f(p) :=inf<n € Ny: — < . 4.20
=ini{neos [ i <o) (420

It follows easily that £(u) = L%J, where p(p) is as in (4.2).

4.15 Remark. Let p be a measure on R and define n(u), £(u) and £(p) as in (4.2), (4.4)

and (4.20) respectively. If p(p) is odd, then x(p) = €(u) = % If p(p) is even, then

k(p)+1="~4(p) = % In both cases we have x(p) + €(n) = p(u) — 1. O

4.16 Lemma. Let u, k, p and q be as in Assumption 4.2 and ¢ = €(u). Then there exists
a real, even polynomial p of degree at most 20 — 2 such that

Req(iy) = RCe[1](y) + p(y).

Proof. If p(u) is odd, then ¢(u) = x(u) and the statement follows from Lemma 4.12 (i). If
7(p) is even, then ¢(n) = k(u) + 1 and we can apply Lemma 4.12 (ii). Q

4.17 Definition. Let p be a measure on R, let p, be the push-forward measure as in (4.1),
and let £ € Ny be such that (4.16) is satisfied, i.e. £ > ¢(u). Define the measure o, on [0, c0)
by

doy(s) = (1—1—\/58)€ du.(s),  se0,00), (4.21)
and set

Felul(y) = (1 =) Slod (),  y>0,
where § is the Stieltjes transform defined in (A.7). O

4.18 Lemma. Let i be a measure on R and define the measures u™ and p~ on R by

dpt () := Ljg,00) (t) dpu(t), dp™ (8) = 1 (Zoo0)(t) dpu(t), teR. (4.22)
Let £ € Ny such that (4.16) holds and let F; be as in Definition 4.17. Then
RC[u](y) = Felp™(y) — Felu™](y), (4.23)
IRC[ul(y)| < |Felpl(y)] (4.24)
fory > 0.

Proof. Let p, and pF be the push-forward measures of u and p® respectively as in (4.1),
and let a4, oif be as in (4.21).
The definition of ¢ in (4.20) implies that

doy (s) / Vs + It] +
= ——— du? (5):/7du () < oo,
/[0,00) L+s 0,00) (1+8)cF1 R (1+t2)6H1

and hence S[o/] and S[o, | are well defined. Moreover,

R = 0| [ a0 - [ gy )]

ey Vs e - Vs s
— (1 y2>€_/[0m)s+y2 L o /[o,w)s+y2 (Hs)edu*u}

= (1= ") [Slo7 1) - 8[o7 1)
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which yields (4.23). In a similar way as above one shows that S[o¢] is well defined. Further,
we have

IRCe[ul(y)] < [(1—y |/t2+y 1J|rt|t2) du(t)

1
la-rl [ A
0,00) Sty (1+5)

which proves (4.24). Q

In the following key proposition the asymptotic behaviour of Fy[u] is determined. It is used
in Proposition 4.22 and in the Abelian implications in Theorems 5.1 and 5.5.

4.19 Proposition. Let p be a measure on R, set £ := £(p) and define Folu] as in Defin-
ition 4.17. Further, assume that t — u((—t,t)) is reqularly varying with index §. Then
B €[20—1,20+ 1]. Moreover, if B =0, then

Fululy) < M) (4.25)

Y
If B> 0, then (—1)*Fy[u] is regularly varying with index 8 — 1 and satisfies

n
1(=9,9)) B
cos ’TB Y ’ BEN-1,
Y _
Felul(y) ~ < (1) By"~* /1 % dt, B=20-1, (4.26)
(l)eﬁyﬁl/det, B=20+1,

and

Y < Rl (y)] < v (4.27)
as y — 0o. In particular, if 8 € 2N — 1, then

Fll ()] > ) (4.28)

Y
4.20 Remark.

(i) In the situation of Proposition 4.19 assume that S € 2N — 1 and that ¢t — u((—t,t))
is regularly varying with index S. It follows from the definition of ¢(y) in (4.20) and
from Lemma 4.1 that, with ¢ = ¢(p),

=20—1 = dt:
’ < /1+It - @/ S

=20+1 & & dt .
B8 + /1+|t\ < 00 / tﬁ“ < 00

(ii) Instead of the assumption ¢ = £(u) in the proposition, let us consider the case when
£ > {4(u). Then

_ SR
w00 = [ s = [ i e <o
and, by Remark A.6, we have

Felil(y) ~ (1) 9?8[oe](y®) ~ (—1) 04 ([0, 00))y* >

as y — 00.
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Proof of Proposition 4.19. Let u, be the push-forward measure of u as (4.1), and let oy be
as in (4.21). Then s — 1.([0,5)) = u((—/5,+/5)) is regularly varying with index 2. Set

h(S) . L ?

= % as s — 0o. Then

_ L
/[O,oo) h(S) dM*(S) = /]R m d,u(t). (429)

Let us first consider the case when the integrals in (4.29) are finite. Then ¢ = 0 by the
definition of ¢, and oy and p are finite measures, which implies that § = 0. From Remark A.6
we obtain that

1_
~ S§2

wo0.0)  1®) _ pl(-v:y)
Y

Folul(y) = Slool(y*) ~ y y

which proves (4.25) in this case.
For the rest of the proof assume that the integrals in (4.29) are infinite. The definition
of ¢ also implies that

h(s) _ L .
-/[O,oo) I+s dp=(s) = /]R (1 + 2)0+1 du(t) < oo,

which shows that (A.20) with v = pu, is satisfied. Hence we can apply Proposition A.11
with o = 2 and v = 1 — ¢, which yields e+~ =5 + 1 — £ € [0,1], ie. B € [20—1,20+1].
Proposition A.11 also implies that, if 8 > 0, then (—1)*F[u](y) ~ y**S[ue](y?) is regularly
varying with index 2¢ + 2(% + % —£— 1) =p0-1

Let us first consider the case when 8 ¢ 2N—1 and 8 > 0. Then a+~v = g—l—%—f € (0,1),
and from Proposition A.11 we obtain

7 1
FA) ~ (5 Slon07) ~ () s (7))
T =) T p(=yy)
sin(%ﬁ-l—g) Y cos% Y

as y — 00.
Next assume that § =2¢ — 1. Then a + v = g + % — ¢ =0, and Proposition A.11 and
the substitution s = ¢? yield

2

Filil) ~ (058l ~ (-0 S [ s

[N

“p([0,5)) ds

= (—1)Z§y’"H /1 71720, ([0,6%)) 2t dt = (1) By> 2 /1 7“((;22’”) dt,

which shows (4.26) in this case.

The proofs of (4.25) when 8 = 0 the integrals in (4.29) are infinite and of (4.26) in the
remaining case 8 = 2{ 4 1 are similar.

We can use (A.21) to obtain

Flu)] ~ v*Slos?)  and yi < Sl < 1,
which yields (4.27).

Finally, the relation in (4.28) follows easily from (4.26) and Theorem A.2. a
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We also need the following comparison result.

4.21 Lemma. Let py and ps be measures on R and set ¢ := {(uz). Further, assume that
t— pa((—t,t)) is reqularly varying with index 8 > 0 and that the limit

lim ,ul((_t’t))
A (1)
exists in [0,00). Then Fe[u1] is well defined, i.e. £ > £(u1), and
Flpslw) _ . m((=t.0)
y=oo Felua](y) =00 pa((—t,1))

Proof. Since 5 > 0, it follows as in the proof of Proposition 4.19 that (A.28) with vs = (u2)«

and h(s) = ﬁ is satisfied. Now the claim follows from Lemma A.13. Q

When ¢ — pu((—t,t)) is regularly varying with an index that is not an odd integer, the real
part of ¢(iy) is dominated by the imaginary part, as the following proposition shows.

4.22 Proposition. Suppose that i, p and q satisfy Assumptions 4.2, 4.4 and 4.13. Further,
assume that t — p((—t,t)) is reqularly varying with index 8 such that 8 ¢ 2N — 1. Then

i ‘ Req(iy)
msup | ———~
y—oo | Imq(iy)

Proof. Set £ :={(u). It follows from Lemmas 4.16 and 4.18 that

‘Re q(iy) ‘ _ ‘ RCo[pl(y) + P(y) ‘ < [Fl®)] O( y )
Im q(iy) Im q(iy) = [Img(iy)| [ Im q(iy)|
Theorem 4.7 implies that y — |Im g(iy)| is regularly varying with index 8 — 1. Further, we
obtain from Proposition 4.19 that 5 € [2¢ — 1,2¢+ 1]. Since, by assumption, 5 ¢ 2N — 1, we
have 3 — 1 > 2¢ — 2 and hence | Im q(iy)| > y*~2, i.e. the O-term on the right-hand side of
(4.31) converges to 0 as y — 0.

From Proposition 4.19 and Theorem 4.7 we obtain

‘ < ‘tan %’ (4.30)

(4.31)

< u((—;/,y))’ B=0.
Felul(w)] »
~ Tﬂ . ,u((fyay))’ 56 (0’ OO)\(2N*1),
| cos 57| Y
e _
~ - 271-5 . /j’(( y7y)), ﬁ c [0700) \ 2N,
gy { LY
> u((—yy,y))’ B € 2N,
which yields
A T
ylggo | Tm q(iy)| ’tan 7’
and hence (4.30). a

5 Abelian—Tauberian theorems

In the following theorem, one of the main results of this paper, we combine the Tauberian
and the Abelian theorems from the previous sections. In most cases we can give a full char-
acterisation when the asymptotic behaviour of the regularised Cauchy transform is described
by a regularly varying function. Thereby, we assume that the behaviour of ¢ = 6. [u,p] is
not governed by the polynomial summand.
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5.1 The generic situation
Recall the notation p(u) from (4.2) and k(p) from (4.4).

5.1 Theorem. Let u be a measure on R such that p(u) < oo and set k := k(u). Further,
let p € R[z] with p(z) = cox4122" T + ... + co such that (u,p) € E<,, and assume that

. :/ du(t)
2Kk+1 e (1 +t2)’1+1'

t
Cor —/Rm dp(?).

and, if p(u) is odd, that

Set q = G [u, p).
Let 8 € [0,00) and consider the following statements:

(a) the symmetrised distribution function t — p((—t,t)) is reqularly varying with index §;
(a)" the limit
—t,0
p((—1.0) -
exists in [0, 00l;
(b) there exist a regularly varying function f: [xg,00) — (0,00) with zy > 0 and a constant
w e C\ {0} such that
. qlrz) . rz\A1
Jm ey T () (52)
holds locally uniformly for = € Ct.

Then the following relations hold.
(i) If B ¢ Ny, then

(ii) Assume that B € 2Ny. Then
(@) = (b).

If B=10 or [p(1+[t])~Pdu(t) < oo, then
(b) = (a).
(iii) If B € 2N — 1, then
(a) A (@) AC#EL = (D)

Further, assume that either (a) and (b) hold and B € 2Ny, or that (a), (a)’ and (b) hold
and B ¢ Ny, or that (a), (a) with { #1 and (b) hold and B € 2N — 1; then w and f can be
chosen as

w= (_1)ﬂ<#>1<cos”f —|—z§;i sin ”f) (5.3)
where g% is understood as 1 when ¢ = oo, where p(p) is defined in (4.2), and
f(r)y={ prit /; % dt, BEN A /R(ldf:ﬁif)ﬁ = 00, (5.4)
BT’B_I/TOOWdt, BeEN A /ij<oo;

here % is understood as 1 when 8 = 0.
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Before we prove the theorem, let us add a couple of comments.
5.2 Remark.

(i) Note that, in the case 8 € N, one has f(r) > M by Theorem A.2.

(ii) When 8 € 2Ny, then w € R and hence |Imq(iy)| > |Req(iy)|. When 8 € 2N —1 in
the theorem, then w € iR and hence | Req(iy)| > | Im q(iy)|-

(iii) It follows from the proof of Theorem 5.1 (see (5.12)) that, if 5 € 2N — 1 and (a) and
(a)" are satisfied with ¢ = 1, then |¢(iy)| < f(y) with f as in (5.4). A more detailed
discussion of some cases in this situation are contained in Theorem 5.5 below.

(iv) In the case when f ¢ Ny, condition (a) is not sufficient to guarantee (b) since one can
easily construct measures p that satisfy (a) but not (a)’, e.g. by distributing the mass
in an alternating way on the positive and negative half-axes.

(v) In Example 5.3 below we show that the converse implication in Theorem 5.1 (iii) does
not hold. However, see Theorem 5.5 (ii) below for a Tauberian implication in the case
when w ¢ iR.

(vi) Example 5.4 below deals with the situation when 8 = 1 and ¢ = 1, where Theorem 5.1
is not applicable. This example shows that, in general, the asymptotic behaviour of
q(iy) is not determined by the leading asymptotic behaviour of x([0,¢)) and u((—t,0)).
However, in this example statement (b) in Theorem 5.1 still holds. We do not know
whether there exist a measure p and a function ¢ such that § € 2N — 1 and (a) and
(a)’ hold with ¢ =1 but (b) does not hold.

¢
Proof of Theorem 5.1. Let k = k() and £ = £(p).
@ It follows from Theorem 3.1 that (b) is equivalent to

(c) there exist a regularly varying function f: [z, 00) — (0, 00) with 2 > 0 and a constant
w € C\ {0} such that

i 909

oo f(y)

= w. (5.5)
@ Let us first consider the case when f € 2Nj. It follows from Proposition 4.22 that

|Req(iy)| < |Img(iy)| and hence, (5.5) is equivalent to

i M a(iy)
y—oo  f(y)

From Theorem 4.7 and Remark 4.8 we therefore obtain the implications in (ii). Assume now
that (a) and (b) hold. It follows from Proposition 4.19 that 5 € [2¢ — 1,2¢ + 1] and hence
l= g With f as in (5.4) we obtain from (4.14) and Remark 4.8 that

o Img(iy) .
ylgr;o W) = (=D~ (5.6)

On the other hand, by Remark 4.15, w from (5.3) equals w = (—1)?W-lcos ™ =
(=1)"*+¢(—1)* = (=1)", which coincides with the limit in (5.6).

® Next we assume that 5 ¢ Ny and (b) holds. It follows from Theorem 3.1 that the index
of the regularly varying function f is a := § — 1, and hence r — rf(r) is regularly varying
with index 8. Now Theorem 3.2 implies that (3.6) and (3.7) hold. Since a ¢ Ny, at least one
of the right-hand sides of (3.6), (3.7) is non-zero. Taking the quotient of (3.7) and (3.6) we
obtain that the limit in (5.1) exists; further, ¢t — p((—t,t)) is regularly varying with index
B, i.e. (a) and (a)’ hold.
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@ For the rest of the proof we assume that 5 ¢ 2Ny, that (a) and (a)’ hold, and if 5 € 2N—1,
then also ¢ # 1. Let u* and = be as in (4.22) and f as in (5.4). From Lemmas 4.16 and 4.18
we obtain that

1 qliy) _ Felpl(y)  Img(iy) —iReq(iy)
i fly) f(y) Felpl(y)
Felpl(y) [ Im q(iy) Felwt](y)  Felut](y) p(y)
s Fe iy R ) 60

where p is a real, even polynomial of degree at most 2¢ — 2. In the next couple of steps we
evaluate the limits of parts of this expression.

® First we show that

- Felu](y) ~1g, ™8
lim 2220 — (—1)Rr(—tgin — 5.8
S =) (=1 5 (5-8)
We start with the case when 8 ¢ 2N—1. It follows from Lemma 4.1 that 8 € ((u)—1, 2(p))
and hence sgn(sin(n3)) = (—1)?") =1, Further, we obtain from Proposition 4.19 and (5.4)
that
. 1 -
i FA0) _ LA 0P sin(eB) g, 78
y=oo  f(y) 2cos 22 2cos 22 2

Now assume that § € 2N — 1. Then lim, f@f[‘(ggy) = (—=1)’. On the other hand, by
Theorem 4.7 we have 8 € [2k, 2k + 2] and hence S = 2k + 1, which, by Remark 4.15, implies

that
(—1)PI =1 gin ? = (—1)"t* sin(mi + g) = (1) cos(mk) = (—1),

which proves (5.8) also in this case.

® Next we show that Img(i ) B

. m q(iy T

lim ————%% = cot — 5.9
P F )~ (59)

When 8 ¢ 2N — 1, we can use Theorem 4.7 and Proposition 4.19 to obtain (5.9). When

B € 2N — 1, Theorem 4.7 and (4.28) imply that lim,,_, ;T[Zggg =0, and again (5.9) holds.

@ Let us consider the expressions within the round brackets on the right-hand side of (5.7).
Assume first that p* is not the zero measure. The relation g = p+ + u~ implies that

n((—t,1)) p((=t,1)) (=, 0))
M+((_tat)> :u’+((_t7t)) /’L([O>t))
and hence N B
lim K ((_t7t)) _ 1 , im K ((_t7t)) _ C )
t=oo pu((—t,t))  1+¢ t=oo pu((—t,1))  1+4¢
If u™ is the zero measure, then these relations also hold with ( = oo. Together with
Lemma 4.21 this yields
N 7 () o FlpT]y) ¢
lim = , lim = . 5.10
PR 14O o R 14¢ (10
Further, (4.27) implies that
_ Ply)
lim —=%— =0. 5.11
v—oe Folul(y) (511
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Combining (5.7), (5.8), (5.9), (5.10) and (5.11) we arrive at

%ylin;o qf(@’)) = (—1)ﬂ(“>1sin”ﬂ<cotw —z’lC>, (5.12)

which is equal to the expression on the right-hand side of (5.3); this proves (5.5). Since, by
assumption, either 5 ¢ 2N — 1 or ¢ # 1, we have w # 0. It follows from (5.8) that

Fly) ~ |sin 22| - | Felul(w)].

By Proposition 4.19 the right-hand side, and hence also f, is regularly varying. This shows
that (c) is satisfied, which, in turn, implies (b).

Q

The following example shows that the converse of the implication in Theorem 5.1 (iii) does
not hold.

5.3 Example. Let ¢ € N. With h(s) = ﬁ, s € [0,00), choose o and v as in Example A.12.
Moreover, let p be the measure on R such that pu((—o00,0)) =0 and p, = pf = v. Then

E 1+ eF)¢
p({ef}) = ur({e}) = (7)7 keN.
From the relation
/ du(t) i 1 (1+eF)*
A RN AN SO S L

we can easily deduce that () = 2¢ and hence £ = £(u). Now set ¢ = B[, p] with k = k()
and a polynomial p such that (4.9) holds. Then Assumptions 4.2, 4.4 and 4.13 are satisfied
since 1 (p) is even. It follows from Example A.12 that t — u((—t,t)) = p*([0,t)) = v([0,¢?))
is not regularly varying, i.e. (a) in Theorem 5.1 is not satisfied.

Let us now consider the behaviour of ¢(iy) as y — oo. It is clear that o, = o with o, as
in (4.21). From Lemma 4.18 and (A.27) we obtain

RC,[ul(y) = FeluT(y) ~ (-1)y**S[o](y%) ~ 2(—1)*y* *logy,

and hence
Req(iy) ~ 2(-1)'y* ?logy,  y— oo, (5.13)

by Lemma 4.16. Next we show that the imaginary part is dominated by the real part. Let
T, be as in (4.12). Since k(p) = ¢(p) — 1 by Remark 4.15, we have

1 (14+eM)  1+€
(1 + 616)'i e% N eg

7.({e"}) = ., keN.

Let 7 be the measure on [0, 00) with 7([0, s)) = jg\/_él (s% —1) for s € (1,00) and 7([0, 1]) = 0.
For t € (e",e" !, n € N, we have

By Lemma A.9 (i) and Remark A.8 we have
~ 2
Tmg(iy)] ~ 5?58 [R](0%) < g S~y & TV

-~ /e yQK: m/e y211—2
Ve—1 Ve—1 ’

(5.14)
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which shows that | Re q(iy)| > |Im¢(iy)|. This, together with (5.13), implies that (3.2) with
f(r) = 2r¥*~2logr is satisfied and therefore also (b) in Theorem 5.1 with 3 = 2¢ — 1 and
w = i(—1)"*1. Note also that (a)’ is satisfied with ¢ = 0.

For ¢ = 1 we obtain a function ¢ € Ny since k = 0 in this case. We can choose p such
that

(=) = Clul(=) fj(1 eg)”ek

Z) = zZ) = —_ . .

1 a Pt es —z 1+ek es

According to (5.13) and (5.14) it satisfies q(iy) ~ 2logy as y — oo. O

5.4 Example. Let v € (0,1) and define the measure g = A+ v on R where A is the Lebesgue
measure and v is the measure such that v((—o00,0)) = 0 and

t, t € (0,€],
v([0,1)) = t

oz’ t € (e,00).

Further, set ¢(z) := C[u](z). Clearly, u([0,t)) ~ ¢ and pu((—t,0)) = ¢ and hence pu((—t,t)) ~
2t, which shows that (a) and (a)’ in Theorem 5.1 are satisfied with 8 = 1 and ( = 1.
Further, Theorem 4.7 implies that Im ¢(iy) — 7 as y — oo. For the real part we obtain
from Lemma 4.18 and Proposition 4.19 that

Re q(iy) = RCi[u(y) = Fr[AT + vl(y) = FL A7 I(y) = Flvi(y)

Yu((—t,t)) vl 1 1-
~— | 2 Gt~ — dt = — ] v,
/1 t2 /1 t(logt)” 1*7( °8Y)

This shows that ¢(iy) ~ fﬁ(log y)}~7 as y — oo, and hence (b) in Theorem 5.1 is satisfied.

However, the asymptotics of ¢(iy) at infinity is not determined by the leading term of the
asymptotics of u([0,t)) or u((—t,0)) as the former depends on v whereas the latter does not.
O

5.2 The exceptional case

In the following theorem we consider certain situations when 8 € 2N — 1 and ¢ = 1, a case

that is not covered by Theorem 5.1. When 8 € 2N — 1 and ¢ # 1, the real part of ¢(iy)

w((=v.9).
y )

dominates the imaginary part and is strictly larger than “ see Theorem 5.1 and

Remark 5.2 (ii). In the next theorem we consider cases when there is cancellation between
contributions from the measure p on the positive and negative axes to the real part and
where the growth of ¢(iy) is determined by the imaginary part.

5.5 Theorem. Let i, k, p and q be as in Assumptions 4.2 and 4.4 and let § € 2N — 1.
Then the following statements are true.

(i) Assume that p = po + w1 + po with measures pg, w1 and pg such that the following
conditions are satisfied:
(a) o is symmetric and t — po((—t,t)) is regularly varying with index f3;
(b) either u1([0,00)) =0 or t — u1([0,t)) is regularly varying with indez f3;
either p1((—00,0)) =0 ort — p1((—t,0)) is reqularly varying with index 5;
(c) ua((—t,t)) St ast — oo with some v < B;
(d) if [o(1+ [¢))"Pdui(t) < oo, then

Cor = /R W d(pr + p2)(t);
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(e) with the notation in (4.22) the following two limits (for + and —) exist in R:

Lf&(/wd/ mCeO) [ =

[ () d
i ([ () [l

Then p((—t,t)) ~ po((=t, 1)), B = 26+1, and (5.2) holds locally uniformly for = € CT

with
f(r) (Gt (—D“(%H(m—n,)). (5.15)

r

(ii) Assume that there exist a regularly varying function f : [xg,00) — (0,00) with ¢ > 0
and a constant w ¢ iR such that (5.2) holds uniformly for z € C*. Thent — u((—t,t))
is regularly varying with index 8 and (5.1) holds with ( = 1. One can choose f as in
(5.15), in which case w satisfies Rew = (—1)"7.

5.6 Remark. Example 5.3 shows that the condition w ¢ iR in (ii) is essential. O

Proof of Theorem 5.5. We split the proof into a couple of steps; the first five steps deal with
the proof of (i).

@ First we note that either p; = 0 or t — pi((—t,t)) is regularly varying with index S.
In the latter case we obtain from Theorem A.2 (i) and assumptions (b) and (e) that, when

Ja (L4 [t) P dpa(t) = oo,

p((=t,1)) /t pi((=s,s) /t () /t 1y ((=s, ) po((=t,t))
< ds = ds + ds <

tﬁ Sﬁ‘l’l sﬂ+1 sﬁ“rl ~ tﬁ

as t — oco. A similar calculation and the use of Theorem A.2 (ii) show that also in the
case when f[o Oo)(l + [t)7Pdui(t) < oo, we have uy((—t,t)) < po((—t,t)). Together with
assumption (c), this implies that p((—t,t)) ~ po((—t,t)).

It follows from Theorem 4.7 that § = 2k + 1 and

=6 l(=y,9) (—1)%

T
sin(mi + g) Y 2

Im q(iy) ~ I(y). (5.16)

@ Set £ := ¢(u) and @ = py + po. By Remark 4.15 we have either £ = k or £ = k + 1.
It follows from assumption (c) and Lemma 4.1 that [5(1 + [t|)Pdus(t) < oo and hence
L) < k. If p(p) is odd (i.e. £ = k), then

RIS
r (L [t)7 ~ Jr (L+[t])P
and hence, by the symmetry of o and assumption (d),

t t ,\
/R(l‘f'tQ)”H du(t) = /R A+ 2yt di(t) = cox-

This shows that Assumption 4.13 is satisfied. It follows from Lemma 4.16 and the symmetry
of g that

Re q(iy) = RC,[u](y) + p(y) = RC[A](y) + p(y) (5.17)
with p as in Lemma 4.16.

Set ¢ := 1 when p; = 0 and ¢ := £(7i) otherwise. It follows in a similar way as above
that, by assumption (b), either uf = 0 or £(u) = & or £(u]) = K+ 1, and similarly for p; .
Since £(pu2) < Kk, we have k < (<l<k+1.
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Let us rewrite the expression in (5.17) in the case when { =k and £ = k + 1. We obtain
from (2.18) with x and &’ there replaced by ¢ — 1 and ¢ — 1 respectively that

t ,(1—y2)€_Re{ 1 ,(1+(iy)2)1
2+y2 (L+e2)f T t—iy (L +t2)f

(1+ (iy)*)"

Re{ 1 (1+(iy)2)1 _Re{(tﬂy),

t—iy  (1+2)! (14 ¢2)i+1
_ (1—y2)‘77(17 20 t
P (1) Y ey

Hence

Req(iy) = RCG[A](y) — (1 - 4?)" / !

AETS du(t) + ply) = RC;[a) (y) + bly),

where the polynomial p satisfies

ply) = (=1)" {CQK, - /}R W dﬁ(t)} y2F + O(172) = O(y*2) = O(y?)

by assumption (d).
In all cases we can write

Re q(iy) = RC;[1](y) + ply) = Fyluf1(y) — Filui 1(y) + RC;lu2] (y) + ly)

with an even polynomial p of degree at most 20 — 2; note that we have used Lemma 4.18 in
the last step and that p = p when £ = ¢£. We therefore have

1 q(iy) _ Img(iy) Filui1(w) +Z.}—g[/iﬂ(y) B Z.RC/;[MQ}(Z/) B Zﬁ(?/) (5.18)

iy T fw T ) ) ) ()
® We show that

i T @)
im —————
()

Let us start with uf. When ,uf = 0, the equality in (5.19) is obvious. Assume now
that pf # 0. Let us first consider the case when ¢(u]) = £. Then the assumptions of

Proposition 4.19 are satisfied for pu replaced by uf. Hence that lemma and assumption (e)
yield that, when [, (1+ [t])™Pdui(t) = o0, ie. =K +1,

lim Z0®) [(1)%/51 /y % ds/(gﬂo((—y’y))ﬂ = —(=1)"ny;

y—oo  f(y) y—>00 1 y

=—(=1)"n4. (5.19)

a similar calculation proves (5.19) also in the case when [ (1+[t])™?dus(t) < co. The same
considerations can be applied to 7 when p7 = 0 or £(u7) = L.

It remains to prove (5.19) for pf when ¢(uf) < £(u7) = ¢ = k + 1 or for u] when
(7)) < £(u]). We consider only the first case. It follows from Remark 4.20 (ii) applied
to ui, the first inequality in (4.27) and the already proved relation (5.19) for pj (since
((u7) = ¢) that, with some ¢ > 0,

\Fo )| ~ ev?2 = ey < | Filur ) w)| S F().

On the other hand, the relations ¢(u] ) = x + 1, (1) < k + 1 and Lemma 4.1 imply that

) U)o
/1 ds < oo, /1 ds = oo,

gb+1 gB+1
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and hence

[ g, sy,

gB+1 gB+1

This and the existence of the limit for 7_ yield 74 = 0, which shows that (5.19) holds also
for p in this case.

@ Next let us show that

 (RGua(y)  ply)\ _
yhjgo( fy) +f(y)>_0' (520)

Let us consider the two possible cases for i separately. First assume that ¢ = k. Choose
p € (max{~v, 8 — 1}, 8) and define the measure v by v((—00,0)) = 0 and v([0,¢)) = t* for
t > 0. Since p € (8 —1,), we have £(v) = £. Tt follows from Lemma 4.21 and assumption

(c) that
Filpal(y) p2((=t,t))

O e (M
From (4.24) and (4.26) we obtain
[RC; (k2] (v)] < |Filu)(w)] < | Fel)(w)] ~ 2"

Since f is regularly varying with index 8 —1 = 2/ and p is a polynomial of degree at most
2¢ — 2, relation (5.20) follows in this case; see (A.1).

Now let us consider the case when £ = x+1. Then Uu2) <k < ¢, and hence Lemma 4.18
and Remark 4.20 (ii) imply that

IRC;[nal ()] < |Flual ()] ~ ey

with some ¢ > 0. Without loss of generality assume that £(u]) = £ (the case £(uy) = £ is
similar). It follows from assumption (e) and Proposition 4.19 that

Yy ,,+ 07 1 -
J“(y)Zyﬁ‘l/1 WdSNﬂVﬂuf](y)} > 22,

which yields (5.20) also in this case.

® Combining (5.18), (5.16), (5.19) and (5.20) we arrive at

Ly 4G) :(_1)K<

7 oo f(y) 5 il - 77*)>’

2
which, by Theorem 3.1, shows the remaining assertions in (i).

® Let us now prove item (ii). Assume that f and w ¢ (R are such that (5.2) holds. We
obtain from Theorem 3.2 and Remark 3.3 (i) that

w(0.) _ im p((=,0)) = d cos(arg((—1)"w
e (1) = tF(t) T(a+ D) (arg((—1)"w)) (5.21)

where a = §—1 = 2m with m € Ny and | arg((—l)mw)| < 3. Since, by assumption, w ¢ iR,
we have Re((—1)"w) > 0 and hence

|w| cos(arg((—1)"w)) = Re((—=1)"w)) = (—1)™ Rew.

In particular, the limits in (5.21) are non-zero, and therefore (5.1) holds with ¢ =1 and

(=) w2
tlirrolo YO (-1 %Rew. (5.22)
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This implies that ¢ — u((—t,t)) is regularly varying with index (3, which, in turn, yields
that § = 2k + 1 and hence m = k. Choosing f as in (5.15) we obtain from (5.22) that

Rew = (—1)"3.

Q

To illustrate the Abelian direction of Theorem 5.5, let us consider the following example.

5.7 Example. Let u be a measure on R that satisfies

p([0,t)) = tlogt+ ast + O(t?),
(5.23)
w((—t,0)) =tlogt +a_t + O(t")

ast — 400 with ay,a_ > 0 and v < 1. We can write p as p = po + p1 + p2 where po, p1, pio
are measures satisfying

po([—1,1]) = po([1,1)) = po((—t, —1)) = tlogt,  t>1;
p1([0,t)) = a4, pi((=t,0)) =a-t,  t>0;
a((=t,1)) = O(Y), ¢t — +o0.

Since [, (1 + [¢])~'du(t) = oo (see Lemma 4.1), assumptions (a)-(d) in Theorem 5.5 are
fulfilled with 8 = 1. For (e) we consider

— lim </ ais /2tlogt>_ai’
t—00 t 2

which shows that (e) is also satisfied. Now let ¢(z) = ¢o 4+ C[u](z) with ¢o € R. Then, by
Theorem 5.5 (i), relation (5.2) holds with

NO((_7"7 ’I“)) ™ Gy —a-
() ~ 2L ogr,  w=1+i% 0
ie.
lim a(rz) =—a4 +a_ +im

r—oo logr
locally uniform for z € C*. An example of a function q with a measure u as in (5.23) is
q(z) = (a— —aq +im)log(z + 1) + w(ay + 1)i, zeCH,

where the O(t7) term is actually O(logt). O

Appendix A. Regularly varying functions and

some theorems of Karamata
In this appendix we provide some classical results about regularly varying functions in
slightly extended or rounded-off formulations. A very good source for the theory of regular

variation is [3]; this is our standard reference.
Recall the definition of regular variation in Karamata’s sense.

A.1 Definition. A function f: [xg,00) — (0,00) with o > 0 is called regularly varying
with index o € R if it is measurable and

f(r)

YA >0: lim =\
r—00 f(r)
A regularly varying function f with index 0 is also called slowly varying. %
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Examples include functions f behaving for large r like

flry=r® (IOgT)Bl : (IOgIOgT)Bz R (log' -~log7")ﬂm7
———

mth iterate

where «, 81,...,Bm € R. Other examples are f(r) = reelosn)” with 8 € (0,1), or f(r) =

log r
r&elos lgogr; see [3, §1.3]. In many respects, regularly varying functions of index «a behave like
the power function r®. For instance, if f is regularly varying with index «, then

flr)y>re=s, flr) < rote as r — 0o (A1)

for every e > 0, which follows, e.g. from the Potter bounds; see [3, Theorem 1.5.6 (iii)].

Another property that reflects the power-like behaviour is a fundamental result by
J. Karamata about primitives of regularly varying functions. We state a comprehensive
formulation collecting what is proved in [3, Section 1.5.6]. More precisely, item (i) in The-
orem A.2 follows from [3, Theorem 1.5.11 (i) and Proposition 1.5.9al; item (ii) follows from
[3, Theorem 1.5.11 (ii) and Proposition 1.5.9b).

A.2 Theorem (Karamata). Let zo > 0 and let f : [xg,00) — (0,00) be measurable and
locally bounded. Further, assume that f is regularly varying with index o € R.

(i) Suppose that « +1 > 0. Then the function x — f;o f(t) dt is regularly varying with

ndex o+ 1, and
Tim <xf($)//m £(t) dt> =a+1.

(ii) Suppose that f;: f(t)dt < oco. Then a+1 <0, the function x — f;o £ () dt is regularly
varying with inder o + 1, and

mli_>lq£>1c<a:f(fr)//:j £() dt) = —(a+1).

In the following we often use integration by parts in its proper measure-theoretic form as
stated in the following lemma.

A.3 Lemma. Let —c0 < a < b < oo, let i and v be measures on [a,b). Then

/ ula, 1)) du(t) = / v((t,0)) dp(t). (A2)
[a,b)

[a;b)
If these integrals are finite, then lim,_ p([a, x))v([z,b)) = 0.

Proof. If v([a,b)) = oo, then either both sides are zero (when p is the zero measure) or both
sides are infinite (otherwise). In the case when v is a finite measure, relation (A.2) follows
from Fubini’s theorem. To show the last assertion, assume that both sides of (A.2) are finite
and let z € (a,b). Then (A.2) applied to [a,z) instead of [a,b) yields

a,t))dv(t) = v((t,x))d
/[M) ([a,t)) dv(t) /[a,@ ((t,2)) du(t)
_ /[ ((8,8)) du(®) = (e 2.

Letting x — b we obtain the claimed limit relation. a

From Theorem A.2 we obtain the next proposition, which relates integrals with respect to
a measure to integrals involving the corresponding distribution function.
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A .4 Proposition. Let o be a measure on [1,00), which is not the zero measure. Assume that
the distribution function t — o([1,t)) is reqularly varying with index o (since t — o([1,1))
is non-decreasing, we have o > 0).

(i) Let v € R\ {0}. Then

z «, o+ Y 2 07
fimn (/[1 )tﬁY da(t)// 7 1o([1,1)) dt) = max{a, =7} =
EAANE 1 v, a+~v<O.
(A.3)

The function z — [tV o ([1,t)) dt is regularly varying with index o+ if -+~ > 0,
and non-decreasing and bounded (in particular, slowly varying) if a +v < 0; if a # 0
or v <0, the same holds for x — f[l ot do(t).

In particular, if f[l ooy 17 do(t) = 0o, then a+v > 0. Moreover, if f[l oy U7 do(t) < 0o
and o is an infinite measure, then o+ vy < 0.

(ii) Let p > 0 and assume that f[l 00) t=Pdo(t) < co. Then o([1,z)) < x”, and hence
a < p. Further, we have

A (/[w,oo) d(;gt)//; Jsf[,}if)) dt) —a.

The function x +— fxoo t= (et ([1,t)) dt is regularly varying with index o — p; if a # 0,
the same holds for x — [ t=,do(t).

Proof.

® For the proof of (i) we integrate by parts (using the measure dv(t) := t?~!dt in
Lemma A.3) to obtain

[ oot [ (] "t as) dott)

1 Y _l 2l o
~ Zo([1,1) 7/[17z)t do(t), (A.4)

and therefore

/M) £ da(t)//{l’w) Plo([L,1)) dt = (xvg(u,x))//u

@ First we consider the case when o+ v > 0. We can apply Theorem A.2 (i) to obtain
that the integral f[1 ) o([1,¢))t7~1 dt is regularly varying with index a + v, and that the

7o ([1,1)) dt> -7 (A5)

)

quotient on the right-hand side of (A.5) tends to o+ . The asserted limit relation follows.
In particular, if a # 0, also the integral [ f t7 do(t) is regularly varying with index a + 7.

® Now assume that a4+ < 0. Since a > 0, we have v < 0 and hence max{«o, —y} = —y =
|v|. The integral [~ ¢Y~'c([1,t)) dt converges, and hence lim,_,o 270 ([1,2)) = 0 and by
(A4)

/ o) = [ Lo, 1) dt < .
[1,00) [1,00)

In particular, the function z f[1 2) t7 do(t) is slowly varying and the asserted limit relation
holds.
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@ For the last statement in (i) assume that f[O,oo) t7 do(t) < oo, that o is an infinite measure,
and suppose that a + v > 0. If a > 0, then f[lmc) t7 do(t) is regularly varying with positive
index « 4+ v and hence unbounded, a contradiction. If & = 0, then v > 0, and therefore
f[l,a:) t7do(t) > o([1,2)) — oo as & — 00, again a contradiction.

® For the proof of (ii) we argue in a similar way. Integrate by parts (using the measure
dv(t) = ;2) to obtain

Rl / )df’(’”, i 2052

P tr T—00 TP

The second relation shows, in particular, that a < p. We integrate by parts again to obtain

/:O o([1,1) oy _/:O o([1,2)) oy +/;o ([ 1)) oy

1 o(1,2)) 1/ do(t)
R ko 2
[z,00)

P ar tr

D g (5 [T )

By Theorem A.2 (ii) the integral f[l ) t=(Pt D ([1,t)) dt is regularly varying with index a—p,

b

and hence

and the quotient on the right-hand side tends to p — a. The assertions made in (ii) follow.

Q

The following example shows that, when oo = 0 and v > 0 in Proposition A.4 (i), the function
T — f[l,x) t7 do(t) may fail to be regularly varying. Instead of ¢” we consider an arbitrary
function g with g(t) ~ ¢ as ¢ — co. This more general example is used in Example A.12.
A.5 Example. Define the discrete measure o supported on {e¥: k € N} with the following
point masses:
o({ef}) =1, ke N.

The distribution function satisfies o([1,¢)) = 0 if t < e and o([1,t)) = n if t € (e™, "]
for n € N. The relation t € (e”,e"*!] is equivalent to logt — 1 < n < logt, and hence
o([1,t)) ~ logt as t — co. This shows that the distribution function ¢ — o([1,t)) is slowly
varying.

Now let g : [1,00) — (0,00) be a function such that g(t) ~ t7 as t — oo with v > 0, and
define the function

f(z) = /[1 )g(t) do(t), x € (1,00).

For z € (e"™!, e"] we have f(z) = >, 1 g(eP). Tt follows easily that, as n — oo,

n—1 . n—1 . eI _ e e
~s FY = ~Y . A.6
>t~ X e = e (A6

Now choose A = v/e. From (A.6) we obtain

fe™) ZZL 1 g(e¥)
flem) it gler)
fOemts)  Yiliglet) |
Flemtz)y YL g(e) ,

which implies that f is not regularly varying.
Note that f(z) < a7 as x — oo, which can be seen from (A.6). O

— e’ as m — o0,
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The next topic we discuss is the asymptotic behaviour of Stieltjes transforms: let pu be a
measure on [0, c0) which satisfies f[o OO)(l + )71 du(t) < oo; then the Stieltjes transform of

1 is defined by

S[u)(z) = /[0 ) (tli(lz, x> 0. (A7)

As is common practice in the literature, we use a sign convention that is different from the
one in (1.2) (i.e. different from the convention for the Cauchy transform) in order to obtain
functions that are defined on the positive half-line.

A.6 Remark. Let p be a measure on [0, c0) which satisfies f[o Oo)(1 +t)~t du(t) < oo. Then,
by the dominated and monotone convergence theorems,

lim Spl(x) =0, lim a8[u)(x) = ([0, 00)).
In particular, if u is not the zero measure, then, as * — oo,

= 8[u)(r) <1 if pis finite,

< 8[p)(z) < 1 if p is infinite.

K= 8 |~

O

Karamata’s theorem about the Stieltjes transform [16, 17] characterises regular variation of
the Stieltjes transform and gives precise information about the size of 8§[u](x) also when g
is infinite. We use it in a formulation that includes a boundary case; this is often excluded,
e.g. in [3, Theorem 1.7.4] or [31].

A.7 Theorem (Karamata). Let 1 be a measure on [0,00), which is not the zero measure
and satisfies f[o Oo)(l + )"t du(t) < co. Then the following two statements are equivalent:

(i) the distribution function t — u([0,t)) is reqularly varying with index o
(ii) S[p] is regularly varying with index o — 1.
If (i) and (ii) hold, then o € [0,1] and

S[pl(x) ~ Cq /OO M([SQ’ 2) dt, T — 00. (A.8)
with (1-a)
Cy =< sin(ra) ’ @ €(0,1); (A.9)
1, a e {0,1).

The integral in (A.8) is finite for every x > 0.

As in the usual presentations in textbooks we follow the lines of [16] and reduce the problem
to the Laplace—Stieltjes transform. Recall that the Laplace—Stieltjes transform of a positive
measure v on [0,00) is the function £L[v]: R — [0, 0o] defined as

Lv|(z) = /[0 )e‘”t dv(t), r € R

In the proof of Theorem A.7 we also need the concept of a regularly varying function at O:
a function g : (0,z9] — (0,00) with zy > 0 is called regularly varying at 0 with index B if
x — g(%) is regularly varying with index —f in the sense of Definition A.1.

Proof of Theorem A.7.
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@® The relation with the Stieltjes transform is established by Fubini’s theorem: for z > 0 we

have
1
sle) = | au = [ ([ emras)au
[0,00) T+ [0,00) \ J[0,00)

_ /[Om) e—m( /[O,oo) ot d,u(t)) ds — /[Om) =75 P [p)(s) ds. (A.10)

Let o be the measure on [0, 00) with density <[u], i.e.

o(0.0) = [ 2 s e>0

The latter integral is finite since, again by Fubini’s theorem,

t t _ ,—tr
[emas= [ [ erdumas= [ 20T dui;
0 0 J[0,00) [0,00) r

the finiteness of the last integral follows from the assumption f[o OO)(1 + ) tdu(t) < oo.
Now (A.10) can be written as S[u] = £[o].

@ Assume first that « — u([0,2)) is regularly varying with index «. Since xz — u([0,x))
is non-decreasing, o > 0; by Proposition A.4 (ii) we have a < 1. Tt follows from [3, The-
orem 1.7.1] in the form of [3, (1.7.3)] that

1
3[u]<;) ~T(1+ a)u([0,x)), T — 00. (A.11)
In particular, the function x +— &P[,u](%) is regularly varying with index «. Note that in
[3] the right-continuous distribution function x +— u([0,z]) is used. However, the latter is
regularly varying if and only if  — ([0, 2)) is regularly varying and u([0, z]) ~ u([0,z)),
x — oo if these functions are regularly varying.

Before we apply the Laplace—Stieltjes transform a second time, we need the asymptotic

behaviour of 2 + ([0, 1)) as 2 — co. From (A.11) we obtain

a([(),;))/OiSE[u](s)ds/zooif’[u}C);dth(lJroz)/OO/Mdt, % = oo,

o t?

It follows from Proposition A.4 (ii) that the function « — O’( [O, %)) is regularly varying with

index o — 1, and hence, ¢t — o([0,1)) is regularly varying at 0 with index 1 — a. Now [3,
Theorem 1.7.1'] implies that

Slul(x) = Llo](z) ~T(2 - a)o([0, 1))

~I‘(1+a)I‘(2—a)/ u0.9) 4

o) o t, T — 00,
x,00

and that 8[u] is regularly varying (at infinity) with index av— 1. It follows from the reflection
formula for the Gamma function that I'(1 + a)'(2 — @) = a(1 — a)T(a)[(1 — a) = Z(li(_:cz)o‘
when « € (0,1).

® Conversely, assume that (ii) holds. Again by [3, Theorem 1.7.1'], the function ¢ — o ([0, t))
is regularly varying at 0 with index 1 — a. Since £[u] is non-increasing, we can apply [3,
Theorem 1.7.2b] to deduce that Z£[u] is regularly varying at 0 with index —c«. Finally, we
obtain from [3, Theorem 1.7.1] that (i) holds.

Q
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A.8 Remark. In the case when o < 1 we can use Theorem A.2 (ii) to rewrite the right-hand
side of (A.8) to obtain the standard formulation as in [3, Theorem 1.7.4]; namely, under the
assumption of Theorem A.7 we have

ma  p([0,))
S ~ )
[/L](l’) Sil’l(ﬂ'a) T 9 T — o0,
where the first fraction on the right-hand side is understood as 1 if a = 0. O

In the proofs of our main results we often need the following elementary facts where we
compare the Stieltjes transforms of two measures.

A.9 Lemma. Let uy and pe be measures on [0,00) such that pg is not the zero measure
and that f[O,oo)(l + )7 tdu;(t) < oo fori e {1,2}.

(1) If p1([0,¢)) < p2([0,t)) for all t € (0,00), then S[uil(z) < Slu2l(x) for all x € (0,00).
(ii) We have

- Slpl(=) _ . #1([0,7))
hgs;ipm < hiris:ip m (A.12)

Proof. We use Lemma A.3 with the measure dv(¢) :=

transforms:

S[uil(x) :/[ ) =/0de@ x>0, i¢{1,2}, (A.13)

0,00) t+ T t+x)

(t+ 2 for x > 0 to rewrite the Stieltjes

which immediately yields the assertion in (i).

Let us now prove the statement in (ii). If g3 = 0 or the right-hand side of (A.12) is
infinite, then there is nothing to prove. Hence we assume that p; is not the zero measure
and the right-hand side of (A.12) is finite. Let 79 > 0 such that p;([0,r0)) > 0 for ¢ € {1, 2}.
From (A.13) we obtain, for > 0 (and the asymptotic relations as z — o0),

T pma([0,t) [T ua([0,1)) > p1([0,1))
sl = [ g ae= | Wd’f*/m Trap @

<Hrom(0m0)  2pa((0m0)) ke

T mn) o m(0.) [ )
[0< o2 = [0.0) Loa+m2

< sup MO 100) 4y gy 0D g,

t>ro 12([0,1)) t+x)? t>ro 112([0,¢))
With this we can deduce that limsup s% %ig < sup Z ;E{g t%% Since 1o was arbitrary, the
T—00 t>ro
assertion follows. a

We also need a comparison result when we integrate powers with respect to two different
measures.

A.10 Lemma. Let vq,vy be measures on [0,00) and let v € R\ {0}.
(i) Assume that v < 0 and that v1([0,2)) < v2([0,2)) as x — co. Then

/ 7 du () < / P (), 3 — oo (A.14)
[1,2) [1,2)
If, in addition, f[l ooyt duvs(t) = oo, then
t7 dl/1 (t)
lim sup f[lx)i < limsup M (A.15)
x—00 [1,z) (2 dVQ(t) T—r00 VQ( 07 J)))
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(ii) Assume thaty > 0 and that x — v2([0, x)) is reqularly varying with index oo > 0. Then

oty ([0, 2))
< lim sup ——=<. A16
aoo Jugt da(t) T a P 250, 2)) (A.16)

(i) Assume that v > 0 and that x — v;([0,z)) are regularly varying with index o; > 0 for
i€{1,2}. Then

Jp 7 dn(® _ (e +7) n(0,7)) v oo,

Ty 0 da(D) ™ azlon +7) ve((0,2))

Proof. If the limit superior on the right-hand side of (A.16) is +o0, then there is nothing
to prove for (ii). Hence, for the proof (ii) we assume that the right-hand side of (A.16) is
finite. In (i) the right-hand side of (A.15) is finite by assumption. Let M > 0 and z¢ > 1
be such that

nll0®) (A.17)
va([0, 7))

(i) Assume that v < 0. For ¢ € {1,2}, integration by parts yields

Vo > xg:

/[1 1 ant) = 2 (0) =i ([0.1) - fy/lm P=1u,([0,1)) dt
= wi{(0,) = w(0.0) + bl [ 0 (0. a4 bl [0 w(o.0)ar
= ((0.0) + bl [ (0.0 de+e
with some ¢; € R. Together with (A.17) we obtain, for z > xg,
/[1 )t'Y dvi(t) = 2711 ([0,2)) + |7 /I 1 ([0,8)) dt + ¢
@ o
< Mz, ([0,2)) + M|y /E 7 ([0,1)) dt + ¢

=M t7 dva(t) — Mcea + 1.
[1,2)

This proves (A.14). Now assume that f[l oy 17 i (t) = oo. Then

7 dyy(t —
7[{1@) 1t SM—i-icl Mes — M, T — 00,
Jom 7 dra(t) Jom 7 dra(t)

from which we can deduce that
A7 du(t) .
lim sup f[ll)i < sup M
T—00 [1,2) t7 dvg (t) t>z0 1/2( 0, t))

Since xy was arbitrary, the inequality in (A.15) follows.
(ii) Now we assume that v > 0 and that © — 1»([0,2)) is regularly varying with index
a. The latter, together with Proposition A.4 (i) and Theorem A.2 (i), implies

(0%
7 dug(t) ~ Tun([1, 7)), — o0 A18
[ ~ e, e (A18)
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The monotonicity of ¢ — t” and (A.17) yield, for x > =,

/[1 )t"Y dv (t) < 27 ([1,2)) < 2711 ([0, 7)) < Ma"v,([0,2))

— Ma"uy([1,)) (1 + :EE);;D (A.19)

Since, by assumption, o > 0, we have v([1,x)) — oco. Together with (A.18) and (A.19),

this shows that I an(t)
t 1% t
lim sup L. Ma a 7.
z=oo Jj10) t’Y duvs(t) — «@

Now the assertion follows as in the proof of (i).
(iii) In the same way as in the proof of (ii), we obtain from Proposition A.4 (i) and
Theorem A.2 (i) that

/ t7 dy; () ~ i 27v([1, x)), x — 00,
[1,2)

a; +
for ¢ € {1,2}. From this the result follows since v;([1,x)) ~ v;([0, x)). Q
The next proposition contains asymptotic results about Stieltjes transforms of certain meas-
ures; it plays a key role in the proofs of some of the main results of the paper.

A.11 Proposition. Let v be a measure on [0,00). Further, let h : [0,00) — [0,00) be a
continuous function such that h(t) > 0 fort > 0 and h(t) ~ t7, t — oo, with v € R\ {0}.
Assume that

/ h(t) dv(t) = oo and / —=dr(t) < o0 (A.20)
[0,00) [0,00)

and define the measure o on [0,00) by
do(t) = h(t) dv(t), t € [0,00).
Then the Stieltjes transform S[o] is well defined and satisfies
1
— < §fo)(z) < 1, T — 0. (A.21)
x
Now let a > 0 and consider the following two statements:
(a) t—v([0,1)) is regularly varying with indezx o;
(b) Slo] is regularly varying with index o + v — 1.
Then the following relations are true.

(i) Assume that (a) holds. Then o+~ € [0,1].
If a > 0, then (b) holds and, as x — oo,

v—1 1
sm(7r a +7)) 27 v([0,2)), a+vy€(0,1),
g t’y 1 dt _o
Sl ~ 17 /. ; a+7=0, (A.22)
a/ 7 2u([0, 1)) dt, atvy=1.

Ifa=0 and vy € (0,1), then
Slo](z) < 27w ([0,2)), T — . (A.23)
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(ii) If (b) holds and av+y > 0, then also (a) holds.

Proof. The relations in (A.20) imply that the Stieltjes transform S[o] is well defined and
that the measure o is infinite. Hence (A.21) follows from Remark A.6.
(i) Assume that (a) holds. It follows from (A.20) that f[l o) U7 dv(t) = oo and

f[l 00) t7~1 du(t) < oo, which, by Proposition A.4 (i), yields that a+~ > 0 and a+vy—1 < 0.
Let us first consider the case when o > 0. The first relation in (A.20) and Proposi-
tion A.4 (i) imply that, as x — oo,

a([0, ) N/u )ﬂ du(t) Na/lwﬂlu([o,t))dt (A.24)

and that z — o([0,2)) is regularly varying with index « + . Hence we can apply The-
orem A.7 to deduce that (b) holds and that

12
where Cyy~ is defined in (A.9). If &+ < 1, then Theorem A.2 (ii) and (A.24) yield

Slo](z) ~ 5 ff;*l S ”(g’ ) oy foji = % /1 7 u([0, 1)) dt.

Solia) ~ Cars [ D5 (4.25)

In the case when a + v = 0, the first fraction in front of the integral is equal to 1. If
a+ 7 € (0,1), we can apply Theorem A.2 (i) to arrive at

aCayy 1 1 (0. 2)) — TQ
([0, )) sn(r@ )

Slo(x) 277 w([0,2)),

Nl—oz—7 x'a—i—w

which proves (A.22) in the first two cases.
Now assume that o+ v = 1. We obtain from (A.24) and Theorem A.2 (i) that

U([07 1‘)) ~ ogx'yz/([()’ CL‘)),
which, together with (A.25), implies that

S[o](z) ~ aCy / T 2(0,0)) dt,

which proves (A.22) in the third case.
Let us now assume that « = 0 and v € (0,1). It follows again from Proposition A.4 (i)
that

U([O,x))w/{l - dy(t)<</1xt’*—1u([o,t))dt. (A.26)

Define the measure 1 on [0,00) by du(t) = "~1v([0,¢)) dt. Then

/ ld/,l,(t) :/ t72p([0,1)) dt < oo
[1,00) [1,00)

since the integrand in the second integral is regularly varying with index v —2 < —1. From
Theorem A.2 (i) we obtain that « — pu([0,z)) is regularly varying with index v, and (A.26)
implies that

([0, 7)) = /Oz P[0, ) dt > ([0, 2)).

Hence we can apply Lemma A.9 and Remark A.8 to deduce that

Slo)) < 8lpl(e) ~ L A1)
™ l ® y-1, N .lx’YV N
- sin(my) @ /0 ! ((0,2)) dt sin(my) =z (10,2)),
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which proves (A.23).

(ii) Assume that (b) holds and that oo+~ > 0. It follows from Theorem A.7 that
x +— o([0,2)) is regularly varying with index a + . Since dv(t) = ﬁ do(t), t € (0,00), we
obtain from Proposition A.4 (i) that (a) holds. Q

The following example shows that the implication (b) = (a) is not valid in general if a4+~ = 0.
The example is also used in Examples 4.9 and 5.3.

A.12 Ezample. Let h : [0,00) — [0,00) be a continuous function such that h(t) > 0 for
t > 0 and h(t) ~ t7 with v < 0. Further, let o be the discrete measure on [0,00) as in
Example A.5, i.e. with point masses o({e¥}) = 1, k € N. Let v be the measure on [0, c0)
such that do(t) = h(t) dv(t), t € (0,00) and v({0}) = 0; it is also discrete and has point

masses 1

v({eF}) = h(eR)’ keN.

Since

/[Om) h(t) du(t) = /[Om) do(t) = oo,

h(t) _ 1 = 1
/[Om) 2 v = /[Om) o)=Y o <o,

k=1

condition (A.20) is satisfied. Example A.5 shows that the distribution function ¢ — o([0,t))

is slowly varying. Hence, by Theorem A.7, 8[o] is regularly varying with index —1, i.e. (b)

in Proposition A.11 is satisfied with a4+ —1 = —1. Note that ¢([0,¢)) ~ logt and therefore
log x

Slo](x) o T — 00, (A.27)

by Remark A.8. On the other hand, Example A.5 with g such that g(t) = ﬁ, t €[1,00),

also implies that

v v(0.a) = [ g dot) = )
0,z

with f from Example A.5, is not regularly varying, i.e. (a) in Proposition A.11 is not satisfied.

Hence the implication (b) = (a) does not hold in general when o+ v = 0. O

Finally, we need a comparison result for Stieltjes transforms of measures as in Proposi-
tion A.11.

A.13 Lemma. Let vy,v5 be measures on [0,00), let h : [0,00) — [0,00) be a continuous
function such that h(t) > 0 fort > 0 and h(t) ~t7, t — oo, with some v € R\ {0}. Assume

that ”
/ h(t) dva(t) = o0 and / Y () < o0 (A.28)
[0,00) [0,00) 1+t
and define the measures o; on [0,00) by do;(t) = h(t) dv;(t), t € [0,00), ¢ € {1,2}. Further,
assume that t — v9([0,1)) is reqularly varying with strictly positive index and that the limit

(0.1
th o (0,0)) (A.29)
exists in [0,00). Then S[o1] is well defined and
tim S10U@ _ o, (0.0 (A.30)

00 8[0'2](33) t—>00 l/g([O,t
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Proof. Since f[l 50) t7"1dis(t) < oo by (A.28), we can use the existence of the limit in

(A.29) and Lemma A.10 (i) (when v < 1) or Lemma A.10 (ii) (when v > 1) to deduce that
f[l’oo) t7~1duy(t) < oo (for v = 1 this follows directly). Hence S[o1] is well defined.

Denote the limit in (A.29) by c¢. Let us first consider the case when ¢ > 0. Then
t — 1v1([0,t)) is regularly varying with the same index as ¢ — v2([0,t)), and f[l,oo) t7 duy (t) =
oo (again by Lemma A.10). We now obtain from Lemma A.10(i) (when v < 0) or
Lemma A.10 (iii) (when 7 > 0) that

tY duvy (t
i 0(0.2) S ()

w00 09([0, 7)) w0 f[lw) O dva(t) “

By Lemma A.9, this implies that (A.30) holds.
Now assume that ¢ = 0. From Lemma A.10 (i) and (ii) we can deduce that

01([0,x))x/[1 )ﬂ duv (t) < /[1 )t”’ dusa(t) ~ o2([0, 2)),

which, together with Lemma A.9, yields (A.30). Q
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