Estimates for the Weyl coefficient of a
two-dimensional canonical system
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Abstract. For a two-dimensional canonical system y'(t) = 2JH (t)y(t) on some interval (a,b) whose
Hamiltonian H is a.e. positive semi-definite and which is regular at a and in the limit point case at
b, denote by g its Weyl coefficient. De Branges’ inverse spectral theorem states that the assignment
H — qpg is a bijection between Hamiltonians (suitably normalised) and Nevanlinna functions.

We give upper and lower bounds for |gu(2)| and Im ¢y (z) when z tends to ico non-tangentially.
These bounds depend on the Hamiltonian H near the left endpoint a and determine |gm (z)| up to uni-
versal multiplicative constants. We obtain that the growth of |gx (2)] is independent of the off-diagonal
entries of H and depends monotonically on the diagonal entries in a natural way. The imaginary part
is, in general, not fully determined by our bounds (in forthcoming work we shall prove that for “most”
Hamiltonians also Im ¢g (2) is fully determined).

We translate the asymptotic behaviour of gy to the behaviour of the spectral measure pp of H by
means of Abelian—Tauberian results and obtain conditions for membership of growth classes defined
by weighted integrability condition (Kac classes) or by boundedness of tails at oo w.r.t. a weight
function. Moreover, we apply our results to Krein strings and Sturm-Liouville equations.
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1 Introduction
We study two-dimensional canonical systems
/
y'(t) = 2JH(t)y(t),  te€lab), (L.1)

0

where—oo<a<b§oo,]::(1

satisfy

Bl), z € C, and where the Hamiltonian H is assumed to

> H € Ll (la,b),R?*?) and {t € [a,b): H(t) =0} has measure 0;

loc

> H(t) >0, t € [a,b) a.e. (in the sense of positive semi-definiteness);

> H is in the limit point case at b, i.e.
b
/ tr H(t) dt = oo. (1.2)

Differential equations of this form appear frequently in theory and applications. They can
be shown to be a unifying framework for classical equations like Schrodinger equations, Krein
strings, Dirac systems, and others; see, e.g. [34, 23, 37, 36]. For the relevance (and origins) of
canonical systems in natural sciences we refer to [1, 8, 10, 33, 38].



In the spectral theory of equation (1.1) the notion of the Weyl coefficient qi associated with
a Hamiltonian H plays a crucial role. The construction of g goes back to H. Weyl [40] and is
based on a nested discs argument; see (2.2) below for the definition. The Weyl coefficient is a
Nevanlinna function, i.e. it is analytic in the open upper and lower half-planes CT and C~, it is
symmetric in the sense that ¢y (Z) = qu(z), and Im gy (z) > 0 for z € C*. Being a Nevanlinna
function, gy admits the Herglotz integral representation

1 t
t—z 14+1t2

qu(z) = ag + Puz+ /R( ) dpg (t), z € C\R, (1.3)

where ag € R, By > 0 and pupy is a Borel measure on R that satisfies fR dl“_ftgt) < oo. The
differential operator corresponding to (1.1) is unitarily equivalent to the multiplication operator
with the independent variable in the space L?(jufr), and the unitary equivalence is established
by a natural integral operator (if Sy > 0, then the differential operator is multi-valued and a
point mass at infinity has to be added). For this reason ug is called the spectral measure of
H. The famous inverse spectral theorem of L. de Branges [5] states that for every Nevanlinna
function g there exists an essentially unique Hamiltonian H such that ¢ = qg. Up-to-date
references for the spectral theory of canonical systems are [13, 35, 36].

Having the — essentially one-to-one — correspondence between Hamiltonians on the one
side and their Weyl coeflicients or spectral measures on the other side, it is a natural task
to relate properties of the one to properties of the other. Both directions in the de Branges
correspondence involve limiting processes. This makes the correspondence difficult to handle,
but also intriguing to investigate.

There are indeed several properties which can — fully or partially — be translated. Some of
them instantiate the following principle.

The behaviour of the distribution function of the spectral measure towards +oo cor-
responds to the behaviour of the Hamiltonian locally at the left endpoint a.

Usually it is not difficult to find Abelian-Tauberian theorems which allow to translate the
behaviour of tails of ugy at +00 to the behaviour of its Herglotz integral gy at ico (also called
the high-energy behaviour of qg). Thus, when seeking theorems which instantiate the quoted
principle, the essence is to translate properties of qg locally at ico to properties of H locally
at a. In the present paper we contribute to this family of results. Namely, we prove upper
and lower estimates for the modulus and the imaginary part of gy locally at ico in terms of
integrals of the Hamiltonian in a neighbourhood of the left endpoint a.

For Sturm-Liouville equations such estimates go back to, at least, [15], [2] and [3]; for Krein
strings estimates for the principal Titchmarsh-Weyl coefficient were proved in [24] and [25]; for
Jacobi operators in [16]; for canonical systems some results were obtained in [44]. Estimates of
the distribution function of the spectral measure are studied in, e.g. [30] for Sturm-Liouville
equations and [20] for strings. A detailed discussion of related work is given in Section 6.

The following theorem is our main result. We establish an explicit quantitative relation
between ¢y and H.

1.1 Theorem. Let H be a Hamiltonian defined on some interval [a,b) as at the beginning of
the introduction, and write

_ (M) ha(t) _ () ms)) _ [
H(t)—(h;(t) hz(t)), M(t) = (m;(t) mi(t)) ._/a H(s) ds. (1.4)

Assume that neither hy = 0 a.e. nor hg = 0 a.e. Fix a parameter n € (071 — %) and set

o= ﬁ —1€(0,1). Forr >0, let i(r) € (a,b) be the unique number that satisfies

2
(mamg) (i(r) = 1 - (1.5)
Further, set
A(r) = ml(i:(r)) L(r) :== A(r det M(t(r))



Then the Weyl coefficient qu associated with the Hamiltonian H satisfies, for each ¥ € (0, )
and r >0,

1+U+ si2n19 ! ; 1+U+ i2n19
(1_3 ) AW < Jan (re”)] € — 2 AQ), (1.6)
i l+o+ si1n19
|Regp (re")| < — == A(n), (1.7)
nsin ¥ 2
— 1—0o . o+
2 : “L(r) <1 WY < ST A (). 1.8
1+ |cos¥| 1+o (r) < Tm gz (re”) < 1-0 (r) (18)

Let us add some comments.
1.2 Remark.

(i)

(i)

(vii)

(viii)

Let us note that the inequalities in (1.6) can also be derived from [12, Theorem 3.2], which
is based on a completely different proof. However, the most involved part of our proof is
the proof of the first inequality in (1.8), which cannot be deduced from [12].

By the assumption that neither hy nor he vanishes a.e., the equation (1.5) indeed has a
unique solution for every r > 0. To see this, set

a :=sup{t € [a,b): my(t)ms(t) =0}, (1.9)

which is equal to the right endpoint of a maximal interval of the form (a, ¢) where hy =0
a.e. or hy = 0 a.e. if such an interval exists and equal to a otherwise. Then (mjims)’ =
hims + hamy > 0 a.e. on (a,b), and

b
}i_r}l})(mﬂt) + ma(t)) = /a tr H(s) ds = oc.

This implies that mimg is a strictly increasing bijection from [a, b) onto [0, 00). It follows
then from (1.5) that ¢ is a strictly decreasing bijection from (0,00) onto (d,b). Since
lim, o0 £(r) = @, the inequalities in (1.6)—(1.8) relate the behaviour of gz (re'?) as r — oo
to the behaviour of H(t) when t N\, d¢. This shows that the theorem is a perfect instance
of the above quoted principle at the level of the Weyl coefficient, in particular, in the case
when @ = a. Note that @ > a if and only if one of h; and ho vanishes locally at a; this
case is discussed in more detail in §5.2.

The constants in (1.6)—(1.8) are symmetric about 7 and depend monotonically on 1) on
(0, 3] and [%, ) respectively. Hence the estimates are valid in a sector around the positive
imaginary axis.

Alternative forms of A(r) and L(r) are given in Section 2.4. Examples to show how
Theorem 1.1 can be applied are discussed in Example 5.8 and Section 5.4.

Solving equation (1.5) may not be possible explicitly or computationally difficult. Using
monotonicity properties we can show weaker estimates for gy already from an estimate
of the solution. Details are given in Section 5.1.

Some properties of A(r) and L(r) and hence of gy (re?’) can be seen directly from prop-
erties of the functions m; without finding #(r), e.g. lim, o A(r) = 0 if and only if
limyg g % = 0; similar characterisations hold for liminf, ., A(r) = 0 or A being

bounded.

Some results about the spectral measure py (see (1.3)) are deduced in Theorems 4.10
and 4.17. There we deal with Kac classes, i.e. weighted integrability of uz, and bounded-
ness of tails of pug relative to a weight function.

Since the estimates in (1.6)—(1.8) are valid for all r € (0, 00), one can also obtain informa-
tion about the asymptotic behaviour of g (re??) as r — 0. For this one needs information
about m;(t) as t — b. This relates to the considerations in [44, §5].



(ix) The two cases that are excluded in the theorem are trivial: if h; = 0 a.e., then gy = 0; if
ho =0 a.e., then gy = . o

Using Theorem 1.1 we can prove an independence result and a comparison result for the absolute
value of gg. The first one is an immediate corollary, while the second one requires some
arguments; the proof is given in Section 3.3.

1.3 Corollary. Let H be a Hamiltonian defined on some interval [a,b). Then the absolute value
|qm (ir)] is, up to universal multiplicative constants, independent of the off-diagonal entries of
H.

1.4 Proposition. Let H and H be two Hamiltonians defined on some interval [a,b) such that
none of the respective diagonal entries hy,ha, hi, ho vanishes a.e., let & and a be as in (1.9)
corresponding to H and H respectively, and define m; and M analogously to (1.4).

Assume that there exist constants c1,c2,71,72 > 0 and a point a' € (max{a, CEL}, b] such that,
for all t € (max{a,a},a’),

ltrM(t) <tr M(t) < cptr M(2), (1.10)
1
my(t) < yma(t),  ma(t) < vema(t). (1.11)

Then there exist C > 0 and rog > 0, such that for all v > rg,
lqn (ir)| < Clqg(ir)].
The constant C depends on ¢y, ca, V1,72, but not on o', H, H. Moreover, ro = 0 when a’ = b.

Let us point out that some assumption on the absolute sizes of M and M has to be made in
order to have a chance for any kind of comparison result because otherwise, one could rescale
the independent variable without changing the Weyl coefficient. We use (1.10) since this is
sufficiently flexible in applications; note that it is clearly satisfied if both H and H are trace-
normed. Also note that none of the conditions in (1.11) can be removed as simple examples
show.

As a corollary of Proposition 1.4 we obtain a stability result.

1.5 Corollary. Let H and H be Hamiltonians defined on some interval [a,b) such that none
of the respective diagonal entries hy, ha, hy, hy vanishes a.e. Further, let o’ € (max{a, (gz}, b] and
assume that my < my and my < my on (max{a, cgz}, a'). Then there exists ro > 0, with ro =0
when o’ = b, such that |qg (ir)| < |[qz(ir)| on (ro,00).

Notation. In Corollary 1.5 and for the rest of the paper we use the following notation. We
write f < g if there exists ¢ > 0 such that f(r) < eg(r) for all r, and we write f =< g if
< g A g=< f. Moreover, we use the notation f < g for % — 0. We deliberately do not always
specify the range of values of r; one can think of r belonging to a certain portion of the ray
(0, 00), or to some sequence tending to co, or similar.

About the method of proof

The proof of Theorem 1.1 is based on the geometric idea to directly estimate Weyl discs. It
follows the approach of H. Winkler in [44].

Recall Weyl’s nested discs construction: from the fundamental solution of the system (1.1)
a family of discs €2 . is built; see §2.1 for details. Here the parameter ¢ ranges over [a,b), and
the spectral parameter z lies in the open upper half-plane. For each fixed z € C*, the discs
Q;,, form a nested family, and, due to our assumption that fj tr H(s) ds = oo, they shrink to a
single point when ¢ approaches b. The function gp is then defined by (¢ (4 ) .2 = {qu(2)}-

The radius of the Weyl disc €2 ;, built at a point in ¢ and a point ¢r in the plane decays to
0 not only for each fixed r» when ¢ increases to b, but also for each fixed ¢ when r increases to



oo. Hence, when looking at large r one can afford to use t close to a and still have a relatively
small Weyl disc!.

To produce estimates for qg, we start from the fact that centres and radii of Weyl discs
Q. can be expressed explicitly in terms of the fundamental solution. Then we

> prove estimates for the power series coefficients of the fundamental solution;
> use these estimates to determine the leading terms of centres and radii of Weyl discs;
> deduce estimates for qg.

The first step is the technical core of the proof. It can be carried out only when (¢,7) lies in
the region indicated in the following picture, and this explains the role of equation (1.5): it
describes the border of our method to prove coefficient estimates.

r
A border of the method: 472 (myma2)(t) = 1>

shrink

ﬂ

Qi i — shrink

() O

Figure 1: admissible region for coefficient estimates

Since A(r) always correctly describes the absolute value of g (i), and — as we shall see later —
the lower bound L(r) is in many situations correct, it seems that this border occurs not “just
because of the method”, but for intrinsic reasons.

Further perspective

The present work is part of a series of papers where we investigate the high-energy behaviour
of the Weyl coefficient. The other parts which are already — or will very soon be — available,
are [32, 26, 28]. In [32] limit points of ¢y (ir) for r — oo are investigated. The contents of the
other two papers is discussed below.

Let us first make three observations about Theorem 1.1.

@ The absolute value of gg is fully determined by (1.6) up to some universal constants, while
(1.8) gives only estimates for the imaginary part of the Weyl coefficient:

L(r) S Imgg(ir) < |qu(ir)] < A(r).

@ The lower bound L(r) becomes smaller when the relative size of the off-diagonal entries of
H becomes larger.

IThis can be seen as a mathematical reason behind the principle that high-energy behaviour of g corresponds
to behaviour of H locally at the left endpoint, which we quoted at the very beginning. Another, maybe even
more striking, reason is established by a certain group action on the set of Hamiltonians, namely, by the group
of rescaling operators. This “rescaling trick” goes probably back to Y. Kasahara in [24].



® The bounds given in Theorem 1.1 involve universal constants which depend on the parameter
n. Consider, for example, the constant on the right-hand side of (1.6). Its value can be
minimised by making an appropriate choice of 1, but this minimum is larger than 1.

Each of these observations gives rise to a natural question.

Question concerning observation @.

If L(r) < A(r), then clearly Im gy (ir) < |gg (ir)|. What happens if L(r) < A(r)?
Im g (ir)
lqm (ir)]
different methods from the presently developed ones, namely, a refined variant of Kasahara’s

rescaling trick. We settle the above question on a qualitative level in [26], where we prove
that the lower bound L(r) is sharp in the sense that L(r) < A(r) if and only if Im qp (ir) <
|grr (ir)]. Moreover, we characterise this situation explicitly in terms of H and see that for
“most” Hamiltonians L(r) < A(r) holds. This confirms the intuition familiar from complex
analysis that “usually” Im gy (ir) =< |qg (ir)].

Investigating the relation between the gaps % and more closely, requires very

Question concerning observation @.
Does Im gg (ir) show the same behaviour as L(r), namely that it becomes smaller when the
relative size of the off-diagonal entries of H becomes larger?

There are indications that this is the case; see, for example, the main theorem in the
forthcoming [28]. However, we have no general result confirming this, and it seems that the
question is very much related to what is stated as an open problem below.

Question concerning observation @.
When does ¢y have an asymptotic expansion at 1007

With the present Theorem 1.1 we cannot possibly exclude that |gg (ir)| oscillates between
the bounds given by (1.6); cf. Example 5.11. Dealing with asymptotic expansions requires
different methods. We answer this question in [28], where we characterise the presence of a
regularly varying asymptotic explicitly in terms of H. The idea will again be to apply a variant
of Kasahara’s trick already mentioned above.

r)

An open problem. Is it possible to quantitatively compare the gaps % Imaulin)

g Gir)[
particular, we do not know whether there exist a Hamiltonian with L(r) =< Im gy (ir) < |qu (ir)].

It seems that none of the presently available methods is suitable to attack this problem.

and

Let us give an overview of the contents of the paper. In Section 2 we present some prelimin-
ary material that is used in the proof of the main theorem, in particular a discussion about Weyl
discs, a power series expansion of the fundamental solution of (1.1) and some matrix algebra
that is useful for estimates of the coefficients of the power series. Section 3 contains the proofs
of Theorem 1.1 and Proposition 1.4. In Section 4 our estimates for the Weyl coefficient are
related to estimates of the spectral measure. In particular, we prove characterisations for pg
belonging to some Kac classes and for the distribution function of uy satisfying certain growth
estimates. Section 5 contains further results, which complement Theorem 1.1. In particular,
we prove a monotonicity property; we discuss the situation when hy or hy vanishes on neigh-
bourhood of a; we study a rotation transformation that improves the bounds in (1.6)—(1.8)
in certain situations; we discuss some examples; and we express A(r) in terms of the mass
function of a related Krein string. Finally, in Section 6 we apply our theorems to Krein strings
and Sturm—Liouville equations, and relate our results to previous work in the literature. Two
appendices collect some facts about regularly varying functions and generalised inverses.

Acknowledgements. The second and third authors were supported by the project P 30715-
N35 of the Austrian Science Fund (FWF). The third author was supported by the joint project
I 4600 of the Austrian Science Fund (FWF) and the Russian foundation of basic research
(RFBR).

2 Weyl discs and matrix algebra

In this section we collect some preliminary information.



2.1 Centre and radius of a Weyl disc

We recall the definition of the Weyl discs €2 . and a basic formula for their centres and radii.
Let W (t, z) be the (transpose of) the fundamental solution of the system (1.1), i.e. the unique
2 x 2-matrix-valued solution of the initial value problem

0
SW ()T = Wt 2)HE), e fab),

Wi(a,z)=1.

Equivalently, W(t, z) is the solution of the integral equation
t
Wt 2)J — J = z/ Wi(s,2)H(s)ds, € ab). (2.1)

Note that the transposes of the rows of W are solutions of (1.1). Writing W(t,z) =
(wu(t,z) wlg(t,z)

wgl(t,z) w22(t,2)
under the fractional linear transformation

), the Weyl disc €, is defined as the image of the closed upper half-plane

w11 (L, 2)¢ + wia(t, 2)
wa (t, 2)C + waa(t, 2)

(>

The Weyl discs are nested: €, . 2 €y, . when a <t <ty < b. Since we assume that H is
in the limit point case at b, i.e. (1.2) holds, the Weyl discs € , shrink to a point as t — b for
z € C\ R. This point is denoted by gg(2), i.e.

g (2) = lim (B 2)C + wia(t, 2)

t—b woy (t, 2)C + waa(t, 2) ) z € C\R, (2.2)

independent of (, and qg is called the Weyl coefficient associated with the Hamiltonian H.
The centre and the radius of €}, , can be expressed in a neat way using the function

W(t,z)JW(t,z)* —J
2i(Im z) ' (23)

Vit z):= / W (s, z)H(s)W(s,2z)" ds =

the second equality in (2.3) follows from, e.g. [13, (2.5)].

2.1 Lemma. Let z € C* and let t € (a,b) be such that ha|(a4) # 0. Then the Weyl disc Q .
is the closed disc with
1 1

b(t,z) . -
a(t,z)+z2(1mz)a(t,z) radius: 2(Im 2)a(t, 2) (24)

where a(t, z) and b(t, z) respectively denote the (2,2) and the (1,2) entries of V(t, z).

centre:

This is folklore and can be found, for instance, implicitly in [44, §3]. For the convenience of the
reader, we recall the argument.

Proof of Lemma 2.1. Let (Z; Z;z) € C2%2 be an invertible matrix such that Im(agazy) > 0,

annw+taiz
aziw+azz

and consider the fractional linear transformation w — . The image of the closed upper

half-plane under this map is the disc with

a12021 — A11022 .
centre; ——— radius:

a22021 — A21022

11022 — A12021

(2.5)

a22021 — 21022

Note that the condition Im(ag2@z1) > 0 is equivalent to the fact that the image of the closed
upper half-plane is a disc.



For each ¢ € (a,b) and z € C*, the Weyl disc €, , is the image of the closed upper half-
plane (considered on the Riemann sphere) under the fractional linear transformation ¢

w1 (¢,2)C+wiz(t,z) .
—wi(t,z)c—&-wi(t,z)' From (2.3) we obtain

wns (b, )BT T) — wm (£, 2) a2 = (2) * (Wit 27w (t,2) ~ J] (?)

— 2i(Im 2) ((1)>*V(t,z) (?) — 2i(Im )a(t, 2) (2.6)
and

wia(t, 2)war (6, 2) — wir (L, 2)waa(d,2) + 1 = ((1)) ) [W(t, D IW(t, 2)* — J] (?)

— 2i(Im ) ((1)>*V(t,z) ((1’) — 2i(Tm 2)b(t, 2). (2.7)

With v(t, z) = (w“(t’z)), which satisfies (1.1), we have

’u)22(t72)
t
a(t, z) = / v(s, 2)*H(s)v(s,z)ds > 0.

Assume that a(t, z) = 0. Then H(s)v(s, z) = 0 a.e. and hence v is constant. by (1.1). The initial
condition W(a, z) = I yields v(t,z) = ((1)) This, in turn, implies that ho(t) = 0 a.e. on (a,t),
which is a contradiction to the assumption. Therefore Im(was(t, 2)wa1 (¢, 2)) = (Im 2)a(t, z) >0
for z € CT. Hence we can apply (2.5), which, together with (2.6) and (2.7), yields that the
centre of the disc is

wia(t, 2)war (t, 2) —wii(t, 2)wae(t,z)  2i(Imz)b(t,z) —1  b(t,2) v 1

w22 (t7 Z)w21(ta Z) - w21(t7 Z)w22 (t7 Z) 2Z(Im Z)(l(t, Z) a(t’ Z) 2(Im Z)Cl(t, Z) ’

and its radius is
1 1

|w22(t,z)w21(t,z) — wgl(t,z)wgg(t,z)‘ B 2(Imz)a(t7z) ;

this proves (2.4). Q

2.2 The power series expansion of V(t, z)

For t € [a,b) let W, (t) be the coefficients in the power series expansion of W(t, z), i.e.
W(tz) =Y Wat)z". (2.8)
n=0

This series converges uniformly on every compact subset of [a,b) x C. The integral equation
(2.1) for W(t,z) shows that the coefficient sequence (W, (t))52, is given by the recurrence
relation

Wo(t) = I,
' (2.9)
Wi (1) = / Wi (s)H(s) ds - (—J), n > 0.
The latter implies that
Wy(a) =0, n>1; (2.10)

W,(t) eR?**2. n >0, t€a,b).

Plugging the power series expansion of W (¢, z) into the definition of V(t, z) in (2.3) we obtain

V(t,2) = i ( / W (s)H (5) W ()" ds) g,

n,m=0 a



Setting
t
()= [ W H () Wonls)” ds
we have, for z = re'?,

o0

!
V(t,rem) = Z( an,ln(t)ew@””)rl. (2.11)
n=0

1=0
Note that the coefficients , ., satisfy the symmetry property au, » = oy, .
Let us list a couple of properties of the function M defined in (1.4).

> The recurrence relation (2.9) implies that W;J = M, which, together with the symmetry of
M shows that
—JW{ =Wy J. (2.12)
> The symmetry of M also implies that M JM = (det M)J, and consequently,
WiW;, = —(det M), Wi JWT = (det M) J. (2.13)

> Since M is the primitive of a pointwise positive semi-definite matrix function, M is itself
positive semi-definite and M (t) < M(s) whenever ¢ < s.

2.3 Some matrix algebra

We frequently use certain algebraic manipulations with matrices. In order to present arguments
in a clean way, it is practical to introduce the following operations and relations for matrices.
2.2 Definition. For U = (u;;)7 ;= € C**? set

|U| = (|“ij‘)ij=1'

For U = (u;;)? U= (ﬁij)%jzl € R?*2 define

ii=1
U=U & uy <y, i,jc€{l,2}.
O

We will use without further notice a couple of simple properties and rules for these operations
and relations. A list of these rules can be found in [27, Lemma 2.3].

2.4 Alternative forms for the bounds A(r) and L(r)

In this short subsection we consider some reformulations of ¢, A(r) and L(r), which are used in
the proofs of Theorem 1.1 and other results in later sections. Let us set

A1) == g(ml(t)mg(t))‘%, t e (ab), (2.14)

which is the solution for 7 of the equation (1.5). It follows that # and # are inverses of each
other. In particular, r = Z(myms)~2 (£(r)), which implies the representations

Alr) = 2 i) = 5L s (2.15)
2 rdet M(t(r 4 .
Lir=" W = 7 det M) - Alr). (2.16)
Let us also note that the function % is non-decreasing since
d (detM(t)\ 1
i () = e 0+ et = 2maimitoso)]

L (ma(t) \T (ha(t) hs(t)) [ ma(t)
 oma(t)? <—m3(t)) <h3<t) h2(t)> (—mg(t)>>0’ (2.17)

This is also used in later sections.



3 Proof of Weyl coefficient estimates

In this section we prove Theorem 1.1 and Proposition 1.4. This is done by establishing bounds
for the coefficients o, ., (t) of the expansion (2.11) and some related quantities in terms of

M) = < ma () m1<t>m2<t>> |
ml(t)mg (t) mo (t)

and
mT(t) =2 \/mq(t)ma(t).

Observe the following properties of M ™ (t) and m™ ().

3.1 Lemma. With the notation introduced in Definition 2.2 we have
t
6) M) = [ ()]s = M0

(il) (MT@)|J))" M) =mT@O)"MT(t), n>0;
(iii) Vs <t. MT(s) 2 MT(t) A mT(s) <m™T(2).

Proof. The first inequality in (i) is clear. Consider the second inequality. The diagonal entries
of the left-hand and right-hand sides actually coincide. Since H(t) > 0, also |H(t)| > 0, and
hence [ |H(s)|ds > 0. Thus my(t)ma(t) — ([ |hs(s)| ds)” > 0.

Item (i) follows from a general observation. Consider a matrix U = (u;)7 ;_; € R**? that
is of the form U = afy} with some «, ¢ € R where {4 := (cos ¢,sin ¢)*. Then

(UIINU = ageyld| - alpll = aly - a&l €y - &
=ay - a2cos psing - £ = 2ug - afpll = 2u12U.

Thus, inductively,
UJ)"U = (2ui2)"U, n>0.
The matrix M (¢) is symmetric with determinant zero, and hence of the considered form.

Ttem (iii) is clear since m; and my are non-decreasing,. |

3.1 Bounds involving A(r)

In order to obtain the bounds (1.6), (1.7), and the estimate from above in (1.8), it is enough
to have the following crude estimate.

3.2 Lemma. We have
(W ()] = m* ()" M ()], n>1, (3.1)

and
‘an,m(t” = m+(t)n+mM+(t)7 n,m > 0.

This statement has been extracted from the personal communication [43] by H. Winkler?. Since
this communication remained unpublished, we provide a complete proof.

Proof. To see (3.1), we use induction on n. First, observe that

) = | [ as 0] 2 [ 1)1 <o)

2The proofs of the main results of [44] use the estimate [44, Lemma 3.2] of power series coefficients whose
proof contains a mistake (and whose assertion is most probably wrong). However, the theorems stated in the
paper are still correct. They can be proved using a weaker form of [44, Lemma 3.2], which does hold. This is
shown in [43], and Lemma 3.2 is nothing but a clean formulation of the relevant argument.
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by Lemma 3.1(i). Second, with Lemma 3.1(ii) we obtain

n+1 | -

s ()| < [ W1 as- 1

< / m* (s M )T H(s)) s - 7] = m* (1) M (8] / H(s)| ds - |J]

=) ME@I M) - |T] = mF ()" M ()] ],

which proves (3.1).
Now we use (3.1) to estimate a, ,(t). For n,m > 1 we have

|anm |</ |Wn )| ‘W ()‘*ds

=2 / m*(s)" T TEM T (s)| | - [ H (s)] - [J|M 7 (s) ds

<t (R ()] - / |H(s)| ds - |J|M* (1)

< m+ (t)n+m—2M+( )|J| M+ |J‘M+( ) =< m+(t)n+mM+(t)
For the case when n or m is equal to zero, the asserted estimate is obtained in an analogous

way. The necessary computation can be found in [27]. a

Proof of Theorem 1.1 (upper bounds). Let H,n,0,t(r) and ¢ € (0,7) be as in the formulation
of the theorem. Note that (1.5) is equivalent to rm™ (¢(r)) = n. Using (2.11) and Lemma 3.2
we obtain

|V(t°(r), 7"6“9) — M(i(r

5i(zam (i) )

(Z i n 119(271 l)?“

=1 =
< (Z(z n 1>m+<t°<r>>lrl)M+<t°<r>> _ (Z(l n 1>nl)M+<i’<r>>.
=1 =1
We have - -
I _ k-1 _q_ L o _
;(Hl)n —;Im l=q—p 1= (3.2)

and this implies that

|a(t°(7')7re“9) — mg(to(r))| < Umg(f(r)),

|b(E(r), re™) — ma(i(r)| < o/ (mama)(i(r)) = 2.

2r
Remembering that ms3(t)? < (m1ms)(t), we therefore obtain
(1 —o)ma(E(r)) < a(E(r),re™) < (1 + o)ma(t(r)), (3.3)
; 9 (IL+o)n : an
[b(E(r), re)| < 5 Imb(t(r),re™) < 5
Note that the assumption n € (0,1— f ) implies that o € (0,1). Now it follows from Lemma 2.1
that (recall from (2.15) that A(r) = 4 Tmzl(t(r))
. b(t(r), re’” 1
ey < MEORrEN 1
a(t(r), ret?) 2(rsin®d)a(t(r), retv)
(1+o)n 1
S 2r _ + - _
(1=o)ma(t(r)) (rsind)(1 — o)ma(t(r ))
(14’0')774’311”9 ) 10 _ 14+0+ 775””9 'A(?"),
2(170’) er(t(r)) 1—0

11



Re nor (re? Rebo(to(r)aréiﬂ) L .
| Renm(re”)| < a(t(r),re’) +2(7“811119)f1(t(7“)v7"6“9)

(140)n 1
< r 4 , .
(1 —=o)ma(t(r)) 2(rsind)(1 — o)mea(t(r))
— (1+0)77+si11119 . 1 _ 1+U+n~si1n19 . r
2(1—o0) rma(t(r)) -0 Alr),

T (rei? Im b(E(r), re’”) . 1
T gpy (re™) < a(t(r), rei?) 2(rsind)a(t(r), rei’)

< o > + L -

T (1 =o0)ma(t(r)) (rsind)(1 —o)ma(t(r))

T Sy

21 -0) rme(i(r) l-o Alr)- J

Proof of Theorem 1.1 (lower bound for the absolute value). Let the data be given as in the for-
mulation of the theorem. We use the already established upper bound for the Hamiltonian

~ ha  —hs
H:=-JHJ = .
—hs

With the obvious notation we have

1 . . 2 o
a5 = ——, mi = ma, MMy =m1, t(r) = t(r).
qH
Hence
~ me (L(r 1

and the upper bound from (1.6) gives

2

D) agr), a

1—0

| 1 1+o0+
’CIH(Te )’_ )| (

gz (re”

3.2 The lower bound for Im gy

The bound for o, ., (t) given in Lemma 3.2 puts absolute values everywhere and does not take
care of possible cancellations. Proving the lower bound of Im ¢g asserted in (1.8) requires more
delicate coefficient estimates.

We start with some preliminary computations.

3.3 Lemma. We have
/ W () H ()W (5)* dss = Wi (£) W2 (6) Wi (£)" + / W () W3 () H(3)Win_1(s)* ds
¢ ) ¢ (3.4)
—|—/ Wi_1(s)H (s)W1(s)* Wi (s)* ds, n,m > 1,

and

Wi (t) = W1 ())Wi(t) + (det M (£))Wi—2(t) + /t (det M (s))Wy—3(s)H (s)J ds

a

t
- / Wh_a(s)JW1(s)* - JH(s)J ds, n > 3.

12



Proof. The equality (3.4) follows from the definition of W,, by straightforward differentiation
which is omitted; the necessary computation can be found in [27].

To show (3.5), we use again integration by parts, (3.4) with (n,m) replaced by (n — 2,1),
and also (2.13) and (2.12):

t

(W (t) = Wo_o (YW (£) JW5 (£)]
/ Wh— 2 Wl JdS—/ W, — 3 (Wl( )Wl(s))*st
1 (OWi(t) — Wi—a(t) - (det M(2))] - J

- / Wh_2(s)JW{(s)- JH(s)J ds — / Wi—3(s)H(s)(—det M(s))I-Jds.

Set
Br,m (t) = Wy () JWp, ()", n,m >0,

and note that the symmetry relation B, (t) = — By, m(t)* holds.
3.4 Proposition.? For k,1 >0, (k,l) # (0,0) we have

|Boks1,2141(8)] < (det M(2)) - (14 3(k +1)) - m* (8)**HD=TM* (). (3.6)
Proof. We divide the proof into three steps.

@ Since the matrix on the right-hand side of (3.6) is symmetric, the stated assertion is sym-
metric in k and I. This means, it holds for a pair (k,!) if and only if it holds for (I, k).

@ We proceed by induction on k + . First, assume that k41 =1, i.e. (k,1) € {(1,0),(0,1)}.
By symmetry, it is enough to consider the case (k,1) = (1,0). Using (3.5), (2.13), (3.1) and
Lemma 3.1 we compute

|B3,1(t)] = [W5(t) - JW1(t)"]

_ ‘(Wg(t)Wl(t) + (det M (£))Wi(t) + / t(det M(s))H(s)J ds

- /t Wy (s)JWa(s)" - JH(s)J ds) JW(8)*

S W) - [ Wi @) JWi(2)" | + (det M) Wi (@)] - |J] - W (8)]*

=(det M(t))J

+/ (det M (s))|H(s)|ds - [W1(t)]*

[ WIS |- 1 ()] ds - W)
a S—

=(det M (s))J

= (det M () [Wa(8)[[J] + (det M (2)) W1 ()[[T]|W1(£)[*

T (det M(1) /|H )| ds - W3 (1)]*

+ (det M(#) /|H ) ds - W ()]

3Seeking a finer estimate of the form (3.6) was already suggested in [43] as a potential way to progress.
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= (det M(t))(mﬂt)M*(t)\Jl T+ M@ [T] - [TIME()
+ 20 (1) - |J] - M (1))
— 4(det M(£))m* ()M (1),
which is (3.6) for (k,1) = (1,0).

® Let (k,1) with k+1 > 2 be given, and assume that (3.6) holds for all (k',1") with k'+1' < k+1.
By symmetry, we can assume, w.l.o.g., that k& > I. Then, certainly, k > 1. It follows from (3.5)
that

Bokr1,2041(t) = Wap 1 () JW5; 4 (t)
= W (t) - Wi (t) Wy, (t) + (det M (2))Wap—1 (1) J Wy (t)

= [ (et M) War2(5)H(s) ds Wi (1)
+ / Waor—1(s)JW7 (s) - JH(s) ds - Wg,(t).

Let us estimate each term on the right-hand side separately. Using (3.1), the induction hypo-
thesis, (2.13) and Lemma 3.1(ii) we obtain

(War(t) - Wi () I Wara ()] = [War(8)] - [W1 () JWaiga ()]

< (M) {<detM<t>><1 +3)m* (O, 150
(det M(t))]J], 1=0
B mt()2FED=2 ()| J| M T (), >0
~ (e MO {m+<t>2“M+<t>|J|J7 =0
= (det M(t))(1 + 31)m* (¢)2FFD=1 A+ (1),
Moreover, (3.1) and Lemma 3.1 imply that
|(det M (t))Wap—1(t) JWarp1(£)*|

< (det M(£)m* (()X2MH (8)]J]- | 7] - m* (0 T|M* (8)

= (det M ())m™* (6)**FD2 M (1) | M (¢)

= (det M (t))m™ (t)>* D=1 Mt ()

and

‘ /at(det M (s))Wak—2(s)H(s) ds - W2l+1(t)*‘

< [ et MO Wara o)1) ds - [Wara ()]
t er s 2k—3 + s
</(detM(s))-{L (=M (1], i:}-m(snds
-m*(t)*|J|M*(t)

< (det M(1)) - {m+(t)2k_3M+(t)|J|, k> 1}./tH(S)|ds

I k=1
—_———
<M* (1)

-t ()T M* (1)
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< (det M(t)) - {m+(t>2(k+”_3(M+(f)lJ)2M+(t), k> 1
m*(t)21M+(t)\J|M+(t), k=1
= (det M (t))m™T (t)>*+D=1 0t (1),

Finally, we use again the induction hypothesis to show

‘ /t ng_l(S)le(S)* . JH(S) ds - W2l+1(t)*

= / [Wag—1(s)JWi(s)*| - [J] - [H(s)| ds - [Wa1(8)[*
b (det M(s))(1+3(k—1))mT(s)2*=D=1M+(s), k>1
j/a {<detM<s>>|J|, kl}
| J| - [H(s)] ds - mT(8)* | M (2)

(1+3(k —1))m*()?F-D=1M*(t), k> 1}

< (det M(t)) - {IJ, o

1] / ()] ds -m* (1)2!|T|M* (1)

————
M (1)

< (det M(t))(1+ 3(k—1))
' {m+(t)2(k_l+”_l(M+(t)|J|)2M+(t)7 k>1
m*T ()2 MT(t)|J|M*(t), k=1
= (det M(£))(1 + 3(k — 1))m ™ (£)2*+D=1 0+ (1),
Combining all estimates we obtain
|B2k+1,2041(8)| = [War1 (8) I Wi (£)]

< (det M(t))m™(¢)** O IMT @) - [(1+30) + 1+ 1+ (1+3(k—1))],

=1+43(k+1)
which finishes the proof. Q
We also need the following formulae that relate o, to Bk .
3.5 Lemma. We have
Anma1(t) = Anr1,m(t) = Bur1,mr1 (1), n,m >0,

ano(t) = Brr10(t), @on(t) =—PFont1(t), n > 0.
Proof. The first line follows since

d X * *
7 W1 (0T W1 (8)7) = Won (O H () Won1 (8)" = Wt () H () Wi (2)
and W,,(a) =0, n > 1. The second line is just the recurrence relation (2.9). a

Proof of Theorem 1.1 (lower bound for the imaginary part). Let the data be given as in the
formulation of the theorem. We first estimate Im gp7(2) along the imaginary axis. Let ¢ € [a, b)
and r > 0 and consider (2.11), which, for ¥ = 7/2, becomes

[e'S) l
Vit ir) =Y (Z an,ln(t)(—l)") (—a)lrt.

=0 “n=0

15



The coefficient of r! is
040,1( ) + o 0( ) = —Zﬂl 1( ) = —iW1(t)JW1(t)* = —i(det M(t))J
by (2.13), and hence

V(t,ir) — M(t) +i(det M(£)) T -r = (Z anyl,n(t)(fl)”) (—1)%!
=2 n=0
| even
e’} l
+1) (X anrmal(-1)7) ()50
1=3 n=0
! odd

The imaginary part of the right-hand side can be estimated with the help of Proposition 3.4;
namely, using Lemma 3.5 to join consecutive summands we obtain

( Xl: Om,l—n(t)(—l)n) (_1)%741
n=0

odd
- 5
= Z <Z [a2k,l72k(t) - azk+1,zzk1(t)})(—1)pr"‘l7“l
1=3 k=0
! odd
w~ 5t o 5t
= Z (Z |62k+171—2k(t)|>rl = Z (Z |52k+1,2(l_21k)+1(t)|>rl
1=3 k=0 1=3 k=0
! odd ! odd
-1 -1
< R o (4 2k —k) =1+ l
Z(;) (det M (t ))[1+3(k+ . k)} mt(1)20+ M*(t)r
! odd
= 1+1 31-1
= det M (¢) - ( % . 2m+(t)l_2rl>M+(t).
o

Using the definition of a(t, z) and b(¢, z) in Lemma 2.1 we obtain

| Im b(t, ir) — (det M (t))r| = ‘Im<<(1)>*V(t,ir) <?)) — (det M (t))r

) 1t s )

< <(1)>*det M(t) - (l: ”71 . 352—1m+(t)12r1)M+(t) ((1)>

I odd

< (det M(t))r- > W(mﬂwr)l*l

ll:d?)d
< (det M()r < (2k + 2)(3(Zk+ 1) —1) (m+(t)r)2k
k=1
— (det M(t))r - i k)2 (),
k=1

Recall that m* (£(r))r = 5. Moreover, it is easy to check that n < 3 implies

Bl

5 <1, ke N. (3.7
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Continuing the above chain of inequalities with ¢ = (r) and using (3.7) and (3.2) we obtain

. = 1
| T b(E(r), ir) — (det M(E(r)r| < (det M(i(r))r- 3k + 1) 222 3’” e
k=1
< (det M(£(r)))r- Y _(k+ 1)n* = o(det M(i(r)))r,
k=1

and hence Tmb(#(r),ir) > (1 — o)(det M (i(r)))r. This, together with (3.3) and Lemma 2.1,
implies that
(1 — o) det M(i(r))r 1l-0 7

_ Im b(E(r), ir)
man(in) 2 = i 2 At oymtr) 1o 220

which is the lower bound in (1.8) for ¥ = 7/2. Having an estimate along the imaginary axis,
(1.8) for general ¥ follows using a standard property of the Poisson kernel. Using the Herglotz
integral representation (1.3) of ¢y we obtain, for each ¥ € (0, ), that

) rsin g
Imgp(re”’) = ﬁHTSlnﬁ+/ [t —rei?|2 dpr (t)

pur (t)

> Barsi 19+/ rsind
111
= PH R(t2+r)(1+|cos19|)

sin ¢ r
> — —d t
_1+|C0819|<5H7ﬂ+/]}§t2+r2 MH()))

=Im qp (ir)

which finishes the proof of Theorem 1.1. a

3.3 The comparison result

Let H and H be Hamiltonians on [a,b) such that none of their diagonal entries vanishes a.e.
We use the freedom in the choice of the parameter 1 in Theorem 1.1, and therefore also make
a notational distinction: set

m (t(y) (7)) _
ma(t() (7))

for t € (a,b) and r > 0, where a is defined in (1.9). Moreover, recall that A, (r) can be written
as

(ma(Oma(t)) 2, Ay (r) =), Agy(r) =

Nl=

1\3\3

70‘(77) (t) =

2r o 1
A (r) = F ! (t(n)(r)) 211 m (3.8)

Analogous notation applies to H.

3.6 Lemma. Let ¢,y >0 and let t € (a,b). Assume that t < a or that

~ ~ 1
tr M (t) < ctr M(t), ma(t) < yma(t), mq(t) > §trM(t). (3.9)
Further, let n € (0, m [1- %]), and set
1 N 1+6+2 2
=10 \/207, &= 1, b= 2
R e E ( -6 ) i
Then
1
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Proof. First assume that t > a. Then, by assumption, (3.9) holds, from which we obtain
ma(t) < tr M(t) < c-tr M(t) < 2¢-my (t),

ma(t)ma(t) < 2ey - ma(t)yma(t),

and hence
. n 3 _NV2ey s N2
P (t) = §(m1(t)m2(t)) <5 (ma(t)ma(t)) 2 = r@)(t)
Since i‘g(ﬁ) is decreasing, it follows that
by (Fan (1) =t (P (1) = .
In the case when ¢t < & we have )
by (P (0) > a > t.
In both cases we can apply Theorem 1.1 to estimate
1 1+6+2\"t 1
s lan )| 2 (1et) A G ®
Foom 4 T ()] =5 ) ipn i)
146+2\"ty _ o 1+6+2\ 12 _
= (1 — ") = i (E) (Fp (1)) = (1 — ") FRCION

Q

Proof of Proposition 1.4. Let the data be given as in the statement of the proposition and
assume first that a’ < b. Choose 1 > 0 such that

1
max{n, N/ 2c171, 77\/20272} <1- ﬁ7
and set )
ro == max{#(,(a’), 7y (a’) }. (3.10)
Further, let » > rg. We distinguish three cases.

® Assume that Ag;)(r) > 1.
Set t := to(n)(r); then t € (a,a’). Since Ag,)(r) > 1, we have my(t) > ma(t), and hence
my(t) > 1tr M(t). Set

1 L+oy+ 2\ 2
N2 =1 - /2¢a2, 0y i=m ——e — 1, 0y i= <’72) =

(1 —mn2)? 1 -0 72
The assumptions of Lemma 3.6 are satisfied with ¢ = ¢3, v = 72, and hence
1 , _ d2 02 1
Sl (ir)| > 6y - ma(t) > = -ma(t) = = - ~A
T|QH(”')| > 0y -ma(t) > " my(t) M or (n)(T)
& o (Lto+INT! .
> == = . . A1
220 () ) (3.11)

@ Assume that g(m (r) <1.

We proceed similarly. Set ¢ := iz(n) (r); then t € (a,a’). Moreover, we have my (t) < my(t), and
hence ma(t) > & tr M(t). We apply Lemma 3.6 with —JH.J in place of H and —JH.J in place
of H. The assumptions of the lemma are now satisfied with ¢ = ¢1, v = 7. Set

1
m=mn-/2ca7, o1 =5 — 1, 01 =

1+01+n% —13
(1—m)?

m

].—0'1 ’
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then

1 —]. 1 . 51 — (51 77 ~ -1
z = g > 6 oma(t) > i) = 2L 14
T’qH(ir)‘ T|q sas(ir)| = 61 mz(),72 ma(t) - 27”[ o ()]
0 m 1+U+% . -
SR f (LI R P . 12
> 2| lagtin) (312)

® Assume that Ag,;)(r) <1 and Z(n)(T) > 1.
Then
l+o+2

1—0

2\ —1
. 1+0’+5
lqu (ir)| < —)

- gl (5

— 0

and we see that
l+o+2

2
antin) < (—ot) lag (il (3.13)

The above cases together cover the whole ray (rp,00). From (3.11), (3.12) and (3.13) we obtain
that, for all r on this ray, |gz (ir)| < C|qz(ir)| where C' is the maximum of the three terms

v 2(l+o+2 v 2(l+o+2 140+ 2\?2
0 g\ 1—0 )0 & p\ 1-0 ) 1-0 )
Observe that C' is independent of H, Handd. Finally, the statement that we can choose 7o = 0

when o’ = b follows from the fact that C' is independent of ¢’ and from (3.10), which shows
that rg — 0 as @’ — b. Q

4 Asymptotic behaviour of the spectral measure

Having available the estimates of the Weyl coefficient gy from Theorem 1.1, we employ Abelian—
Tauberian-type theorems to translate knowledge about the growth of Im gy (ir) for r — oo to
knowledge about the growth of the distribution function of the spectral measure pgy towards
infinity. This enables us to give conditions for weighted integrability and boundedness of tails
of py relative to suitable comparison functions. Thereby we use functions of regular variation
(see Appendix A) to compare with. This class of regularly varying functions provides a much
finer scale than just the class of power functions; see, e.g. Examples 4.13 and 4.21.

In this section we assume that neither h; nor hy vanishes in a neighbourhood of the left
endpoint a, i.e. we assume that @ = a, where @ is defined in (1.9). The reason is the following.
If h; = 0 in a neighbourhood of a, then the measure p g is finite and therefore the growth of the
distribution function of pg trivial. If Az = 0 in a neighbourhood of a, then the linear term Sy z
in (1.3) dominates the integral when z — oo non-tangentially. Hence the growth of Im g (ir)
does not determine the growth of the distribution function of the spectral measure pg. These
two special cases are considered in more detail in §5.2.

Throughout this section we use the following notation.

4.1 Definition. If p is a positive Borel measure on the real line, then we denote by fi the
push-forward measure of y under the map ¢ ~ [t|, and by i the distribution function of j.
Explicitly, this means

f([0,7)) = p((=r, 1)) = i(r), 720,  j((=00,0)) =0. (4.1)
O

4.1 Membership of Kac classes

Recall that a Nevanlinna function ¢ is said to belong to the Kac class with index « € (0, 2) if
the measure p in its Herglotz integral representation (cf. (1.3)) satisfies

d
/‘ p(r) “
g 14 [r[®
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and no linear term is present. These classes have been investigated for a long time because of
their role in the spectral theory of the string; see [21, 11.6°], [22, 18]. They are also known
to play a role in a broader operator-theoretic context [45, 14]. More general classes occur
in [20] where weighted integrability conditions for the spectral measure of a Krein string are
characterised in terms of the mass distribution function of the string. Kac’s result is formulated
in a way to allow arbitrary non-decreasing comparison functions, while we prefer to give more
explicit conditions on the cost of restricting the class of comparison functions to regularly
varying functions. See Appendix A for the definition and some properties of regularly varying
functions.

4.2 Definition. Let g be a continuous, regularly varying function with index o < 2 and
lim, o g (r) = co. We denote by M, the set of all positive Borel measures z on R such that

d(r) _
/[1,@ gl =
%

4.8 Remark. The assumption that o < 2 is natural. Namely, our aim is to relate the spectral
measure of a canonical system with the Hamiltonian of the system. Such measures are always
Poisson integrable, i.e. f[l 00) r=2dp(r) < oco.

Contrasting this, the assumption that lim,_, ., g (r) = co is a restriction. The necessity to
impose this assumption comes from the fact that finite measures p correspond to Hamiltonians
which start with an interval where h; = 0. Some cases of finite measures p can be reduced to
the case of an infinite measure. Explicit formulae that relate the Hamiltonians with spectral
measures p and t? du(t) are known; see [41, Rule 6]. Iterating these formulae and combining
them with our results below one can obtain corresponding results for a class of finite measures;
however, these formulae will be very lengthy (and presumably hard to apply in practice). Hence,
we do not go into further details in this respect. O

Theorem 4.10 below is a generalisation of [20, Theorem] to the case of a non-diagonal Hamilto-
nian; the connection is worked out in detail in Section 6.1. In the formulation of the theorem
we use the following notation: for a regularly varying function g with index a < 2 set

(1) = /j ﬁ dt, r>1. (4.2)

By Karamata’s theorem (see Theorem A.4 (i)) the function g, is regularly varying with index
2 —«a, and

g (r) (4.3)

r? _
>>m, a=2.

For the following, it turns out to be more convenient to use a slight modification of the class
My,.

4.4 Definition. Let g be a regularly varying function with index a < 2 and lim; . g (1) = co.
We denote by M, the set of all positive Borel measures p on R such that

/100 ﬁ(r)g*(r) dr < oo,

r3

where i and g, are defined in (4.1) and (4.2) respectively. O
For v € (0,2) the classes M, and ./\7191 coincide as the following proposition shows.

4.5 Proposition. Let g be a regularly varying function with index o < 2 and lim, o g (1) =
0.

(i) If o €(0,2), then My, = M,.

(ii) Ifa =0 ora =2, then M, C M,.
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(iii) If o € [0,2), then
d

rg(r)

o0
peEM, & / (r) < 0.
1
(iv) If a € (0,2], then
EM, & / h u(r) dr <
I i(r)——= < o0
¢ 1 rg(r)

Before we prove Proposition 4.5 we formulate a lemma about integration by parts in a measure-

theoretic form; see, e.g. [19, Lemma 2]. An explicit proof can be found in [27].

4.6 Lemma. Let —o00 < a < b < oo and let p and v be positive Borel measures on [a,b). Then
/[ a0y vy = /[ D) () (4.4)

If these integrals are finite, then }inll, w(la, £))v([t, b)) = 0.
—

Proof of Proposition 4.5. If floo tdﬁ < 00, then
- 1
/w<ﬁ =g «>0

tq (1) > 1 a=0, (45)

by Theorem A.4 (ii). Using (4.3), Lemma 4.6 and (4.5) we then obtain the following implica-
tions:

3

if o <2 oo 0 1

{‘:’} / () dr<oo & /(/ dt)dﬁ(r)<oo
ifi}Q 1 TQ_(T) r tg(t)

[1,00)

ifa>0 d~

{‘:’} / A e o pe Mg,
) g(r)

which shows all assertions. 4

The following proposition contains the core of the argument in the proof of Theorem 4.10 below.
However, it is more flexible and is also used in Section 6.1.

4.7 Proposition. Let H be a Hamiltonian defined on some interval [a,b), and assume that
neither hy nor he vanishes on a neighbourhood of the left endpoint a. Let f be a continuous,
non-decreasing, reqularly varying function, and denote by pg the spectral measure of H.

Then the statements

(i) Ja’ € (a,b) such that

’

/a hi(z) - ﬁ((mlmg)(t)_%) dt < oo;

(i)
/1 ﬁH(r)% dr < oo; (4.6)

(iii) 3a’ € (a,b) such that

/aa/ ﬁ (—%iii)) *H(t) <_n;j§2>> - ((mama)(t)77) dt < oo.
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satisfy (1) = (ii) = (iii).
If, in addition, £ is differentiable and £’ is reqularly varying, then

() o 3d€(ab). / ml(t)ﬁ’((mlmz)(t)—%)mdt<oo,
, Cdet M(t) gy (mama) (1) o
(i) <« 3d € (ab). / ) £ ((myma)(t) )7(m1m2)(t)% dt < oco.

4.8 Remark. It can be seen from the proof below that, in the first part, instead of assuming
that £ is regularly varying, it is sufficient to assume that £ € OR, i.e. for every A > 0 there
exist ¢1, co > 0 such that ¢; < % < ¢g, 1 € [1,00); for the latter definition see, e.g. [4, §2.0.2].

O
For the proof of Proposition 4.7 we use a simple Abelian-Tauberian-type theorem for the
Poisson integral of a positive measure. This is folklore; an explicit proof can be found in, e.g.
[20, Lemma 4]*.

4.9 Lemma. Let y be a positive Borel measure on R with fR fi(t? < oo, let rg > 0, and let &

be a positive Borel measure on [rg,00). Define ji as in (4.1), set

§(r) = &(lro.m), >,
and let Plu](z) be the Poisson integral

Plu](z) == /RIm ; i . du(t), zeCt, (4.7)
of w. Then
1 , i(r)é(r)
/[TO,OO) ;P[u](zr) dé(r) < oo & ooy T3 dr < oo.

Proof of Proposition 4.7. First note that finiteness of the integrals in the proposition clearly
does not depend on d’ € (a,b).
Let £ be the measure on [1, 00) such that £(r) = &([1,7)), r > 1. It follows from Lemma 4.9

that
/ Pluallr) qe) < 0o o /“dem
[1,00) r 1 r

Fixne (0,1 — %) and let 7 be as in (2.14). By Theorem 1.1 with A(r) and L(r) in the form
of (2.15) and (2.16), we have

M(t ' .
det D(t(?‘)) 5 ,P[:U’H}(”‘) 5 ml(t(r)).
my(t(r)) r
Hence 3
det M (t(r))
Mo (t(r))
Let v be the measure on (0, 00) such that v((r, 00)) = my(£(r)), r > 0, and let £, be the push-
forward measure of v under the mapping t. For t € (a,b) we have t,v((a,t)) = v((t~1(t),00)) =

o

mq(t). Moreover, recall that 7, defined in (2.14), is the inverse function of ¢. Hence, with
Lemma 4.6 we can rewrite the first integral in (4.8) as follows:

A@mmm%m:AMAMMNWF%Qf@MWZAMWMW)

) #(1)
:/ R iG0)) d(t*l/)(t):/ O E(R() dml(t):/ £(7(t))ha () dt.
(a,t(1)] (a,t(1)] a

/[1 (i) ag) <00 = (16) = /1 h de(r) < oo, (4.8)

4For the case when ¢ (r) = r® it goes back at least to [17, Theorema 1].
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Since £ is regularly varying, the last integral is finite if and only the integral in (i) is finite.
In a similar way one can rewrite the last integral in (4.8) by using a measure v such that
_det M(i(r)) . . . . det M (t)
v((r,00)) = e 0, which is possible since ¢ — =5
For the last part let us assume that £ is differentiable and that £’ is regularly varying. Using
a substitution we can rewrite the first integral in (4.8) differently:

is non-decreasing by (2.17).

mlordrzooﬁhor 'Tdr:am1 "(F(8)7(t) d
/[1700) (t(r)) dé(r) /1 (t(r)f'(r) /{(1) (OF (7(£))# (t) dt

i(1) mims)’
=2 [ o o) 22

4 () )F

woles [ ~—

Since £’ is assumed to be regularly varying, the last integral is finite if and only if it is finite
with ¢/(#(t)) replaced by £/((mims2)(t)~2). In exactly the same way one can rewrite the last
integral in (4.8). Q

The following theorem is the main result of this subsection. It provides, in particular, inform-
ation when the spectral measure puy belongs to the class M, .

4.10 Theorem. Let H be a Hamiltonian defined on some interval [a,b), and assume that
neither hy mor hy vanishes on a neighbourhood of the left endpoint a. Let g be a continuous,
regularly varying function with inder o < 2 and lim, o g(r) = oo, let g, be as in (4.2),
and denote by pug the spectral measure of H as in (1.3). For every a’ € (a,b) the following
statements

’

(i) / hi(t) - gu ((mima)(£)2) dt < o0,

(mama)’(t)

) / M ) (07 ((rama) @) D)

dt < oo,

dt
i " hl . .
) /a Q (mima)(t)g ((mime)(t)~2)

< 00,

(11) MH € -A//\lgv

(i) py € My,

0 [ sl ) 0720 st <

(i) /“ det M(t) (mima)'(t)

ma(t) (m1m2)(t)29((m1m2)(t)_%) e

()" /ml<t> <—m£§2>)}“> (—n:n(?f)) <m1m2><t>g(?:n1mz><t>%> o

satisfy the relations:

ifa<?2
H = O = 0
ll fa=2
ifae(0,2)
G =Gy
if a € {0,2}
U’ .
(i) W)Y = ()
fa=2
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Proof. The implications (i) = (ii) = (iii) and the equivalences (i) < (i)’ and (iii) < (iii)" follow
directly from Proposition 4.7 with £ = g,. The relations between (i) and (i)” and between
(iii) and (iii)” follow from (4.3). Finally, Proposition 4.5 implies the relations between (ii) and
(if)". a
4.11 Remark. Let us consider the case of the regularly varying function g (r) = 7%(logr)? with
a €10,2] and 8 € R. Tt is easy to check that (i)” is equivalent to

/

/“ ha(t) dt
a [(mlmz)(t)]l_%|log((m1m2)(t))|B

< 0Q.

O

The following corollary shows that for diagonally-dominant Hamiltonians we obtain a charac-
terisation when g belongs to M,,.

4.12 Corollary. Consider the situation from Theorem 4.10, and assume, in addition, that
2
limsup; ,, { ms () y <1 (this holds in particular if H is diagonal). Then, for every o’ € (a,b),

mlmg)(t

also (i) < (ii) < (iii).

Proof. The additional hypothesis just means that dii\/[(t()t) = m(t), which implies that (i)’ <

(iif). 0

4.13 Example. Let p1,p2 > 0 and let H be a Hamiltonian on [0,b) with 0 < b < oo such
2

that hy(t) < tP1~1 and ma(t) < tP2 as t — 0 and limsup,_,, (7:1?37(?)(0 < 1. Let us consider the

regularly function ¢ (r) = r*(logr)? with a € (0,2) and 3 € R. It follows from Theorem 4.10

and Remark 4.11 that pg € M if and only if

a tp1—1
/0 tlp1+p2)(1-%) log t|? dt < o,

which, in turn, is equivalent to

2 2
a > P2 or (a = P2 and (> 1).
p1+ p2 p1+ p2

4.2 Limit superior conditions

In this section we investigate lim sup-conditions for the quotient “QH(*T(;) instead of integrability

conditions. Let us introduce the corresponding classes of measures.

4.14 Definition. Let g (r) be aregularly varying function with index o < 2 and lim, o, g (1) =
0o. Then we set

Fy={n: i) =0(g(r)}.  FOi={u: i(r) = olg(r)},

where again ji(r) := u((—r,7)). O

Clearly, we have ]-'2 C F,. In the next proposition relations among F,, ]-'2 and the classes
My and /\//\lg from Section 4.1 are discussed.

4.15 Proposition. Let g, g1 and gs be continuous, reqularly varying functions with indices
a, a1, ay < 2 respectively, such that g (r),g1(r),g2(r) = oo as r — oo.

(i) If g is non-decreasing, then My C .7:2.
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(ii) Assume that

oo
ag <2 and / 91(7) dr < oo (4.9)
1 rga(r)

or that ay < ap. Then Fy, C /\7lg2.
Proof.
(i) Let p € My, ie. [° ﬁ dfi(t) < oo, where i is as in (4.1). Lemma 4.6 (with a measure
v such that v((t,00)) =1/¢(t)) yields

) :
i B0 (0 (0.7) =
(ii) Let pn € Fy,. Then

(g2)+(r) (g2)+(r)

i) == S (4.10)
First, we consider the case when (4.9) is satisfied. It follows from (4.3) that
(g2)«(r) _ 21
q1 (T) r3 =41 (T) s (7’) 3

This, together with (4.10) and the second relation in (4.9), implies that [ ﬁ(r)% dr < oo
and hence p € ./\71@. Let us now assume that a1 < «ay. It follows from the sentence around
(4.3) that (g2), is regularly varying with index 2 — as. Hence the right-hand side of (4.10) is
regularly varying with index a; + 2 — ag — 3 < —1 and therefore integrable by Theorem A.2.
It follows again that p € /\7lg2. a

4.16 Remark.

(i) If &« > 0 in Proposition 4.15 (i), then the assumption that g is non-decreasing is not neces-
sary because, by Theorem A.3, there exists a non-decreasing, regularly varying function
g such that g (r) ~ g(r) as r — oo.

(ii) The inclusion in Proposition 4.15 (i) is the analogue on the level of measures to the fact
that an entire function of convergence class is necessarily of minimal type.

(iii) Let g1, g2 be non-decreasing functions as in Proposition 4.15 (ii). We can combine items
(i) and (ii) of Proposition 4.15 with Proposition 4.5 to obtain the following chain of
inclusions:

Mg, CF0 CFy SMy, €My, (4.11)

This is satisfied, in particular, when g;(r) = r*, ¢ = 1,2, with ay < a9, or when
gi(r) = r*(log )P with By > py + 1. o

The next theorem can be viewed as a generalisation of [24, Theorem 4] to the case of a non-
diagonal Hamiltonian; the connection is worked out in detail in Section 6.2.

4.17 Theorem. Let H be a Hamiltonian defined on some interval [a,b), and assume that
neither hy nor hy vanishes on a neighbourhood of the left endpoint a. Let g (r) be a regularly
varying function with index o < 2 and lim, o g(r) = 00, and denote by py the spectral
measure of H. Then the following implications hold:

- m ()

i) limsu T 00 Fy;
(i) tﬁap (m1m2)(t)g((m1m2)(t)*§) < = MHHE Sy
(i) lim ma(t) =0 = uy€F.

1= (mymy)(t)g ((muma) ()~ %)
If, in addition, a < 2, then

. det M (t) /ma(t)
iii Fy lim su s
() € 7o = e g ((rama) (1)

< 00y
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. det M (t) /ma(t) _
t—a (m1m2) (t)g ((m1m2)(t)_%)

The proof of Theorem 4.17 relies on the following Abelian-Tauberian-type result. Most prob-
ably this fact is folklore, but we do not know an explicit reference and therefore provide the
proof.

(iv) po 6]:8 =

4.18 Lemma. Let pu be a positive Borel measure on R with fR (lii(t? < oo, define ji(r) as in

(4.1), denote by P[u](z) the Poisson integral of i as in (4.7), and let g (r) be regularly varying
with index o € [0,2].

(i) We have
) r ) a3 ra\T . p(r)
limsup | ——P|ul(ir) | > (1 — —) (—) - lim sup —=, 4.12
msup(7PUln)) > (1= )7 (5) T msw B0 (ae)
where the constant in front of limsup on the right-hand side is interpreted as 1 if a equals
0 or 2.

(ii) If @« < 2 and lim,_, g (r) = 00, then

limsup(g;a)'l)[u}(ir)) < B(l + %, 1- %) - lim sup () (4.13)

7—00 r—00 Q(T),
where B denotes Euler’s beta function.

Proof. For the proof of (i) observe that, for every z > 0 and r > 0,

P = oo [z o [ g

r r 1 g(ar) _u((—xn ar))
Zaﬂﬁﬁmu+wﬂ®@‘1m2gw oG
"

If o € (0,2), then the function z — % attains the maximum at ¢ = v/a/(2 — «); with this
zo the above inequality yields (4.12). For a = 0 we use arbitrarily small z, and for a = 2 we
use = that are arbitrarily close to 2.

We come to the proof of (ii). Let g be the measure defined in (4.1). For every ro > 0 we

estimate as follows (where we use Lemma 4.6):

: r r _
Plul(ir) = /Rm du(t) = /[0700) o) di(t)
e 2t
=H(®)

[T 2 gy, [TEO 200
=, 0 Gt [ G e

2o [* fi(t) dt+2r(sup M) '/00 @ 41772 fo(t) dt.

=, Eha®) L, @ P

The first summand tends to 0 when multiplied by ﬁ and hence does not contribute to the

limit superior on the left-hand side of (4.13). The integral in the second summand is estimated

by
[e%) [e%e) e’} 1+«
/ 7;@“)2 S dt < / 7;‘1@)2 S dt = 7"0‘72/ AR g(?“ffa) da.
ro (2 +72) o (2+71?) o (@*+1)2 (ro)

Since a < 2, we can apply [39, Theorems 2.6, 2.7] and obtain

©  plta g(’l’l‘) 0 plta 1 a o
li / : dz / 9(r) :/ ——5dz=-B(1+-,1——).
oo ( o (@412 (ra)~ / o o (z2+1)2 dr=3 ( Ty 2)
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Putting these estimates together we obtain

: r : ﬁ(t) [ 2r2 > tg(t) }
limsup| ——=P|ul(ir) | < (su limsu dt
’“_”)Op(g-(r) [M}( )) - (t>£) (t) 7—>oop Q(r - t2 +7‘2)
e t AU 1+o¢
< (bup M( ) hmbup[ " 5 5 9(r2) dx]
12r0 4(t) ) roo Q(T (z2+1)2  (ra)
ﬂ(t)) ( a a
= (sup XYY B 1+f,1ff);
(z2e 510 22
since ro can be chosen arbitrarily large, (4.13) follows. Q

Note that for @ > 2 both limsup appearing in Lemma 4.18 are equal to 0, and for a < 0 both
are equal to +o0o (unless p = 0).

Proof of Theorem 4.17. Theorem 1.1 with A(r) in the form (2.15), together with (4.12), implies
that there exist ¢1,co > 0 such that

lim sup i (r) < ¢1 lim sup(r Im qH(ir)) < colim sup<7ﬂ2m1 (t(r)))
r—00 g.('r) - r—00 g.(r) o 7—00 g(T)

With the substitution ¢ = £(r) the last limsup can be rewritten as

im su im ((r)) | = limsu (g(m1m2)(t)_%)2m
imsup( (i) =1 o e G5
(3 )

(B e (myma)(t)g ((mame)(t)"2)

Items (iii) and (iv) are shown in a similar way, when Theorem 1.1 with L(r) in the form (2.16)
and (4.13) are used. Q

Analogously to Corollary 4.12, we obtain the obvious corollary.

4.19 Corollary. Consider the situation from Theorem 4.17, and assume in addition that

limsup,_,, % 1 (this holds in particular if H is diagonal). Moreover, let o € [0,2).
Then
: m(t)
€ F, < limsu < 00,
= o (mima)(6)g (muma) ()~ %)
m(t)

Fo lim =
BH €Sy <= g (m1m2)(t)g((m1m2)(t)f§)

We finish this section with two examples, the first of which is also used in Section 6.4.

4.20 Example. Let p1, p2 > 0 and let H be a Hamiltonian on [0,b) with 0 < b < oo such that
ms(t)?

m;(t) <tP, j =1,2, as t = 0 and limsup,_, Trmay@ < 1. Let us consider go(r) == r* with
€ (0,2). Then
ml(t) = ml(t)%mg(t)%fl — tpl%+ﬂ2(%*1).
(mama)(t)ga ((mims)(t)~2)
It follows from Corollary 4.19 that
: m (1)
,uHe]-"a\]-"Oa & 0 < limsup < 00
g 1T -0 (mima)(t)ga ((mims)(t)~7)
2p2
& + (— - 1) =0 < = —.
/)1 B P2 5 oL+ o
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Now (4.11) implies that

2
pg €My, & a>—2
p1L+ P2
0 2p2 i 2p2
Moreover, we have py € Fy_if o > ==, and py ¢ Fy, ifa< S O

4.21 Example. Let p > 0 and let H be a Hamiltonian on [0,b) with 0 < b < oo such that

mi(t) < et and my(t) =< t” as t — 0 and limsup, ,, % < 1. We choose the slowly

varying function g (r) = (log7)? with 3 € R. Since

T

my(t) _ e~ o Bp

(mams)(t)g ((mima)(£)=2) e~7te|log(e~tr) \ﬂ

as t — 0, it follows from Corollary 4.19 that pgy € Fy \ }"2 if and only if 5 = p. %

5 Further discussion of the main theorem

5.1 A monotonicity property

In many situations one cannot determine the solution t(r) of (1.5) exactly. Having a lower
bound can often be sufficient to obtain estimates for A(r) and L(r). With the following lemma
we can easily prove Corollary 5.2 below.

5.1 Lemma. Let H be as in Theorem 1.1, and let v > 0. If t € (a,t(r)), then

2 . n 1 2 rdet M(t)

g O SAD ST T S
Iff € (i(r),b), then

n,_1 R o < 2 rdet M(H)

2 T SA(r) < ; 1(f),  L(r) < PR— I

Proof. Since my and my are non-decreasing functions, the assertions involving A(r) are obvious
from (2.15). To show the assertion involving L(r), we use the middle term in (2.16) and the
monotonicity of 42 shown in (2.17). Q

The following statement is now obvious.

5.2 Corollary. Let H be a Hamiltonian defined on some interval [a,b), and assume that neither
h1 =0 a.e. nor ho =0 a.e.
Let t: (0,00) — (a,b) be a function such that for all r > 0

g(mlmz)_%(f(r)) > (5.1)

Then, for each ¥ € (0,7),
rma(8(r) S [au (re”)| <

| Reqy (rew) | <

rdetM(f(r)) < Im rei?) <
o))~ man(ret) S O

The various constants in “<” depend on & but not on H.

Note that the validity of (5.1) just means that the points (r,(r)) belong to the dotted region
in Figure 1.
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5.2 Hamiltonians starting with an indivisible interval of type 0 or 7 /2

. (cos¢
b0 = (Sin¢)'

5.3 Definition. Let H be a Hamiltonian defined on some interval [a,b). An interval (c,d) C
(a,b) is called H-indivisible if there exists ¢ € R such that

For ¢ € R we set

H(t) =tr H(t) - £p€5, t € (cd) ae.

Equivalently, one may say that J€s = (—sin ¢, cos ¢)* € ker H(t) for ¢t € (¢, d) a.e.
The number ¢ is uniquely determined up to integer multiples of ; it will always be under-
stood modulo 7, and is called the type of the indivisible interval (¢, d). O

The property that ¢ > a can now be formulated as: H does not start with an indivisible interval
of type 0 or 7.

Although we can apply Theorem 1.1 in the situation when @ > a, we can also split off an
interval of type 0 or 7 adjacent to a to get an asymptotic expansion with a leading-order term,

which is a power of z with exponent 1 or —1, and an estimate for the remainder term.

5.4 Remark. Assume that H starts with an indivisible interval of type 0, i.e. let (a,d) with
a > a be the maximal interval such that the Hamiltonian H is of the form

H(t)_<hlét) 8) t € (a,d) ace.

Then

r—o00 1T

i, Sgra(ir) = @) = [ a(0) d = B, (5.2)

where Sy is as in (1.3); see, e.g. [21, 42]. Nevertheless, Theorem 1.1 provides additional
information as it yields explicit bounds. Clearly, (5.2) implies that A(r) < 1, » — oo, which
can also be seen directly from the behaviour of the functions m;. Further, we also obtain a
good lower bound for the imaginary part, which is seen as follows. For ¢ > a we have

"< U;mg(sﬂdsrs U;st 2

map = | [ hy(s) ds

< / hi(s)ds- / ha(s) ds = (my(t) — my(a))me(t),

a
which implies
1 Z limsup M 2 lim inf M
t\a my (t)mo(t) tNa - my (H)yma(t)

> lim inf ma(tma(t) = (m1 () = m (&))m2(t) = lim inf m (@)

NG mq (t)ma(t) Na my(t) =L

From this we obtain L(r) ~ A(r), r — 0.
On the other hand, we can also split off the indivisible interval; namely, one can show that

qu(z) = mi(a)z + qg(2)

where H = H |(a,5), and then apply Theorem 1.1 to obtain an estimate for the remainder term.
Note that the case when hy = 0 a.e. on (a,a) with a > a corresponds to pgy including a
“point mass at infinity”. O

5.5 Remark. Assume now that H starts with an indivisible interval of type 7,
with @ > a be the maximal interval such that the Hamiltonian H is of the form

H(t):(g hzo(t)>, t € (a,d) ae.
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Then the representation in (1.3) can be rewritten as qu(z) = [ 7 dum(t) with the finite
measure pg, and

lim (—irqH(ir)) = L = pg(R).

r—00 ma(a)
Again Theorem 1.1 can be applied to obtain explicit bounds, and as in Remark 5.4, we have
L(r) ~ A(r). One can also split off the indivisible interval, namely, gy can be rewritten as

1
qu(z) = I —
ma(0)2 = 2

where H = H|4,5), and one can apply Theorem 1.1 to H in order to obtain an estimate for the
remainder term. O

Assume we are given a Hamiltonian H which starts with a finite number of consecutive indi-
visible intervals whose types alternate between 0 and 7. Iterating the splitting-off procedure
from Remarks 5.4 and 5.5 we obtain a representation of qg as a continued fraction of finite
length and a certain remainder term to which Theorem 1.1 can be applied. Thus, we obtain
information about the size of the remainder.

5.3 A rotation transformation

Sometimes it is possible to improve the bounds (1.8) by applying a transformation to H. In
this subsection we consider the situation when ¢y has a real, non-zero limit. More specifically,
let us assume that
lim g (ir) = cot ¢ (5.3)
r—00

with some ¢ € (0, %) U (3, 7). Obviously we have
A(r) = lgu(ir)| <1, L(r) S Imgp(ir) <1,

and hence (1.8) is certainly not strong enough to fully (i.e. up to universal constants) determine
Imgg(ir). The following lemma shows that in this situation a transformation, where the
dependent variable in (1.1) is rotated in the two-dimensional space C2, strictly improves the
upper bound for the imaginary part of gy and that the lower bound does not get worse. In
Proposition 5.7 below the transformation is made more explicit in terms of the Hamiltonian H.

5.6 Lemma. Let H be a Hamiltonian such that (5.3) with ¢ € (0, %) U (5,7) is satisfied. Set

. sing —cos¢ ~ T
Q= (Cow ) ) . H:=QHQT. (5.4)
Then _ _
Im gz (ir) < Im g (ir), A(r) < A(r), L(r) Z L(r) (5.5)
as r — o0.

Proof. The Weyl coeflicients of H and H are related via

_smeaml s L )
1) = o5 qu(z) +sing’ 1) = Teos g - qu(z) + sm g
see, e.g. [11, (3.20)]. Thus we have
. , . Imgg(ir) o,
'rll)nc}o qﬁ(lT) = 0, 'r‘li>nolo m = Sm Qf) > 0,

and therefore, in particular,
Tm g (ir) < Imgu(ir),  A(r) = |qg(ir)| < |qu(ir)| < A(r),

which proves the first two relations in (5.5).
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The proof of the third relation in (5.5) requires slightly more effort. Let us first consider
the case when H starts with an indivisible interval, say (a,c), which must be of type ¢. Since
¢ ¢ {0,7/2}, we have @ = a, where ¢ is as in (1.9). Clearly, det M(t) = 0 for t € [a, c], which
shows that L(r) = 0 for large enough 7; so the third relation in (5.5) is trivially satisfied in this
case.

Now let us assume that H does not start with an indivisible interval. Then H does not
start with an indivisible interval either, and hence a= a, where ais as in (1.9) for H replaced
by H. First, note that

det M(t) = det M(t),  trM(t) = tr M(t),
and, since A(r) =< 1 and A(r) < 1, we have
mq(t) < ma(t), my (t) < ma(t).
Together, it follows that
m1(t) < ma(t) < tr M(t) < ma(t) > m(t),

and hence

(M (t)ma(t)) % = 7(t),

t) < #(t) for small enough ¢, and therefore

_1
2

Nl=

#(t) = 2 (mi(Oma (1) * <

where 7 and 7 are as in (2.14). In particular, 7

N3

—~

t(r) < f(r) for large enough r, say, r > ro.

_ Now we use the monotonicity property in (2.17) and the representation (2.16) of L(r) and

L(r) to obtain

2r det M(H(r)) det M(i(r)) _ 2r det M(i(r)) £
no ma(i(r)) ma(t(r)) 1 a((r)

for r > rg. a

2r
L(r < =
(r) <

According to [6, Corollary 3.2], relation (5.3) holds if and only if

. 1 ml(t) ms (t) C1 C3
lim ———— = (5.6)
t—a mq(t) +ma(t) \ms(t) mal(t) cs  Co

with ¢1,c0 > 0, c3 € R such that cico — c?)) =0 and 2—2 = cot ¢ (note that the Weyl coefficient

is defined slightly differently in [6]). We can use this fact to obtain the following proposition,
which provides a transformation that is in terms of the asymptotic behaviour of M at a.

5.7 Proposition. Let H be a Hamiltonian defined on some interval [a,b), let M be as in (1.4),
and assume that (5.6) holds with c1,co > 0, c3 € R such that c1co — c§ = 0. Then there exist Q

and H as in (5.4) such that M(t) = fat H(s)ds satisfies

M =

~ < Comy —+ Cc1mo — 2637713 03(m1 — m2) —+ (CQ — 01)m3> (5 7)
C3

(m1 — mg) + (02 — 01)m3 c1mq + comg + 2cs3ms

Hence B _
L(r) S L(r) $SImgg(ir) < Imqgz(ir) S A(r) < A(r). (5.8)
Proof. Let ¢ € (0, 3)U(5,m) such that £ = cot ¢. It follows from (5.6) that ¢; +co = 1. Hence
c2(1 —sin? ¢) = ¢ cos® ¢ = c2sin? ¢ = co(1 — c) sin® ¢,
which yields ¢; = sin® ¢. Since sin¢ > 0, we arrive at sin ¢ = /2 and cos ¢ = % Applying

the transformation (5.4) to H we obtain H, whose primitive M satisfies

- (2 2) 0L 3

C
Jco vV E2 m3 Mg — e VC2
2 2
C. (&2
comq — 2c3ms + émg c3my — img + comg — c3mo
= 2 2
C. C.
c3mq + comg — img — c3Mmo £m1 + 2c3ms + como
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Using again cjca = ¢3 we see that this is equal to the right-hand side of (5.7). ]

Let us consider an example where this transformation trick is beneficial.

5.8 Example. Let H be a Hamiltonian on [0, c0) whose primitive is
4+t 2t +t7
M(t) =
A4+t t4+tY

with some v > 1. Let us first determine the bounds we obtain when we apply Theorem 1.1
directly. Since (mimo)(t) ~ 4t?, we have ¢(r) < 1. Further,

L det M (t) 7+t 1
ma(t) 7 (mima)(t) 42+ 50+ 427 4

and hence .
Ay =<1, L) = SEMUEC) o,
(mamz)(t(r))

Let us now apply the transformation in Proposition 5.7. Since my(t) + ma(t) ~ 5t, we obtain

1 = %, Ccy = % and c3 = 5. According to (5.7) the primitive of the transformed Hamiltonian
His
P (é(4t+t7)+‘5‘(t+t’y)—§(2t+t7) Z2x3t—3(2t+17) )
3t— 22t +17) AL+ + Lt +) + 220+ 1)

l
_ 5
( 3¢ 5t ﬂ)

Since (ffg) ~ 71, we have £(r) =< r~7¢7. Further, the relations

mi(t) 1 a1 det M (t) 1 o
mo (t) 5 ’ (mlmg)(t) t7+1 + z%tz"/

and (5.8) yield
Im g (ir) < A(r) < L(r) =< P

Hence, in this example the actual asymptotic behaviour of Im gy (ir) lies strictly between L(r)
and A(r):
L(r) < Imgqg(ir) < A(r).
X X X

—(y—-1) =1
T oAl !

O

5.9 Remark. Example 5.8 also shows that the lower bound for Im gy (ir) from (1.8) may be
far too small. However, this particular example is in a sense not proper since it occurred only
because the Hamiltonian is “turned in the wrong direction” (thinking of matrices @ as above
as rotation matrices). It indicates that the crux for finding out whether or not we may have
L(r) < Imgqg(ir) in an intrinsic and essential manner, is to understand the situation when
qp (ir) tends to 0.

So far we have no example of a Hamiltonian H such that lim, ,. gg(ir) = 0 and
L(r) < Imgg(ir) < A(r). We expect that there exist large classes of Hamiltonians with
these properties. O
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5.4 Examples

Let us consider more examples, in particular, such where the Hamiltonian oscillates in a neigh-
bourhood of the left endpoint.

5.10 Example. Let ¢ € (0, F), let (0,00) = I, UI_ be a partition into two disjoint measurable
sets, and consider on (0, 00) the Hamiltonian (recall the notation &4 := (cos ¢, sin ¢)*)

H(t) = Soti et (5.9)
E—o&" 4 tel_.
Let A\ denote the Lebesgue measure, and set
L4 (t) == A1+ N (0,1)), I-(t) == X(I-n(0,1))
for ¢ > 0. Note that I, (¢t) +1_(t) = t. It follows easily that
my(t) =tcos® ¢, mo(t) =tsin®¢, ms(t) = (I4(t) — I_(t)) cos ¢sin ¢.

1
Let n € (0,1 — —=). Then

A(r) = (;; = cot ¢ € (0, 00).

Further, we have
7(t) = g(t cos psin )"t = a

?7
with 7
= 1
@ 2 cos ¢ sin ¢ (5.10)
and hence
t(r) = &
-
From this and
det M (t) ms(t)? (z+ t) (¢ )2
[ttt S/ T A IR (e o St 4
my (t)ma(t) mq (t)ma(t) t t
(1 ) E0) (L0 L0 0 L)
t t t t
we obtain i) i)
L (t(r)) 1-(t(r deotep o, (o o
L(r)=4cot¢ - — C— = -7l I_{—). A1
(r)=deoto- =2 3= =0 az " +<r) (r) (5.11)
Hence, if the sets I, and I_ both have positive density at 0 in the sense that
lim inf L) >0 and lim inf M > 0,
t—0 t—0 t
then L(r) < A(r) < 1 as r — 0. O

Specialising the sets I, I_ in Example 5.10 we obtain an example where |gg | and Im g5 oscillate
between the bounds given by Theorem 1.1.

5.11 Example. Let ¢ € (0, §), set

oo oo

I+ — U (22n—17 22’”}7 I = U (22n7 22n+1]7

n=—oo n=—oo
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and let H be as in (5.9). We have 2 - (I3 N (0,t)) = I_ N (0,2t), and hence £1_(2t) = 11(t).
Analogously, we find ;1 (2t) = +1_(t). Putting this together we obtain

L(2r)=L(r), r>0.

Let 7 € [, 20] where « is as in (5.10); then £(r) = 2 € [%,1]. Since [_(t) = 3 for ¢ € |
follows from (5.11) that

L(r) = 4cot ¢ - <1 - l;gg”) : l,gto(r)) =4cot - (1 — é) . é, r € |o, 2q],

which is quadratic in r and satisfies L(«a) = L(2a) = w and L(22) = cot ¢. The Hamiltonian

H satisfies )
H(zr)=(o &) L)

Since the Weyl coefficient for the Hamiltonian on the left-hand side of the latter equation is
qu(2z) and the Weyl coefficient for the Hamiltonian on the right-hand side is —gg(—2), we
obtain that g (22) = —gu(—z2). From this we see that

3 1], it

lgrr (i - 2r)| = |qu (ir)], Imqy(i-2r) =Imgqy(ir), Requ(i-2r) = —Reqy(ir),

for r > 0. Of course, gy is not constant since H is not constant. Hence the limit lim,_, o g (1)
does not exist.

Let us collect what we have computed. First, the absolute value |qg (ir)| is a non-constant
function which oscillates between the constant bounds (1.6) and is 2-periodic on a logarithmic
scale. Second, the imaginary part Im gz (ir) is a non-constant “2-periodic” function which lies
in between the constant upper bound and the “2-periodic” lower bound from (1.8). O

In the above example it seems that the lower bound L(r) mimics the behaviour of |gy| and
Im gy better than the upper bound A(r) in the sense that it oscillates with the same period.
For |qg| this is not always the case as the following example shows in a striking way. For the
imaginary part it is not so clear how well L(r) describes its behaviour.

5.12 Example. Choose a sequence (¢,,)5° ; which oscillates between +1 and —1 with decaying
step width so that {¢, : n € N} is dense in [—1,1]. For example, let

1 1 2 1 _ 12 3 )

noo_ = 1,*,0,—*,_17_*,_7707777a IR
(9n)nzr (2 2 3373374

Further, set t,, := 217" and consider the Hamiltonian

1 1 sin(5 ¢n)
2 <sm(72r¢n) 1 > ) te (tn-l-latn],

(g ?) , t € (1,00).

This definition is made so that [32, Theorem 4.1] is applicable. It follows that

H(t) =

lim |gg(ir)| =1

r—>00

Va €[0,1] Ir,, > 0. lim r, =00 and lim Imggy(ir,) = .
n—oo n— oo

Loosely speaking we may say that Im gy (ir) oscillates between 0 and |gqg(ir)|. On the other
hand, m;(t) = ma(¢), and hence A(r) = 1. Let us consider L(r). For n € N we have

ms(tn) = % {tn Sin(gqbn) —tna1 sin(%qﬁn) + i (tk — tk+1) sin(gqbk)}

k=n+1

1
= itn Sin(g(bn) + Pn
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where [p,| < 3(tn41 + tng1) = tnt1. Since (mimo)(t) = 1r?, the relation t(r) = 2 holds with
n as in Theorem 1.1. With r,, := 7(t,) = ;& — co we obtain

L2 (1y goim 2
L(Tn) _ detM(tn) _ 4tn (Qtnsin(ggbn)"i_pn)
(mim2)(tn) 7t2
_ 4P (PN (T tnt1
(30 - (G 12" =30 0('52)
Q0 -n
= cosQ(§¢n) + 0(4 ),
which oscillates between 0 and 1. O

5.5 A(r) in terms of the associated string
A Krein string is a pair S[L, m] where
> L is a number in [0, oo];
> m is a non-decreasing, left-continuous, [0, c0)-valued function on [0, L) with m (0) = 0.

The number L is called the length of the string, and the function m its mass distribution
function. The string equation can be written as an integro-differential equation,

v () + 2 /[ D dm© =0,

where z € C is the spectral parameter and 3/, denotes the right-hand derivative of y; see, e.g.
[22]. Further, set m(L—) := lim, ~; m(x) and ¢ := sup{z € [0, L) : m(x) < m(L—)}; then a
string is called regular if both ¢ and m (L—) are finite.

Given a string, one can construct a function gs, the principal Titchmarsh—Weyl coefficient
of the string; see [22]. This function belongs to the Stieltjes class, i.e. it is analytic on C\ [0, c0),
has non-negative imaginary part in the upper half-plane, and takes positive values on (—o0,0).
It is a fundamental theorem proved by M. G. Krein that the assignment

S[L,TI’L] = qs

sets up a bijection between the set of all strings and the Stieltjes class.
Given a Hamiltonian H on some interval [a,b), we can define a string by setting

L= }i_r)r})ml(t), m(zx) := (mgomy )(x), z €[0,L), (5.12)

where m] denotes the generalised inverse of my; see Definition B.1. Note that m is well defined
and satisfies the properties above by Lemma B.2 (i)—(iii). Further, this string does not depend
on the off-diagonal entry hs.

The correspondence between strings and canonical systems is studied in detail in [23]. In our
present context, we need two additions, which are given in the following lemma, namely, that the
definition of the string associated with H as above does not depend on the parameterisation of
H, and a characterisation when the string is regular. Recall from Definition 5.3 that an interval
(c,d) is H-indivisible of type 0 (respectively type %) if and only if ho(t) = 0 (respectively
hi(t) = 0) for a.e. t € (¢,d). Further, set

a; := sup{t € [a,b) =0}, ie{1,2} (5.13)

s

Then H starts with an indivisible interval of type 0 (respectively type 7) at the left endpoint
a if and only if as > a (respectively a1 > a).

5.13 Lemma. Let H be a Hamiltonian defined on [a,b), let S[L,m] be the string associated
with H via (5.12) and let a; be as in (5.13).
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(i) The following relations hold:

mi(ag) = xo :=sup{z € [0, L) : m(z) = 0}, (5.14)
mg(&l) = m(0+) = }cl\rnom(a:) (515)

In particular, the following equivalences are true:

as >a & x9 > 0, (516)
a>a < m(0+)>0. (5.17)

(ii) The string associated with H via (5.12) is regular if and only if there exists ¢ € [a,b) such
that (c,b) is H-indivisible of type 0 or of type 7.
(iii) Let H be a second Hamiltonian defined on [a,b) and assume that H and H are related via

H=(Hop) ¢ ae.

1

where - [&,5) — [a,b) is an increasing bijection such that ¢ and ¢~' are absolutely

continuous. Then the strings associated with H and H coincide.

Proof. (i) Since my is continuous, it follows from Lemma B.2 (vi) that, for = € [0, L),
m(z)=0 & mi(x)<as < x<mi(a),

which proves (5.14) and the equivalence in (5.16).

Next let us prove (5.15). Since m; is continuous, Lemma B.2 (iv) implies that, for z € (0, L),
we have m(my (z)) = > 0 and hence m () > a;, which shows lim,\ o mi () > a;. Further,
there exist ¢, € (a1,b), n € N, such that ¢, \, a1 and t,, is not right endpoint of an interval
where my is constant. Now Lemma 3.3 (iii) yields mq (mq(t,)) = t,. Since limy_, oo m1(t,) =0,
we obtain lim,\ 0 m; () = d1. Together with the continuity of mo, this yields (5.15), and the
equivalence in (5.17) follows.

(ii) If my = 0, then L = 0 and the string is regular. From now on assume that m; # 0
and let ¢ be defined as above. We have ¢ < L if and only if mo is constant on an interval
of the form [¢,b) with ¢ € [a,b), i.e. (¢,b) is an indivisible interval of type 0. If ¢ < L, then
m(L—) =m(z) < oo for x € (¢, L) and hence the string is regular.

Now assume that ¢ = L and set tp := sup{t € [a,b) : m1(t) < L}. By Lemma B.2 (vii) we
have lim,,_»;, my (z) = to. Hence it follows from the continuity of m; and Lemma B.2 (iv) that

Lo+ m(L=) = lim (o + m(2)) = lim [ (m; (2)) +ma(my (@))]
my (x)

to
= lim tr H(t)dt :/ tr H(t) dt.
z /L Jq a

Since we assumed that H is in the limit point case at b, the right-hand side is finite if and only
if ¢y < b, which, in turn, is equivalent to the fact that hy(t) = 0 for a.e. t € (¢,b) for some
¢ € [a,b).

(iii) Let the notation m; correspond to H. Then we have

istu) = | "y ((0)) ! (v) dv = m; (o(w)).

’

By Lemma B.2 (ix) we therefore have
iz 0 i = (my 0 p) o (¢~ omy) = mg o my Q

The next lemma contains the relation between the Weyl coefficient gy of the Hamiltonian and
the principal Titchmarsh-Weyl coefficient gs of the string. We also state a relation between the
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corresponding spectral measures, which is used in §6.1. Since gs belongs to the Stieltjes class,
it has the following representation:

4s(2) = as + /[ | L dps(t),  zeC\[0,%) (5.18)

dpus(t)
T+t
M. G. Krein the measure yug is called principal spectral measure of the string S[L, m].

with ag > 0 and us a measure supported on [0, 00) satisfying f[o 00) < 00. According to

5.14 Lemma. Let H be a Hamiltonian defined on some interval [a,b), and assume that H is
diagonal, i.e. hg = 0. Moreover, let S[L, m] be ils associated string. Let qu, qs, pmg and us be
the Weyl coefficients and spectral measures of H and S[L,m] respectively, and let ap, By and
as be the constants in (1.3) and (5.18) respectively. Define the mapping 7 : R — R, t + t? and
let Topg be the push-forward measure of ugy. Then

qu(z) = zqs(ZQ), 1S = TwfbH as = By and ag =0. (5.19)

Proof. The first relation in (5.19) is shown in [23, Theorem 4.2] for trace-normed Hamiltonians
(i.e. tr H = 1 a.e.). Every Hamiltonian can be reparameterised to a trace-normed Hamiltonian,
and this changes neither its Weyl coefficient nor the associated string by Lemma 5.13. The
second relation in (5.19) can either be deduced from [23, Theorem 2.1] or follows from the
following considerations. Since H is diagonal, qg is an odd function and hence ay = 0 in the
representation (1.3) of ¢y, and py is a symmetric measure; see [23, Lemma 2.2]. Hence

an(:) = Bz + [ (725 = 1) dem(®)

s+ | [ (2~ ) )+ [ (5 + ) a0

_ z[ﬂH + /R 2 i . d,uH(t)] = Z{BH + /[0700) - _1Z2 d(T*uH)(s)}

Now the first relation in (5.19) and the uniqueness of the integral representation imply that
s = Txpog- The relations among the constants ay, By and as are clear. a

We can now give a formula which represents A(r) in term of the associated string.

5.15 Proposition. Let H be a Hamiltonian defined on some interval [a,b) and assume that
neither hy = 0 a.e. nor ha =0 a.e. Let 8[L,m] be the string associated with H, and set

xm(x) if x €0,L),

f(x) =< Lm(L-) if L<oo andx =1L, (5.20)
00 if L < oo and x € (L, 00).
Moreover, let n € (0,1 — %) Then
2r _n?

Proof. We divide the proof into three steps.

® Let @ and a; be as in (1.9) and (5.13) respectively. It follows from Lemma 5.13 (i) that, for
x €1[0,L),
m(z)=0 & fx)=0 < z<m(a).

Hence £ is strictly increasing on [mq(a), L).

Let us consider the continuity of £~. Let y € (0, Lm (L—)); then

£ (y) = inf{x €[0,L): f(x) > y} > my(ag), (5.22)
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and it follows from Lemma B.2 (v) that £~ is continuous at y. The definition of £~ shows that
f~(y)=L, ye[Lm(L-) ). (5.23)
Since £~ is left-continuous at Lm (L—) by Lemma B.2 (ii), £~ is continuous on (0, co).

@ Our aim is to show
ma(t) = £~ (ma(t)ma(t)) (5.24)

for t € (a,b). Set to := sup{t € [a,b) : m1(t) < L}, which is the left endpoint of the maximal
interval of the form (¢,b) on which h; vanishes if such an interval exists, and is equal to b
otherwise.

First, let t € (a,to] N (a,b) be such that ¢ is not right endpoint of an interval where my is
constant. Then Lemma B.2 (iii) implies that

£(ma(t)) = my(t)yma(my (ma(t))) = ma(t)ma(t). (5.25)

Since t > G and ¢ is not right endpoint of an interval where m; is constant, we have mq () >
mq(a) > my(dz), and hence mq (t) is not right endpoint of an interval where £ is constant. Now
Lemma B.2 (iii), together with (5.25), implies that

ma(t) = £~ (F(ma()) = £~ (ma(t)ma(t)).

Next, let [¢,d] C [a,tp) with ¢ < d be a maximal interval where m; is constant. There exist
d, € (d,tg), n € N, such that d,, \, d and d,, is not right endpoint of an interval where m,
is constant. Hence (5.24) holds for ¢t = d,,. Since my and my are continuous at d and £~ is
continuous at mq(d)ma(d) > 0, we can take the limit as n — oo, and therefore (5.24) holds also
for t = d. Now let s € (¢,d]. If ¢ > a, then (5.24) holds also for ¢ = ¢, which yields

mi(s) =ma(c) = £~ (mi(c)ma(c)) < £~ (ma(s)ma(s)).
If ¢ — G, then we must have & = d > a, and (5.22) implies
mi(s) = mi(c) = ma(az) < £~ (ma(s)ma(s)).
In both cases we obtain
mi(s) < £~ (ma(s)ma(s)) < £~ (mi(d)ma(d)) = ma(d) = ma(s).

Since we must have equality everywhere, it follows that (5.24) holds for s € [c, d] N (a, to).
Finally, let ¢ € [to,b). It follows from (5.25) that

mi(t)ma(t) > mi(to)ma(to) = £(mu(to)) = (L) = Lm(L—).

From (5.23) we obtain my(t) = L = £~ (m1(t)ms(t)). This finishes the proof of (5.24) for all
t e (a,b).

® Now (2.15) and (5.24) yield

A(r) = 2o (i(r)) = %ﬁ‘ (m (i(r))ma (i) ) = 27"fz—< il )

7 4r?

for r > 0.
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6 Relation to previous work

6.1 Strings and I.S. Kac’s theorem

Let S[L,m] be a Krein string where the length L and the mass distribution function m are
as at the beginning of §5.5. The aim of the current section is to establish a relation between
the asymptotic behaviour of the spectral measure of the string at infinity and the asymptotic
behaviour of the mass distribution function at 0. To this end, let H be a diagonal Hamiltonian
that is related to the string as in [23, §4], and that, in particular, (5.12) is satisfied. For a given
string, such a Hamiltonian can be constructed as follows. Set

x4+ m(x) ifxel0,L),
m(x) =< L+m(L—) ifL<ooandx=0L,
00 if L <ooandzx e (L,o0).
The generalised inverse m ~ of m is defined on [0, 00) (it is even defined on [0, 00] if L < o0)

and absolutely continuous; see Appendix B for the definition of the generalised inverse. A
trace-normed Hamiltonian H on [0, 00) that satisfies (5.12) is then given by

o
H(t) := . , t € [0,00); (6.1)
dm(t)
0 1-— 5

see [23, §4] and [6, §5].

Using this diagonal Hamiltonian we can now prove the following characterisation of the
asymptotic behaviour of the spectral measure in the sense of an integrability condition. This
essentially reproves the main theorem in [20] by I.S. Kac for the case when no potential is
present. The theorem in [20] is stated only for regular strings although it is stated that it can
be carried over to singular strings. In order to apply the results from §4, we have to assume
that the corresponding Hamiltonian H does not start with an indivisible interval of type 0 or
%, which, by Lemma 5.13 (i), is equivalent to the fact that m (0+) = 0 and m(z) > 0 for
x € (0,L).

6.1 Corollary. Let S[L,m] be a Krein string such that m(0+) = 0 and m(x) > 0 for every
x € (0,L). Further, let us the principal spectral measure of the string as in (5.18), set ug(r) ==
us([0,7)), 7 > 0, and let g be a continuous, non-decreasing, reqularly varying function. Then

/100 /Jé(s)gs(;) ds<oo < Fzoe(0,L). /0950 g(W) dz < oo. (6.2)

Before we prove this corollary, we need the following lemma.

6.2 Lemma. Let F : (0,00) — (0,00) be a non-increasing function and let ¢ € (0,b). Then

L QMI(C’F( [ e d§> dr < [ P(mma) )0 a

0
</0ml(C)F(/0$m<f> dé‘) dz.

Proof. To show the second inequality, we apply [9, Proposition 1] to obtain
0 0
my(c) B B
= /0 F{mg (my () mq (my (x))} dx

—_———

[ et [ o] ae< [ [ i
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where in the last step the monotonicity of m and F was used.
For the first inequality we use [9, Proposition 1] again

c 1 c

=3 (e () m (i ()] o

3G [ ez g [ i)
> ;/:ml(c)F[/ozm(@ dg] dr,

where in the penultimate step the monotonicity of m and F was used. a

Proof of Corollary 6.1. Let H be the Hamiltonian in (6.1), and let 7 and 7,uy be as in
Lemma 5.14. From Lemma 5.14 we obtain that

1i5(r?) = ps([0,7%)) = Tupm ((0,7%)) = pu (=7, 7)) = lig(r).

Define £(r) := g(r?), » > 0, which is also a continuous, non-decreasing, regularly varying
function. A substitution yields

/1(><> /I_c,(s)g(s) ds = 2/1oo /fs(r2)g§£ ) dr = 2/100 ﬁH(r)%g) dr.
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The assumptions on m imply that neither h; nor hs vanish in a neighbourhood of 0; see
Lemma 5.13 (i). Hence we can apply Proposition 4.7, which, for the diagonal Hamiltonian H,
gives the second equivalence in the following chain:

/Oou"s(s)g(:) ds<oo & /mﬁH(T)&?dr<oo
1 $ 1 r

& Je>0. /O hi(t)f ((mamz)(t)~%) dt < oo

& de>0. /Ochl(t)g<(m1ml2)(t)) dt < oo.

It follows from Lemma 6.2 with F(u) = g (1) that the last condition in the above chain is
equivalent to the condition on the right-hand side of (6.2). a

6.2 The work of Y. Kasahara

Y. Kasahara’s paper [24] deals with Krein strings as discussed in §5.5. It was a milestone in
the study of high-energy asymptotics of the principal Titchmarsh-Weyl coefficient®. Its recent
successor [25] extends the results to so-called Kotani strings. In these papers also some theorems
about pointwise relations between the mass distribution function of the string and its principal
Titchmarsh-Weyl coefficient are proved; see [24, Theorem 4], [25, Section 3].

Since Krein strings can be considered as diagonal canonical systems, we can use our present
theorems to obtain quite precise information about the principal Titchmarsh—Weyl coefficient;
see Proposition 6.3 below. Concerning its content, our proposition is a variant of Kasahara’s
Theorem 4. It is weaker than [24, Theorem 4] in the sense that we have worse universal
constants in the estimates, but stronger in the sense that we do not restrict ourselves to invertible
comparison functions®. This allows us to give a formulation which is similar to [25, Theorem 3.4].

5Kasahara works with the function gs(—z) and calls it the “characteristic function of the string”.
6This assumption is not explicitly stated in [24, Theorem 4]. However, it is needed in the proof.
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That result, however, is not comparable with ours since on the one hand it deals with a more
general type of strings (for which it is not clear how we could treat them) but on the other hand
restricts to the particular situation when gs oscillates around a regularly varying function.

6.3 Proposition. Let S[L,m] be a string with L > 0 and m % 0. Denote by qs its principal
Titchmarsh—-Weyl coefficient, and define £ as in (5.20). Then

as-n) = (=), ye.).

w“o»

The constants in “<” are independent of the string.

Proof. Let H be a diagonal Hamiltonian associated with the string S[L, m], e.g. as in (6.1). By
assumption, neither h; = 0 a.e. nor he = 0 a.e. Moreover, fix n € (0,1 — %) By Theorem 1.1
and Proposition 5.15 we have

2

gz (ir)] = A(r) = %ﬁ‘(%).

The values gg(ir) are purely imaginary since H is diagonal, and Lemma 5.14 gives qp(ir) =
(ir)gs(—r?). Setting r = \/y we obtain

2

gs(~y) = qHEjg\/ﬂ)l =f" (%) = ﬁ’(i),

where in the last step we used Lemma B.3. a

6.3 Sturm-Liouville equations

In this subsection we consider Sturm—Liouville equations of the form
—(py") + ay = dwy (6.3)

on an interval (a, b), where p(x), w(z) > 0, ¢(z) € R for a.e. z € (a,b), %,q, w € Li _([a,b)), and
A is the spectral parameter. Further, we assume that the equation is in the limit-point case at
the right endpoint b. The Titchmarsh-Weyl coefficient corresponding to a Dirichlet boundary
condition at @ is defined as follows. Let 6(-;A), ¢(-; A) be solutions of (6.3) that satisfy the

initial conditions

0(a; ) =1,  (pf')(a;\) =0,
#(a;A) =0, (p¢')(a; \) = 1.

Then gp(A), A € C\ R, is the unique number such that 8(-; \) + gp(N\)¢(-; \) € L2 (a,b) where
L2 (a,b) denotes the weighted L?-space with inner product (f,g) = fab fgw. Denote by Ap
and Ay the operators y — +(—(py’)’ + qy) in L2 (a,b) associated with (6.3) and Dirichlet
(y(a) = 0) or Neumann boundary condition ((py’)(a) = 0) at a respectively. The Titchmarsh—
Weyl coefficient can be analytically continued to C \ [mino(Ap), o0).

Let us first consider the case when ¢ = 0. In this situation we can apply our main result,
Theorem 1.1, directly. Note that gp is defined at least on C \ [0, c0) in this case.

6.4 Corollary. Let r € (0,3 — ﬁ), set o 1= ﬁ —1, and, forr >0, let Z(r) € (a,b) be

the unique solution of the equation

z(r) z(r) 2
/ w(t)dt-/ %dt: = (6.4)

Then the Titchmarsh—Weyl coefficient qp for (6.3) with ¢ = 0 satisfies

C1.9B(r) < |gp(re’)| < Co.9B(r), r>0,9 e (0,27), (6.5)
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where

1
H a m dt
and )
1+o0+ PG 1
o K sin(9/2) o
Cop = e ) Cio = Con

Proof. With the given p, w we consider the Hamiltonian

w 0
H= -
0 %
Comparing (6.4) and (1.5) (with 7 = 2k) we see that &(r) = £(rz). It follows from [29, (3.1)]

that gp(22) = zqu () for € C\ R. Now (1.6) and (2.15) imply

, l+o+
= an(rhet )] <

1
1 _K(S;n(ﬂ/z) A(r?)

r

&(r)
) = Cz,@;/ w(t) dt = Cay

K

)
Jo© iy dt

I
3
53

3

Nl
3

—~
~

—~
=

[N

)

which is the second inequality in (6.5); the lower bound follows similarly. a

Let us now consider the case where also the potential ¢ is present. We use a transformation to
reduce this situation to the previous case with no potential. Asymptotic estimates have been
proved in, e.g. [15, Theorem 3], [2, Theorems 1 and 2] and [3, Theorem 3.3]. The following
corollary is similar to the latter two references although in those theorems also sign-changing
p is allowed. On the other hand, in the following corollary the bounds and the range of
validity depend — apart from an a priori lower bound of the corresponding Neumann operator —
explicitly and uniformly on certain integrals over the coefficients in a neighbourhood of the left
endpoint a, in contrast to the results in the literature we know of. Note that in some of the

papers the Neumann Titchmarsh—Weyl coefficient gy = _q% is considered.

6.5 Corollary. Let p,q,w be as at the beginning of this subsection and let k, o, Ci 9, Cay,
Z(r) and B be as in Corollary 6.4. Further, assume that the Neumann operator Ay is bounded
below, let A\g < mino(Ay), choose xy € (a,b) such that

/woidt<1 /IO|(t)—)\w(t)|dt<1 (6.7)
AR AL R |
and set
2 [/wo Tooq -t
ro := 9K wtdt~/ dt} .
’ a © o D)
Then o o
3#6”93(970) < lgp(No +re™)| < 42’193(97”), r>ry, ¥ € (0,27). (6.8)
Proof. Let v be the solution of the initial value problem
S +qu=dows,  w(@)=1, (p')(a)=0. (6.9)
It follows in exactly the same way as in [31, Lemma 2.3] that v(z) > 0 for all € [a,b).
In order to obtain an explicit estimate for v, we rewrite the initial value problem (6.9) in a

v
pv’

x 0 _1
u(z) =u PO )
(@) =u+ [ @m—&mw 0)(@&

42

standard way: with u = (?,), (6.9) is equivalent to



where ug = ((). Let T' be the operator in the space C([a, zo])? (with norm || (}2) | = /1l +
|| f2]l0) that maps u onto the integral on the right-hand side. It follows from (6.7) that || 7| < 3.
Hence
- - n 1
lu = woll = [|(1 = 1) o — wol| < Y IT"[luol| < 5,
n=1

and, in particular,

1
3 <wv(z) < %, x € [a,xo]. (6.10)

We use the following transformation: set P := v?p, W := v?

mapping

w and define the unitary

U: L2 (a,b) — L (a,b), yr— % .
Let A € C\ R and let ¢ be a non-trivial solution of —(py)’) + qu» — Aowtp = Awp which
is in L2 (a,b). Then gp(Ag + \) = %. Set ¢ := Utp, which belongs to L% (a,b). It
follows from [31, Lemma 3.2] that —(Pv’)" = A\W4. Let gp be the Titchmarsh-Weyl coefficient
corresponding to the equation —(Py’) = AWy; then gp(\) = %. The two Titchmarsh—
Weyl coefficients are related as follows:

o) - @ _ p))@) v e (p@) @) + () (@)ia)

¥(a) (v9)(a) v(a)y(a)
_ 1 (P, )
v(a)?  4(a) v(a)
since v satisfies the initial conditions in (6.9).
We want to apply Corollary 6.4 with P and W instead of p and w respectively. Let Z(r) be

the unique solution of
3(r) i) g 2
W(t)dt- —dt = —
o [ gt
for r > 0. It follows from (6.10) that, for r such that Z(r) < zg, we have

Z(r) z(r) 1 B Z(r) W(t) . Z(r) v(t)2
A U)(t) dt - /a ]E dt = A U(t)2 dt A P(t) dt

(;)2 #(r) #r) q 1 K2 #(9r) #or) 4
> 25 W(t)dt-/ —dt:f-—:/ w(t)dt-/ —dt
. PO 9T, 0

and hence Z(r) > #(9r). In a similar way one proves Z(r) < Z(g). In particular, Z(r) < z¢ is
satisfied if #(§) < 2, which, in turn, is equivalent to r > r.
Now Corollary 6.4 applied to —(Py’)’ = AWy yields

=qp(N)

Z(r)

-1 #(r) -1
. - 3\2 1
lap(Ao + 7€) = [gp(re™)| < Cag ﬁ[/a P dt} <Cowk (5) [/a — df]

p(t)
:i(g’l") 1 -1
< 90 /@[/ o® dt} = 902’”3(9@

- 4 (t) 4
and
o . E) . N2 ()
o0+ e = [l(re™)| 2 Cuot [ Witz Croto(3) [ wie)ar
K Ja K \2 @
Cl P Z(97) Cl 9 o &(9r) Cl 9
> — . — t)ydt = —— - — t)ydt = ——B(9
=7y n/a w(t) % ) v0 36 207)
for r > rg, which proves (6.8). Q

6.6 Remark. It follows from Corollary 6.5 and the second form of B(r) in (6.6) that [gp(Ao +
re)| is bounded above and below by constants times the function B, which is monotonic
increasing and tends to oo as r — oo. O
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6.4 The work of H. Winkler

Let us now discuss [44, 43]. These papers were of utmost importance for us since the method to
estimate Weyl discs is taken from there. H. Winkler proves three theorems about membership
of Kac classes; in our notation, these are the classes M, with g.(r) := %, a € (0,2), where
the classes M, are defined in Definition 4.2.

We start with a slightly more general situation that covers Theorems 4.2 and 4.4 in [44].
Let p1,p2 > 0, ¢1,c2 > 0 and assume that the primitive M of a Hamiltonian H, defined on
[0, 00), satisfies

m;(t) = ¢;t? + o(t’), t—0, i=1,2.
Further, assume that one of the following conditions is satisfied:
(i) p1 # pa;
(6.11)
(i) p1 = p2, ma(t) = cst™ +o(t’), c2 < cica.

It follows from [44, Lemma 4.3] in the case when H is trace normed (or from the much more
general Theorem 6.1 in [26]) that if (i) is satisfied, then

t)? NGZIRY
lim sup ms(t) < (1 pLo2 > < 1.
t—0  mi(t)ma(t) 5(p1 4 p2)
In the case when (ii) is satisfied, we obtain limsup,_,, #ﬁzm = % < 1. It now follows
from Example 4.20 that
pi € Fy \ F2 where ag 1= 202 (6.12)
0 0 p1+ p2
and hence
pE €My, & a> . (6.13)

The two special cases considered in [44] are the following. In that paper the Hamiltonian is
always trace normed, which implies min{p1, p2} = 1.

@ Theorem 4.2 in [44].

In that theorem the situation (ii) with p; = po = 1 is considered, i.e. m;(t) = ¢;t + o(t),
i=1,2,3, with ¢3 < cjce. In this case we have ap = 1. One should note that this situation is
actually more specific: by [6, Theorem 3.1] one has

lim gy (ir) =¢ with some ¢ € CT;

T—00
in particular, Im gg (ir) < 1, and this also implies the result.

@ Theorem 4.4 in [44].

In that theorem the situation (i) is considered, i.e. either p; = 1,p2 > 1 or p; > 1,p2 = 1,

which leads to ag = p22p+21 and ap = ﬁ respectively. We should note that in [44] only the

classes M are studied and hence only (6.13) is proved but not the statement in (6.12).

Finally, let us consider a situation that is slightly more complicated.
® Theorem 4.5 in [44].
Consider a Hamiltonian H defined on [0, 00) such that M satisfies
m;(t) = ¢t + dit” + o(t7), 1=1,2,
i(t) = cit + d; 6 (5) (6.14)
mg(t) = Cgt + dgt + O(t ),

as t — 0, where
c1,co > 0, c§ =cico, 7, 0>1, d; eR.
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We cannot argue in the same way as in @ and @ since % — 0 and hence L(r) < A(r).
However, we can apply the transformation from §5.3. In particular, (5.7) yields the primitive

M of a new Hamiltonian H such that

ﬁll(t> = CoMmy (t) =+ Clmg(t> — ZCgmz(t) codl + Cldg)t’Y — Qnggté =+ O(tﬁ),

T?LQ(t) = clml(t) + Cgmg(t) + 203m3(t) =

m3(t> =cC3 (m1 (t) - mz(t)) + (CQ — cl)m3 t)

= Cg(dl — dg)tpY + ((32 — C1)d3t6 + O(tﬁ),

(
(¢34 c3 +2¢2)t +ot),
(

where k := min{~,d}. Let us assume that m;(t) ~ ¢t with some ¢ > 0, i.e. that one of the
following three conditions is satisfied:

o v <4, cody+ crdy >0
e § <y, d3<O0;
° = 6, cody 4 c1ds — 2¢od3 > 0.

(If m1(t) = o(t"), then one needs more information on the small o terms in the representations
of m;.) The Hamiltonian M satisfies (i) in (6.11) with p; = K, po = 1. Hence (6.12) holds
with H replaced by H and ag = %-H By Proposition 5.7 we have Im g (ir) < Im ¢ (ir) and
therefore also iz (r) < fiz(r); see Lemma 4.18. This implies that (6.12) holds also for H and

that
2

k+1"

pg €My, & a>

This covers most cases in [44, Theorem 4.5]; some cases where m1(t) = o(t") and more inform-
ation on m; is known are also treated there.

Let us note that, as in @, the situation in (6.14) is more specific. By the main theorem of
the forthcoming paper [28], g (ir) has a power asymptotic for » — oco. However, contrasting
@, this does not lead to a proof of the assertion concerning Kac classes since the leading term
of this asymptotic expansion is real.

Appendix A. Regularly varying functions

To quantify speed of growth, we use comparison functions which behave roughly like a power
in Karamata’s sense of regular variation. In this appendix we recall the definition and some
facts about such functions. A very good source for the theory of regular variation is [4]; and
this is our standard reference.

A.1 Definition. A function g: (0,00) — (0,00) is called regularly varying with index o € R if
it is measurable and

A
A0, Tim 207 e (A1)
r—oo g (1)
O
Examples of regularly varying functions include functions g behaving, for large r, like
re. (logvﬂ)ﬁ1 . (loglogvﬂ)ﬁ2 o (log -+ -log 7’)6’",

—_——

mth iterate
where «, 81, ..., Bm € R, which were studied already in the context of entire functions. Other

examples are g (r) = reelosn)’ with B € (0,1), or g(r) = raewg)l%; see [4, §1.3].

The following theorem shows that regularly varying functions with index « are asymptotic-
ally strictly between powers with exponents strictly larger than o« and powers with exponents
strictly smaller than a. It follows, e.g. from the Potter bounds; see [4, Theorem 1.5.6 (iii)].
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A.2 Theorem. Let g : (0,00) — (0,00) be a regularly varying function with index oo € R. For
every p € R, p # «, there exist ro > 0 and C > 0 such that

g(r)<Cr®  ifp>a,

g(r)=Cr*  ifp<a,

forr >mrg.

A regularly varying function with a strictly positive index is asymptotically equivalent to a
monotonic increasing, regularly varying function with the same index, as the following theorem
shows; see [4, Theorems 1.5.3 and 1.3.1].

A.3 Theorem. Let g : (0,00) — (0,00) be a locally bounded, regularly varying function with
index o > 0. Then

g(r) :=sup{g(t) : 0 <t <r}~g(r)
as r — 00, and g s reqularly varying with index o.
Another fundamental result, due to J. Karamata, determines what happens when a regularly

varying function is integrated against a power. We recall this theorem in a comprehensive
formulation collecting what is proved in [4, Section 1.5.6].

A.4 Theorem (Karamata). Let g be regularly varying at oo with index o € R and assume
that g s locally bounded.

(i) Let § € R and assume that 6+ o+1 > 0. Then the function x — [ t°g(t) dt is regularly
varying with index § + o+ 1, and

zlingo<x5+1g(x)//z g (t) dt) —d+a+1.
1

(ii) Let 6 € R and assume that [~ t°g(t)dt < oo. Then § + a +1 < 0, the function
T f;o t9g (t) dt is regularly varying with index 6 +a + 1, and

Jim (x‘”lg(x)//:o 0.g(t) dt) =—(6+a+1).

Appendix B. The generalised inverse of a non-decreasing
function

Let us recall the notion of a generalised inverse; see, e.g. [7, Definition 2.1]. We slightly adapt
the definition and, in particular, allow that the given function may attain the value +oo; this is
convenient when we apply our results to Krein strings. On the set (—oo, 0o] we use the obvious
order structure.

B.1 Definition. Let —co < a < b < 00, let f: [a,b) = (—00, 0] be a non-decreasing function
and set Ry := conv(ran f), the convex hull of the range of f. The function f~, defined by

() =inf{z € a,b): flx) >y}, yeRy, (B.1)
is called the generalised inverse of f. %

Note that in this definition the function f is neither assumed to be strictly increasing nor to
be continuous. Further, note that, with 0’ := lim,_;, f(x), we have Ry = [f(a),t'] if ¥ € ran f
and Ry = [f(a),’) otherwise.

In the next two lemmata we state some facts about generalised inverses which we use in the
present paper. They are folklore; some can be found in [7], some in [23], and most probably in
many other references. For the sake of completeness and because the setting is slightly different,
we give proofs.
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B.2 Lemma. Let f be as in Definition B.1 and set V' := lim,_, f(z). Then the following
statements hold.

(i) f~(y) €la,b) forally e Ry.
(ii) f~ is non-decreasing and left-continuous.
(iii) Let x € [a,b). Then

f(f(@) =inf{¢ € [a,2] : f(§) = f(x)} <

with equality if and only if x is not right endpoint of an interval where f is constant. In
particular, f~(f(a)) = a.

(iv) Lety € Ry. Then
F(f~W) <y if f is left-continuous at f~(y),
f(f ) >y if f is right-continuous at f~ (y).
In particular, if f is continuous on [a,b), then f(f~(y)) = y.

(v) Let yo € Ry with yo < V' and assume that f is strictly increasing on the interval
[f~ (o), f~ (v0) + €] for some e > 0. Then f~ is continuous at yo.

(vi) Assume hat f is continuous and let x € [a,b) andy € Ry. Then
ffysz & y<f()
(vil) Set xo :=sup{€ € [a,b) : f(§) <V'}. Then li/r‘rl} F(y) = xo.
y ’

(viii) Let g be another function as in Definition B.1 defined on the same interval [a,b). If
f(z) < g(z) for all x € [a,b), then

=) >9 (y), yERfNRy.

(ix) Let —oo < ¢ < d < o0, let I' C (—o0,00] be an interval, and let ¢: [c,d) — [a,b) and
¢ : Ry — I' be increasing bijections. Then

(Wofop) (W)= (¢ tof oy ), wvel.

(x) Let f be another function as in Definition B.1 defined on [a,b) such that b > b and
f(z) = f(z) for x € [a,b). Then f~(y) = [~ (y) fory € Ry.

Proof.

(i) For y € Ry the set in (B.1), of which the infimum is taken, is non-empty and contained
in [a,b).

(ii) To show that f~ is non-decreasing, let y; < y5. Then

{z€la,b): fx) >y} 2{z€lab): f(z)=>y},

and hence f~(y1) < f~(y2). In order to prove the left-continuity of f~, we first show the
following implications
r<f(y) = [fl&) <y,

r>f"(y) = [fl&)=v.

Indeed, if x < f~(y), then z & {£ € [a,b) : f(§) > y} and hence f(x) < y; if x > f~(y), then
there exists & € [a, z) such that f(§) > y and therefore f(z) > f(§) > y.
Now let yo € Ry with yo > f(a) and assume that

T_ = yli/rgloff(y) < £~ (o)-

(B.2)
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Choose an arbitrary number 2’ € (z_, f~ (zg)). For every y € (f(a),yo) we have [~ (y) < z_ <
x' < f~(yo). Hence, two applications of (B.2) yield y < f(z') < yo, which is a contradiction to
the arbitrariness of y in (f(a),yo).

(iii) For x € [a,b) we have

f7(f(2)) = inf{¢ € [a,b) : (&) = f(2)} = inf{¢ € [a,] : f(§) = f(a)}
= inf{¢ € [a, 2] : f(£) = f(x)}.

The remaining assertions are now clear.

(iv) The implications follow from (B.2), e.g. if f is left-continuous at f~(y), then f(f~(y)) =
lim,, -,y f(7) < y. The last statement clearly follows from this when f~(y) € (a,b); when
f~(y) =a, then f(f~(y)) = f(a) <y since y € Ry, and the other inequality follows since f is
right-continuous at [~ (y).

(v) In light of (ii) it is sufficient to show right-continuity. Suppose that

f~ (o) < yli\rrylo f(y)

and set
oy = min{ lim £~ (y), £~ (yo) +=}.
Yy \Wo
Further, choose x1,22 € (f~ (y0),2+) with 21 < z5. For every y € (yo,b") we have f~(yo) <
21 < xg <24 < f~(y). Hence, applying (B.2) twice and using the strict monotonicity of f on
[f~ (yo), z+] we obtain
Yo < f(x1) < f(w2) <,

which is a contradiction to the arbitrariness of y in (yo,d’).

(vi) Assume that f~(y) < z. Since f is continuous, it follows from (iv) that y = f(f~(y)) <
f(z). Now assume that f~(y) > x; then y > f(z) by (B.2).

(vii) We distinguish two cases. When zg < b, then ' € Ry and f~(b') = xo. Hence the
left-continuity of f~, shown in (ii), implies the assertion.

Now assume that xg = b. It is clear from (i) that f~(y) < b for every y < ¥'; therefore
lim, ~y f~(y) < xo. To show equality in the latter relation, let « € [a, o) be arbitrary. By the
definition of zp we have f(x) < b'. Hence there exists y € (f(z),b’), which, by (B.2), implies
that f~(y) > x.

(viii) For y € Ry N R, we have

{z €la,b): f(z) >y} C{z€lab): g(z) >y}

and hence f~(y) > g~ (v).
(ix) Let v € I'. Then
{teled): Wofop)t)>v}={teled: fpt) > (v)}
= ' ({relab): f@)= ¢ (v)}),

from which the desired relation follows.
(x) For y € Ry we have

f(y) = inf{z € [a,b) : f(x) >y} = inf{w € [a,b) : f(x) >y},

which implies the assertion. a

The following lemma is used in §6.2. To avoid distinction of cases, we use the relation 2> = oo

for z € (0, 00).

B.3 Lemma. Let b € (0,00], and let f:[0,b) — [0,00] be a non-decreasing function such that
f(0) =0, lim;p f(x) =00 and z — % is non-decreasing on (0,b) for some p > 0. Then for

all ¢ > 0 we have f~(cy) < f~(y), y € [0,00).
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Proof. First note that we have either Ry = [0, 00) or Ry = [0, o0].
It is sufficient to consider the case when ¢ > 1. From the monotonicity of f~ it follows that

) < (), yel0,00) (B.3)

Our aim is to show a reverse inequality with a multiplicative constant. If b < co, we extend
f as follows:

; f(x), 2 el0,0),
f@) =
+oo, € [b,00).
In the case when b = oo, we set f := f. It follows from Lemma B.2 (x) that f~(y) = f~(y) for
y€ Ry Forx € (O,cféb) we have

[@) _ o f(era) _ f(era)
fl@)=a* P = (c%@p - c
We can extend this inequality to
f(z) < %f(c%x), x € [0, 00). (B.4)

Define the functions ¢ : [0,00) — [0,00), p(z) = crx and 1 : Ri— Rp dl(y) = 1y. Then
(B.4) can be written as f(z) < (¢ o f o @)(x), z € [0,00). Hence Lemma B.2 (viii), (ix) imply
that, for y € Ry,

In particular, this inequality is true for y € [0,00), which, together with (B.3), proves the
assertion. a

Note that Lemma B.3 says that under the given assumptions the function f~ belongs to the
class OR defined in [4, §2.0.2]; see also Remark 4.8.
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