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ABSTRACT. We derive necessary and sufficient conditions for universality lim-
its for orthogonal polynomials on the real line and related systems. One of our
results is that the Christoffel-Darboux kernel has sine kernel asymptotics at a
point &, with regularly varying scaling, if and only if the orthogonality measure
(spectral measure) has a unique tangent measure at £ and that tangent mea-
sure is the Lebesgue measure. This includes all prior results with absolutely
continuous or singular measures.

Our work is not limited to bulk universality; we show that the Christoffel-
Darboux kernel has a regularly varying scaling limit with a nontrivial limit
kernel if and only if the orthogonality measure has a unique tangent measure
at € and that tangent measure is not a point mass. The possible limit kernels
correspond to homogeneous de Branges spaces; in particular, this equivalence
completely characterizes several prominent universality classes such as hard
edge universality, Fisher—-Hartwig singularities, and jump discontinuities in
the weights.

The main part of the proof is the derivation of a new homeomorphism.
In order to directly apply to the Christoffel-Darboux kernel, this homeomor-
phism is between measures and chains of de Branges spaces, not between Weyl
functions and Hamiltonians. In order to handle limits with power law weights,
this homeomorphism goes beyond the more common setting of Poisson-finite
measures, and allows arbitrary power bounded measures.

1. INTRODUCTION

In this paper, we derive necessary and sufficient conditions for universality limits.
Our main result is Theorem 1.11, which is formulated and proved in a very general
setting. We will initially present the results in the setting of orthogonal polynomials
on the real line (OPRL), although this is only a particular case. In this setting
the topic has a long history. In course of the presentation we gradually increase
generality, and Theorem 1.6 is the most general result in the OPRL setting.

Stage 1: Bulk universality.

We start our journey with discussing universality for OPRL in the sine kernel
regime. Consider orthogonal polynomials (p,(z))°_, with respect to a measure
u on R, obtained by the Gram-Schmidt process in L?(R,du) from the sequence

(2™)%_,. By general principles, the polynomial p, has n real simple zeros. Their

local distribution/spacing on the real line is a question of classical interest; in the
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setting of Jacobi polynomials, it was long known [79] that zeros of Jacobi poly-
nomials are locally asymptotically uniformly spaced, and this was generalized by
Erdés—Turdn [23] to a class of smooth weights on an interval. In modern literature,
this phenomenon is known as clock behavior, and it is stated as follows. Zeros of p,
can be indexed by counting to the left and right from a fixed point £ € R, denoting
them by fj(.”) so that

R R P N A P A
(of course, only n of these are well-defined for fixed n). The measure can be said to

have clock behavior at £ if for every j € Z, fj(-n) is well-defined for all large enough
n and if for some scaling sequence 7, — 00 as n — o,

lim 7 (&7 — &) =1 (1.1)

for every j € Z (it is common to impose additional assumptions on 7).

A theorem of Freud [27], rediscovered by Levin in [51], states that clock behavior
follows from a local scaling limit of the Christoffel-Darboux (CD) kernel: namely,
the CD kernel for the measure pu is defined as

n—1
K(n,z,w) = Y p;(2)p;(w) (1.2)
7=0

and clock behavior (1.1) follows from the local scaling limit

1 z w

A Km0 (”’“ wet T> B
The phenomenon (1.3) is called bulk universality, and sufficient conditions for bulk
universality have been greatly studied in the literature.

We digress to say that similar scaling limits of CD kernels are motivated by
random matrix theory; the eigenvalues of random matrix ensembles with a uni-
tary conjugation invariance are a determinantal point process whose correlation
kernel is precisely the CD kernel [17, 64], so certain limits of CD kernels encode
local eigenvalue statistics of the random matrices. In that setting, an explicit n-
dependence is naturally placed in the measure, so this is often referred to as a
varying measure limit, with pioneering work by Bleher—Its [6], Pastur—Shcherbina
[65], and Deift-Kriecherbauer—-McLaughlin—Venakides—Zhou [14, 15, 16], see also
[17] and the survey of Lubinsky [58].

Returning to the "fixed measure" bulk universality limit (1.3), many different
methods were developed to prove it under different sufficient conditions. Riemann—
Hilbert techniques were used by Kuijlaars—Vanlessen [44] for Jacobi-like analytic
weights on [—1,1]. Another method was found by Lubinsky [56], with further
developments by [24, 77, 82, 83], which instead requires Stahl-Totik regularity [78]
of the measure and Lebesgue point and local Szeg6 conditions at the point . A
second approach of Lubinsky [55] is conditional on the behavior of the CD kernel
on the diagonal; this was used by Avila—Last—Simon [2] to prove bulk universality
for ergodic Jacobi matrices on an essential support of the a.c. spectrum. Breuer
[7] found the first examples of bulk universality with singular measures, within the
class of sparse decaying discrete Schrodinger operators. Lubinsky first explored the
connection with de Branges spaces [55, 57]. Using the theory of canonical systems,
a local sufficient condition was proved by Eichinger-Luki¢-Simanek [21]: a strictly

sin(n(z — w))
7(z —w) (13)
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positive, finite nontangential limit of the Poisson transform of the measure at a point
implies bulk universality at that point. This approach works with the continuous
family of kernels {K (¢, z,w) | t € [0,00)} obtained by piecewise linear interpolation,

K(t,z,w) = K(|t],z,w) + (t — [t)(K(|t] + 1,2, w) — K(|t], z,w)), (1.4)
which naturally appears through the reduction of a Jacobi matrix to a canonical
system.

As a consequence of our main result we obtain necessary and sufficient conditions
for bulk universality:

Theorem 1.1. Let i be a measure on R with a determinate moment problem. For
any £ € R and any n € (0,00), the following are equivalent:

(i)

€l0 € €l0 €
(ii) Uniformly on compact subsets of (z,w) € C x C,
- K (tvf Ry <Rl nK(ltu,s,f)) _ sin(r(z —)) (16)
t—o0 K(t,&,€) 7z —w) '
(iii) Uniformly on compact subsets of (z,w) € C x C,
i K (”75 T aRmEe ST nK(Z,&,&)) _ sin(n(z — w)) ()
n—w K(n,¢&,¢) m(z — W) '
and
lim Kn+1,66) _ 1. (1.8)

n=o K(n,€€)

Note that we consistently use n € N as a discrete parameter and ¢ € [0,0) as a
continuous parameter; in particular, the equivalence of (ii) and (iii) above relates
the sine kernel asymptotics for the continuous family of linearly interpolated kernels
(1.4) to that for the original sequence of CD kernels (1.2).

Remark 1.2. (i) The determinate moment problem condition means that p is
uniquely determined by its moments {&" du(€), n = 0,1,2,.... A sufficient
condition is exponential decay of the tails, See‘f‘ du(€) < oo for some € > 0.

(ii) Theorem 1.1 describes bulk universality at the scale 7, = nK(n,¢£,€). The
inverse of K (n,&,€) is known as the Christoffel function and its asymptotic
behavior is widely studied. By work of Maté—Nevai-Totik [61] and Totik [81],
Stahl-Totik regularity and local Lebesgue point/local Szegd conditions at the
point imply that K(n,&, &) grows linearly with n. This contains previous bulk
universality results for compactly supported measures with an a.c. part; thus,
although those results were formulated at the explicit scale 7, = cn, this is
equivalent to the scaling limit (1.6).

(iii) The condition (1.8) is equivalent to

o 7
n—1 -
noe Zj:() p;j(§)?

and sometimes described as subexponential growth of orthogonal polynomials
pr(€). Tt is closely related to the Nevai condition [8, 9].
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(iv) Prior results were based on a mix of global and local assumptions of the mea-
sure, and the local assumptions included Lebesgue point conditions on the
measure; in particular, they required presence of an a.c. part of the measure.
Theorem 1.1 is completely local, and the local condition (1.5) is weaker than
a Lebesgue point condition; in particular, it makes it obvious that bulk uni-
versality at a single point can even be achieved for a pure point measure (see
Lemma 9.1).

(v) It was proved in [21, Theorem 1.2] that if for some « € (0, 7/2),

lirré —Imj-id,u = (1.9)
a<arg(z—€)<m—

then (1.6) holds. This sufficient condition (1.9) is equivalent to (1.5) for
any 7 € (0,00) and any « € (0,7/2), by a general result of Loomis [52] for
positive harmonic functions (see also [70] which gives a proof related to our
rescaled Weyl functions). Thus, Theorem 1.1 shows that the implication in
[21] is optimal; however, the opposite implication (ii) = (i) of Theorem 1.1
is outside the scope of the method in [21].

The approach in [21] is based on a homeomorphism between trace-normalized
limit circle-limit point Hamiltonians and Nevanlinna functions (analytic maps C, —
C,, where C; = {2z € C | Im 2 > 0}). In particular, the implication (1.9) = (1.6)
was proved by a shifted rescaling trick which does not give the converse implication
and does not easily generalize to other situations. The approach in this paper is
different, and at its core is a homeomorphism between certain measures and certain
chains of de Branges spaces. This homeomorphism is better suited for the study
of convergence of kernels, and necessary for statements such as the implication
(ii) = (i) of Theorem 1.1. We will be more precise below.

Stage 2: Bulk universality with reqularly varying scaling.

We turn to more general sine kernel asymptotics. In the equivalence of Theorem 1.3,
the derivative condition on the measure is replaced by a tangent measure condition.
We provide the required definitions before stating the result.

For a locally finite measure p in C, £ € C and r > 0, consider the affine push-
forwards of p defined by pe,(A) = p(§ + A/r) for Borel sets A. A measure v is a
tangent measure of p at £ if v is locally finite, v(C) > 0, and there exist positive
sequences ¢y, r, with r, — 00 and ¢ppe,r, — v weakly in C.(C)* as n — o0. The
set of tangent measures of p at £ is denoted Tan(u, ). This notion was introduced
in geometric measure theory by Preiss [67], see also [62].

The set Tan(y, &) is closed under multiplication by a positive scalar. It is said
that p has a unique tangent measure at £ if there exists v such that Tan(u,§) =
{ev | c € (0,00)}.

A function g : (0,00) — (0, 0) is said to be regularly varying (at oo) with index
B if for all ¢ € (0,00), g(cr)/g(r) — ¢® as r — o0. Regularly varying functions
were introduced by Karamata [39, 40] and play an important role in Abelian and
Tauberian theorems; see also [5], and applications to spectral theory [20, 49, 69).
Another regularly varying function h is said to be an asymptotic inverse of g if
h(g(r))/r — 1 and g(h(r))/r — 1 as r — 0. Every regularly varying function g of
order § > 0 has an asymptotic inverse h of order 1/f.
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Theorem 1.3. Let u be a measure on R with a determinate moment problem. For
any & € R, the following are equivalent:

(i) There exists g regularly varying with index 1 such that
1= lim g(r)u((€— 7€) = lim g(r)u([¢&€+ 7))

(ii) Tan(p, &) = {em | c€ (0,00)} where m denotes Lebesgue measure on R
(iii) There exists b regularly varying with index 1 such that uniformly on compact
subsets of (z,w) € C x C,

K (064 soeey £ mktey) | sin(n(z - m)
lim = — . (1.10)
t—0 K(t7£a€) 71'(2’ - lU)
(iv) There exists h regularly varying with index 1 such that uniformly on compact
subsets of (z,w) € C x C,

i (m &+ rmgen € * roeives) _ sin(n(z — w))
n—00 K(n,&¢) w(z — W)
and (1.8) holds.

In this case, f is an asymptotic inverse of g.

Remark 1.4 (Scaling functions and spectral type). (i) Scaling by regularly vary-
ing functions is significantly more general than power law scaling; it allows,
e.g., additional logarithmic factors, and scaling functions such as g(r) =
rlog™r, kK € R. Thus, a sine kernel limit can exist even where p has zero
or infinite derivative w.r.t. Lebesgue measure.

(ii) Bulk universality with regularly varying scaling on a set implies 1-dimensionality
of the measure p on this set (see Theorem 9.2).

(iii) Breuer’s class of examples is chosen from the class of sparse decaying discrete
Schrédinger operators, and the bulk universality limit is formulated with an
explicit n in place of A (K (n,&,£)) in (1.10). For sparse decaying perturbations
of the free Jacobi matrix, K(n,&, §) is a regularly varying function of n (see
Lemma 9.3). Thus, Breuer’s examples are within the setting of Theorem 1.3;
in particular, in the regime of 7], we conclude that for every & € (—2,2),

Iim ge(m)u ((€ = 5.¢)) = lim ge(n)p ([§,6+ 7)) =1,

with an explicit function g¢(n) (see Corollary 9.4 and surrounding discussion).

(iv) There exist finite measures p on [0,1] which are singular with respect to
Lebesgue measure, but have Lebesgue measure as the unique tangent mea-
sure at every £ € (0,1) (see [67, Example 5.9], [26]). By Theorem 1.3, for
these measures, bulk universality holds at every £ € (0,1). This is a slight
improvement over the examples in [7] in the sense that no discrete spectrum
is needed.

Stage 3: Moving away from the sine kernel.

The most prominent example of a universality class other than bulk universality
is hard edge universality, which has traditionally been studied at the edge of the
support of pu and is characterized by a limiting Bessel kernel. In particular, for
Jacobi-type measures with analytic weights on [—1,1], at the endpoint £ = 1,
Kuijlaars—Vanlessen [43, 44] proved hard edge universality by Riemann—Hilbert
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methods; Lubinsky [53] generalized this to a class of Stahl-Totik regular measures
on [—1,1], and proved in [54] a conditional statement at a gap edge of the support.

Other limit kernels have been found for other power-law behaviors of the weight
du(N)/d\. For Fisher-Hartwig singularities, Vanlessen [84] proved strong asymp-
totics and Danka [11] proved a universality limit for a class of Stahl-Totik regu-
lar measures (see also Kuijlaars—Vanlessen [45]). For a class of step-like analytic
weights, Foulquié Moreno—Martinez-Finkelstein—-Sousa [25] proved a hypergeomet-
ric kernel scaling limit.

We characterize the limiting behavior of the kernel when the measure has a local
behavior of the form

lim g(r)u((€—1.6) =0, lim g(r)u([5€+7)) =os (1.11)

for some regularly varying function ¢ with index 8 > 0 and some (0_,04) €
[0,00) x [0,00)\{(0,0)}. The limit kernel will be a function of o+ and j3, as follows:
Definition 1.5. Let (o0_,0) € [0,00)%\{(0,0)} and B > 0. Recall:
VT S . O YR P Y

) = ) 1P, = N T
n=0 (B)n n! ’ n=0 (6)" n!

where o, z € C and 3 € C\(—Np). The symbol (.,),, denotes the rising factorial, i.e.,

(@)o=1, (@)n+1 = (@)n(a+n) forneNy.
We define functions A, B by distinguishing two cases.
(i) Assume that o;,0_ > 0. Define

i o B-1 a E(QF(,B+1)2\/U+T>%

= —log— +——
“ %o T T T(a+ 1P

o B, T2 0 T

A(Z) = einzM(aa/Ba 72“432) + A;M(Oé + 1,,6, *22[{2)’

B(z) := ze"*M(a + 1,8 + 1, —2ikz).

(ii) Assume that o, = 0 or o_ = 0. Define

B +1)2)7 ifoy >0,
0._{<w< )

—(Z=T(B+1)%)7 ifo_ >0,
A(z) := (F1(8,—0z2), B(z):=z-oF1(8+1,—02).

o B(:)A(m) - A(:)B(m)
z)A(w) — A(z)B(w
K, » ,W) = — .
—> +7B (Z w) o — W
This kernel is expressed in terms of entire functions. When o, = 0 or o_ = 0,

the kernel can be rewritten in terms of Bessel functions, as is customary in the hard
edge literature (see [22, Remark 4.2]); likewise, when o, = o_, it can be rewritten
in terms of Bessel functions (see Lemma 10.2).

Theorem 1.6. Let i1 be a measure on R with a determinate moment problem. For
any & € R, the following are equivalent:
(i) There exists a regularly varying function g with index 8 > 0 and (o_,04) €
[0,00) x [0,00)\{(0,0)} such that (1.11) holds.
(ii) p has a unique tangent measure at &, which is not the Dirac measure g
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(iii) There exists h regularly varying with index p > 0 such that uniformly on
compact subsets of C x C

T (t”f + i St ﬁ(K(ItU,s,s)))
e K(t,&,6)
and Ky #£ 1.
(iv) There exists f regularly varying at oo with index p > 0 such that uniformly
on compact subsets of C x C

— (€ + wrtiean € + rtnee)
=0 K(n, ¢, ¢)
with Ko, # 1 and (1.8) holds.
In this case p = 1/f3, h is the asymptotic inverse of g, and Koy = Ky 5, 3.

= Koo (2, w), (1.12)

= Ky(z,w) (1.13)

The assumption (o_,0) # (0,0) is used to rule out a trivial limit obtained by
a scaling function g which is too small, since such a trivial limit would carry no
information; likewise for the assumption K, # 1.

We compare Theorem 1.6 with prior literature:

Remark 1.7. (i) Theorem 1.6 contains as special cases several universality classes
studied separately in the literature. Most notably, o_ = o, and § = 1 is bulk
universality, o, = 0 is hard edge universality, c_ = o4 and § # 1 is a
Fisher-Hartwig singularity, and o_ # o, with 8 = 1 is a jump discontinuity.

(ii) For any of those limit kernels except the sine kernel, prior literature required
analyticity of the weight or Stahl-Totik regularity of the measure, and Theo-
rem 1.6 is the first completely local sufficient condition for a scaling limit.

(iii) Even if Theorem 1.6 is specialized to the power law case g (r) = r”, the local
condition is still weaker than the local assumptions in the prior literature;
prior literature always assumed power law scaling of the weight du(\)/dA

For the study of bulk universality as in Theorems 1.1 and 1.3, an important
realization was that although one starts from a probability measure u, convergence
should be viewed in the larger space of Poisson-finite measures/Nevanlinna func-
tions. This is motivated by the fact that bulk universality corresponds to having
Lebesgue measure as the tangent measure. For the setting of Theorem 1.6, extend-
ing to an even larger class of measures/functions is necessary. Namely, the local
behavior (1.11) corresponds to a tangent measure with a power law scaling; this
measure need not be Poisson-finite, but it has power law growth at oo (see [63]
and Lemma A.2). Accordingly, the core of our approach is a homeomorphism be-
tween power-bounded measures on R (measures p such that §(1+ M)~V du()\) < o
for some N) and a certain class of chains of de Branges spaces. On the function
theoretic side, going beyond Poisson-finite measures, is reflected in passing to re-
producing kernels with a finite number of negative eigenvalues. The Weyl functions
are no longer Nevanlinna functions, but are in the larger class of generalized Nevan-
linna functions suitable for the indefinite setting and introduced by Krein—Langer
[42).

It has been observed before [4, 58] that the proof of the Freud—Levin theorem
extends to other limiting kernels (see Theorem 10.1). Combining that proof with
Theorem 1.6 gives the following description of the local configuration of zeros of
orthogonal polynomials:
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Corollary 1.8. Let u be a measure on R with a determinate moment problem.
Let € € R. If there exists a regqularly varying function g with index 8 > 0 and
o_ €[0,0), o4 € (0,00) such that (1.11) holds, then:

(i) For every k =0, for all large enough n, p, has at least k zeros larger than &;

in other words the k-th zero to the right of &, denoted £, is well-defined for
all large enough n.

(it) The function Ky 5, 5(-,0) has infinitely many positive zeros. Denoting by 0
its smallest positive zero,

limsup (K, (€, €) (€ —€) < 6.

n—ao0

(iii) Fix a sequence n; such that the limit
lim (Ko, (6,0)(&"™ ~ )
J—

exists. Denote its value by k1 and denote by ko < k3 < ... all the zeros of
Ko o, (k1) in (k1,0). Then for every ke N,

Jim (K (6,0)(E) — €) = ki

In the special case of the sine kernel limit, the differences ki1 — ki are inde-
pendent of k1 or k, which is why clock behavior has a more elegant formulation.
However, the conclusions are of the same strength: they describe the local zero
configuration up to one free parameter (location of the nearest zero to the right of
6).

Convergent subsequences as in Corollary 1.8(iii) exist by compactness of [0, 6],
but in general one cannot expect convergence of the sequence # (K, (&, £ ))(ﬂn) —&).
Such convergence, however, holds in the hard edge case; to state this, we denote
positive zeros of the Bessel function J, of the first kind and order v by j, 1, ju 2,
..., so that

0<jv1<juz2<... (1.14)

Theorem 1.9. Let u be a probability measure on [0, 00) with a determinate Stieltjes
moment problem. Denote by én) << &(Ln) the zeros of p,,. If the function

g(r) =1/p([0,1/7))

is a regularly varying function with index 8 > 0, then for every k € N,

1/8
lim # (K (n,0,0))26" = — =

-2
R AT(B 1 1)/B7A-1 (1.15)

where f denotes an asymptotic inverse of g.

This was previously proved by Levin—Lubinsky [51, Theorem 1.2] in the special
case of Stahl-Totik regular measures whose essential spectrum is a compact interval,
and for which p is purely a.c. on some subinterval [0, p], with weight du(\)/d\ ~
M~1as X — 0. We note that determinacy of the Stieltjes moment problem follows,
e.g., from Seéﬁ du(X) < oo for some € > 0.
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Final stage: Natural environment for universality with reqularly varying scale.

The natural environment for our results is the setting of J-decreasing transfer ma-
trices. To explain this, we must set the following notation. To denote the ac-
tion of a fractional linear transformation on the Riemann sphere, for a matrix
M = (myj)i j=1,2 with det M # 0 and a point 7 € C U {0} we set, with the usual
conventions concerning algebra in C u {oo},

mi1T + M2

MxT:= (1.16)

mo1T + Ma2

For an entire function f we denote

and say f is real if f = f%. We denote

0 -1
g (1 . ) |
Definition 1.10. An entire matrix function W : C — C2*2 with real entries and
det W =1 is J-inner if
W (2)JW (w)* —J

zZ—w

is a positive kernel on C. A family {W(¢t,z) | a < ¢t < b} of such functions is
J-decreasing if W (ty, z) "W (tq, z) is J-inner whenever t; < to.

Such a family is in the limit point case if for every z € C; and every 7 € C, =
C;+ UR U {00} the limit

a(z) = lim [W(t, 2) % T] (1.17)

exists, and its value is independent of 7. The function ¢ is an analytic map from
C, to C4. Thus, if ¢ # o0, there exists « € R, 5 = 0, and a positive Borel measure

© with
dp(§)
JR 11 e < 0, (1.18)
such that
q(z>=a+ﬂz+fR (612— 1f§2>du(£)- (1.19)

The J-decreasing family W (¢, z) also generates the reproducing kernels

K(L 2, w) — w22 (t7 Z)U}gl(t, w) — ’lU21(t, Z)w22 (t, w) . (120)

Z—w

Theorem 1.11. For any continuous J-decreasing family of transfer matrices {W (¢, z) |
a <t < b} in the limit point case with W(a,z) = I and with q¢ # o, and the mea-
sure p and kernels {K(t,-,-) | a < t < b} determined by (1.19), (1.20), for any

& e R, the following are equivalent:

(i) There exist (0—,04) € [0,0) x [0,0)\{(0,0)} and a regularly varying function
g with index B > 0 such that (1.11) holds.
(ii) p has a unique tangent measure, which is not the Dirac measure dg
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(iii) There exists f regularly varying at oo with index p > 0 such that uniformly
on compact subsets of C x C

—_— (-6 + mewrigen € * mwtieen)
b K(t,€,€)
and Ko, # 1.
In this case p = 1/f3, h is the asymptotic inverse of q, and Ko = Ky 5, 3.

= Ky (z,w), (1.21)

The results for orthogonal polynomials described above are applications of this
result. Theorem 1.11 can also be applied to other models in spectral theory.

One are "half-line" Schrodinger operators —dd—; +V with V € LL ([a,b)), with a
regular endpoint at a and in the limit point case at b. Fixing a boundary condition
cos Bu(a) + sin Bu’(a) = 0 gives a self-adjoint operator, with a standard way of
associating a canonical spectral measure p [80]. Consider the eigensolution u(z, z)
given by

—0%u + Vu = zu, u(a) = sin 3, u'(a) = —cos
and the reproducing kernels

T

(e, 2 w) = f w(y, 2)uly, w) dy =

a

u(z, 2)0pu(x, w) — Ogu(x, z)u(x, w)

1.22
o (1.22)
The class of potentials can also be generalized to V € ngi, with the replacement
of u' by a quasiderivative throughout [29, 60].

Theorem 1.12. For any half-line Schrédinger operator H in the limit point case,
its canonical spectral measure p, and the reproducing kernels (1.22), for any £ € R,
the following are equivalent:
(i) There exist (o—,04) € [0,0) x [0,90)\{(0,0)} and a regularly varying function
g with index B > 0 such that (1.11) holds.
(ii) p has a unique tangent measure, which is not the Dirac measure d
(iii) There exists f regularly varying at oo with index p > 0 such that (1.21)
uniformly on compact subsets of C x C and Ky # 1.

In this case p = 1/B, h is the asymptotic inverse of g, and Ko = Ko 5, 3.

Completely analogously, Theorem 1.11 applies to some other settings such as
Sturm—Liouville and Dirac operators.

With some additional arguments, Theorem 1.11 also applies to universality limits
for orthogonal polynomials on the unit circle. To state this, let v be a probabil-
ity measure on 0D such that suppv is not a finite set. Orthogonal polynomials
{n}r_, are obtained from the sequence {("}_, by the Gram—Schmidt process in
L?(0D, dv), and they obey

j o (n(C) dV(C) = b
oD

The corresponding CD kernels are defined by

FaGw) = 3 05O, (1.23)
7=0

Theorem 1.13. Let v be a probability measure on 0D such that supp v is not finite.
For any £ € R, the following are equivalent:
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(i) There exists a regularly varying function g with index 8 > 0 and (o_,04) €
[0,00) x [0,00)\{(0,0)} such that

Jim o) (e |1 (€= LY = oo Jim 0w (1< 664 D)) = o
(ii) v has a unique tangent measure at €', which is not the Dirac measure &g

(iii) There exists h regularly varying with index p > 0 such that uniformly on
compact subsets of C x C

- zZ—w
lim e " 20k (7)) ———
n—o0 kn(elf’ elf)

with Ko # 1 and

; iz . iw
k, (ez&ﬁ,(kn(eif,eiﬁ)) , T Tt e o) )

= Ko(z,w)  (1.24)

(e, )
11m s e—————
n—o ]{;n(elf7 elf)

In this case p = 1/f3, h is the asymptotic inverse of g, and Ky = Ky 5, 3.

=1.

A very brief outline of the subsequent sections.

In Section 2, we recall aspects of de Branges’ theory of Hilbert spaces of entire
functions and its relation to canonical systems. In Section 3, we study structure
Hamiltonians. In Section 4, we axiomatize the notion of a chain of de Branges
spaces, and develop a notion of convergence of chains of de Branges spaces. In
Section 5, we relate this to the measures associated to unbounded chains. In Sec-
tion 6, we apply this to study rescaling limits of reproducing kernels, culminating
in the proof of Theorem 1.11. In Section 7, we address different conventions in
the literature and prove the application to Schrodinger operators (Theorem 1.12).
In Section 8, we address applications to orthogonal polynomials and prove The-
orems 1.1, 1.3, 1.6, 1.13. In Section 9, we discuss the connections between bulk
universality and spectral type. In Section 10, we describe a generalization of the
Freud-Levin theorem to reproducing kernels of de Branges spaces and prove Corol-
lary 1.8 and Theorem 1.9.
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2. DE BRANGES SPACES AND CANONICAL SYSTEMS; A REMINDER

This section is of preliminary nature. We recall facts of de Branges’ theory
of Hilbert spaces of entire functions and its relation to two-dimensional canonical
systems. Standard references are [13, 19, 71, 74]. The underlying basis for the
theory of de Branges spaces is the notion of reproducing kernel Hilbert spaces. Our
standard reference in this context is the seminal paper [1].

All content of this section is extracted from the named references.

2.1. Reproducing kernel Hilbert spaces of entire functions.

Definition 2.1. Let © be a nonempty set. A Hilbert space (H,<{-,)) of complex
valued functions on € is called a reproducing kernel Hilbert space, if for each w €
the point evaluation functional F' — F(w), F € H is continuous.

If H is a reproducing kernel Hilbert space of functions on €2, there exists a unique
function K : Q x Q — C which satisfies:

(i) For each w e Q, Ky (-, w) € H;
(if) For each F' € H and w € 2 we have

F(w) = (F, Ky (-, w)).

This function is called the reproducing kernel of H.
It directly follows that

Ky (w), Ky(, 2)) = Ky (z,w). (2.1)

In particular, the norm Ay (w) of the point evaluation functional at a point w is

given by
Ay (w) = /Ky (w,w).
A function K : Q x Q — C is called a positive kernel, if K(z,w) = K(w, z) for all

z,w € ), and for any finite collection (zj)évzl e OV the matrix (K (z;, zj))ﬁ\fj:l is

positive semidefinite. The reproducing kernel of some reproducing kernel Hilbert
space always is a positive kernel, and conversely, for every positive kernel K there
exists a unique reproducing kernel Hilbert space H so that K is its reproducing
kernel. We denote this space as H(K).

Definition 2.2. Let €2 be a nonempty set, and H,H reproducing kernel Hilbert
spaces on §2.

(i) We say that H is isometrically contained in H and write H <; H, if
VEeH :FeHn|F|y=|F|un
(ii) We say that H is contractively contained in H and write H <. H, if
VEeH:FeHn|F|g <|F|u.
Note that
HC.H = YweC: Ay(w) < Agy(w). (2.2)

Contractive inclusion is equivalent to a property of reproducing kernels: For two
positive kernels K, K defined on the same set () write

K<K (2.3)
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if K — K is a positive kernel. Then
HC. H «— Ky <Ky (2.4)

If Q@ € C and H is a reproducing kernel Hilbert space of functions on €2, we have
the operator of multiplication by the independent variable defined on its natural
maximal domain {F € H | zF(z) € H}. We denote the closure of this domain as

H’ = clos ({F e H | 2F(z) € H}). (2.5)

The following partial order, which lies in between contractive and isometric inclu-
sion, is crucial.

Definition 2.3. Let Q < C be a nonempty set and H, H reproducing kernel Hilbert
spaces on 2. We say that H is almost isometrically contained in H and write H E H,
if

HS.H ~ H < H.

Now we turn our attention to reproducing kernel Hilbert spaces whose elements
are analytic functions. For an open and nonempty subset 2 € C™ we denote

Hol(Q) := {F : Q@ — C | F is analytic in Q},

and endow Hol(£2) with the topology of locally uniform convergence. Recall that
this topology is metrizable: Let S,, € 2, n € Ny, be compact such that S, <
Int S, 1 and UneNO Sy = Q. Then Hol(Q) becomes a Fréchet space with the metric

d(f,9) == Y. 27" min {1, sup |f(2) — g(2)|}, (2.6)

2€S,
and this metric induces locally uniform convergence.

Definition 2.4. If A is a reproducing kernel Hilbert space on Q and H < Hol({2),
then we call H a reproducing kernel Hilbert space of analytic functions on 2. We
denote the set of all reproducing kernel Hilbert spaces of analytic functions on 2 by
REK(Q). If Q = C we speak of a reproducing kernel Hilbert space of entire functions
and write RK for the set of all such spaces.

Analyticity of the elements of a reproducing kernel Hilbert space H can be char-
acterized in terms of its reproducing kernel K3;: we have H € RK(Q) if and only if
Ky (z,w) € Hol({(z,w) | z,w € Q}). In particular, for # € RK(Q), the norm of the
point evaluation functional is locally bounded, and hence convergence in the norm
of H implies convergence in Hol(2).

The map

I.{ RK(Q) — Hol({(z,w) | z,we Q})
: H —  ((z,w) = Ky(z,w))

is injective, and we topologize RK(f2) by pulling back the metric from (2.6) from
Hol({(z,w) | z,w € Q}) to RK(Q2) via the map Z. Thus convergence of spaces
means locally uniform convergence of their reproducing kernels. Obviously, the set
of positive kernels is closed under locally uniform (even pointwise) limits, and thus
RK(Q) is a complete metric space.
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Lemma 2.5. Let Q < C be open and nonempty and H € RK(Q). Then
{(HeRK(Q) | H <. H} (2.7)
is compact.
Proof. Consider the set
M := {K | K is a positive kernel on Q, K < Ky}.
By (2.4) it follows that
T{HeRK(Q) | H <. H}) = M.

Since 7 is a homeomorphism, it suffices to show that M is compact.
For K € M the Cauchy-Schwarz inequality gives

K (2, 0)[? < K (2, 2) K (w,0) < K2, 2) Ky (w, w),

and Montel’s theorem implies that M is a normal family. Since the inequality in the
definition of M is preserved by taking limits, M is also closed and thus compact. [

Ezample 2.6. Two classical examples of reproducing kernel Hilbert spaces of entire
functions are the following.

(i) Let a > 0. The Paley- Wiener space PW, is the space of all entire functions of
exponential type at most a which are square integrable on R endowed with the
L?(R)-scalar product. It follows by direct verification using the Paley-Wiener
theorem and properties of the Fourier transform that PW, € RK. Moreover,

(PW,)” = PW,.
(ii) For m € Ny we denote by P,, the set of polynomials of degree at most m, and
formally set P_; := {0}. Let n € Ny and p a positive Borel measure on R

which has at least n finite moments and whose support contains at least n + 1
points. For each m < n the space P, endowed with the L?(u)-scalar product
belongs to RK. Moreover, (’Pn)b =Pp_1.

2.2. De Branges spaces. De Branges spaces are reproducing kernel Hilbert spaces
of entire functions that satisfy certain additional axioms.
Throughout the following, we denote for an entire function F

F#(2) = F(2), (2.8)

and say that F' is a real entire function if F = F#.

Definition 2.7. A de Branges space H (dB-space, for short) is a Hilbert space
which satisfies:

(i) H e RK\{0};

(ii) For each F € H, also F# € H and |F|y = |F#|u;
(iii) If we C\R and F € H with F(w) = 0, then

Z—w

zZ—w

—UF(2)

€M, and

= [ Fll
H

Note here that 22 F(z) = F(z) + “=2F(z) € H.

We denote the set of all dB-spaces by DB. The set of all those dB-spaces which
satisfy in addition:
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(iv) If we R and F € H with F(w) = 0, then
F(z)

Z—w

e H;

is denoted as DB*.

Those subspaces of a dB-space which are with the inner product inherited from
‘H themselves dB-spaces play an outstanding role and are discussed in detail in
Section 3. We call such a subspace a dB-subspace of H.
In this place we only observe the following property: if £ is a linear subspace of
‘H which is closed under the operations in Definition 2.7(ii),(iii), then the closure
of £ in H is a dB-subspace of H. This has two consequences, which we also state
explicitly:
(i) For every dB-space H, the space H’ is a dB-subspace of H.
(i) If (H,{-,-)) is a dB-space, L is a closed linear subspace of H, and (-, ). is a
scalar product on £ such that (£,{-,-)z) is a dB-space, then (L, {:,-)3) is a
dB-space.

In this context, let us also recall that
dim (H/H’) < 1. (2.9)

A dB-space can be generated from one single entire function. This follows since
the reproducing kernel of a dB-space is of a particular form. To explain the con-
nection, recall the notion of Hermite-Biehler functions.

Definition 2.8. A Hermite-Biehler function is an entire function E which satisfies
Vze Cy : |[E(Z)| < |E(2)]. (2.10)

We denote the set of all Hermite-Biehler functions by HB. The set of all those
Hermite-Biehler functions which have no real zeros is denoted by HB*.

For an entire function E we denote its real and imaginary part in the sense of
the involution (2.8) by
E+E# E—-E#
_ =

2 2
Then A = A#, B = B# and E = A—iB. In particular, the assignment E — (A, B)
is injective. We freely apply the convention that E, A, B are related in this way,
if the meaning is clear from the context. Another useful notation in this context
is the following: if F is entire and M is a 2 x 2-matrix function with real entire
entries, we set

A=

Ex M:=A—iB where (A, B):= (A, B)M.
Given FF € HB we define
i E(2)E*(w) — E(w)E?(2)

K = — 2.11
Bz w) =50 Z—w ’ (211)

which should be appropriately interpreted in terms of derivatives if z = w. Using
the functions A, B, the kernel Kg writes as

Ki(zw) = 97 : (2.12)
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where J = (¢ 1).

In the following theorem we summarize the connection between dB-spaces and
Hermite-Biehler functions. Here we endow HB with the subspace topology of
Hol(C), and DB with the subspace topology of RK.

Theorem 2.9. For any E € HB the function Kg is a positive kernel and the
reproducing kernel space H(Kg) generated by Kg is a dB-space.
Let B : HB — DB be the map E — H(Kg). Then
(i) B is surjective;
(ii) B(E1) = B(E2) if and only if there exists M € SL(2,R) such that Es = E1x M ;
(iii) B(HB*) = DB*;
(iv) B is continuous and has a continuous right inverse.

In this context note the formula

E(z):=—i (z +1)K(z,1),

_T
K(i,1)
which determines one possible choice of E given the kernel K (., .) of the space. This
formula also implies that the closure of DB in RK is equal to DB U {{0}}. Also note
the formula for the norm of point evaluation at a nonreal point w:
[Ew)? — [E@)*\3
A —K —( )"
5(e) (W) B(w,w) 47 ITmw

The real zero divisor of an entire function F which does not vanish identically is
the function ¥ : R — Ny defined by

Vp(x) := min{n e Ng | F™ () # 0}.

For H € DB we set

V3 = Vp,
where E € HB is such that B(E) = H. It follows from Theorem 2.9(ii) that this
definition does not depend on the choice of E. It holds that

U3 (z) = min {9p(z) | F € H\{0}}.

For many purposes, it suffices to study Hermite-Biehler functions without real zeros,
due to the following simple fact.

Lemma 2.10. Let E € HB and C' a real entire function without nonreal zeros such
that 9o < ¥ (here “<” is understood pointwise). Then, % € HB and the map

B(E) — B(¢&)
F - g
is an isometric isomorphism. We have
b
B(g) =&BE),  ¢(BEY)=(B(&))"
Proof. That % € HB is clear. The other assertions follow directly from
Kg(z,w) = C(2)Kg/c(z,w)C(w).
O

Similar to the scalar case, a function K : Qx ) — C™*™ is called a positive kernel,
if K(z,w) = K(w,z2)* for all z,w € Q, and for any finite collections (z;)¥_; € QN

j=1
and (aj)j-vzl € (C™")N, the matrix (af K (2, zj)ai)f\fj:l is positive semidefinite.
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Definition 2.11. We say that a matrix function W : C — C?*2 is J-inner, if its
entries are real entire functions, det W = 1, and

W (2)JW (w)* — J

Z—w

is a positive kernel on C (for z = w this formula has to be interpreted as derivative).

Theorem 2.12. The following statements hold.

(i) Let E € HB, W be J-inner, and set E := E x W. Then
EeHB, 95 =9r, B(E)<.B(E).
(i) IfE,E e HB, 9z = 9p, and B(E) <; B(E), then there exists a unique J-inner

matriz function W such that E = E x W.

FEzample 2.13. The simplest example for nonconstant J-inner matrix functions are
linear polynomials of a specific form. For o € R we denote

o = (Cf)w) . (2.13)
S1n &

Then, for € R and ¢ > 0, the matrix function W := I — lze,eJ is J-inner.
Assume that E € HB. Then by a direct computation
Kpww(z,w) = Kp(z,w) + £ [(A(2), B(2))ea][(A(w), Bw))ea]". — (2.14)
Provided that G(z) := A(z) cosa + B(z)sina ¢ B(E), we have
1

B(E x W) = B(E) @ span{G} and || G|szxw) = 7 2.15)

B(E x W)" = B(E).

If G € B(E), then the inclusion map of B(E) into B(E x W) is bijective and a
nonisometric contraction.

J-inner matrix functions are related to de Branges spaces also in another way.
Assume we have W = (wj;);,j—1,2 with these properties, then the function

E = wgo + two (2.16)

is a Hermite-Biehler function. In fact, a J-inner matrix function generates a whole
family of Hermite-Biehler functions, but (2.16) is the one we work with.

2.3. Canonical systems. In this subsection we recall some facts and basic defi-
nitions about canonical systems.

Definition 2.14. Let —o0 < a < b < o, and let H : (a,b) — R?*2 be a function
with
He L} ((a,b)), H(t) = 0 for a.a. t € (a,b). (2.17)
(i) We say that H is in limit circle case at the endpoint a (lc at a, for short), if
for one (and hence for all) ¢ € (a,b)

J tr H(t)dt < .

Otherwise, H is in limit point case at a (Ilp at a, for short). Analogous defini-
tions apply to the endpoint b.

(ii) We say that H is a Hamdltonian, if H(t) # 0 for a.a. t € (a,b). The set of all
Hamiltonians defined on the interval (a,b) is denoted as Hy p.
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(iii) We call H trace normalized, if tr H(t) = 1 for a.a. t € (a,b), and denote the
set of all such functions as H;)b.

(iv) We denote the set of all functions H which satisfy tr H(t) < 1 for a.a. t € (a,b)
as HZ 5.

The set Hfb can be topologized in a natural way, see for example the exposition
in [68]. This topology is compact and metrizable, for example in the following way:
choose sequences (a,)nen and (b, )nen such that a < a,, < b, < b for all n € N and
lim, o a, = a, lim,,_,, b, = b, and use the metric

J~d (H1(t) — Hg(t))dtH} : (2.18)

an,<c<d<b, || Je

0
d(Hy, Hs) := Z 27" min {1, sup
n=1
for Hl, H2 € Hj,lb.
With a function H subject to (2.17) we associate a differential equation for a
2-vector valued function y, namely

Joy(x) = —2H(x)y(z), =€ (a,b) a.e., (2.19)

which is called a canonical system. For a < ¢ < x < b, we define the transfer matrix
at ¢ as the matrix solution of the initial value problem

0:Wr(c,x,z)J = 2Wg(c,z,2)H(x), Wpg(e,c,z) = 1. (2.20)

Observe that (2.20) is transposed compared to (2.19). We use (2.20) since this is
practical in many respects and was the convention that de Branges used in [13] on
which we heavily rely in this paper. Note that, by uniqueness of solutions of the
above differential equation, transfer matrices are multiplicative in the sense that

W(c,x,.) =Wl(e,d, )W(d,zx,.), de][cz]. (2.21)
Assume that a is a lc endpoint. Then the solutions of (2.19) can be continuously
extended to a and we define the fundamental solution associated to H by
Wy (z,2) := Wg(a,z, 2). (2.22)
Based on (2.16) we obtain a family of Hermite-Biehler functions with no real zeros.
Namely, writing Wy (¢, 2) = (w;;(t,2))i,j=1,2, we have
E(t,z) := waa(t, 2) + iwa (¢, 2) € HB*. (2.23)

Moreover, we introduce the notation

t t — t t
Ky (t,z,w) := Kgg.)(z,w) = waa(t, 2)war (£ w) — wan (F, 2)wan( ,w), (2.24)

zZ—W

cf. (2.12). Note that the kernels Kg(t,.,.) depend continuously on ¢. Moreover, if
H is lp at b, then
Vze C\R: },m}; Ky(t,z,z) = o0, (2.25)

cf. [13]. Since Ky (t,z, %) is nondecreasing in ¢ for each fixed z, Dini’s theorem
implies that this limit is attained uniformly on every compact subset of C\R.

Definition 2.15. Let TM denote the set of all matrix functions W which are J-
inner and satisfy the normalization condition W(0) = I. Moreover, we define a
function t : TM — [0, ) as

t(W) = tr (. W(0)J).
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We equip TM with the product topology of Hol(C) in every component. Note
that TM is closed in the space of all entire matrix functions. For all W e TM
we have det W = 1 since det W is real, entire, (det W(z2))? = 1 for z € R and
det W(0) = 1.

Lemma 2.16. For any c > 0, the set
TM, := {W e T™M | (W) < ¢}
is compact.

Proof. A calculation shows that {|W(z)| | W € TM.} is uniformly bounded on
compact subsets, and thus TM, is a normal family by Montel’s theorem. It is
closed because TM is closed and t is continuous. O

Let H : (a,b) — R?*2 be a function subject to (2.17). Differentiating the form
Wx (e, z, 2) JWg (e, z; w)*, which is possible a.e., yields

d
Wy (c,d,2)JWg(c,d,w)* —J = (2 — E)J Wy (c,s,2)H(s)Wy(c, s, w)*ds.
‘ (2.26)
Since H > 0, this shows that Wg(c,d, z) is J-inner whenever ¢ < d. Clearly, all
entries of a transfer matrix are real and entire functions in the variable z, and
Wx(e,d,0) = I. Hence Wg(e,d, z) € TM. The meaning of the function t in this
context is that
d
t(Wr(c,d,.)) = J tr H(z)dx (2.27)

C

which follows from (2.20) and the fact that W(c,z,0) = I.
The following is a fundamental result.

Theorem 2.17. For each ¢ > 0 the map
HB,C — TM,
{ H — Wgle-)
is a homeomorphism.

Making a change of variable in the time-parameter will not affect essential prop-
erties of the solution of a canonical system. To formalize this, the following notion
is used.

Definition 2.18. Let H; € H,, 5, and Hy € H,, ;,. We say that H; is a reparametriza-
tion of Hy and write Hy ~ Hj, if there exists an increasing bijection v : (az,bs) —
(a1,b1) such that v and =1 are absolutely continuous and

Hy(t) = Hy(v(t))7' (). (2.28)

Fundamental solutions behave well when performing a reparameterization: a
direct computation shows that (2.28) implies

WHQ(C7 d,Z) = Wh, (’Y(C)v’)/(d)vz) (229)

for as < ¢ < d < bs.
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Clearly, the relation ~ is an equivalence relation on the set | J__, <a<b<oo Hap Of
all Hamiltonians. Each equivalence class contains a trace normalized element. In
fact, pick c € (a,b) and use

t
~(t) = J tr H(s)ds (2.30)

c

in (2.28) (with the convention SZ =— S[t,c) if t < ¢).

Definition 2.19. Let H : (a,b) — R?*2 be subject to (2.17). A nonempty interval
(¢c,d) < (a,b) is called indivisible for H, if for some angle o € R (recall (2.13))

H(t) =trH(t) - eqet, te(cd).

The number ¢ := Sf tr H (t)dt is called the length of the indivisible interval. Unless
H(t) =0 a.e. on (c,d), i.e. | = 0, the angle « is determined up to integer multiples
of m and is called the type of the indivisible interval.

A point t € (a,b) is called regular, if it is not an interior point of an indivisible
interval. A point which is not regular is called singular. We denote the set of all
regular points of H as Iye.

Transfer matrices of indivisible intervals are linear polynomials: if (¢, d) is indi-
visible with length ¢ > 0 and of type «, then

_ i 2
Wit(erd, 2) = T — fzeqe® J — (1 £z cos asina £z(cos a) ) (231

—{z(sin )? 1+ zcosasina

Recall that we have already met matrices of this form in Example 2.13.
The following simple transformation rule for canonical systems is often practical.

Lemma 2.20. Let H : (a,b) — R?*2 be subject to (2.17), let M € SL(2,R), and
set
(TarH)(t) := MH(t)M*.
Then, for any a < c<t<b and z € C,
Wr,m(e,t,z) = MWy (e, t,z)M ™.

2.4. Canonical systems and Nevanlinna functions. We say that a function
q is a Nevanlinna function (in the literature also called Herglotz function), if it is
defined and analytic in the open upper half-plane C, and maps this half-plane into
C, U R. The set of all Nevanlinna functions is denoted by Ny. Often the class
of Nevanlinna functions is augmented by the function which is identically equal
to infinity, and considered as a subclass of the analytic functions of C, into the
Riemann sphere. We equip Myu{oo} with the topology of local uniform convergence
which is metrizable.

For q € N there exists a € R, 8 > 0, and a positive Borel measure p with (1.18)
such that (1.19) holds. Conversely, every function of this form belongs to Ay. Note
that the integral representation (1.19) can be rewritten as

1+ &z du(§)
R E—2z 14+€2
The data «, 8, 1 in this integral representation is uniquely determined by ¢. First,
the Stieltjes inversion formula says that

q(z) =a+ pz+

b—§

1
Va,beR, a <b: p((a,b)) = %ir% iir% = Tm q(t + ie)dt,
S0e— wt
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and hence p is determined by ¢q. Now «, 8 can be computed as

a=Req(i), B=Imgq(i)— fR fi(?z

Convergence of Nevanlinna functions translates to convergence of the data in their
integral representation. This result is known as the Grommer-Hamburger theo-
rem. Let g,,q € Np with data a,,B,, 4, and «, 3, in the respective integral
representations. Then

< 0.

lim ¢, = q¢ < (2.32)

n—0o0

lim o, = a,

(s [ 219 - 6,
Jim, o =

where the limit of measures is understood in the w*-topology of C.(R)*.

Let us now explain the relation of Nevanlinna functions and canonical systems.
Recall the notation (1.16) for fractional linear transformations. Let H € H, ; such
that a is lc and b is Ip. Then for every family (7¢)te(q,p) With 7 € No U {00} the
limit

an(2) = lim [ Wi (t,2) « 7(2) (2.33)

exists, and its value is independent of the parameter family (7¢);e(q,5)- The function
qp either is a Nevanlinna function or identically equal to co.

Definition 2.21. Let H € H,; such that a is lIc and b is Ip. The function gg
defined by (2.33) is called the Weyl coefficient of H. The measure in the integral
representation of qp is called the spectral measure of H, and we denote it by pp.

The relation (2.29) shows that Hy ~ Hs implies gy, = qm,, and hence also
Wi, = pr,. Therefore, one can for many purposes restrict attention to H(l),oo.

The relation (2.33) establishes a map from Hamiltonians to functions. The fol-
lowing is a fundamental result known as de Branges’ inverse spectral theorem.

Theorem 2.22. The map
H(l)’oo — Ny u {00}
{ H - qu
is a homeomorphism.

By the Grommer-Hamburger theorem convergence of Hamiltonians also implies
convergence of spectral measures.

2.5. Power bounded measures and generalized Nevanlinna functions. We
already discussed the connection between Nevanlinna functions and Poisson inte-
grable measures in Section 2.4: the formula (1.19) establishes a bijection between
the set Ay and the set of all pairs (u, p) where u is a positive measure on the real
line with (1.18) and p(z) = a+ Sz with @ € R and § > 0. This correspondence has
an analogy for a class of functions larger than Ay and a class of measures being not
anymore Poisson integrable.
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To define this class of functions, we have to move away from positive definiteness,
and consider sign-indefinite kernel functions. Recall that a function K : Q x Q2 — C
is called a kernel with k negative squares, if K(z,w) = K(w,z) for all z,w € ,
for any finite collection (z;)_, € QN the matrix (Ky(z,2;));—; has at most &
negative eigenvalues (counted according to their multiplicities), and for at least one
choice of (zj)§V=1 e QV this bound is attained.

Proofs of what we state below and more details can be found in [46, 49].

Definition 2.23. Let x € Ny. We denote by N,ﬁ‘”) the set of all functions ¢ which
are analytic in C,, for which

Zi — Zj '
is a kernel with k negative squares, and which satisfy
| aiy) o q(iy)
yEI}»loo y2ﬁ_1 or ygr«{»loc W € (—(D, 0) (235)
Moreover, we set N2 := U NG and N U NG

It follows from known properties of the asymptotic behaviour of Nevanlinna func-
tions (e.g. [32]) that N{™ = Ny. One should view V%) as a sign-indefinite gen-
eralization of Ny still retaining analyticity in C, and sign-definite behaviour along
R. This is ensured by the condition (2.35) which means that the sign-indefinite
contribution to ¢ is concentrated at oo (for details see [47]).

Definition 2.24. Let xk € Ny. For a positive Borel measure p on R we set
dp(t)
=] ————€[0,0]. 2.36
il o= [ iy € 0.0 (236)

Moreover, let

M, = {u|p positive Borel measure on R, |uf,. < o0},
Moo = | Mcx.
K/ENO

We call elements of M., power bounded measures.

Definition 2.25. Let k € Ng. We denote by E«, the set of all pairs (i, p) where
u € Mgy, p is a polynomial with real coefficients whose degree does not exceed

2k + 1, and
1

2k +1)!

Definition 2.26. Let k € Ng. The s-regularized Cauchy transform is the map
C. : E<, — Hol(C.) defined by

04mm@w—p@»+a+z%“1Ltizafﬁﬁﬁw

P HD(0) = [ (2.37)

zeCy. (2.38)
The name “regularized Cauchy transform” is explained by the identity

1 1 1 (14 2?2)
14 22t = (t+2
( +Z) t_Z(1+t2)n+1 t— 2 j;) 1+t2]+1
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Let p e Mgg, a € Rand 8 = 0, and set p(z) := o + (ﬂ + SR Clt’i(ttg))z. Then, by the
above formula,

Colirl(2) =p2) + [ (72 - {1 ) dule)

t—z 1+¢2

1 t
:O[-F,BZ-FJR (t—Z - 1—|—t2> d,u(t)

This shows that the operators C, constitute an extension (1.19) to power bounded
measures, and also explains the role of (2.37) in the definition of E«.

The next theorem says that power boundedness in the context of measures cor-
responds to sign indefiniteness in the context of their Cauchy-transforms. These
facts are shown in [49].

Theorem 2.27. Let k € Ny.

(i) The map C, is a bijection from E. onto ./\/gf). If (u,p) € E<i and q :=
Culu, pl, then p can be recovered by

b—5
Va,be R, a <b: u((a,b)) = lim lim 1 Tm q(t + ie)dt. (2.39)
6—>0e—0 T a+6
The polynomial p can be recovered from the 2k + 2 equations obtained by
splitting real- and imaginary parts of ¢*¥) (i) = p*) (i), k =0,..., k.
(ii) Let ((fn,pn))nen be a sequence in Bgy and (u,p) € E<k. Then we have
lim,, 00 C[pin, Pn] = Cixlp, p] if and only if

lim p,, = p,

n—o0

lim p, = g in the w*-topology of C.(R)*.
n—o0

The relation (2.39) is a variant of the Stieltjes inversion formula, and the state-
ment in item (ii) is an analogue of the Grommer-Hamburger theorem about con-
vergence of Cauchy transforms. Note here that due to (2.37) and the Portmanteau
theorem [3, Theorem 1] the kind of convergence of measures in item (ii) can be
reformulated more explicitly as

Va.be R, a <b, p({a}) = u({b}) = 0 lim p,((a.b)) = p((a.b).

In fact, a more general variant of (2.39) holds, the Stieltjes-Livshits inversion for-

mula (see e.g. [28, Theorem 1.2.4]). In the present context it can be formulated

as follows: if ¢ := Cy[u,p] and f is a function which is analytic on some open set

containing the real axis and takes real values on R, then

1 b—o

VYa,beR,a <b: ft)du(t) = lim lim — Im [ f(t)q(t + ie)|dt.  (2.40)
(a,b) 020207 Joys

One can think of the formula (2.38) as an additive decomposition of a function

q € /\/'S%) There is also a multiplicative decomposition of such functions. The
following result is shown in [18].

Theorem 2.28. Let k€ N, and q € Hol(C,). Then q € N it and only if there
exists a function qo € Ny and points (not necessarily different) B1,..., 8 € C4+ UR,
such that

K

a(2) = ao(2) [ [(= = 8;)(= = B)).

J=1
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2.6. Generalized Nevanlinna functions and matrix families. Recall again
Section 2.4 where we saw that functions ¢ € Ny U {00} correspond to Hamiltonians
H e H, ; which are in limit circle case at ¢ and in limit point case at b. This cor-
respondence is established via the fundamental solution Wy (t, z) of a Hamiltonian
H and Weyl’s limit formula (7 € Ny U {0})

Jim Wi (t,) * 7 = g

A sign-indefinite analogue of the theory of canonical systems, dealing with functions
q for which the kernel (2.34) has a finite number of negative squares, is developed
in the series of papers [33]-[37]. A refined investigation of the class N in this
context, and the connection with Hamiltonians with two limit point endpoints, is
undertaken in [46] and [48]. We restate comprehensively what is needed from those
papers for our present work.

Recall here that an analytic function is called of bounded type in some domain,
if it can be written as a quotient of two bounded analytic functions in this domain.

Theorem 2.29. Let g€ ./\/’i%oc). Then there exist functions

W :(a,b) x C— C**? H:(a,b) — R**?
defined on some interval with —o0 < a < b < o0, which possess the following
properties (here we write W (t,z) = (w;; (¢, z))f’jzl).

(i) For each t € (a,b) the functions z — w;;(t, z) are real entire and of bounded
type in C4 and C_. We have W (t,0) = I and det W (¢, z) = 1.
(ii) For each t € (a,b) the function

E(t, ) = w22(t, ) + iw21(t, )

belongs to HB™.
(iif) The function H belongs to Hg, and is in limit point case at b. For each z € C
the function t — W (t,z) is absolutely continuous, and

oW (t,2)J = 2W(t,2)H(t), te (a,b) a.e. (2.41)

(iv) We have
lim (0, 1)W (¢, z) = (0,1)

t—a
locally uniformly for z € C.
(v) For every family (7¢)ie(a,p) with 7, € Ny U {00} we have

lim | W =
lim [W(t,2) *1(2)] = q(2)
locally uniformly for z € C,.

If q,W, H are as in the theorem, we say that W is a matriz family for q with
Hamiltonian H.

The connection between g, W, H is known to have several additional properties,
and we state some of them.

Proposition 2.30. Let g e NL%?, and let W be a matriz family for q with Hamil-
tonian H (defined on and interval (a,b)). Then the following statements hold.

(i) The Hamiltonian H is in limit circle case at a, if and only if ¢ = p + qo with
some qo € No and a polynomial p with real coefficients.
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(ii) If H is in limit circle case at a, then

Wt 2) ((1) p(f)> Wit 2), te(ab)zeC,

with some polynomial p with real coefficients.
(iii) If q is not a polynomial with real coefficients, then there exist s,t € (a,b),
s <t, such that B(E(s,.)) = B(E(t,.)).

For later reference, let us make the following simple formula explicit.

Lemma 2.31. Letqe J\/Sc%), and let W be a matriz family for q with Hamiltonian
H (defined on (a,b)). Then, for each c € (a,b), we have

Wie,.) *qm.,, =4 (2.42)
Proof. The function W (t,.) solves (2.41), and therefore for all ¢ € [c, b)
Wi(t,.)=Wl(e, )Wy, (&)
This implies
qg= %1_151) [W(t, ) * O] =W(e,.) * lim [WHI(C,w (t,.)* 0] =Wi(c,.) AH| () -

t—b
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3. THE STRUCTURE HAMILTONIAN

The connection between dB-spaces on the one hand and canonical systems on
the other is a core feature in de Branges’ work. Our aim in this section is to present
it in a language adapted to our present needs and to prove some additions to [13].

The link between the two objects is the set of subspaces of a given dB-space
which are themselves dB-spaces.

Definition 3.1. Let # € DB. Then we denote
G(H):={{0}} V{LeDB | LcH,JI; =1y}
The comprehensive result now reads as follows.

Theorem 3.2. Let E € HB. Then there exists H € Hioo,o with Ieg # &, such
that the solution of

0:(A(t, 2), B(t,2))J = z(A(t,2), B(t,2)H(t), t<0 a.e.,
(A(O>Z)7 B(O,Z)) = (A Z)a B(Z))a
has the following properties.
(i) Set T_ := inf I,¢g € [—0,0). Fort € (T-,0] we have E(t,-) € HB, and for

t € (—oo,T-] the function E(t,-) is a scalar multiple of a real entire function.
We have tlir%l Kg@,y =0.

(ii) It holds that
G(B(E)) = {{0}} u {B(E(t,-)) | t e (T_,0]}, .
{LeDB|L<; B(E),d: =9g}={B(E(t,-) |t e (T-,0] N Lg}- (3.3)

(3.1)

(iii) Denote
H, = B(E(t7)) Z'ftE(T,,O], i [T*’O] - %(B(E))a
"oy iftel-woT] O t o H

Then x is an order isomorphism and homeomorphism. In particular, 8(B(E))
is totally ordered w.r.t. = and compact as a subset of RK.

The Hamiltonian H is uniquely determined by the property that the solution of (3.1)

satisfies (3.3).

The following additional properties are satisfied.

(iv) Let (to,t1) be an indivisible interval with to € [T_,0] N Leg. Then Hyy = H?, .
For G € Hy,\{0} with G L Hy, the map t — |G|u, is a decreasing bijection
from (to,t1) onto (|G|, ,0).

(v) Set a:= —arg E(0), then S(iao e H(t)eadt < .

This theorem is only a slight extension of what was shown by de Branges. In [13]
all assertions of the theorem are shown with exception of the topological properties
in (iii), the inclusion “<” in (3.2), and it was always assumed that F has no real
zeros. While removing the restriction on real zeros is simple, showing equality in
(3.2) requires an argument which we provide now. First note the following geometric
fact.

Lemma 3.3. Let (H,{:, )x) be a Hilbert space, and let Ly and L be linear subspaces
of H with Lo S L. Assume that {-, )z is a scalar product on L such that

(£O> <'7 >L') S (Ha <” >H) and (‘C’ <'7 >/$) Se (Ha <'7 >H) (34)
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Then
VyeL:yly Lo=y L, Lo.

Proof. Let x € Ly. For each o € C we have
(r,xyp = {xyx)y <Lay + z,ay + 2y <oy +z,ay + T)Hr.
Since « was arbitrary, it follows that (x,y), = 0. O

Proof of Theorem 3.2. We proceed in two steps. First we assume that £ ¢ HB*
and prove the missing parts, where we use that all other assertions in the theorem
are readily known from [13]. After having completed this step, we remove the
assumption on real zeros.

® To show the inclusion “S” in (3.2) let E € HB* and £ € DB* with £ = B(E). In
view of (3.3) we may assume furthermore that £ &; B(E), and hence that £ # £°.
Since dim £/£" = 1 the set £ is a closed linear subspace of B(E), and since L is
invariant under the operations in Definition 2.7(ii),(iii) the space (£, {-,-)p(g)) is a
dB-space which is isometrically contained in B(E). The same holds, clearly, for £,
and (3.3) furnishes us with ¢o,¢; € (7_, 0] such that

(‘Cb7 <'7 >B(E)) = Hto’ (Ev <" >B(E)) = Hy,.
Since dim E/ﬁb =1, we have ¢y < t; and the interval (¢o,¢1) is indivisible.

Choose G € L such that (£,{-,)gm)) = c ®p(k) span{G}. By Lemma 3.3,
also (£,{-,>z) = L* @, span{G}. Since (L£,{-,-);) is contractively contained in
(B(E),{,)B(r)), we have |G|z = |G|gg). Item (iv) of the theorem provides us
with t € (o, t1] with (£,{,>z) = Hy.

We come to item (iii). We know from Theorem 3.2 that x is order preserving and
injective. Moreover, t — FE(t,) is continuous for ¢ € (—o0, 0] and tgl%l Kgq,y =0,

and this yields that x maps [T-, 0] continuously into DB u {{0}} < RK. It remains
to note that [T_,0] is compact.

@ Assume now we have F € HB with 95 # 0. Choose a real entire function C with
only real zeros such that ¥g = ¥¢. Set Ey = %, then Fy € HB* and we may define
HE = HEO .

The solution of (3.1) is nothing but E(t,-) = CEy(t,-), and Lemma 2.10 shows
that all properties of the family E(to,-) transfer to the corresponding properties of
E(t,-).

O

Based on the above theorem we may introduce the following notation.

Definition 3.4. Let £ € HB. The Hamiltonian whose existence and uniqueness
is granted by Theorem 3.2 is called the structure Hamiltonian of E. If we wish to
emphasize the dependence on E, we denote the structure Hamiltonian as Hg and
write T_(E) and H(E).

FEzxzample 3.5. Assume we have H € H;b which is in lc at both endpoints, let W (z, z),
x € [a, b], be its fundamental solution and E(x, z) be the associated Hermite-Biehler
functions (2.23). Then the structure Hamiltonian of E(b, z) is given as

—JH({t—(b—a))J if —(b—a)<t<O,
HE(bw)(t):{(gtl))( ( ) ift<((b):).<
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Moreover, T_(E(b,-)) = —(b — a).

This example is universal in the following sense: If E € HB with E(0) = 1, then
T_(F) > —oo if and only if E occurs from a limit circle Hamiltonian in the above
way.

Let us state two immediate consequences of uniqueness in Theorem 3.2. The
first is obvious and the second relies on the transformation rule Lemma 2.20.

Corollary 3.6. Let E' € HB and Hp its structure Hamiltonian. Let to € (1-,0)
and E := E(to,-), where E(t,-) is the solution of (3.1). Then we have
Hg(t) = Hp(t +to), E(t.) = Bt +to,").

Corollary 3.7. Let E € HB and Hg, its structure Hamiltonian. Let M € SL(2,R),
then

Hpwy ~ Ty HE.
Proof. We have
(A(t,2), B(t,2))Wu,(t,0,2) = (A(2), B(2)),
and hence
(A(t, 2), B(t,2))MM "Wy, (t,0,2)M = (A(z), B(z))M.
By Lemma 2.20 it holds that M~'Wpg,(¢,0,2)M = Wy _ g,(t,0,2), and the

assertion follows by uniqueness of the structure Hamiltonian. (I

There is a close connection between structure Hamiltonians and Weyl coefficients.
This is based on use of an involution on the set of Hamiltonians: for H € H, 3, let
H" e H_; _, be the Hamiltonian defined on (—b, —a) by

HY(t) = UH(-t)U,

where U := ((1) O ) The mentioned connection is established by the following result
which can be found e.g. in [31]. For the convenience of the reader, we provide a
direct deduction from Theorem 3.2.

Proposition 3.8. Let E € HB and let Hg be the corresponding structure Hamil-
tonian. Then we have

B
G, = 7

Remember here the definition (2.33) of the Weyl coefficient.
Proof. Let W (t,0, z) denote the transfer matrix for Hg. Then we have
(A(t,z), B(t,2))W(t,0,z) = (A(z), B(2)). (3.5)

As short computation shows that the fundamental solution W7 (¢, 2) for HT is given
as

WT(t, z) = UW(~t,0,2)"'U.

Since det W (t,0, z) = 1, we have JW (t,0,2)TJ 1 = W (t,0,2)~!. Transposing (3.5)
and rewriting for W7, we get for t > 0

() e (G).
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For the parameter family (7¢)se(—p,—q) defined as 74(z) = ﬁg::’g, we have
B(z
WT(t, 2) x7(2) = AEZ;

Since E(—t,-) € HB we have 7, € N, and sending ¢t — oo proves the assertion. [
As a first consequence we obtain a kind of converse to Corollary 3.6.
Corollary 3.9. Let E € HB and Hg its structure Hamiltonian. Let T € (0,00) and
He HE)’T, and set
E:= Ex Wg(T,").

Then the structure Hamiltonian of E is given (a.e.) as

Hat) = Ht+T) if —T<t<0,
BV VHg(t+T) ift < T,

and the corresponding chain of Hermite-Biehler functions as

E(t ) = ExWyg(t+T) if —T<t<D0,
O E@W+T) ift < -T.

Proof. Write
WH(OvTa ) = (wll w12> ;

Wa1 W22
then we have

WHT (7Ta0, ) = (w22 w12) .

w21 Wiy
Let H be the Hamiltonian defined by the right side of (3.6). Then

- HY(t-T) if0o<t<T
Al =0T |
Hpt-T) ifT <t
Further, note that
i Py _ w11 Wi\ _
(A,B) = (A,B) < > = (w11 A + w1 B, w12 A + w2 B).
W21 W22
Multiplicativity of transfer matrices (2.21) implies

’U)12) N E _ woo B + wio A . B

w
Qi = War (=T,0,) * a1 —( . A" wnBrunA A

w21 W11
Finally, it is clear that the written family E(t, -) is a solution of the correct equation.
(]

By our choice of a metric topologizing Hj ,, and H' , g, cf. (2.18), the map
H — HT is an isometry between those two sets of Hamiltonians.
We can now show a continuity result.

Proposition 3.10. The maps

{H]B% - H. {HBX[—O0,0] — DBu {{0}}
E +— Hg (B,t) — He(E)

are continuous.
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Proof. Continuity of the first map comes from Theorem 2.22. Let (F;);cr be a net
in HB, F € HB, and assume that hmE = FE. Then hrnA = A and hmB = B.

Proposition 3.8 yields hr? qHT qHT , and it follows that hm Hg, = HE
1€
Consider now the second map Slnce all involved topologles are metrizable, it
is enough to show sequential continuity. Let (E;,t;) € HB x [—0,0] for j € Ny,
(E,t) € HB x [—0,0], and assume that lim; ., E; = E and lim;_,,t; = t. We
distinguish two cases.

Case 1, t > —c0: We know that lim; .o Hg, = Hp, and this implies that
lim Wy, (t,0,2) = Wg,(¢,0, 2).
Jj—00 J

Since all Hp, are trace normalized, we have lim; o WHE (tj,t,z) = I, and to-
gether therefore lim;_, WHEj (t5,0,2) = Wg,(t,0,z). Since transfer matrices al-
ways have determinant 1, also inverse matrices converge, and (3.5) implies that
lim; o0 Ej(t,-) = E(t,-). In turn, it follows that lim; .o Kg,(,,.) = Kp,.), ie.,
limj_,oo Htj (Ej) = Ht(E)

Preparation for Case 2: We show that
{('IU,Z) HKEj(t,~)(Evz) ‘ .7 EN07tE [—O0,0]} (37)

is a normal family in Hol(C x C).

Since the sequence (KE,)jen, converges in Hol(C x C), it is bounded in the metric
of Hol(C x C), i.e., locally bounded as a family of complex valued functions. We
have H:(E;) & B( i), and hence K, )(w,w) < Kg,(w,w) for all ¢t € [~o0,0].
The Cauchy-Schwarz inequality now yields that (3.7) is locally bounded and, by
Montel’s theorem, therefore a normal family in Hol(C x C).

Case 2, t = —oo: To show that lim; .o H¢, (E;) = {0}, it is sufficient to prove that
every convergent subsequence has limit { 0} Abbume we have j,, — o0, such that the
limit K := lim, o, Kp, (¢, ) exists. Let s € (—00,0], then H;, ( jn) C H(Ej,),
and hence Kp, (1, )(w,w) < Kg, (s, (w,w) for all sufﬁaently large n. Using
what we have shown in Case 1, we find

K(w,w) = nlglgo Kg, «, (w,w) < nlgréo Kg, (s(w,w) = Kg.)(w,w).

Since s was arbitrary, it follows that K (w,w) = 0. This holds for all w € C, and
therefore K = 0. O

The family E(t,-) of Theorem 3.2 can be viewed as one possible parametrization
of the family € (B(E)). All possible parameterizations can be described.

Proposition 3.11. Let E € HB. For M € SL(2,R) denote by Th,— and En(t,-)
the corresponding number and family of functions given by Theorem 3.2 when ap-
plied with the function E x M € HB. Then (the dot indicates that the sets in the
union are pairwise disjoint)

{FeHB|B(F)= B(E),dr =0} = ) {Bum(t-)|te(Tu_,0}. (38)
MeSL(2,R)
Proof. Due to Corollary 3.7 and its proof, Hgwp ~ Tayr—1 Hg and
{Em(t,-) [ te (Th,—, 0} = {E(t,-) x M |t e (T-,0]}
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Note that 7Tas preserves indivisible intervals. We first show that the union in (3.8)
is disjoint. Let M, M € SL(2,R) and ¢,# < 0 and assume that
E(t,")x M = E(t,) x M. (3.9)
Then
BE(t, ) = B(E(t, ) x M) = BE(,") x ) = B(E(E, ),

and it follows that ¢t = £. Since the functions A(t,-) and B(t,-) are linearly inde-
pendent, (3.9) implies M = M.

The inclusion “2” in (3.8) is clear. To prove the reverse inclusion, let F' € HB
with B(F) £ B(E) and ¥ = Y be given. Then there exists t € (T, 0] such that
B(F) = B(E(t,-)), and hence we find M € SL(2,R) with F' = E(t,) x M. O

Corollary 3.12. Let '€ HB and H € DB be such that B(F) & H and 9p = Jy.

Then there exists a unique function E € HB such that H = B(E) and F' = E(t,-)
for some t < 0. The number t is uniquely determined by F and H.

Proof. Choose E with H = B(E). Then there exists a unique matrix M € SL(2,R)
with

Fe {E]V[(t, ) | te (T]y[yf,()]}.
Set E := E x M. O
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4. CHAINS OF DE BRANGES SPACES

We have seen in the previous section that a single Hermite-Biehler function gives
rise to a whole chain of dB-spaces parameterized by a canonical system. Our aim
in this section is to axiomatize the notion of a chain. This is a core concept, and
in particular the convergence result Theorem 4.17 is a key tool.

4.1. Bounded and unbounded chains axiomatically.

Definition 4.1. Let € < DB u {{0}}. We call € a chain if it satisfies the following
properties.

(i) {0} € B and 6 # {{0}};
(ii) 6 is totally ordered with respect to C;
(iii) @ is closed (in the topology of RK);
(iv) for each element H € 6\{0} we have

H=sup{LeB|LCH,L+*H}
(v) for each two elements Hq, Ha € B\{0} we have ¥y, = ¥y,.
We call a chain bounded if it contains a largest element and unbounded otherwise.
We denote the set of chains, bounded chains, and unbounded chains as Ch, b-Ch

and ub-Ch, respectively. For a chain 6, we denote by ¢ the common real zero
divisor of its nonzero elements, i.e., ¥g := ¥y for all H € B\{{0}}.

Ezample 4.2. For a space H € DB we consider the set 6(#) from Definition 3.1,
and show that it is a bounded chain. By its definition 6 (H) satisfies (i) and (v) of
Definition 4.1, and H is the largest element of €(#). We know from Theorem 3.2
that € (#H) is compact and hence closed. Moreover, €(H) is order isomorphic to
an interval [T_,0] with some T_ € [—0,0), and this implies that (ii) and (iv) of
Definition 4.1 hold.

Ezample 4.3. Let H € H,; be a Hamiltonian which is lc at a and Ip at b, and
let W (t, z) be its fundamental solution and Kg(t,z,w) the corresponding kernel
(2.24). We show that

G(H) := {H(Kg(t,.,.)) | tela,b)}

is an unbounded chain. By Theorem 3.2 and Example 3.5 we have 6 (H(Kx(c,..))) =
{LeB(H) |te[a,c]}. The properties (i), (ii), (iv), (v) readily follow. To see (iii),
it suffices to note that for a sequence t, — b we have K (t,,w, w) — o0 whenever
w is nonreal, and hence the limit lim,, o H(K g (t,,.,.)) cannot exist.

The next result explains a lot about the nature of chains: each beginning section
is of the form described in Example 4.2.

Proposition 4.4. Let 6 be a chain. If H € 6, then

{LeB|LEH} =BH). (4.1)
In particular, each beginning section of 6 is a bounded chain.
Proof. Choose E € HB such that H = B(E), and let x : t — H; be the map from
Theorem 3.2 (iii). Then the set on the right side of (4.1) equals {H, | t € [T_,0]}.
The inclusion “<” in (4.1) is clear, hence we have to show that x~1(8) = [T_,0].

The inverse image x~!(4) is closed and contains the points 7 and 0. Assume
towards a contradiction that x~*(6) # [T_,0]. Then we find ¢, € x~(6) with
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t1 <ty and (t1,t2) N x 1 (B) = &. It follows that sup{t € x 1(6) | t < t2} = t1,
and we obtain

/th = sup{EE% ‘ LC /th,ﬁ #* ,HtQ} = /th

This contradicts injectivity of y. [l

We have the obvious corollary that bounded chains can be seen as nothing but
a different encoding of dB-spaces.

Corollary 4.5.

(i) The maps H — B(H) and 6 — max B establish mutually inverse bijections
between DB and b-Ch.

(ii) Let € < DB U {{0}}. Then € is a bounded chain if and only if there exist
—0<a<b< wandx: [a,b] > B, such that x is a homeomorphism and
preserves order.

We also obtain a structural property of the set of chains.

Proposition 4.6. The following statements hold.

(i) Let C < Ch with |C| = 2. Then either (\C = {{0}} or ) C € b-Ch.
(ii) The set of maximal elements of Ch is equal to ub-Ch.

Proof. For the proof of (i) consider C < Ch with () C # {{0}}. Then ¥4, = ¥y,
for each two elements H1,Hs € (|JC)\{{0}}. Choose 6; € C with 6; & [ C, and
choose H; € €1 and 65 € C with H; € 61\B2. Furthermore, choose E; € HB with
Hl = B(El)

Let £ € (\C. Then H; & L since £ € Ba, and since £ € 6; it follows that
L = Hy. We obtain

(1€ € 6H) = [T-(Er),0].

The set [ C is closed, and therefore contains a largest element, say H := max () C.
Proposition 4.4, applied to each element of C, yields (|C = G(H) and this is a
bounded chain.

We come to the proof of (ii). Assume € € Ch is not maximal, and choose €; € Ch
with € < 6;. Applying the already proved statement (i) with C' := {€,6;} yields
that € is a bounded chain. Conversely, assume that 6 € b-Ch. Choose E € HB

with B(E) = max 6, and set
1 =z
E1 =F x <0 1) .

Then B(F) = B(F;) and hence 6 < B(B(E)). O

4.2. Concrete realization of chains. We come to a description of chains (bounded
or unbounded) which resembles Theorem 3.2. The idea is to pin one element of

the chain at “¢ = 0” and describe the evolution to “¢t > 0” by a canonical system

similar as in Example 4.3, and the part for “¢ < 0” by the structure Hamiltonian

from Theorem 3.2. In particular, we will see that every unbounded chain is order

isomorphic and homeomorphic to an interval [T_, o) with some T_ € [—00,0). To

formulate this description in a unified manner for bounded and unbounded chains,

we introduce the following notation.
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Definition 4.7. We denote by H' the set of all locally integrable functions H :
(0,00) — R2*2 such that H(t) > 0 for a.a. t € (0, 0), and that there exists T (H) €
[0, 00] with
1 ifte(0,74(H)) a.e.
trH(t)= 1 6(, +( ))aea
0 ifte[Ty(H), o) a.e.,

We call the interval (T (H),o0) indivisible (of course without assigning a type to
it), and let I,cg be the set of all points t € (0,00) which are not inner point of an
indivisible interval.

Lemma 4.8. The map

H — [0,00]
T+:
H — T.(H)

. . 1 .
is continuous, and H' is compact.

Proof. We show that H'? is closed in H; ', To this end, let H € Hg', and (Hy,)nen
a sequence in H'° with lim,en H,, = H. Then, in particular, for all 0 < z < y < o0
we have

Y Y
lim | trH,(t)dt = f tr H (t)dt.
n—o J. T
Choose a subsequence (T (Hy, ))ren which converges to some number 7 € [0, o0].
Then

y Y

J trH(t)dt =y, y <, f tr H{t)dt =0, 7 <z <y.

0
Since tr H(t) € [0,1] a.e., it follows that tr H = 1, a.e. Thus H € H"” and
T.(H) = 7. We also see that the number 7 is independent of the chosen subse-
quence, and therefore lim, o, Ty (H,,) = T+ (H). This shows that T is continu-
ous. |

x

Definition 4.9. We define a map' & : HB x H* — P (DB u {{0}}) as
®(E,H) :=6(B(E)) u {B(E x Wg(t,-)|t>0}.
The description of chains announced above now reads as follows.

Theorem 4.10. The following statements hold.

(i) Let (E,H) € HB x H'”. Then ®(E, H) € Ch, and ®(E, H) is bounded if and
only if T+ (H) < 0.

(ii) If E € HB and Hy,Hy, € H'" are such that ®(E,H,) < ®(E,H,), then
Ty (Hy) <Ty(Hs) and Hy = Ha-1(o 1, (1)) a-e. In particular, if ®(E, Hy) =
@(E,HQ), then H1 = H2 a.e.

(iii) If € € Ch and E € HB with B(F) € €, then there exists H € H'° such that
G = O(E, H).

(iv) Assume that 8 € b-Ch and E € HB with B(E) € €. Then B(E) = max® if
and only if € = ®(E,0).

For later reference we state the essence for the proof of item (i) as a separate
lemma.

'Here P(-) denotes the power set.
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Lemma 4.11. Let (E, H) e HB x H'°. Define

= JH()  if 0>t
H(t):= {HE(t) ift <0,

and let E(t,z) be the solution of
0i(A(t, 2), B(t,2))J = 2(A(t, 2), B(t,2)H(t), teR a.e.,

(A(0,2), B(0,2)) = (A(2), B(2)).

Moreover, set

o . [BE) ift>T(B),
o ift <T_(E),

and let x be the map

. [T-(E), T: (H)]\ {0} — RK
' t = Ht
Then ranx = ®(E, H), and x is an order isomorphism and homeomorphism onto
its range. Moreover, ®(E, H) is closed in RK.

Proof. By Theorem 3.2 and the definition of ® we have rany = ®(F, H). Consider
T e (T_(E), Ty (H)]\{o0}, then the restriction x|[7_(g),7] is an order isomorphism
and homeomorphism onto its image by Theorem 3.2. If T (H) < o0, we can use
T :=T,(H) and are done.

Assume that Ty (H) = o0. Then the above shows that y is an order isomorphism
and continuous. It remains to show that x~! is continuous and that ®(E, H)
is closed. Let (fn)nen, be a sequence in [T_(FE),00) such that the limit H :=
lim, 7—~I,tn exists in RK. Since T’y (H) = o, we have lim; ,, Az (2) = oo for all
z € C\R, and therefore (t,)neny must be bounded. Now the already settled case
applies, and we obtain that the limit ¢ := lim,, , t,, exists and H = 7:lt. We see
that y~! is continuous and that ran y is closed. O

Proof of Theorem 4.10.

@ Item (i) of the theorem is immediate from Lemma 4.11. Since ®(E, H) is order
isomorphic to the interval [T_(E), Ty (H)]\{oc}, the properties (ii), (iv) in Defi-
nition 4.1 hold, and ®(F, H) has a maximal element if and only if T (H) < co.
Property (iii) in Definition 4.1 is directly from the lemma, and property (v) from
the definition of ®. To see Definition 4.1(i), note that x(7_-(E)) = {0} and
x(0) = B(E) # {0}.

Also item (iv) of the theorem is easy to see. First note that the definition of ®
ensures that ®(F,0) has a largest element, namely B(E). On the other hand, if
B(E) is the largest element of 6, then € = ®(F,0) by Proposition 4.4.

@ In this step we establish the uniqueness statement (ii). Assume we are given E €
HB and Hy, Ho € H'° such that ®(E, H;) € ®(E, Hs). Let t; € [0, Ty (H1)]\{0},
ty € [0, Ty (H2)]\{o0}, and denote E; := E x Wy, (t;,.) for j € {1,2}. Assume that
B(Ey) = B(E2), then Corollary 3.9 implies that, for j € {1, 2},

by ) = Tt i~ <t<0ac,
Fi Hp(t+1t;) ift<—t;ae.,
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t.) = Ex Wy, (t+t;,-) if —t; <t<0,
B+ ty,) if t < —t;.

The uniqueness part of Corollary 3.12 implies that £y = F5 and t; = t5. Uniqueness
of the structure Hamiltonian now implies that Hi| ) = Ha2|oz,) a-e.

We choose an increasing sequence t1, € [0, T4 (Hi)]\{oo} with lim, o t1, =
T, (Hy), and apply what we showed above. This yields Hi|jo, 1, (m,)] = Hzljo,7, (m1,)]
a.e., and in turn Ty (Hy) < Ty (Hz) and Hy = Hy - Lo 7, (m,)]-

@ The last step is to prove the existence result (iii). Assume we are given € € Ch
and F € HB with B(F) € 6.

Let H € € with B(E) £ H. Corollary 3.12 provides us with Ey € HB and

ty = 0 such that
H=DB(Ey), E=FEy(-ty, )
Define (a.e.)

H (t)'— HEH(t—tq.[) ifo<t<t7{,
0 i > by,

then Hy € H'° and Ty (Hy) = t#.
For each s € [—ty, 0] we have
Ey(s,)) = Ex Wy, (—tu,s,") = Ex Wy, (s +tu, ).

This relation, together with Proposition 4.4 applied with B(E) and H and Theo-
rem 3.2 with Fy, yields that

®(E,Hy) =6(B(E)) U {B(E x Wy, (t,)) | t >0}
=6(B(E)) v {B(Eq.[(s, N | =ty <s< 0}
={LeC|LCBE)}u{LeB|BE)SLEH}={LeB|LCH]}
If € is bounded, we can use H = max 6 and are done. If € is unbounded, we have
to make a limit construction.

We start with observing a monotonicity property. Assume that H,H’ € € with
B(E) = H = H'. Then ®(F,Hy) < ®(F, Hyy), and by the already established
item (ii) thus

T+(HH) < T+(H7.y)7 H’H = H'H/ . ]1[0,T+(HH)]‘ (42)
Set

T :=sup{T(Hy) | H e B ,B(E)= H} e [0,0].
This supremum is not attained since € has no largest element. Choose a sequence
(Hp)nen of spaces H,, € 6 such that

BE)EHiEHa T+, lim T\ (H,) =T.

n—0o0

Due to (4.2) an element H in H'? is (a.e.) well-defined by
if0<t< n); )
Ht) = Hy, (1) TfO t<Ty(H,), neN
0 ift=>1T.

Let H € € with B(E) = H, and choose n € N with T (Hy) < T4+ (H,). Then
H = H,, and we find s € [0, T4 (H,)] such that

H = B(E x Wi, (s,-)) = B(E x Wy(s,-)) € ®(E, H).
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We see that € < ®(FE, H). Proposition 4.6 implies that equality holds.
(]

Based on the above theorem we may introduce the following notation.

Definition 4.12. Let € € Ch and E € HB such that B(E) € €. Let H € H' be
the (a.e.) unique element such that € = ®(E, H). Then we denote

HE(t) ift<0,
H t) :=
B (t) {H(t) if ¢ > 0.

We have the analogue to Corollary 4.5(ii).

Corollary 4.13. Let € < DBU{{0}}. Then 6 is an unbounded chain if and only if
there exist —0 < a < b < 0 and x : [a,b) — B, such that x is a homeomorphism,
preserves order, and the limit lim;_, x(t) does not exist in RK.

4.3. Convergence of chains. We introduce a notion of convergence of chains.

Definition 4.14. Let (6;) cs be a net in Ch and € € Ch. Then we say that
(B;)jes converges to @, and write G; v~ €, if
(i) for every H € @ there exists a net (H;);es of spaces H; € 6;, such that
limje; H; = H;
(ii) for every subnet h : K — J, (Hp))ker of spaces Hpp) € Gpx) which
converges in RK, the limit belongs to 6.

We intentionally do not use the notation “lim” since we do not know if this
notion of convergence comes from a topology. However, convergence does transfer
to subnets and limits are unique.

Lemma 4.15. Let (6;) es be a net in Ch.

(i) Let € € Ch. If 8; v~ 86 and h : K — J is a subnet, then also i) > 6.
(11) Let %1,%2 € Ch. If C@j > C@l and C@j > 662, then C@l = C@Q.

Proof. The assertion in (i) is clear. We come to the proof of (ii). Let H € 6;. Since
B; v~ B1 we find a net (M) es with H; € 6; and lim;e;H; = H in RK. Since
€ > By, it follows that H € B2. This shows that €; = 6,. Exchanging the roles
of €1 and 6, yields the reverse inclusion. O

Ezample 4.16. Let € € Ch. Then € endowed with E is (in particular) a directed
set. The net (6(H))neg converges to 6. This follows easily: in item (i) of Def-
inition 4.14 we can take a net which is constant from some index, and (ii) holds
because 6 is closed.

In the following theorem we make the connection between the abstract notion
of convergence introduced above, and the concrete realization of chains from The-
orem 4.10.

Theorem 4.17. Let (6;)jes be a net in Ch and € € Ch. Then the following
statements are equivalent.

(i) 6; 8
(ii) There exist E € HB and E; € HB, j € J, such that
B(E) €6, B(E;)€8j,j€J, ljrl}Ej =FE, (4.3)
je
lim HEj 8 = HEf@. (44)

jeJ
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(iii) There exist E € HB and E; € HB, j € J, with (4.3). For every choice of E
and E; with (4.3) the limit relation (4.4) holds.

Proof. The implication “(iii)=>(ii)” is trivial.
® We show that “(ii)=(i)”. Assume that we have E, E; € HB with (4.3) and (4.4).
Let notation Hj, H and H;,, H; and x;, x be as in Lemma 4.11 for (E;, Hg; %;)

and (E, Hg), respectively. By Proposition 3.10 the relation (4.3) implies that
also limje; Hg; = Hg, and it follows that

lim Wy (¢,0,-) = Wi(¢,0,-),t <0, limWy (0,t,-) = Wg(0,t,-),t > 0.
jeJ 1 jeJ J
Combining this with limje; F; = E yields
VteR: 1jn}¢¢j,t = H,.
je

In particular, Definition 4.14 (i) is satisfied.
Now assume we have a subnet i : K — J and Hy ) € 6€1), H € RK, such that
H = limger Hp(x) in RK. Our aim is to show that H € €. Let

t(k) € [T— (Eh(k))> Ty (HEh,(k),%h(k))] \{OO}

be such that Hj ) = ﬁh(k)7t(k). By passing to a further subnet if necessary, we
may assume that the limit ¢ := limgeg t(k) exists in [—o0,00]. First consider the
case that ¢ € (—o0,00). Using the convergence given by (4.3) and (4.4) in the same
way as in the previous paragraph leads to

H = EEIII% Hh(}c),t(k) =Hs € 6.

Second, assume that ¢ = —oo0. For each s € R we find kg € K such that ’;flh(k),t(k) =
7—~lh(k)$s for all k > ko . Passing to the limit yields # <. Hs, and hence Ay (w) <
Aj (w) for all w e C. We have lim,, o Ay (w) = 0, and obtain

H = {0} 6.

Finally, we are going to rule out the case that ¢ = co. If we had ¢ = oo, then we
find for each s € R an index kg € K such that ﬁh(k)’ = rgh(k),t(k) for all & > kg.
Passing to the limit yields H, <. H, and hence Ay (w) < Ay(w) for all w e C.
By continuity of Ty, we have T (Hg g) = o, i.e., € is an unbounded chain. This
implies that lims_,,, Ay (w) = o0 whenever w is nonreal, and we have reached a

s
contradiction.

@ We show that “(i)=(iii)”. Assume that €; v~ € and pick FE € HB with B(E) €
®. By Definition 4.14 (i) and Theorem 2.9 (iv) we find E; € HB such that B(E;) €
€; and limjc; F; = E. Our aim is to show that, for each such choice of E, E;,
it holds that limje; Hp, ¢, = Hpw in H". Since H is compact, it suffices to
evaluate limits of convergent subnets. Hence, assume we have h : K — J and
H € H' such that limge s HEg, . @ = H. Set @' := ®(E, H), then G, > €’
by what we aready proved in the first step. Remembering Lemma 4.15 (i), we find
B (k) v 6, and now Lemma 4.15 (ii) implies

O(E,H) =% =€ =d(E, Hg).
Theorem 4.10(ii) yields H = Hg .
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As a corollary we obtain that on the set of bounded chains convergence can be
characterized in a simple (in particular metrizable) way.

Corollary 4.18. Let (6;) cs be a net in b-Ch, and € € b-Ch. Then 6; v~ 6 if
and only if limje ;(max 6;) = max 6.

Proof. Assume first that limje y(max €;) = max 6. Choose E;, E € HB such that
max 6; = B(E;), max86 = B(E), 1_inJ1Ej =FE,
j€

Since Hg; ¢, = Hp ¢ = 0, it follows that 6; ~ 6.

Conversely, assume that €; > 6. Choose E € HB with B(E) = max € and
Ej € HB such that B(E]) € C@j and limjej Ej = FE. Then limjeJ HE]',%J- = HE,tg =
0. It follows that T’y (Hg, ;) — 0, and hence

ljleHJl (Ej X WHEJ-,%J- (TJ'»(HEJ-’C@J.), )) =FxI=F.
It remains to note that B(E; x Whg, «, (T} (HE; %,),)) = max 6. d

The next result allows us to conclude convergence of arbitrary (also unbounded)
chains when a candidate for the limit is guessed. We state variant which is sufficient
for our later needs.

Proposition 4.19. Let (6;);cs be a net in Ch, and let x : [0,0) — RK. Assume
that x is continuous with x(0) = {0}, that a — K, (4)(0,0) is strictly increasing
with lim, o Ky (4)(0,0) = o0, and that there exists Ha j € €; fora >0 and j € J,
such that
Va>0:limH,; = x(a).
jeJ

Then B := x([0,0)) € ub-Ch and 6; ~ 6.

Proof. First of all note that all spaces x(a) with @ > 0 are # {0} and, being limits
of dB-spaces, belong to DB.
Let b e (0,00). For a € (0,b) we have

lim Ky, (0,0) = Kya)(0,0) < Ky (0,0) = lim Ky, ,(0,0),

and hence find jy € J such that
Vied,j=jo: KHa,j (0,0) < Kf;.[bﬂ. (0,0).
The function
ng - [Oa OO)
H oo Ky(0,0)
is nondecreasing, and we conclude that H, ; = H; ; for all j = jo. In other words,
it holds that H, ; € €(Hs, ;) for such j. By Corollary 4.18 we have
©(Hs,;) > €(x(D))-
Since x(a) is the limit of the subnet (H, ;) jes , it follows that x(a) € B (x(b)). We
Jj=Jj
see that ’
{x(a) | ae[0,0]} = 6(x(D)).
Let H € €(x(b)). Then K4(0,0) < K,;)(0,0), and thus we find a € [0,b] such
that KH(0,0) = Kx(a)(0,0). If a € [O,a), then Kx(a/)(0,0) < KH<O,O). Since
x(a') € B(x(b)) it follows that x(a') E H. Similarly, we obtain that H = x(a’) for
all @’ € (a,b].
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Consider the case that 0 < K4(0,0) < K,)(0,0). Then a € (0,b), and continu-
ity of x yields
x(a) = lim x(a') cc M <. lim x(a') = x(a),

ie., H = x(a). If K4(0,0) =0, we have
{0} c. H <. 11/rlr[1) x(a") = {0},
and if K7/(0,0) = K, (0,0), then
x(b) = lim x(a') <c H <. x(b).

Thus, in every case, H = x(a). We conclude that

Vb e (0,0) : B(x(b) = {x(a) | a < [0,b]}. (4.5)
We can now check that € € ub-Ch. The properties (i), (ii), (iv), (v) of Defi-
nition 4.1 are clear from (4.5). To show that € is closed, it is enough to note
that for any convergent net (x(a;))ier the net (a;);er is eventually bounded since
limg o0 Ky (q)(0,0) = 00, and that x is continuous.

It remains to show that 6; v~ 6. Property (i) of Definition 4.14 holds directly
by the present assumption. Assume we have a convergent subnet as in (ii) of this
definition, say, limgex Hp )y =: H where Hy, i) € € x). We argue in the same way
as above. Let a € [0,00) be such that K, ((0,0) = K#(0,0). For a’ € [0,a) we
have

giEHE]lKH“’j (07()) = Kx(a/)(07 0) < KH(())O) = Ilcg% Kh(k) (070)a
and hence there exists kg € K such that Hor k) E Hpx) for all k > ko. We obtain
/ . .
x(@) = lim Ho py Se lim Hyy) = H.
k=ko k=ko
Similarly, H S, x(a’) for all @’ € (a,0). Continuity of x yields H = x(a). O
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5. MEASURES ASSOCIATED TO UNBOUNDED CHAINS

In the previous section we saw that bounded chains correspond to de Branges
spaces: by Corollary 4.5 and Corollary 4.18 the maps
b-Ch — DB DB — b-Ch
€ — max6 ’ H — B(H)
are mutually inverse bijections and both preserve convergence.

For unbounded chains the situation is much more complex. The substitute for
the set DB above is

M := {u | p positive Borel measure on R},

and a map ub-Ch — M can be constructed, cf. Theorem 5.2 below. This map is
surjective and preserves convergence, but it is not anymore injective.

In order to simplify the presentation we restrict all considerations to chains with
J¢ = 0; treating the general case is not necessary for our purposes, and would
involve some technical complications.

5.1. The direct problem. Inclusions of a space of entire functions in a space
L?(p) are understood via the restriction map F +— F|g p-a.e. (which is often, but
not always, injective).

Definition 5.1. Let € € ub-Ch with ¥4 = 0. A measure u € M is called a spectral
measure for G, if

VHeB:HCT L*(n).
The following theorem is again a slight addition to the results shown by de Branges.

Theorem 5.2.

(i) Let 8 € ub-Ch with 9¢ = 0. Then there exists a unique spectral measure for
6, and we denote this measure as jig.
(i) Let (E,H) e HB* x Hj . Then
A B
qe.a = J (B A> *qu € Ny

and the measure in the integral representation of qp m s |E(x)\2duq>(E7H) (x).

Proof. Let 8 € ub-Ch and choose (E, H) € HB* x Hy , with € = ®(E,H). Let
Hp ¢ be the Hamiltonian from Definition 4.12, let I ., refer to Hg 4, and denote
by E; = A; — iB; the solution of
Gt(At(z), Bt(Z))J = Z(At(Z), Bt(Z))HEf@(t), te R,
(Ao(2), Bo(z)) = (A(z), B(z)).
For t > T_(E) let Hy € H ,, be the Hamiltonian
Hi(s) == Hgpe(s+1t), se(0,00).

Then 6 = ®(Ey, H) for allt > T_(E). By [13, Problem 158] there exists a measure
v such that for all ¢ > T_(F) the measure in the integral representation of ¢g, m,
is |Ey|2dv.

At this point we split the argument distinguishing the cases whether Ic, is
bounded from above or not. If sup I;eg < 00 we use ¢ := sup Iy to show that v is
the unique spectral measure for €, and if sup I,es = 00 we refer to [13, Problem 163]
to obtain a unique spectral measure and then show that this measure equals v.
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® Assume that ¢ := sup L,eg < 0. Let o € R be such that Hy = eqe; a.e., set
G := (A4, By)eq = Ajcosa+Bisina, L := (A, Bt)eaJr% = —A; sin a+ By cos a.

Since ¥g = 0, the functions G and L have no common zeros, and since % e Ny also
é € Np. In particular, this implies that both functions L and G have only real and
simple zeros. Write

5. | BBy ifs>T (),
{0} ifs=T_(E),

then we have for all s > ¢

1

B(E;) = H@span{G} with |G|}z, = —

cf. (2.15). A direct computation shows that we have qg, n, = é Hence, v is

discrete and supported on the zero set of G with point mass é,((i )) for x € R with

G(z) = 0. If t > T_(E) we have H <; L?(v) by [13, Theorem 22}, if t = T_(E)
the same relation holds trivially. Moreover, obviously, { |G|?dv = 0. Thus v is a
spectral measure for 6. Conversely, if 7 is a spectral measure for €, then we must
have

fR G2 < [Gl3 sy, s>t

and hence {; |G|?d> = 0. Thus 7 is discrete with support contained in the zero set

of G. If z € R with G(z) = 0, we have 2 € 7, and hence may evaluate

Z—T

Yy—
- G’(lx)2 H zGEZa)s H2 - G’(lac)2 J]R ’yGEy:)c‘ZdV(y) = v({zh)-

@ We invoke [13, Problem 163] which tells us that there exists an unique measure
u such that

Vt € Lo : B(Ey) i L* ().

We observe that p is the unique spectral measure for 6. Given s € R, we can
choose t € I,e; with ¢t > s, and it follows that

B(E,) © B(Ey) =i I(n).
On the other hand, if fi is a spectral measure for 6, and ¢ € I c,, choose s € I og
with s > ¢t. Then

B(Ey) € B(E.)” <i L*(j1),
and it follows that g = pu.

In order to identify u, we provide an auxiliary argument. Let ¢ > 0. Since
B(E) < B(Ey), [13, Theorem 27| provides us with a matrix function M;(z) such
that

(i) My has real and entire entries,
(ii) (1,0)M; = (A, By) and the kernel Mt(Z)JMt(LZ)jE_E(Z)JE(E) is positive definite,
(iif) limy o0 5 JM(iy) *i = 0.




NECESSARY AND SUFFICIENT CONDITIONS FOR UNIVERSALITY LIMITS 43

Set
My(z) == (—B A) Whpe (),

then M; also has the properties (i), (ii). The functions JM; i and JM; * i belong
to N, are continuous along R, and a computation shows that

E(x)
E(t,x)

Thus, we find ay, 8; € R such that (JM; i)(2) = a; + iz + (JM; xi)(z), and in
turn

2
, xeR.

Im(JM; % i)(x) = Im(J My * i) (z) = )

M (2) = (_(atiﬁﬂ) ‘f) M (2).

It follows that for all ¢ € N
(JM; % q)(2) = o + Bz + (JMy > q)(2),

and hence that the measures in the integral representations of JM; * ¢ and JM, % ¢
coincide.

Now fix ¢t € Leg n (0,00). Then [13, Problem 90] provides us with a function
gt € Ny U {00} such that the measure in the Herglotz integral representation of

At B(t,.)
J<—B(t,.) A(t,.))*qt

is |E(t, z)|?dp(x). We obtain from [13, Theorem 32| that the measure in the integral
representation of JM; * ¢;, and hence in the one of JM; % q;, is |E(z)|?du(z).

We have lim;_,oo[JM; * q;] = qe,H, and since we can let ¢ — o0 inside Ieq it
follows that the measure in the integral representation of qg g is |E(x)|?du(z).

(]

By means of Theorem 5.2 we have a map
ub-Ch - M, €6~ ug.

We show that this map is surjective but not injective, and that it preserves conver-
gence.

Proposition 5.3. The following statements hold.
(i) For each € M the set
ub-Ch,, := {8 € ub-Ch | g = 0, ug = p}
has infinitely many elements.
(ii) Let (6;)jes be a netinub-Ch, and € € ub-Ch. If€; v~ 6, thenlimjc s pg, =
tg in the w*-topology of C.(R)*.
Proof. For the proof of item (i) we observe that the construction from Lemma 2.10
lifts to chains. If € € Ch, ¥¢ = 0, and C'is a real and zerofree entire function, then
1
C

The chains € and & - 6 are together bounded or unbounded. If 8 = ®(E, H) for
some E € HB*, H € H'’, then & -6 = ®(£, H).

€:={{£|FeH}|HeB}eCh
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® We show that ub-Ch,, # & whenever { el!ldu(t) < oo. Assuming this decay of
ensures that L2(u) contains the set C[z] of all polynomials with complex coefficients
as a dense linear subspace (e.g. [27, Satz 5.2]).

Let m € N and assume that supp p contains at least m points. Then the space

Hy = {F € C[z] | deg F < m}
becomes a dB-space when endowed with the L?(u)-scalar product. We are going to
fill up this sequence of spaces in order to obtain an unbounded chain. To this end

denote by p,, n € Ny, the orthonormal polynomials in L2(u), i.e., p, € C[z] with

degp, = n and
( ) )1 ifn =7,
Py Pn/)L2(p) = 0 ifn£n.

Then (here we set Hg := {0})
Hy = span{p, | n € No,n <m}, H’, =span{p, |neNo,n <m —1}.
For t € (m — 1,m) set
H; := span{p, | n € Ng,n < m},

and, for F e H’, and a e C,

|of?
t—(m—1)
Then H; is a dB-space, and H,,,_1 S; H¢ S Hum. Clearly, for all m € N,

G(Hm) = {H | t€[0,m]}.
If | supp p| = 00, then € := {H; | t € [0,0)} is an unbounded chain and
Vte [0,00) : Hy T L (p).

Assume that N := |supppu| < . Then we choose a polynomial p with degree
N such that p(t) = 0 for all ¢ € supp i, and define for t > N the space H; as
H, := span (Hy U {p}) endowed with the norm (F € Hy, a € C)

IF + apmilZ, == [FI3, +

|o?
t—N’
Then € := {H; | t € [0,0)} is an unbounded chain and again pug = p.

|F + P, == [F5, +

@ Let p € M be given. Choose a continuous function w : [0,00) — [1,00) such that

du(t)
JR w(l)) =%

and choose an entire function f such that

Vr = 0:max |f(2)| = w(+/T).

|z|=r

This is possible, e.g., by [75, Theorem 10.3]. We may assume w.l.0.g. that all power
series coefficients of f are nonnegative, so that

Vr=0: lr?‘i)ﬂf(z) = f(r).

For m € N let v,,, be the measure

dvp (t) == exp [ — 22 — f(*)]du(t).
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Then
f e dvy (t) < J eI dut) < f e~ au(t) < f dut) <o
R\[=1,1] R\[~1,1] R r w(|t])
By the first part of the proof there exists 6, € ub-Ch with d¢,, = 0 and usg,, = Vm.
Let GG, be the entire function

Gn(z) :=exp [ — %(22"”2 + f(zz))]

This function is real and zerofree. We have G, - 6,,, € ub-Ch, and for each H € G,,,
F e H, it holds that

M%Méﬂzwm>£www%@

m

=fuwww@mWww=[K®mmWww,
R R

where equality holds when G,,F € (G,, - H)’; recall again Lemma 2.10. We see
that pa, <, = i
Each chain 6,,, contains the space span{1}, and hence the chain G,, -6, contains
span{G,,}. For m # m’ we have
G ¢ span{Gp,}, G, ¢ span{G,.},
and therefore G,, - 6,, # G - Gy

@ We come to the proof of (ii). Assume we have €; v~ 6. According to Theo-
rem 4.17 we find E;, E € HB and H;, H € H, ,, such that

€; = O(E;, Hy), € = ®(E,H), limE; = E, lim H, = H.
jeJ jed

It follows that

; Aj Bj _ A B

oy [J(—Ba‘ Aa‘) *qu] = (1) *am
and, remembering (2.32), therefore lim;c; ug, = ps.

Remark 5.4. Let u € M. By [13, Theorem 40] we have
| Jub-Chy, = {H e DB* | 1 = L*(n)} U {{0}}.

By the ordering theorem [13, Theorem 35] two elements 6;, €, of ub-Ch, are
either equal or €1 N 62 = {{0}}. We have 61 = 62 if and only if there exist
functions Fy € (| J61)\{0} and F; € (|J9B2)\{0}, such that their quotient Fj/F,
is a meromorphic function of bounded characteristic in C and C_ (and further
equivalent that this holds for all such Fy, Fy).

5.2. The inverse problem. We do not know any natural way to construct a
right-inverse of the surjective map

ub-Ch - M, €6 — ug.
For the subclass M., of power bounded measures, an inverse construction can be

made. This is based on the fact that for such measures an element of ub-Ch,, with
a particular additional function theoretic property can be singled out.

Theorem 5.5.
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(i) For each p € My, there exists a unique element € € ub-Ch,, such that
VF e UC@ : F is of bounded type in C, and C_

We denote this chain as G(u).
(ii) Let (pj)jes be a net in Mcoy and pioo € Mco, and assume that

3k € No : sup || < 0.
jeJ

Iflimjey 1 = prop in the w*-topology of C.(R)*, then 6 (1;) v~ B (1oo)-
The proof of this theorem proceeds via a detour through the sign-indefinite world:

it relies on the results recalled in the preliminaries, in particular on Theorem 2.27
and Theorem 2.29.

Proof of Theorem 5.5(i), existence. Let u € M.y, be given. The case that u = 0 is
trivial. In fact, set
E(t,z):=1—1itz, t>0.
Then 1
B(E(t,.)) = spanf{l}, [, = 7
and we see that
6 := {{0}} U {B(E(t,.)) |t >0} € ub-Ch

and H € L?(u) for all H € 6.

Assume throughout the following that u is not the zero measure. Choose k € N
such that |u], < o0, and a polynomial p with real coefficients of degree 2x + 1
whose leading coefficient is not smaller than |u|,. Then the function ¢ := C,[u, p]

belongs to the class J\fioooc) Let W : (a,b) x C — C?*2 be a matrix family for ¢
with Hamiltonian H : (a,b) — R?*2 (recall Theorem 2.29). Our candidate for the
required unbounded chain is

6 :={{0}} U {B(E(,.) | te (a,b)},
where E(t,.) is as in item (ii) of Theorem 2.29. Note that E(t,.) is of bounded type
in C; and C_. Fix c€ (a,b). The map x : [a,c] —» DB u {{0}} defined as

B(E(t,. if t € (a,c],
(0o [BEEY) e (o
{0} ift=a,
is continuous, injective, and preserves order. Thus, by Corollary 4.5(ii), we have
{{o}} U{B(E(t,.)) | t € (a,c]} = B(B(E(c,.))).

Let H, € Hy ,, be a reparameterization of —JH|.y)J, i.e., Ho(s) = —JH(7(s)).J
with an appropriate increasing bijection 7 : (0,00) — (¢, b). Then

{BE(®,.) | te[eb)} = {B(E(e,.) x Wi, (s,.) | s > 0},
and hence
€ =®(E(c,.), H). (5.1)
We use the construction from Theorem 5.2 to compute pg. It holds that
Wi (s,.) = —JW(e, )W (r(s),.)J,
and hence

qH. = lim [WHC (S, ) * O]

§—00
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= —JW(c, ) t* ( lim [W(T(s), ) * OO]) = —JW(c,.) " *q.

§—00

We denote (1,0)W(c, z) =: (D(z), —C(z2)), then
2)

o= (LB, 3609)- wear - (363 69)
This leads to

7(Cheh Red) ot
(

Il
—~
N
—
o
I\
~
[ V)
+
Sy
—~
o
N
~—
[ V)
~
L=
—~
N
~
+
—~
b
—
o
N
~—
Q

(z) + B(c,z)D(z))

i - 1 dp(t)
_(A(C,Z)2+B(C,Z)2)'(1+Z2) 1 Rt_zm

+ [(Ale, ) + Ble,2))p(2) + (A(,2)C(2) + Ble, 2)D(2)) |

Since A(c,.), B(c,.),C, D, p are all real entire functions, and
A(e, 1) + Ble,t)? = |E(e,t)[*, teR,

the Stieltjes-Livshits inversion (2.40) formula yields that for o <  with ug({a}) =
pe({B}) =0

o 2 . 1 o A(c,t+ie) B(c,t+ie) .
|E(c, 1)|” dpse (t) = ;1_{% p Im J( —B(c,t+ic) A(c,t+is)> *qp, (t +ie) |dt

1 P
=lim—| Im [(A(c,t +ie)? + Ble,t +i2)?) (1 + (t +ie)?) "

e=>0Tm ),
1
J B 7C R
r T — (t+ie) (1 + x2)rt+l

B d B
_ 2 2\k+1 u(t) 2
- [y B - [ B R,
Since |E(c,t)| > 0 for all t € R, we conclude that ug = p. O

Proof of Theorem 5.5(1), uniqueness. By Remark 5.4 each set ub-Ch,, can contain
at most one element 6 such that all elements of | J6 are of bounded type in C;
and C_. 0

Our next aim is to prove a continuity property on the level of functions q € V. ioo%).
The assertion stated in Theorem 5.5(ii) will then follow easily.

We use the following notation: Let ¢ € N2 and W : (a,b) x C — C?*2 be a
matrix family for ¢ with Hamiltonian H € H, ;. For ¢ € (a,b) denote by H. € H(l),oo
the trace-normalized reparameterization of H | ). Note here that H | ) is in limit
circle case at ¢ and limit point case at b.

Proposition 5.6. Let k € Ny, (g;j)jes a net in Ngj), and o € /\/g). Then the
following statements are equivalent.
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(i) limjes g = qoo locally uniformly on Cs.
(ii) There exist matriz families

W; : (aj,b;) x C— C*>?2 jeJu{wn},
for q; with respective Hamiltonians H; € Hy, 5, , and points c; € (aj,bj), such
that limje s Wj(cj,.) = Wy(cow,.) locally uniformly on C and limje; Hj ., =
Hy o, in HE,’OO.

Proof.

® The implication “(ii)=(i)” is the easy one, and we settle it first. Since W;(t, 2)
and W (¢, z) are solutions of the respective equations (2.20), we have

oo =Woo(Cooy ) * Qry ., = [yg} Wj(cj’-)] * [?g}qm,%]

= yEHJl [Wj(cj, ) * quycj] = glerrJl q;-

@ The essence in the proof of “(i)=>(ii)’
going to prove in this step.

is the following statement, which we are

Let k € Ny, pj € Mgy, m; € R for j € Ju {0}, assume that m; = |p;llx,
limjeypt; = poo in the w*-topology in C.(R)*, and limje;m; = 7. Then there
exist matriz families

Wj : (aj,b;) x C— C*>*2 jeJu{wn},
for the functions
5 1= Culpgymy(1+ 22)%),
respectively, and c; € (a;,b;), j € J u {0}, such that
yerr} Wi(ej,.) = We(Con, -)-

Note here that the assumptions on p;, 7; ensure that pe € Mg, and 7o = | fteo | s,
and hence that ¢, is well-defined.

We use induction on k. Consider the case that k = 0. For j € J u {0} let
H; e H;J,oo be the Hamiltonian with ¢; = ¢u,. Then the fundamental solution
W, (t,.), t > 0, of H; is a matrix family for ¢; with Hamiltonian H;. By the
Grommer-Hamburger theorem we have limje s ¢; = oo, and hence limjey H; = Hy.
In particular, limjc; Wy, (1,.) = Wg, (1, .).

Assume now that the assertion holds for some «, and let p;,7; be given as in
the assertion for x + 1. Then we define fi;,7; as

dins
dﬂj = 71 —thQ’ 7~Tj :
and this is data to which our inductive hypothesis applies. We thus obtain matrix
families W; : (@j,b;) x C — C2*2 for §; := C,[f1;, 7;2(1 + 22)%], and ¢&; € (a;,b;),
such that

= mj,

E‘ien} W;(@5,.) = Wos (o5, ). (5.2)
W.l.o.g. we may thereby assume that 5]- < oo (this can always be achieved by a
reparameterization).
We have

¢j(2) = Cppr [y, mj2(1 + 2%)" 1] (2)
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dis
=(1+ zQ)CN[TMJtQ,ﬂjz(l + 22)“] (2) = (1 + 2%)g;(2),
and invoke [46, Lemma 4.16]. This provides us with a matrix family W : (a;, b;) x
C — C?*2 for gj. The formulae in the proof of this lemma are explicit, and say

that a; = aj, bj = bj, and

1 + 2z ~J(t) 72#
L0 3 Ji(t T;(t) -
Wi(t, z) = (0 1 2) Wit z) | . g R, ()2 }%v(t) . te(a;,b)),
" 2SO0+ Fgr) 1-250
where
~ T . t y - ~ . t .
Ri(t) = —Re LB gy gy Dzt

W22 (t,)
Note here that J;(t) > 0 for all t € (@, b;) since w21 (t,.) + ;2 (t,.) € HB. The
values of Wj(t,.) on the possible remainder (b;,b;) of the domain of definition of
W; are also determined in [46] but are irrelevant for our purposes.

We see that (5.2) implies that

giergl Wj(C]y ) = Woo(Com )

where ¢; :=¢;, j € J u {w0}.
® We deduce the implication “(i)=(ii)”. Assume that lim;c; ¢; = gon. Write
2k+1
p;""(0)
0._ —
q; = CH[)U’J7pJ]7 7Tj = p](0)7 Tj = (QJT—i—l)!’
then
1_ing1uj = e and g_iEIrlej = Do, %iEHJlW? =7, g_ig]lﬂ'j = Topo.

By what we showed in the previous step, there exist matrix families W} for C, [, mjz(1+
2?)"] defined on certain intervals (a;,b;), and corresponding points ¢; € (aj,b;),
such that

lim Wj(cj,.) = W (Cop, .).

jeJ
We have

q;(z) = CK[,uj, miz(1+ zZ)H] + 775») + (pj(z) - 77? —miz(1+ 2'2)“)7

and by [34, Lemma 10.2] and the computation in the proof of [46, Corollary 5.9]
matrix families for ¢; can be obtained as

Wt 2) = (é pj(z)‘”ﬂ‘f(”zz)“) Wt 2) ((1) ‘ﬁ)), te (a;.b;).

We see that
lim W;(cj,.) = We(ce, -).
jeJ

By Lemma 2.31 we have
qm,., = Wilej, )™ xqj,

and hence limje s QH; e, = QHep ey, This implies that limje; Hj ., = Hop e, -
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Proof of Theorem 5.5(ii). We have p; € Mg, and

T := sup |l < .
jeJ

Since limjey ptj = poo, it follows that po € Mg, and [pe | < 7. Set
q;(z) = CK[/.L]‘,T(Z(l +z )“], jeJu{owo},

then ¢; € Nioo%) and limjes ¢; = goo. According to Proposition 5.6 we find matrix
families W; : (a;,b;) x C — C%*2 for ¢; with Hamiltonians H; and corresponding
points ¢; € (aj, b;), such that

?Enjl Wi(cj,.) = We(cw, .), ?GI?H"’CJ =Hepe,-

By the construction of €(u;), cf. (5.1), we have
G(u;) = 2(E;(c), ), Hic;)

where E;(t,.) := wja2(t,.) + tw;21(t,.). Clearly, lim;es E;(c;,.) = Ex(cw,.), and
Theorem 4.17 implies that € (u;) v B (1eo). O

There are only few cases where the chain € (u) corresponding to a measure p can
be determined explicitly. One of them are measures with power density. For such
measures 6(u) can be described in terms of confluent hypergeometric functions.
Recall:

& ), 2" 1 z
aﬂa go( 7!3 OFl(BVZ) = go (B)n 'Ha

where o, z € C and 3 € C\(—Np). The symbol (.,),, denotes the rising factorial, i.e.,
(@)o =1, (@)nt1 = (a)n(a+n) formneNp.

The following fact is shown in [22, Corollary 7.6].

Ezample 5.7. Let 8 > 0, (04,0_) € [0,00)2\{(0,0)}, and let 1 be the measure which
is absolutely continuous w.r.t. the Lebesgue measure and has derivative

dp(€) {m AL E >0,

g~ o B¢t ife<o.

We define functions A, B by distinguishing two cases.
(i) Assume that o;,0_ > 0. Define
-1 (B + 1)2 /o1 0-\ %
o= —lg——&-L, /@:=f( (B+1) ha )B,
2r C o, 2 2 IT(a + 1)]2
A(z) = e M(a, B, —2ikz) + é\i(a +1,8, 722‘/12)’

B(z):=z-e"™* M(a+ 1,8 +1,—2irz).

(ii) Assume that o, =0 or o_ = 0. Define
(ZT(B+1)2)7  ifoy >0,
g = 1
—(Z=T(B+1)%)7 ifo_ >0,
A(z) := (F1(8,—0z2), B(z):=z2-oF1(8+1,—02).
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Now set B B
Ko (2 w) = B(Z>A(wz> :g(Z)B(w’
and K,(a, z,w) := a’ K, (az,aw) for a = 0. Then
B(un) = {H(Ka(a,.,.)) |a> 0}.

Remark 5.8. It is an open problem to characterize those measures p € M for which
there exists a chain € € ub-Ch,,, such that all elements of | € are entire functions
of bounded type in C, and C_. We do not expect an easy answer.
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6. RESCALING LIMITS FOR MEASURES WITH REGULARLY VARYING DISTRIBUTION
FUNCTION

We apply the theory developed in the previous sections to investigate rescaling
limits of reproducing kernels. Recall the notion of regular variation from [5]. We
will say that % is locally = 1 if for every 7' > 0 it holds that inf,c(o % (t) > 0 and
SUDye (0,7] f(t) < o0.

Definition 6.1. Let H € Hp be in lc at 0 and in Ip at 0. Recall the kernel
Kg(t,z,w) from (2.24), and denote

K(t) i= Kp(t,0,0), t>0.

Let % : (0,00) — (0,0) be a regularly varying function with positive index, and
assume that # is locally = 1. We say that H has a rescaling limit with rate f, if
the limit

. 1 z w
K(z,w):= tlLr;ol() wKH (t, Ae)’ W) (6.1)

exists locally uniformly for (z,w) € C x C and is not constant.

Note that the factor ﬁ is chosen such that K(0,0) = 1.

A Hamiltonian H € Hy o which is in Ic at 0 and Ip at oo gives rise to a spectral
measure py. In the below theorem we relate existence of a rescaling limit of H
with the local behaviour of uy at zero.

Theorem 6.2. Let H € Hy o, be in limit circle case at 0 and in limit point case at
o0, and let py be its spectral measure. Then the following statements are equivalent.

(i) There exists a regularly varying function f with positive index which is locally
=1, such that H has a rescaling limit with rate f.

(ii) There exists a reqularly varying function g with positive index and numbers
o4,0_ =0 with (04,0-) # (0,0), such that

lim g (r)ua((0,1)) = o4, lim g(r)pm((—5.0)) = o, (6.2)

and 11 ({0}) = 0.
Assume that (1) and (ii) hold. Then the functions f and g are asymptotic inverses
of each other, and the limit kernel in (i) is equal to the kernel K,(1,z,w) from
Ezample 5.7 built with the data from (ii), namely o4,0_ and (, where ( is the
index of g.

To prove this theorem we have to relate the reproducing kernels Kg (¢, 2z, w) for
large ¢ and small z,w with the concentration of mass of the spectral measure g
around zero. This is achieved by relating both with a third object, and this man
in the middle is a family of transforms of the Hamiltonian H.

Definition 6.3. Let H € Hy o, belc at 0 and Ip at oo, and let g : (0,00) — (0, 0) be
a function. The we define, for each r > 0, a weighted rescaling A, H : (0,00) — R?*?2
of H as follows: write H = (Z; Zz) and set

20, (rt) h3<rt>> -

h3 (T‘t) %hg (Tt)

(AH)(t) := (

In the next lemma we provide the properties of this transform which we will use
in the sequel.
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Lemma 6.4. Let H € Hy o be lc at 0 and lp at 0, and let g : (0,00) — (0, 00).

Moreover, let r > 0. Then A,H € Hy o, and is lc at 0 and lp at c0. We have

L

q(r)
pa,m = g(r)Simn

where X" : R — R is the map £ — r& and X,y is the pushforward of the measure

i under X7,

Kot zw)= KH(rt z E), t € [0, ),

Yo

Proof. 1t is clear that A, H € Hy o, for each r > 0 and, since

r

tr A, H(t) > min { a(r).

rg(r)

that A, H is lc at 0 and Ip at oo. Plugging in the differential equation shows that
the fundamental solution of A, H is

} ~tr H(rt),

a(r) — 0
Wan(t2)= (V) \%)WH(M,%)(VZ(’@)’ t=0.
q(r e

A computation yields the asserted formula for the kernel K 4, (¢, z,w). Moreover,
we see that

qa,m(2) = g(:) qu (),
and the Stieltjes inversion formula implies the assertion about the spectral measure.
O

Combining the above lemma with Example 4.3 we have the following immediate
corollary.

Corollary 6.5. Assume we are in the situation of Lemma 6.4. Then
V> 0: @lua ) = {’H(ﬁKH(rt,f, g))] te [o,oo>}.
We can already establish one implication from Theorem 6.2.

Proof of Theorem 6.2, “(i)=>(ii)”> Assume that H has the rescaling limit K(z,w)
with rate A. We proceed in four steps.

@ The first step is to show that
tli)rrog K(t) = o0.

Assume towards a contradiction that C' := sup,-( £ (t) < 00; note here that x(t) is
nondecreasing. Since % is locally = 1, we have

c_:=1inf A(k(t)) >0, c4 :=suph(k(t)) < .
t>0 t>0
Choose a sequence (t,,)neny with t, — oo, such that the limit o := lim,, o A (k(n))
exists. Let w € C,, then by (2.25) we have

}E& Ky(t,z,z) =0

uniformly for z € w - [i, -L]. We obtain that

. 1 w w
o = Jlim &K (b fo(k(ta))’ ﬁ(n(tn»)
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and have reached a contradiction. ~
_ Since £(t) tends to infinity, it holds for every function # : (0,00) — (0,00) with
f ~ h that

1
lim —— K (t, . L) — K(z,w).
0= (t) k(1)) R (x(1))
By the smooth variation theorem [5, Theorem 1.8.2] we may thus switch to a rate

which is possibly better behaved than . We use this freedom and assume for the
rest of the proof that # is continuous and has a finite positive limit at 0.

@ In this step we pass to the man in the middle. Choose an asymptotic inverse g
of A, and use g to build the transforms A, H. Moreover, denote by 5 the index of
g. We consider the chains 6 (p4, ) and the function

J [0,0) — RK
X'{ Ooa —  H(d’K(az, aw))

Note here that K(z,w) is a positive kernel as limit of positive kernels, and thus
a? K (az,aw) also is a positive kernel.

Our aim is to apply Proposition 4.19. Tt is clear that x(0) = {0} and that x is
continuous. We have a’ K (a-0,a-0) = a”, and since 8 > 0 this function is strictly
increasing and tends to co. We have to produce elements H, , € €(ua, m), a,r > 0,
such that lim, o, He,» = x(a) for all @ > 0. Set

r(a,t) := ﬁ(%), T(a,t) := " cf,t)’
then
B (Tl0:0200) = e bin (b oy )
a’ H<t, 1 zﬁ(i(f)), 1 .wfb(f:(f) )
W0 T\ RG®) (D) RGO (D)

and we see that
tli{rolo KA,.(a,t>H(T(a, t), z, w) = d’K(az,aw).
It remains to note that ¢ — r(a,t) is continuous and lim;_,, r(a,t) = .
Now Proposition 4.19 implies that
€ = {H(aﬁK(az,aw)) |a>0}eub-Ch, G(pa,u) > 6.

We show that ¥¢ = 0. Let £ € R, and assume towards a contradiction that
K(£,6) =0. Since x(a) S x(1) for all a € (0,1), it follows that

Vae (0,1]: a’K(a, af) = Kya)(£,€) = 0.
Passing to the limit a | 0 yields that K (0,0) = 0, and this is a contradiction.

® Let o be the spectral measure of €. In this step we show that ¢ is absolutely
continuous w.r.t. the Lebesgue measure and that its derivative has the form

do(&) _ {a+5-§5—1 if € >0,

d¢ o_B-¢PT1 if € <0, (6:3)
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with some o4,0_ > 0 and (04,0_) # (0,0). The argument relies on the theory of
homogeneous de Branges spaces developed in [12, 22].

To start with, we show that dim x(1) > 1. Assume the contrary, then y(a) =
x(1) = span{K(.,0)} for all a € (0,1]. In particular, the function K(3,0) is a scalar
multiple of K (2,0), say K(5,0) = a - K(z,0). Writing the power series expansion
of K(z,0) as

a0
K(2,0) =14 ) 2",
n=1
and comparing coefficients of K (z,0) and K(3,0) yields that o = 1 and ,, = 0 for
all n. Thus K(z,0) is constant equal to 1, and hence all elements of the space x(1)
are constant. We obtain that for all z,w € C

K(z,w) = K(0,w) = K(w,0) =1,
i.e., K(z,w) is constant. This is a contradiction.
Since dim x(1)/x(1)* < 1, we have x(1)* # {0}, and hence there exists a € (0,1]
such that x(1)” = x(a). We obtain

Vb >=1:x(a) < x(b).
By [22, Lemma 2.3], for each b > 1, the map

£~ (5)"F ()

restricts to an isometric isomorphism of x(b) onto x(1) and to one of x(a) onto
x(%). It follows that

Vb =>1:x(%) Si x(1).
Now [22, Proposition 5.4] implies that (1) is homogeneous of order g — 1, and by
[22, Theorem 7.2] (together with [22, Theorem 6.2]) the measure o is of the form
(6.3).
@ Tt is easy to pass on to the measure py. By Proposition 5.3(ii), we have
lim, o pa, g = o in the w*-topology of C.(R)*. By the Portmanteau theorem
[3, Theorem 1] this means that

Va,beR,a <b: liHOlOMA,\H((%b)) = o((a,b)).
Note here that o has no point masses. By Lemma 6.4 we have

pa,((a,0) = g(rpm ((2,2)),
and it follows that

Jim g (r)ua((0,3)) = o((0,1),  lim g(r)pn((=3,0)) = o((=1,0)).

Moreover,
lim sup ¢ (r)uzr ({0}) < lim g(Mpu((— 1 1) =o((-1,1)) < o,

and since g (r) — oo this implies that pg({0}) = 0.
]

The proof of the converse implication “(ii)=>(i)” in Theorem 6.2 works in essence
by reversing the steps in the above argument.

The first step is to exploit the conditions on pgy stated in (ii). We do this by
means of the following lemma (recall here the notation (2.36)).
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Lemma 6.6. Let p be a positive measure on R with u({0}) = 0, let g be reqularly
varying with positive index 5, and assume the limits (6.2) exist with (o4,0_) #
(0,0). Denote by o the measure which is absolutely continuous w.r.t. the Lebesgue

measure and has derivative (6.3). Moreover, denote p,. := g(r)Xhp for r > 0.
Then
Ya,beR,a <b: TILHC}O ur((a, b)) = 0((&, b)), (6.4)
VkeNg,k+1> g : lirrolo ltr s = lo]x- (6.5)

Proof. The relation (6.4) is easy to see. Let b > 0 and compute

Tim 11, ((0,0)) = lim g (r)u((0,2))

- Jim [2(5)((0.)-

r—00

(r)
q(3)

Q

=0, b’ = a((0,b)).

In the same way we obtain
rlgIolo Hor ((_bv 0)) = U((_ba 0))

Since p,({0}) = 0, the relation (6.4) follows.

The proof of (6.5) is more involved; it relies on Karamata’s theorems about
asymptotics of integrals and Stieltjes transforms of regularly varying functions.
First, we rewrite the norms |u,|, to a more convenient form. To this end let
© : R\{0} — (0,00) be the function ©(§) := 5%7 and let v be the pushforward
v := O4pu. Then

B dpr(§) dp(€)

|l = fR 1+ e+t 4(r) fm\{o} (1 + r2g2)s+l
—alr dv(§) , £ du(€)
_g( )J(o,oo) (1 + %)nJrl g( )J(O,oo) (f +r2)m+1.

In order to understand the behaviour of |||, we thus have to analyze the measure
E5tdy(€). Note first that

j &tldy(€) = J du(&) <, v((1,0)) =p((0,1)) < .
(0,1) (

1) 52(n+1)

Now consider the function V' : [1,00) — R defined as V(¢) := v((¢,0)). This
function is nonincreasing and nonnegative, in particular of bounded variation. We
have

1 1 04 +o_
vy =u((-——)) ~ T
Vi Vi g(v1)
and see that V is regularly varying with index —g. We apply [5, Theorem 1.6.4]
to obtain (this integral is understood in Riemann-Stieltjes sense)

B B K
Jt S'ﬁldv(s) R -5 't"HV(t) N —§(U+ +0-) ] Rl '
+1-8 k+1-5 gVt

K
Consider the function U : [0,00) — R defined as

Ul(t) := J(O ) - Ldu(g).

1
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Then

Jt "LV (s) ~ §(0+ to)

1 k+1-5 gVt
We apply [5, Theorem 1.7.4] to obtain

_ rk+1 v _
U@)J;@& dv(€)

J eHdy(e) TE)I(k+2-0) 1 U6?)
(©0.00) (§+72)H1 I(r+1) (r2)stt
R IOk +2—0)2(oy +0-) o1
Tt D wel-f o0
and thus (here B is Euler’s Beta-function)
. p
i gl = B(5. 5+ 1= 5) - S(o4 +0-)
Making a change of variable, we evaluate
o —1
£P-1de 15 8
S 5 _ZpB(& 1-8
J;J (1+ €2+t~ 2 (3.5 + 2):
and this establishes (6.5). O

Proof of Theorem 6.2, “(ii)=>(i)” Assume that ugy({0}) = 0 and that the limits
(6.2) exist where g is regularly varying with positive index. We proceed in three
steps.
® The above lemma applied with g and ppy justifies an application of Theo-
rem 5.5(ii), from which we obtain that €(u,) v~ €(c). The chain €(c) is known
explicitly from Example 5.7, and we use the notation K, (a, z, w) from this example.
Moreover, recall that the chains € (u4, ) are known from Corollary 6.5.

The definition of convergence of chains yields that there exists ¢ : (0,00) x
[1,00) — (0,00) such that

1
Va>0: lim —Ky(T(a,r)r,2,%) = Ks(a,z,w). 6.6
i s K (T, ) 7. %) = Ko (a2, w) (6.6)
@ In this step we show that

tli)rrolo k(t) = 0.

Assume towards a contradiction that C' := sup,-q x(t) < 0. Since g (r) — o0, we
obtain

1=K,(1,0,0) = lim —Kg(T(1,r)r,0,0) =0,
(1,0,0) = Jim —cKn(T(1,r)r,0,0)

a contradiction.
® Let % be an asymptotic inverse of ¢. Our aim is to show that

. 1 z w
A @KH (t’ R(k(1)" R (k1))
Set r(t) := A (k(t)). Then lim; o r(t) = 00, and hence g (r(t)) ~ «(t) and

1
Va > 0: lim —
5 WD)

) = K,(1,z,w). (6.7)

Ky (T(a, r(t))r(¢), Ok %) = K,(a, z,w).
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The function x(t) is nondecreasing and the function a — K,(a,0,0) is strictly
increasing. Hence, the above limit relation implies that

Va; >1: li%nglfT(a,r(t))r(t) > t,
Va_ € (0,1) : limsup T (a,r(t))r(t) < t.
t—o0

From the first relation it follows that (here “<” refers to the order of positive

kernels, cf. (2.3))
1 z  w 1 . w

for all sufficiently large ¢, and this shows that

1 z w
{n(t) ) ()
is a normal family. In order to show (6.7) it is thus enough to evaluate the limit of

convergent subsequences.
Assume that (¢,)nen is a sequence with ¢, — oo such that the limit

K(z,w) := lim %KH(%,% L)

n—0 K r(tn) r(ts)

exists. Let ar > 1, a_ € (0,1), then for all sufficiently large n we have

Ky (Tam () (t), — )<,€(1 Kn(to i3 7)

k(tn) r(tn)’ r(tn) tn) r(tn) r(tn)
1 z w
< (T(a+,r(tn))r(tn), ot T(tn))

Passing to the limit n — oo yields
Ky(a_,z,w) < K(z,w) < Ky(ay, z,w),
and letting a_ 1 1 and a4 | 1 in this relation gives K(z,w) = K, (1, z, w).
O

Proof of Theorem 1.11. Since W (t,£) € SL(2,R), the family W (¢, &)"1W (¢, & + 2)
is also a J-decreasing family and it corresponds to shifted kernels Kj(t, z,w) =
K(t,&+ 2, + w). Thus, we can assume without loss of generality that £ = 0 and
that W (t, &) = I for all ¢.

Since W is J-decreasing, the corresponding family of de Branges spaces H(t) =
B(waa(t, ) + iwa(t,-)) is contained in a chain €, and the map H : [a,b) — B is
monotone increasing. Denote by H the corresponding trace-normalized Hamilton-
ian so that

W(tv Z) =Wn (W(t)v 0, Z)
If W(tl, ) = W(tg, ) for some t1 < tQ, then ’y(tl) = (
so is 7. Since W is limit point at oo, H € Hy o, and ~y(¢
rescaling limit

t2). Since W is continuous,
) — o as t — oo. Thus, the

lm— K ( (t) © Y )

2 K (r(0,0,0) 1\ R (K (56),0,0)) R (K (7(8),0,0))
exists if and only if the rescaling limit (6.1) exists, and in this case their values are
equal. Now the result follows directly from Theorem 6.2. O
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7. TWO CONVENTIONS AND SCHRODINGER OPERATORS

7.1. Two conventions. In this text, we used the convention prevalent in canonical
systems [13], that for a J-decreasing family of transfer matrices W (z, z) in the limit
point case, its Weyl function is described by
q(z) = lim W(x,z)x7

r—00
(independent of 7 € C,). One way to obtain such transfer matrices is as solutions
of

0W (x,2)d = 2W (x,2)H (x), (7.1)
with H a Hamiltonian. Another convention, more common in mathematical physics,
is to work with a J-increasing family of transfer matrices T'(z, z) and associate with
it a Weyl function by
m(z) = lim T(z,2)" ' *7.

r—0
To switch between the two conventions while preserving the Weyl function and the
measure, we will use

Wiz, z) =T(z,2)"". (7.2)

Remark 7.1. One way to obtain a J-increasing family is as a solution of
J0,T(x,2) = —zH(x)T(x, 2) (7.3)
with a Hamiltonian H, but we warn the reader that this is not compatible with

(7.1), (7.2). Instead, if T is defined by (7.1), (7.2), we have T—* = JT'TJ~! since
det T = 1; therefore T satisfies

J0,T(x,2) = —2JH(z)J " T(x, 2).

Thus, to switch from one convention to the other while preserving the Weyl function,
the Hamiltonian H should be replaced by JH.J'. This also explains differences
between Hamiltonians written in this paper and those in [21].

7.2. Schrédinger operators. Consider Schrédinger operators —d?/dx? + V (z).
We allow the general setting of a locally H~! potential V = ¢’ 4+ 7, where o €
L2 ([a,b)), 7€ LL ([a, b)) [29, 30, 60]; the most often studied case V € Li . corre-
sponds to o = 0 [59, 80]. Note that we impose the local integrability assumptions
also at the endpoint a, i.e., it is a regular endpoint. The corresponding transfer
matrices are

0,T(z,z) = Rg (_Ul(x) 7(@) _UC(TSC)z B Z) RET (x, 2), T(a,z) =1,

where
R, — (cos B —sinf
8= \sing cosB /-
Proof of Theorem 1.12. This is a direct consequence of Theorem 1.11 applied to
the family W (z, 2) = T(z,2)~ L. O
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8. ORTHOGONAL POLYNOMIALS AND SUBEXPONENTIAL GROWTH

In this section, we explain the specializations of our work to orthogonal poly-
nomials on the real line and on the unit circle. We recall how the study of these
systems is reduced to the canonical system setting, and how the sequence of CD
kernels associated to orthogonal polynomials is embedded in a continuous family
of kernels. Beyond this, we study the distinction between the scaling limit of the
sequence of kernels and the scaling limit of the continuous family, and the role of
the subexponential growth of orthogonal polynomials.

8.1. Orthogonal polynomials on the real line. Let y be a measure on R such
that supp p has infinite cardinality, and g has finite moments corresponding to a
determinate moment problem. Since shifting p by & merely shifts the CD kernels by
&, there is no loss of generality in discussing the canonical system correspondence
in its usual notation, normalized at £ = 0. The Weyl function

1
= dp(A 8.1
m() = [ 5 duly (81)
of the measure p corresponds to the canonical system with Hamiltonian

_( @0  —pn(0)g.(0)
H(L) B <_pn(0)Qn(O) pn(O)Q

Since (jH)? = 0 and H is constant on [n,n+1), the family of kernels corresponding
to this canonical system is known to be piecewise linear (1.4), and [n,n + 1] are
indivisible intervals. Thus, most of Theorem 1.6 will be an immediate consequence
of Theorem 1.11, and it remains to explain how the scaling limit of the continuous
family of kernels is related to the scaling limit of the sequence of CD kernels. We
start with a preliminary lemma:

), n<L<n+1.

Lemma 8.1. Let f be regularly varying at oo with index p > 0 and assume that
an, by are sequences tending to oo with lim 3= = c € [0,0). Then

ﬁ(amblfn)
1' n-"n
non  Fu(by)

-z

uniformly in x € [0,1].

Proof. Define ¢, = ay/b, and note that ¢, — c¢. For n sufficiently large, ¢, €
(0,c¢+1]. Fix e > 0. Then by the uniform convergence theorem [5, Theorem 1.5.2],
there exists ng so that for n > ng

fu(bn)

fo(bnch)
fo(bn)

— P — P+ | — PP < 2e. O

x ‘

Lemma 8.2. Let K(n,z,w) be the CD kernels corresponding to a sequence of
orthogonal polynomials on the real line and K (t,z,w) the corresponding linear in-
terpolation (1.4). Assume that (1.12) holds, and h is reqularly varying of index
p>0and Ky # 1. Then (1.8) holds.

Proof. Without loss of generality we assume £ = 0 and abbreviate

K(n,0,0) = ay,.
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The proof is by contradiction. If (1.8) fails, there exists a subsequence n; — o0 as
[ — o0, along which
QAp

! S

a1 4my
for some c € [0,1). By linear interpolation, for 0 < s < 1,

Kn+s,zw)=sKn+1,z,w)+ (1—-s)K(n,zw). (8.2)
Let 0 < s < 1 and denote = = (s + ¢(1 — s))”. For the sequence t; = n; + s, we get

A14m, _ A14n, 1 _ xfl/p

K(t,0,0)  aioms+am(l—s)  s+c(l—s)

and

a‘nl _ a’nl a1+77,l - & _ cm_l/p

K(t,0,0)  a14n, K(4,0,0)  s+c¢(1—s)

We write the linear interpolation (8.2) as

K (t, ﬁ(K(tZl,(],()))’ ﬁ(K(Z},0,0)))

K(tla Oa 0)
z R(a14n,) w 7 (a14n,)
_ K(L+ny, f(ai4n,;) ﬂ(K(tl,OZO))’ f(a1tn,) ﬁ(K(thOfo))) A14n, s
a1+4n, K(tl7070)
2 f(an;) w f(an,)
. K e,y R 0,600 #any) AR @000)  an, (1)
Qp, K(tla 07 0) '

By Lemma 8.1 and the assumption (1.12), taking | — oo gives
Ky (z,w) = Ky (227! wa ™) e VPs + Ky (zc?z ! wePz™t) a7 VPe(1—s).

To see the consequences of such a relation, we first rescale (z,w) by a factor of
to rewrite as

Ko(xz, 2w) = Koo (z,0) 27 Y5 + Ko (P2, Pw) 27 Pe(1 — ).
Expressing s in terms of x € (¢, 1), we rewrite this relation as

1—cx=/r cx~ P —¢
— K _—
1o w(z,w) + T

Viewing this as a function of 2 with fixed z,w € C, the function Ky (zz, zw) is of
the form A+ Bz~ on the part {(zz,zw) | z € (¢?, 1)} of the ray {(rz,rw) | r > 0}.
Replacing (z,w) by (zoz, zow) with arbitrary xzy > 0 we cover the whole ray. On
overlapping intervals the constants must match. Since K (0,0) = 1 and p > 0,
by taking z — 0 we see that Ky (zz,zw) = 1 on any ray, so Ky = 1, which is a
contradiction. O

Ky(zz,2w) = Ky (cPz, cPw).

Proof of Theorem 1.6. (i) <= (ii) «=> (iii) follows immediately from Theorem 1.11.
(iii) = (iv): this follows from the previous lemma.
(iv) = (iii): The assumption (1.8) implies by Lemma 8.1 that
(

LR+ sE9)
noo R(K(n,€€)) ’

(8.3)

uniformly in s € [0, 1].
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The condition (1.13) with index shifted by 1 reads

- K (” +LE+ smmite ¢t ﬂ(K(ni’l,s,s»)
n—® K(n+1,¢¢)

Since convergence in (8.4) is uniform on compacts, we can combine it inside the
parentheses with (K (n+1,£,£))/A(K(n,& €)) — 1 and finally multiply by K (n+
1,£,8)/K(n,&,&) — 1 to conclude

o (n+ 1,6+ mrcieey € + rrieey )
n—9w0 K(n,§,¢)

For t = n+ s with 0 < s < 1, using (1.4) and computing a convex combination of
limits (1.13) and (8.5), it follows that

T (” +58t aRmeay T fu(K(Z,s,s)))
1m
n—m K(n,&,¢)

uniformly in s € [0,1]. Combining this with (8.3) inside the parentheses and mul-
tiplying by K(n +5,¢,£)/K(n,§,§) — 1 shows

= Ky (z,w). (8.4)

= Kyp(z,w). (8.5)

= Ky(z,w)

K (n 58t aRmsea) S T ﬁ<K(”ZS’§’§”)

li =K
A Ko+ 5,69 #e)
uniformly in s € [0, 1], which is equivalent to (1.12). O

Proof of Theorem 1.3. This is merely the specialization of Theorem 1.6 to the spe-
cial case 0_ =0 = = 1. a

Proof of Theorem 1.1. This is the specialization of Theorem 1.6 to the special case
g(r)=mnr, 8 =1. O

8.2. Orthogonal polynomials on the unit circle. Let v be a probability mea-
sure on 0D such that supp v is not a finite set, ¢,, its orthogonal polynomials, and
k,, the CD kernels (1.23). In terms of reflected polynomials ¢ (¢) = ("¢, (1/C),
they satisfy the CD formula

kn(C,w) = @Z(CWZ(L;)—_QZ”(O@”(W)'

A way to relate orthogonal polynomials on the unit circle to an energy-periodic
canonical system was described in [21, Section 6]. At the level of functions, it
relates OPUC with Carathéodory function

e’ +¢ i0
PO - [ SGEeae?),  cep (3.6)
to the canonical system with the 27-periodic Weyl m-function
m(z) = iF(e"), zeCy. (8.7)

We provide further information about this correspondence in the following lemma.
Since rotating the measure by ¢ as

jf(@dﬂ(c): fe ) du(C),  ¥f e C(aD)
oD oD
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replaces orthogonal polynomials ¢,, by e~""¢¢,, (€¢(), it replaces kernels k,,({,w) by
kn(e%¢, e w); thus writing down the canonical system normalized at ¢ = 0 suffices
to study scaling limits at any point e’ € dD.

Lemma 8.3. Let v be a probability measure on 0D such that supp v is not a finite
set, and let F be its Carathéodory function (8.6). Then, the canonical system with
Weyl function (8.7) has the following properties:

(i) It corresponds to the measure p on R which is 2mw-periodic in the sense that
w(B) = u(2w + B) for every Borel set B < R, and

u(B) = v({e” |z € BY)

for all Borel sets B c [0, 2m).
(ii) It corresponds to the piecewise constant Hamiltonian

oo (P @ Wea ) L,

where 1, denote the second kind polynomials. Note that (jH)? # 0.
(iii) It has the family of reproducing kernels given for n € N, s € [0, 1] by

—in(z—w)/2 ) . [ . — L ———
R G P G B CO PRCD ] §
(8.8)

e

K(n+s,z,w) = m

Proof. (i) follows by Stieltjes inversion from (8.7).
(ii) Orthogonal polynomials satisfy the Szegd recursion, expressed by the Szegd
transfer matrices

Sn+1(<) = A(amC)Sn(g)v SO(C) =1, A(aaC) = \/liiap <<O‘C _1Ol> :

The derivation in [21, Section 6], expressed in the conventions of this paper, shows
that this corresponds to the monotonic family of transfer matrices

Wi(n, z) = e "€ 118, (%) i€
1

T+i 0

W(n,z) = M(n,z)M(n,0)~1, it obeys
W(n+1,2) = W(n,z)M(n,0)e*’/2M(n,0)~}
and therefore is the transfer matrix associated with the Hamiltonian

H(zx) = %J’I(M(n,o)*)’lM(n,O)’IJ = %M(n,O)M(n,O)*.

where C = - <} _ZZ) and j; = <(1) ), and that after the gauge change

(iii) Let s € [0,1]. Since H is constant on [n,n + s], solving (7.1) gives
W(n +s,2) = W(n,2)e”* "7 = W(n, 2)M(n,0)e**"* M (n,0) "
from which a direct calculation gives (8.8). O

Note that the formula (8.8) can be used in two ways to evaluate the kernel with
an integer index, by using s = 1 or by using s = 0 with n shifted by 1; compatibility
of the two answers can be verified by the property of Szegé transfer matrices

Ao, w)* (_01 ?) A<av<>=(°6 (1))*<_01 (1)> (g (D'
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The intervals [n,n + 1] have constant Hamiltonians, but they are not indivisible
intervals; this is a qualitative difference compared to OPRL, and it affects the next
step. When the kernel at n + s is expressed as a linear combination the kernels at
n,n + 1, the formula is different from the OPRL case:

Corollary 8.4. The canonical system kernels (8.8) associated to OPUC satisfy

sin((1 — s)(z —)/2) . sin(s(z —0)/2) .
sin((z —w)/2) sin((z —w)/2)

K(n+s,z,w) =

K(n,z,w) + Kn+1,zw)
(8.9)
for s €0,1].

Proof. The equation (8.8) expresses the three kernels at n + s,n,n + 1 as linear
combinations of the two functions ¢, (€"*)p, (ei®), ¢¥(e'*)p* (e), so the proof of
(8.9) is a linear algebra calculation. O

Lemma 8.5. Assume that the canonical system kernels (8.8) associated to OPUC
satisfy

K (t’f tamaeo) st fu(K(ltu,é,s»)

tlggJ KG.E0 = Ky (z,w), (8.10)
for some f regularly varying of index p > 0 and Ko, # 1. Then

lim K(n+1,¢,¢)
n—n  K(n,§§)

Proof. Without loss of generality we take £ = 0. Imitating the proof of Lemma 8.2,
we get to

=1

K, sga00 ikG000))
K(t,0,0)
IR R roweny RGO T R Gs)  avem (Wb (Ko )
B Al4ny K(t:,0,0) sm( K(tl 0,0) )
K, 5y n(ii?:o),o»’ Alan) ﬁ(zEZLfOTO))) a, S <2(ﬁ(Kz§uO 0))))

—+

; K t 707 0 . __z=w .
- (t; ) sin (Qﬁ(K(tl,O,O)))

Since f(x) — o as x — o (see [5, Prop. 1.5.1]), taking | — oo gives
Ky(z,w) = Ky (zx_l,wx_l) zVPs + Ko (chx_l,wcpx_l) x_l/pc(l —s).

Remarkably, the different interpolation of kernels leads to the same functional
equation for the limit kernel as in OPRL, so the rest of the proof follows as in
Lemma 8.2. [

Proof of Theorem 1.13. After rotating the measure so that ¢ = 0 and passing to
the canonical system, Theorem 1.11 implies the equivalence of (i), (ii), and (8.10),
with Ko, # 1 and % regularly varying with index p > 0.

By applying Lemma 8.5, we conclude that (8.10) implies (iii); note the connection
between the reproducing kernels and CD kernels given by (8.8).
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Conversely, if (iii) holds, reformulating it in terms of reproducing kernels gives
K(n+1,6,6)/K(n,&,€) — 1as n— o and

K ("’5 tARmE0) S T MK(Z,&,@))

li =K .
2 R(m6.9) olerw)
As in the proof of Theorem 1.6, this implies
K (n+ 1€+ sieny € + rwtee) )
lim h(K(n,€.8)) A(E(.88)) Koo(z,w).

= K(n,&,€)
Using the interpolation formula (8.9) and

. sin (37%(1?(7?5,5)))
lim =s,

"7 sin (2%(1?@175,5)))

this shows

T (n+ 5.6 + srrmagey € + mrmE)
n—a K(n+s,&¢)
uniformly in s € [0, 1], which is equivalent to (8.10). O

= Kyp(z,w)
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9. BULK UNIVERSALITY AND SPECTRAL TYPE

In this section, we explore the interplay of bulk universality and spectral type of
u through a few brief remarks.

Historically, bulk universality (sine kernel asymptotics) was proved under con-
ditions which included a continuity or Lebesgue point condition for the Radon—
Nikodym derivative du(€)/d¢ at the point, with a positive value at . For this
reason, bulk universality was closely associated with the absolutely continuous part
of . Our local condition (1.5) on p makes it apparent that bulk universality at a
single point can occur even for a pure point measure:

Lemma 9.1. Let

0
1
=3 (b1 + 1))
H lej(j+1)(1/j 1/])

Then u([0, te))/e = 1 as € — 0. In particular, the sine kernel asymptotics (1.6)
holds at £ = 0 with n = 1.

Proof. For 5 <e <+, u([0,€)) = Z;inﬂ ﬁ = A5 s0

e p((0.e)

< <1
el 41 €
and therefore p([0,€))/e — 1 as e — 0. Analogously, u((—¢,0))/e — 1 as e — 0. By
Theorem 1.1, (1.6) holds at & = 0 with n = 1. O

Nonetheless, bulk universality on some set of energies implies that the measure
is 1-dimensional there:

Theorem 9.2. If bulk universality holds on some set A in the sense that for every
¢ € A, the kernels have scaling limit (1.10) with regularly varying scaling, then u is
1-dimensional on A in the sense that x 4 du is h®-continuous for every a < 1; h®
denotes the a-dimensional Hausdorff measure.

Proof. By Theorem 1.3, for every £ € A, the limit
lim g (r)u (€= 7.6+ 7))
is nonzero, and g is regularly varying with index 1. In particular, for every a < 1,
g (r)r—® — o, so
i a _1 1)) =
T.h_,nolor M((g r’§+r)) 0.

This is interpreted as an upper a-derivative with respect to Hausdorff measure h®.
By Rogers—Taylor [72, 73] (see also [50], [59, Section 6.3]), on the set S, > A where
limsup r®p (({ — %,5 + %)) = 0,

T—00
Xs,, dp is continuous with respect to h®. O

In the remainder of this section, we discuss sparse decaying Jacobi matrices. We
call a Jacobi matrix sparse if there exists a sequence N; with N;1/N; — oo such
that a, = 1, b, = 0 for all n ¢ {N; | j € No}. We call it decaying if a,, — 1, b,, = 0
as m — o0, since it is then a decaying perturbation of the free Jacobi matrix. The
spectral type of a sparse decaying Jacobi matrix on its essential spectrum [—2,2]
is completely understood [41, 66]: it has pure a.c. spectrum on [—2,2] if it is a
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Hilbert—Schmidt perturbation of the free Jacobi matrix, and pure singular spectrum
on [—2,2] otherwise.

The first examples of bulk universality without a.c. spectrum were found within
this class: for a fixed decaying sequence (v;)72; ¢ ¢2, Breuer [7] proved that
there exist functions Ny (N1, ..., Ng) such that with the recursive choice Npiq1 =
Ni(Ny,...,Ny) and with a, =1, by, = v; for all j and b, = 0 otherwise, the sine
kernel asymptotics

lim K(n7§+%;f+ %) 7 Sin((4*§2)7l/2(z*@))
n—o0 K(n@,f) - (4_62)71/2(Z_E)
hold for every £ € (—2,2). Note the explicit factor of n in the scaling limit (9.1), as

opposed to a regularly varying function of K(n,¢,£).
Our first remark is that Breuer’s examples are within the scope of this paper:

(9.1)

Lemma 9.3. For every sparse decaying Jacobi matriz and every £ € (—2,2), the
function K(t,£,€) is a regularly varying function of t with index 1 and

N 2tpn(§)2 — &anpn(&)pn_1(§) + a%pnfl(g)Q
4— &2

K(t,€,¢)

, n = |t], t — 0.
Proof. Denote 6 = arccos(£/2) and diagonalize
2cosf -1 e 0 1 e? e~
( 1 0>U<0 e%>U ’ U<1 1)
Introduce vectors A,, by

S pal®) ) _ eV 0
v (anpn—l(g)) B ( 0 e_i(n_1)9> An

Then the Jacobi recursion rewrites as

—i(n—1)60 0 b, _ 1 i(n—2)0 0
= (€ 1 an an ¢
A, = ( 0 ei(n—1)0> U ( an 0 > U ( 0 e—i(n—2)0> Ap_1.

In particular, A,, is constant on N; < n < N;41. This implies constancy of

pn(f)z — &anpn(&)pn_1(§) + a%pn—l(§)2
4— &2

1An]l* = 2

on the same intervals. Moreover, since a,, — 1 and b, — 0, ||A,||/||An-1]| — 1 as
n — oo.

Consider the function f defined by f(t) = ||A,||? for n <t < n + 1. For every
A > 1, for large enough n, there is at most one jump in the value of || 4, || between
t and At, so f(At)/f(t) — 1 as ¢ — +o0. By Karamata’s theorem [39, 40] (see also
[5, Thm 1.5.11]), the function g (t) = SZ) f(s)ds is regularly varying with index 1
and g (t) ~ tf(t). Meanwhile,

Pa(&)? = [ Aall? = 2Re (27(4,)1(A,)2 )

and partial sums of the oscillatory part are bounded by

t
Z e’ < ’ 2i0| &
n=s+1 |1 —€ ‘ 4-— 52
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so for integers s,t with V; < s <t < Nji1,

K(6,€,6) — K(5.6,€) — (t — 8)|| A, || < ——

A4 — &2
Since the expression in the absolute value is piecewise linear in s, ¢ € [N;, Nj;1] and
N,

]a
the inequality holds at endpoints of the linear parts, it holds for all s,¢ € [N;, Nj41].
By telescoping,

14511,

[K(t,6,8) — —— > I4l” (9-2)

V J N;<t

o Al
3= [|A;[2(N; — Nj-1)
implies by the Stolz-Cesaro theorem that 377, [ A;]1?/¢(N,) — 0 as n — o0, and
by monotonicity of g that 3, v [l 4;]°/g(t) — 0 as t — oo. Thus, (9.2) implies
K(t,£,6) ~ g(b). O
Combining this with our Theorem 1.3 gives very precise asymptotic behavior of
the spectral measure on intervals, for Jacobi matrices in Breuer’s class:

The limit
=0

Corollary 9.4. For every & € (—2,2), for any decaying sparse Jacobi matriz for
which (9.1) holds,

lim ge(n)p ((§=5,€)) = lim ge(mu([&€+ 7)) =1

n—ao0

where
2mn

ge(n) = Viie (pn () — Eanpn

Proof. The function g from the previous proof is continuous and strictly increas-
ing, so Lemma 9.3 can be restated in the form ¢t ~ g ~1(K(t,&,€)). Thus, Theo-
rem 1.3(iii) holds with A = g ~!, and this implies Theorem 1.3(i), that is,

tli)HOIOK(tvgvg)/i<< = i52,€>>_t11)1’§)K(t,£7f),U/<|:f£+ & >> =1
Applying this to the sequence ¢ = n4/4 — £2 and combining with
K(ny/4 =868 ~V4- K0, & &) ~ge(n), n—wx

(by Lemma 9.3 and regular variation with index 1) concludes the proof. (]

()pn-1(8) + alpn-1(£)?) .

By a result of Zlatos [85], sparse decaying Jacobi matrices always obey

i 108(E =6 9) _ o logu(EE+ )

e—0 log e e—0 log e

and therefore have 1-dimensional spectral measures on (—2,2); note that Corol-
lary 9.4 gives a more precise statement about the local behavior of the spectral
measure, but within the narrower class of [7]. It is natural to conjecture:

Conjecture 9.5. For every sparse decaying Jacobi matrix J, its spectral measure p
has a unique tangent measure at every £ € (—2,2), and this tangent measure is the
Lebesgue measure.
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10. THE LOCAL DISTRIBUTION OF ZEROS

In this section, we consider applications to local zero distributions. We will
begin with a generalization of the Freud—Levin theorem, formulated in the general
context of Hermite—Biehler functions.

We will repeatedly use the following observations. For E € HB™*, the function
E*/E maps C, into D, and maps R into dD. For fixed z € R, Kg(z,2) = 0 if and
only if z € R, z # x, and (E*/E)(z) = (E*/E)(x); this follows from (2.11), and
in particular, non-real zeros are ruled out by (2.10). Moreover, by the Cauchy—
Riemann relations and local properties of analytic functions, there is a strictly
increasing continuous choice of argument ¢ : R — R such that

(E*/E)(x) = ). (10.1)
This representation implies that for a,b € dD with a # b, the solutions of Eﬁ/E =aq
and E¥/E = b strictly interlace. Moreover, by the strict interlacing property, the
following are equivalent:
(i) A has infinitely many positive zeros (these are solutions of F*/E = —1)
(ii) B has infinitely many positive zeros (these are solutions of E*/E = 1)
(iii) Kg(-,0) has infinitely many positive zeros (these are solutions of E*/E =

(EF/E)(0))

(iv) p(z) > o as x — ©
Theorem 10.1. Consider a sequence of Hermite-Biehler functions E,, = A, —
iB,, € HB*, a point £ € R and scaling sequence (1,)_, such that

lim Kg, (§+ i,§+ w> = Kg(z,w)

n n
uniformly on compacts, for some Hermite-Biehler function E = A —iB € HB*. If
B has infinitely many positive zeros, then:
(i) For every k = 0, for all large enough n, A, has at least k zeros greater than

&; in other words its k-th zero to the right of £, denoted 51(6"), 1s well-defined
for all large enough n.
(ii) Denoting by 0 the smallest positive zero of Kg(-,0),

limsuan(dn) —£)<0.

n—oo
(@ii) If the limit
lim 7, (6" - €)

exists, denote its value by k1 and denote by Ky < K3 < ... all the zeros of
Kg(-,k1) in (k1,0). Then for every k € N,
; (n) ¢y _

nh—I};oT”( v — &) = EKp. (10.2)

If, in addition, Kg(-,k1) has at least m zeros in (—o0, k1) for some m € N,
then A, has at least m zeros in (—o0,&) for all large enough n, and (10.2)
holds also for k =0,—1,...,—m + 1.

Proof. Since the shift by ¢ and scaling by 7,, can be composed with F,,, there is no
loss of generality in assuming £ = 0 and 7, = 1.

(i) Fix k € N. Since Kg,(+,0) —» Kg(-,0), by the Hurwitz theorem, for all large
enough n, Kg (-,0) has at least k zeros with Rez > 0. Thus, there are at least
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k strictly positive solutions z of (E%/E,)(z) = (E%/E,)(0). Including z = 0, this
means at least k + 1 zeros in [0,00). By the strictly interlacing property, there are
at least k positive zeros of A,,.

(ii) Denote by 6,, the smallest positive zero of Kg, (-,0). By the Hurwitz theorem,
0, — 6, and by the strictly interlacing property, since (E%/E,)(0,) = (E%/E,)(0),
fln) €[0,6,). Thus, limsup,,_,, én) < limsup,,_,, 0, = 6.

(iii) By the Hurwitz theorem, solutions of K (-,%1) converge to solutions of
Kg(-,k1). The claims for eigenvalues below £ follow analogously. O

Proof of Corollary 1.8. (i), (ii) follow by applying Theorem 10.1(i),(ii) to the se-
quence E, = p, + ipn_1.
(iii) follows by applying Theorem 10.1(iii) to the subsequence E,, = p,, +

Z'pnk—1~ D
For further applications, we need a rewriting of the limit kernel in the case
o_ = o4. Let us factor Bessel functions as
0
Z\Y (=)™ 2\ 2n
JI/ = (7) Fl/ ’ Fz/ = (7> .
(2)=13) B(2) (2) nz::o nT(n+v+1) \2

In particular, we note that F, is entire, even, and Fﬂ = F,. A rewritting of a kernel
in terms of functions F), is essentially a rewriting in terms of Bessel functions,
without branch ambiguities.

Lemma 10.2. In the case 0_ = oy = 1, the limit kernel K,_ ,, 3 is of the form

2Fgjo1(k2)Fpja(KW0) — Fig o (k2)WFg/2 1 (K0)

Ki1,5(z,w) =T(5+1)I(2) po—— (10.3)
where
2 1/8
k=2 (P(Q + 1)) : (10.4)
0
Proof. Specializing the formulas from Definition 1.5, in the case 60— = o4 =1 we

obtain aw = (8 —1)/2, and (10.4) follows from the Legendre duplication formula.
For any n, the identity

(@)p+(a+1),  QRa+n)a+l)p1 (@)

22a + 1), 22a +1)p—1(2a+n)  (2a),

implies that
M(a,200+1,2) + M(a+ 1,20+ 1, 2)
2

= M(a,2a, z)

and therefore )
A(z) = e M (625 -1, —2mz> )

This is similar to the form of B,
- 1
B(z) = ze"* M (%,ﬁ +1, 2inz> .

We use a connection between the Kummer hypergeometric function and modified
Bessel function [22, Remark 4.2],
, I,(—i
e*M(v+ 3,2v+1,-2iz) =T(v+ 1)(;/;)),/ =T+ 1)F,(2).
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This identity implies that

A(z) =T )Fﬁ/g_l(nz)
B(z) = 2I'(5 + 1) F/2(kz)

from which (10.3) follows. O

v o

This allows us to describe precisely the local distribution of zeros of even mea-
sures around 0 with a Fisher-Hartwig singularity at 0, in terms of zeros of Bessel
functions (1.14). Whereas the Freud-Levin theorem describes the asymptotic dis-
tribution up to one free parameter, in this special case, the asymptotic distribution
is described exactly, distinguishing between polynomials of even/odd degree:

Lemma 10.3. If v is an even measure on R corresponding to a determinate mo-
ment problem, and the function

g(r) =1/v([0, 7))
is regularly varying of index § > 0, then the following holds at £ = 0:
(i) Polynomials of odd degree pani1 have zeros

é~(2n+1) P €£L2n+1)

—n
with the symmetry f(j:“”l) = —522"“) and limits

lim kA (K (20 +1,0,0)6™ ) = jg 0, (10.5)

n—o0

with k given by (10.4).
(ii) Polynomials of even degree pa, have zeros

P <<

with the symmetry 5_2,:21 = ,(f”) and limits
lim /A (K (20,0,0)6" = jojo 1 (10.6)

Proof. (i) Denote by Ky, the limit kernel (10.3) and by F = A—iB the correspond-
ing Hermite-Biehler function. Since B(0) = 0, the positive zeros of K(+,0) are
precisely the positive zeros of B. Since the function B(z) is a multiple of Fg/;(kz),
those zeros are precisely jg/21/k < jgja,2/K < ....
By symmetry, p2,+1 is odd, so it has a zero at zero: thus, in our notation,
(n+1) _ 0 for all n, so by Theorem 10.1, (10.5) follows.
(ii) By (i) and Theorem 10.1,

lim sup k% (K (2n,0,0)) §2n) < Jgj2,1-

n—o0

Moreover, fix some sequence n; — o0 such that the limit exists,
lim xh (K (2n,0, 0)em) = 5
—00
for some 7 € [0, jg/2,1]. Going one zero to the left, by Theorem 10.1, the limit

lim wA (K (2, 0,0))E™)

l—0
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is the largest zero of Ko (+,7) in (—00,~). However, by the symmetry f(()zn) = —f?n),
this limit is —y. In particular, —y < ysoy # 0 and 7 is characterized as the smallest
positive number with the property

Ko (—=v,7) = 0.
By Lemma 10.2, and since functions F, are even,
Koo(—z,2) = T(4 + DI'(5)Fpjo1(kz)Fp o (k)
so this is zero if and only if z # 0 and Fj/y(kx) = 0 or Fgjs_q(kz) = 0. In other
words, k7 is the smallest positive zero of Fj/pFg/p_1, i.e., the smallest positive zero
of AB. Since B(0) = 0, by the strict interlacing property, kv must be the smallest
positive zero of A, and we have proved

RY = jﬁ/2—1,1~

Finally, since the limit 7 is independent of subsequence, by compactness,
. 2n .
nlglgo kh (K (2n,0, 0))55 ) = 36/271,1/””’

so (10.6) holds for k = 1. By Theorem 10.1, rescalings of other zeros converge to
other zeros of A4, i.e., (10.6) holds for all k. O

Proof of Theorem 1.9. Denote by v the even measure on R whose pushforward by
the map x — 2 is the measure u. Since p corresponds to a determinate Stieltjes
moment problem, v corresponds to a determinate (Hamburger) moment problem
(see [10, Theorem 1] or [76, Prop. 3.19]).

Since g is regularly varying with positive index, g(r) — o as r — o0, so
v({0}) = p({0}) = 0. This further implies that

)Ln()lc 24 (r*)v(]o0, 1) = rli_)ngog(rz)u([Q &) =1

Thus, v is in the setting of Lemma 10.3, with scaling function g, (r) = 2¢g(r?) of
index 2. Thus, its asymptotic inverse can be taken to be %, (t) = /A (t/2).

Moreover, since v is even and its pushforward is p, the orthogonal polynomials
for the measure p are linked with those for v by

pn(Z2, 1) = pan(z,v).
This gives an immediate relation between the Christoffel functions at 0; moreover,
denoting the zeros of p, (-, 1) by §§n) << 5,(1”), the zeros of pay, (-, V) are

- fv(f)<---<—\/?<\/€§7n)<...<\/@

so by Lemma 10.3(ii) written in our current notation,
) 1/(26) o
tin 2 (20 n) VAKR@ 00 - s

for every k € N. Squaring and using regular variation of A with index 1/8 gives
(1.15). O



NECESSARY AND SUFFICIENT CONDITIONS FOR UNIVERSALITY LIMITS 73

APPENDIX A. TANGENT MEASURES

Definition A.1. Let p be a measure on R%. Let X" : R — R be the map & ~— r¢
and Y% u be the pushforward of p under 7. A measure v on R? is a tangent
measure of y at 0 if v is locally finite, v(R%) > 0, and there exist positive sequences
CnyTn With 7, — 00 and ¢, X3 u — v weakly as n — o0.

The set of tangent measures of p at 0 is denoted Tan(u, 0).

It is said that p has a unique tangent measure at 0 if there exists v such that
Tan(p,0) = {cv | c € (0,00)}.

Analogous definitions hold at ¢ € R?, by shifting u by £.

We note that existence of a tangent measure is not automatic. On the other
hand, uniqueness of a tangent measure is sufficient to pass from sequential limits
to a limit over r — o0 and to conclude a scaling property of the unique tangent
measure:

Lemma A.2. For a measure u on R, the following are equivalent:

(a) Tan(p,€) = {ev | ce (0,0)} and d¢ ¢ Tan(y, €)
(b) Tan(u,&) = {cv | ce (0,00)} where v is of the form

o_Blt|P~tdt ift <o,
dv(t) = | ‘5_1 ; (A1)
o BIt|P~tdt ift >0,

for some o_ 0, € [0,0) witho_ + o4 >0 and 5> 0
(c) There exist o_,01 € [0,0) with o_ + o4 >0 and g : (0,00) — (0,0) which is
reqularly varying with index 8 > 0 such that
T g0 (E- 1) =0y Tim g ([6€+1) = o
Proof. For notational simplicity, let £ = 0 in this proof.
(b) = (a) is trivial.
(¢) = (b): for any ¢ > 0, since g is regularly varying with index § > 0,

im T —L = lim g(r) r _1 =g tP8
,_1_,009( )M(( r’o)) r1—>oo g(r/t)g'( /t)lu’(( 7"0)) -t

and analogously
. t
Jlim g () ([0, 7)) = o4t
so by the Portmanteau theorem, ¢ (r)X%Lp — v as r — oo, with v given by (A.1).
Moreover, for any c,,r, — 0, if ¢,X}*p converges to a nonzero locally finite
measure, the ratio ¢,/g(r,) must converge in (0,00), and the limit must be a
multiple of v.

(a) = (c): By [63, Lemma 2.5] and its proof, there exists § > 0 such that
Yty = r~Pu. Moreover, v((—t,t)) = t?v((—1,1)) for all t > 0, so 8 = 0 implies
that v is a point mass at 0; thus, by our assumption, 8 > 0. Now Yiv = r—Fv
implies that v is of the form (A.1).

By [63, Lemma 2.5(3)], the function ¢ (r) = 1/u((—1/r,1/r)) is regularly vary-
ing with index 8, and by [63, Lemma 2.5(2)], g(r)ZLu — v. By the Portman-
teau theorem, this implies g (r)u((§ — 1/r,€)) — v((—1,0)) = o_ and similarly
G (&, +1/r)) — v([0,1) = o+ 0
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