An upper bound for the Nevanlinna matrix
of an indeterminate moment sequence

RAPHAEL PRUCKNER * JAKOB REIFFENSTEIN * HARALD WORACEK*

Abstract: The solutions of an indeterminate Hamburger moment problem can be
parameterised using the Nevanlinna matrix of the problem. The entries of this
matrix are entire functions of minimal exponential type, and any growth less than
that can occur.

An indeterminate moment problem can be considered as a canonical system in limit
circle case by rewriting the three-term recurrence of the problem to a first order
vector-valued recurrence. We give a bound for the growth of the Nevanlinna matrix
in terms of the parameters of this canonical system. In most situations this bound
can be evaluated explicitly. It is sharp in the sense that for well-behaved parameters
it coincides with the actual growth of the Nevanlinna matrix up to multiplicative
constants.
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1 Introduction

Let (s,)22, be a sequence of real numbers. The Hamburger moment problem is
the task of describing the set

M((52)30) = {

This is a classical problem of analysis and was treated extensively in work of
H. Hamburger, M. Riesz, R. Nevanlinna, and many others. Standard references
are, e.g., [ST43; Akh61; Sch17]. Tt is known that one of the following alternatives
takes place for the set M((s,)5%): it is either empty, or contains exactly one
element, or contains infinitely many elements. In the last case (s,)22 is called
an indeterminate moment sequence, and this is the case we are concerned with
in the present paper.

For an indeterminate moment sequence (s,)32, the set M ((s,)52,) can
be parameterised: There exist four entire functions A, B,C, D, such that the
formula

1 _ A(2)7(2) + B(z)
/]R t—=z du(t) = C(2)7(z) + D(2)

establishes a bijection between M((s,)5% ) and the set of all functions 7 that
are analytic in the open upper half-plane C* and have nonnegative imaginary
part (formally including the function constant equal to co). The matrix

v = (& 50)
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u positive Borel measure on R
$n= [pt" du(t) forn=0,1,2,... [

(1.1)




is called the Nevanlinna matriz of the sequence (s,)5%.

The Nevanlinna matrix admits an operator theoretic interpretation (and this
viewpoint could be used to prove (1.1)). To the moment sequence there is an
associated sequence (p,)5>, of orthogonal polynomials that satisfies a three-
term recurrence of the form

2pn(2) = bupn+1(2) + anpn(z) + bp_1pn—1(2), n=20,1,2,... (1.2)

with certain parameters a,, € R and b, > 0 for n = 0,1,2,... (and formally
b_1 =0). The Jacobi operator is the closure of the operator

boui + agug if n=0,
(Ju)p, = .
bnun+1 + antn + bn—lun—l if n Z 1

defined on D := {u € ¢ | u, = 0 for almost all n}, and (1.2) is the formal
eigenvalue equation for J. The Jacobi operator is closed and symmetric, and
has deficiency index (1,1). Hence, the self-adjoint extensions of the Jacobi op-
erator (we write again J for simplicity) are described by M.G. Krein’s resolvent
formula. The Nevanlinna matrix of (s, )52 is precisely the u-resolvent matrix
of J for a certain generating element w.

The entries A, B,C, D of the Nevanlinna matrix all have the same growth
[BP94], and a classical theorem of M. Riesz in [Rie23] states that they are of
minimal exponential type. Moreover, it is known that any growth smaller than
that may occur, e.g. [BS98]. Revealing more refined information about the
growth of the Nevanlinna matrix is an intricate problem. It is of great interest
also for spectral theoretic reasons: due to the above interpretation of W as a
resolvent matrix, the set of zeros of D coincides with the spectrum of a particular
self-adjoint extension of J. Hence, if the growth of W is known, information
about the distribution of eigenvalues can be obtained using standard tools from
complex analysis.

In the present paper we give an upper bound for

M(r) := max ||W(z2)]|

|z|=r

of which there are two versions: First, a general formulation where any (possibly
rough) data is admitted, and second, a much more explicit bound for data
satisfying mild regularity conditions. If, in addition, the data decays sufficiently
fast, then the upper bound coincides with M (r) up to multiplicative constants.

So far, we talked about two different (equivalent) objects, i.e., the moment
sequence and the Jacobi operator. Our method actually relies on a third object
— a canonical system of differential equations. It is obtained from rewriting the
three-term recurrence (1.2) as a first order vector difference equation and inter-
preting this as a discrete differential equation. From the fundamental solution
of the canonical system, we obtain its monodromy matriz which again coincides
with the Nevanlinna matrix W.

The canonical systems occurring in the context of moment problems are
represented by a Hamiltonian which reflects the discrete nature of the difference
equation. It is determined by two sequences, its lengths [; > 0 and angles
¢; € R, which we call the Hamiltonian parameters (details are given below,
cf. Definition 1.1). This model for an indeterminate moment sequence is well



suited for the study of various properties. For example, the moment sequence
is indeterminate if and only if (/;)?2, is summable. Our results will almost
exclusively be formulated in terms of the Hamiltonian parameters.

Let us briefly review some earlier results on the growth of Nevanlinna ma-
trices. The history of the subject starts probably with a theorem of M.S. Livsic
in [Liv39] that gives a lower bound for M(r) in terms of the moment sequence
itself. This bound is easy to handle, but will usually not give the correct size.
In recent work of C. Berg and R. Szwarc [BS14] it is shown that the order and
type of W

log M (r)

loglog M
p = limsup w, 7 := lim sup ;
r

)
r—00 log r r—00

coincide with those of a certain entire function built in a complicated way from
the coefficients of the orthonormal polynomials. A theorem which takes the
Jacobi parameters as input is due to Yu.M. Berezanskii [Ber56] and was gener-
alised in [BS14]. It states that the order of W coincides with the convergence
exponent of the sequence (b,,)22, but the assumptions are very restrictive, in-
volving regularity of b,, and smallness of a,,. Bounds for the order of W in terms
of the Hamiltonian parameters, which under certain conditions give the correct
value, are obtained in [PRW17].

In our present theorems we start with the Hamiltonian parameters, and give
bounds for the type of W with respect to a general comparison function (e.g.,
a proximate order in the sense of Valiron). This improves significantly upon
[PRW17] in several ways: we work on a much more refined scale of measuring
growth, we obtain type estimates, and in some situations our bound improves
the earlier results even on the rough scale of order. Several cases occur, which
are presented in Theorem 4.6. The path that leads to this result is divided into
two main sections: First, we prove a very general, albeit complicated, upper
bound in Theorem 2.2. Second, in Theorem 4.1 we use J. Karamata’s theory of
regularly varying functions to evaluate this general bound. For the convenience
of the reader, the significantly simpler case of usual order and type is covered
separately in Corollary 2.5. We show in Theorem 5.3 that the upper bound is
attained if the lengths and angle differences are themselves close to regularly
varying and decay sufficiently fast (corresponding to order less than %) In this
case the growth of log M (r) is fully determined up to multiplicative constants.

The proof of our foundational theorem is based on a somewhat tricky ap-
plication of a recent result from [PW22], approximating the target Hamiltonian
with a finite dimensional one. Building upon that, a detailed (and partly te-
dious) analysis of functions follows. We recommend the reader to get an overall
picture before diving into the actual estimates.

Canonical systems with Hamburger Hamiltonian

A two-dimensional canonical system is an equation of the form
y'(t) = 2zJH(t)y(t), t € (a,b) ae.,

where

> —oo<a<b< oo,



> H € Ll ((a,b),R?*?), and H(t) >0 and H(t) # 0 for t € (a,b) a.e.,

loc

> J = ((1) Bl) and z € C,

and the solution y: (a,b) — C? is required to be locally absolutely continuous.
The function H is called the Hamiltonian of the system.

Canonical systems that occur from indeterminate moment sequences are
those whose Hamiltonian has the following particular — discrete — form. Here
we denote

€= (Cosd’), 6 €R.

sin ¢

1.1 Definition. Let (I;)52; be a summable sequence of positive numbers and
(¢7)521 be a sequence of real numbers. Set o := 0, x; 1=y /_; I; for j > 1, and
L:= Z;’;l l; < oo. The Hamburger Hamiltonian with lengths I; and angles ¢
is the function H defined on the interval (0, L) as

H(t):= §¢j§£j for j e Nand ;1 <t < z;.

A Hamburger Hamiltonian H thus can be pictured as

£61 5%1 o 53:2 o3 53:3

Since a Hamburger Hamiltonian in the sense of the above definition is even
integrable on the whole interval (0, L), there exists a unique 2 x 2 matrix-valued
solution W: [0, L] x C — C2*2 of the initial value problem

LW (t;z)J = 2W(t;2)H(t), te (0,L) ae.,
W(0;2) =1.

We refer to W as the fundamental solution of H, and to the matrix Wg(z) :=
W(L; z) as its monodromy matriz.

A notational convention

We frequently compare functions up to multiplicative constants or asymptoti-
cally, and throughout the paper use the following notation.

1.2 Notation. Let X be a set and f,g: X — (0,00).

(i) We write “f < ¢” (or “f(x) < g(x)”) to say that there exists a constant
C > 0 such that f(z) < C-g(x) for all z € X. We write “f = ¢” if g < f,
and “f <¢g”if f Sgand f 2 g.

(ii) Assume that X is directed. We say that “f < g for sufficiently large 27,
if there exists g € X such that fly < gly where Y :={x € X | = = x¢}.



(iii) Assume again that X is directed. We write “f ~ ¢” if limgex L) —

glz) —
and “f < ¢” if limgex f=2) 0, and “f =~ ¢” if limgex % exists in

g(z)
(0, 00).

)

(iv) Assume that X is a subset of a topological space. We say that “f < g
locally”, if flx < g|k for every compact subset K of X. Analogous
wording applies to “<”.

For the convenience of the reader, we include an appendix where the definition
and some basic results about regularly varying functions in Karamata sense are
recalled.

2 An upper bound for the monodromy matrix

In this section we give a generic upper bound for log ||[Wg(z)||. The functions
dy,dy used below play the role of well-behaved comparison functions for the
lengths and for the differences of consecutive angles of the Hamiltonian.

2.1 Definition. Let d;: [1,00) — (0,00) and d: [1,00) — (0,1] be measur-
able with d; < 1 < dg4 locally. Then we denote

2
2(R) = {t e, < 1}, 2.1
(R) := sup [1,00) | 2 R(didy)(s) = (2.1)
dy(s)
A(R) = {te 1, < 1}, 2.9
(R) :=sup it € [1,00) | S Re(s) S (2.2)
where R € [m, oo) and R € [jf((ll)) ,00), respectively. Further, we set

log (R(didg)(t)) if 1 <t < A(R),
g(t,R) := { R2(dydy)2(t)  if R(R) <t < h(R),
Rd,(t) if A(R) <,

where (¢, R) € [1,00) x [mpcm and

g(t,R) :/1 g(s, R) ds. (2.3)

Note here that d,(t) < 1, and hence #(R) < #(R) for all R > m.
2.2 Theorem. Let (lj);?';l be a summable sequence of positive numbers, and
(¢j)§i1 a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles, and let Wy be its monodromy matriz.

Let 7p € R and let i, dg, <1, ¢4: [1,00) = (0,00) be measurable and nonin-
creasing, with dg <1 and ¢4 < <. Assume that

Vi€eN: I <di(j) A [sin(@jr1 — d5)] < dg(i), (2.4)



YNeN: > Li<oN) A Y sin®(¢; — ¥) < o4(N). (2.5)
j=N+1 Jj=N+1

Let g (t, R) be as in (2.3), and set

L(t,R) :=141log" R+ log™ j;(([[g)) +log™ j;((ll)) (2.6)
e dilmind[e], )y IR e
O ([ R (R)) T 2 lg(mm/ﬁgzﬂW

2
Then we have, for all R > (didg) (1)’

log ( g‘li}l(z ||WH(z)||) < 9)}2? (max {g(t,R),R(clc¢)%(t)}+L(t,R)). (2.7)

2.8 Remark. The terms appearing in the upper bound in (2.7) have the following
meaning:

(i) g(t, R) estimates the contribution of the first [¢] intervals of H;
(ii) R(clcqg)%(t) estimates the contribution of the remaining intervals of H;

(iii) L(t, R) is usually a remainder term.

We mention two possible scenarios. If lengths and angle differences are non-
increasing but decay slowly, choosing d;(j), ds(j) such that equality holds in
(2.4) makes ¢ (t, R) a rather precise bound for the contribution of the first [¢]
intervals. On the other hand, if lengths and angle differences behave irregu-
larly, then g (¢, R) likely overestimates the contribution of the first [¢] intervals.
However, choosing ¢;, ¢4 such that equality holds in (2.5), the bound (2.7) is
still a good estimate for log ||[Wx(2)|| as long as the decay is sufficiently fast.

If limy o0 (€1€4)(t) > 0, the bound (2.7) is 2 R and thus trivial: we know
that W is of minimal exponential type by the classical Krein-de Branges for-
mula. Hence we may safely assume that lim;_, o (<;¢4)(t) = 0 whenever this is
convenient.

The following lemma hints at a way to evaluate the upper bound in Theo-
rem 2.2.

2.4 Lemma. Let d;: [1,00) — (0,00) and dg: [1,00) — (0,1] be measurable
with d; < 1 < dg locally, and let ¢;, ¢4 be continuous and nonincreasing with
tlim (c1€¢)(t) = 0. Then the equation
xde el

4t B) = R(erog)* (1), (2.8)

has a unique solution T(R), and

min max {g(t, R), R(crcg)? (t)} = g(T(R), R) = R(cic)* (T(R)).

t>1

In addition, limg_,o T(R) = 00.



Proof. For each fixed R the function ¢ — ¢ (¢, R) is continuous and increasing
while ¢ — R(clc¢)%(t) is continuous and nonincreasing. Moreover, ¢ (1, R) =
0 < R(creg)?(1) and limy_o R(cieg)?(t) = 0. By the intermediate value
theorem, (2.8) has a unique solution T'(R).

If liminf g, o T(R) < 00, choose a sequence (R, )nen such that (T'(R,))nen
is bounded. Using the crude estimate

g(t,R) < tlog (R(didy)(1)) + V2t +t StlogR,
this leads to the contradiction
R(ercs)*(T(Ra)) = ¢(T(Ra), R) S T(Ry) log R < R < R(ercs)* (T(Ra)-
O
In many situations, we are going to first determine T(R), and then show
that L(T(R), R) is small. The bound (2.7) is then asymptotically equal to
1
R(crc)? (T(R)).

Before we go into the proof of Theorem 2.2, let us discuss a particular situ-
ation.

2.5 Corollary. Let (lj)]o‘i1 be a summable sequence of positive numbers, and
(qu);?‘;l a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles, and let Wy be its monodromy matriz.

Assume that we have 0;,04,v,vy > 0, such that

VieN: I S5 A [sin(@1 — ¢5)] S50
YNEN: Y SN A Y Iisin®(¢; —v) SN,
Jj=N+1 Jj=N+1
i.e., we are in the situation of Theorem 2.2 with
di(t) = ct™%, dy(t) = et ¢)(t) = ct™ ", c4(t) = ct %,

where ¢ is some positive constant. Set 6 1= 0;+ 6y, v 1= %(’yl +7¢), and assume
that 6 > 0 and v > 0. Then we have, for sufficiently large R, the following
bounds for T(R) (cf. Lemma 2.), logmax.—g ||[Wh(2)| and the order py of
Wy

Data satisfies T(R) < log lnllaz; We)|| S| pr <
e 1 o
0<l+ny (1051%)1 " | BT (log R) T3 ﬁ
5—=1 1 1
l4~y<d, 6>2, RS R} L
_ RZ \% 1 1
5 =2, (logR) Rzlog R z
§<2, 6 <1+vy|RTs= |RFw Tt
§;—1 1*54, 1-5
IL+y<é | R | R%% =0y




All these formulae are checked by elementary calculations which we do not
elaborate here; the necessary computations can be found in the preprint version
of this article [PRW23].

Corollary 2.5 already shows that our present results may improve drastically
upon our previous work [PRW17]. The main feature that enables this is the use
of ¢4: the present results exploit convergence of angles more efficiently.

2.6 Example. Let « > 1 and 8 > 0, and let H be the Hamburger Hamiltonian
with lengths and angles

=5 &5= (1"

Considering the expressions (2.4) and (2.5), we see that Corollary 2.5 can be
applied with

0 = a, 6¢::ﬁ’ v i=a—1, 7¢::0¢+2B—1.

Since § = a+ 8 and v = a + § — 1, this yields
log (max|z| = RIWu(2)]) S R,

and hence pg < 5 Now recall [PRW17, Example 2.23], where we saw that
the order pp is at least . Thus, pg = a+ﬁ

Let us compare thls Wlth what we can obtain from [PRW17]. For a+ 3 > 2,
the formula py = + 15 was already established in [PRWl? Example 2.23]. For
a + 8 < 2, we had obtained the upper bound = ﬂ in that place. However, this
did not take into account that angles converge. If we want to take convergence

into account, we should use [PRW17, Corollary 2.9]. The quantities used there
identify as

Af =a, A=A =8,

_B
and the bound for order so obtained thus is - 2. If B > 0, this lies strictly

between W and ﬁ, since

1-8 1-5 L2-a-p)
a—p a  (a—-Ba >0,

—5 1 _5@-a-p
a a+pf ala+ ) ’

2.1 Proof of Theorem 2.2

Denote by W (s, t; z) the unique solution of the initial value problem

LW (s, t;2)J = 2W (s, t;2)H(t), te(0,L) ae
Wi(s,s;2)=1.

and observe the multiplicativity property

W (s, t; 2)W (t,u;z) = W(s,u; z).



Our method for the proof of Theorem 2.2 is to fix ¢ > 1 and estimate
W (0, x5 2)|| and [[W(xry, L; 2)|| separately. The contribution of the first
[t] intervals is estimated using the explicit form of the fundamental solution on
indivisible intervals. On the remaining part, we use Gronwall’s Lemma. This
method is a refined version of an idea from [Rom17] and its improved variant
from [PW22].
Set W;(z) := W(x;—1,2;;2), then by a direct computation

Wy(=) = I+ 21,65, €7 .
Moreover, multiplicativity yields

W(0,zn;2) = Wi(z) ... - Wn(z), N eN. (2.9)

We often use the matrices introduced in [PW22, Definition 4.4]: for a > 0 and
1 € R, denote

= oot = () (0

Recall the following properties from [PW22, Lemma 4.6].
2.7 Lemma. Let a,b> 0 and ¢,v € R.

() 19(a, V)l = [92(a, ¥)~*|| = max{a,a™"};
(i1) 19(a,¥)EeF T, a, ) 7| = a® cos® (¢ — ¥) + g5 sin’*(¢ — ¥);
(iii) [12(a, )b, ¢) | < max {§, 7 }] cos(é —9)| +max {ab, 55 }| sin(¢ — )]

We use Q(a;, ;) to rotate and dilate W;(z) such that the norm becomes small.
In the following lemma, we make the obvious choice 1; = ¢;, but retain the
freedom of choosing suitable parameters a;.

2.8 Lemma. Let N € N and let numbers a; € (0,1, j = 1,...,N, be given.
Then, for each z € C, we have the estimate

N

1
| < , 2 ,
190, 2; 9l < 2 TT (1 o) (210)
N-1 .
a; a; sin(¢; — &,
. H (max{ i J+1}-|COS(¢j—¢j+1)|+| (¢ ¢J+1)|>.
i=1 aj+1 4 aja5+1
Proof. With Q; := Q(a;, ¢;) we have
QW;(2)Q5 " =1+ 20;Q€4,65 T,
and we can use Lemma 2.7, (i), to estimate
19, W; ()01 < 1+ |2[l5a5.
Expanding on (2.9),
W(0,zn;2) = Q7 - (W1 (2)Q7Y) - Q- (AW (2)Q4Y) - Qn

Using submultiplicativity of the norm and Lemma 2.7, (), (i#¢), we arrive at the
desired estimate. O



The next lemma is the ingredient of Theorem 2.2 that accounts for the term
g(t, R) in (2.7).

2.9 Lemma. Let (I;)32, be a summable sequence of positive numbers, and
(¢;)51 a sequence of real numbers. Let H be the Hamburger Hamiltonian with
these lengths and angles. Let <;: [1,00) — (0,00) and dg: [1,00) — (0,1] be
measurable and nonincreasing, and assume that

Vi eN: Ij < dy(j) A |sin(@jr1 — ¢;)] < do(d)-

Then, for every (N,R) € N x [(d 300 o),

log (lnlléx W (0, 2 2 )||) <. [g(N, R) +)\(min{N7fL(R)},R)}

where

d;(1 t
A(t,R) := 1+log™ R+log™ ) ((1)) +log™ d —|— Z

Proof. Fix z with |z| = R. In the first step we estimate log ||W (0, zn; z)|| when
N < A(R). This is done by an application of Lemma 2.8 with

a; = (gj%)“, j=1,...,N.

Since N < #.(R) we have a; € (0, 1]. The factors in (2.10) are treated separately:

e () ()

D=

1+ |z[lja < 14 Rdy(j)a; =1+ (R(didg)(4)) 2,
a; Qj41 |sin(¥; — ¥j11)|
max{—],J—HCOS(i/)j—wjﬂ)’ T—H]

aj+1 a;
= max{ aﬁl (| cos(¢jr1 — ¢5)| + |SH1(¢J+1_¢J)|>

aj+1’ aj max{a?, a3}

max{aﬁl a;-;l (1+ ajgj)
— [ Lol 1) )l
di(f)do(G+1)" do(j)da(j

IN

Now (2.10) yields

1 1 d;(1 1
log ”W(OaxNyz)” < 5 10g+ R+ Z 10g+ ﬁ 4 Z log

N

+§_V:10g (1+ (R(didg)()*)

10



logjf(())‘ Zlog (1+ (didy)(j ))%>

HMZ

1
4

-
N|=

Since d;, d 4 are nonincreasing, we can estimate sums by integrals as
N N
Zlog (1 + ( (didg) (g 2) /log 1 + dld¢)(5)) ) ds
Jj=2 1
min{N,k(R)} N

<3 / log (R(dydy)(s)) ds + / (R(dids)(s))
1 min{N,k(R)}

1
2

ds.

Noting that

(log R +1log (dld¢)(1)>

(1)
jl(l)>

log (1 + (R(dldqs)(l))%)

l\D\QD[\J\OJ

(log R+ log™

leads to

7 1
log [W (0,2 2)|| < 5 log" R+ - log

N|=

+3 / log (R(didy)(s)) ds +2 / (R(didg)()} ds.  (2.11)

min{N,k(R)}
We see that
log [|[W(0,zn;2)[| < - [¢(N, R) + A(N, R)].
Consider now the case that N > #.(R). Since ||y, {gj J|| = 1, we see that

N
[T w2

j=LA(R)]+1

N N
< JI |r+=geehi|s II (+RAl).

j=[r(R)]+1 j=A(R)]+1

W (xR, oN; 2)|| =

Noting that
Rd;(|AR(R)] +1) <1

and estimating the sum by an integral we arrive at

N
log [W (2 a(my an: o)l < > 10g(1+Rdl(j)>
i=h(R)|+1

11



N
<log2 + / Rd;(s)ds
[A(R)]+1
We combine this with (2.11) to obtain
log [W(0,zn;2)|| < log [[W(0, %4 () 2)|| + log W (@ Ry, o; 2) |
<I-[g(N,R)+ A(h(R),R)].

The second lemma accounts for the contribution of the remaining intervals.

2.10 Lemma. Let (I;)52, be a summable sequence of positive numbers, and
((i)])]il a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles, and let Wiy be its monodromy matriz.

Let ¢y, ¢4: [1,00) = (0,00) be two functions with ¢4 < ¢;. Choose ¢p € R
and assume that

YNEN: > Li<aN) A Y isin®(; —¥) < o(N).
J=N+1 J=N+1
Then, for any N € N and z € C,

W e Lil < (L50) e (26l erea) 20

Proof. Let Q € GL(2,R) and consider the function W(t) == QW (zy,t;2)Q "
defined on [z, L]. This function satisfies W(zy) = I and

W'(t) = —2WHQH()JQ™ Y,  telzy, L]

By Gronwall’s Lemma,

ol < o (1 [ om0 1)

N

1
Set a := (’“’é(N)) *and Q = Q(a, ). Using Lemma 2.7, (i), (ii), we obtain

T 1 L _
W (zn, L 2)l| < Q7 IIWD)IN < = exp (zl/ IQH (s)JQ | d8>
TN

(20 e (|Z|j 2 1zj . ||Qg¢jg;;m-1|)
_(z;%)éexp( 3 blatentlo; - w>+a12sm2(¢j¢>]>
<(z;((]]\[v))>%exp(| { ]%:Hl + = J%:Hz sin2 )D

< (Z;i%é)éexp (2|z orog)? ))

12



The proof of Theorem 2.2 is now easily completed.

Proof of Theorem 2.2. Let (t,R) € [1,00) X [m) and set N := [t]. We
use Lemma 2.9 and Lemma 2.10 to estimate, for |z| = R,
log [Wr (2)]| < log [W(0, zn; 2)|| + log [[W (zn, L; 2)
<3 [a(W.B) + A(min{N. A (R)}, R)

<(N)
©p(N)

<1-[alt. B) + R(eres) (0] + 1+ [a (N, B) g1, B)
7

+ B log + 2R(010¢) : (N)}

Cl(N)

" cp(N)’

Since 0 < N —t <1 and

3(log" R+1log" #455) it 1< s < h(R),

g(s,R) < V2 if #(R) < s < h(R),
1 if A(R) <,

<= A(min{N,A(R)}, R),

N W

we have

lg(N,R) — g(t,R)| < = - A(min{N,A(R)}, R),

N W

and obtain

1

: (t)} + Lt R)]

Since ¢ was arbitrary, we can pass to the infimum on the right side. O

log Wi (2)| <9 [max {g(t R), R(ere,)

3 Properties of the upper bound

In this section we study the expression on the right side of (2.7) independently
of its meaning in the context of Theorem 2.2.

3.1 Definition. Let d;: [1,00) — (0,00) and d: [1,00) — (0,1] be measur-
able with d; < 1 < d4 locally. Then we denote

B(R) := inf (max {g(t, R),R(olcd,)%(t)} + L(t, R)) (3.1)

We consider the questions
> Is L(t, R) small compared to max {g (¢, R),R(clc(b)%(t)} ?

> Does inf;>; max {g (¢, R),R(clc(z,)%(t)} depend monotonically on the data
di,dg,cr, 04 ?

13



It turns out that already very weak assumptions on the data, concerning mono-
tonicity, continuity, variation, and power boundedness, are sufficient to ensure
that the answers are affirmative. This tells us that usually L(¢,R) can be
dropped from (3.1), and hence B(R) can be evaluated much more easily, and
that usually the natural intuition which stems from the context of Theorem 2.2,
that faster decay means smaller growth, is indeed reflected in B(R).

3.1 About monotonicity in the data

The essence is the following result.
3.2 Proposition. Let d, d;: [ ) (0,00) and d¢,c/L\¢ [1,00) — ( ] be
measurable with d; < dg < dp = d¢ 1 locally, and assume that dld,¢ is

~

= to some nonincreasing function. If d; < dy and d¢ S dg on [1,00), then
(quantities g (t, R) etc. are defined correspondingly for d;,ds)

g(t, R) S 9(t, R) (3.2)

for R > (dlfm and a.e. (t, R) witht < ﬁ(R) ort > h(R). If additionally %
L
is bounded or < on [1,00) to a nondecreasing function, then (3.2) holds for R
sufficiently large and a.e. t € [1,00).
The constant that is implicit in the relation (3.2) depends on the constants
implicit in the assumptions, but not on the actual functions d;,d4, d,l, d¢
We start with a preparatory lemma.

3.3 Lemma. Let ®,¥: [1,00) — (0, 00) with ® nondecreasing, and assume that
a,a’ > 0 are such that

Vit e [1,00): a-®(t) <U(t) <o - O(t).
Set
tai=sup ({t € 1.50) | suwp W) < 1}U (1)) € [1,o0],
1<s<t
Then, if tg < oo,

o
o

Yt € (to,00): W(t) >
@
Proof. Since ® is nondecreasing, we have

{tel,00) | &/®(t) <1} U{1} ={t €[l,00) | sup a'®(s) <1} U{1}
1<s<t

C{tel,00)| sup ¥(s) <1}uU{1}.
1<s<t

Set
t1 := sup ({te [1,00) | &'®(t) < I}U{l}) € [1,00],

then t; < tp. Again by monotonicity, o/ ®(¢) > 1 for all ¢ > ¢;. and this yields
that for t > t;

(t) > ad(t) > .

CY/

14



Proof of Proposition 3.2. We have to trace constants, and thus make the con-
stants from the assumptions explicit: choose a nondecreasing function w and
a,a’ > 0, such that

2

oauw(lt) < ———=—
= (didg)(t)

< d'w(t), te[l,00),

and choose k;, k¢ > 0, such that
di(t) < kpdi(t),  dy(t) < kpdge(t),  te[l,00).

Moreover, set

and note that

log™
r <~y = logx < (1+ log? ) -logy forx >0,y >2,v>0.
Next, observe that
- 1 20\ % ~
[R(didy)(t)]* < ( - ) . t>h(R). (3.3)

In order to see this, let R be fixed and apply Lemma 3.3 with ®(¢) = % and

=—2 _—y 3 a

U(t) = A0 Then ¢y = £(R), and hence for t > %(R) we have ¥(t) > 5,
which implies (3.3).

In order to establish that g(¢, R) < g(t, R) we first assume ¢t < #(R) and

distinguish the following six cases according to the definitions of g(t, R) and

9(t, R).
bb 1<t <h(R) A 1<t<Hh(R):

log™ (xy Kg)

log [R(&l‘zaﬁ)(t)] < (1 + log 2

) log [R(dids) (1))

bb 1<t <Rh(R) A R(R)<t<Hh(R):

~ 1

log [R(didy) ()] < A[R(dids)(®)]? < Akirg)? [R(didy) ()] .

bb 1<t <h(R) A A(R) <t

R0 < () < o5 (2) os [Rtdia) o)
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b R(R) <t < h(R) A R(R) <t<Hh(R):
[R(didy)(t)] P < (rikg)? [R(didg)(t)] :

o> R(R) <t < h(R) A R(R) <t:
[R(dydy)(t)]? < Rdy(t) < riRely(1).

Since (t,R) is assumed to satisfy t < A(R)V A(R) < t, and ¢t < A(R) was

already covered, the only case left to treat is
o> A(R) <t A R(R) < t:
Rdy(t) < ki Rdy(t).

Now we assume the additional condition on d%”. If this quotient is bounded,
1

then ?L\(R) = oo for sufficiently large R, and there is nothing to show. Otherwise,

choose a nondecreasing function v+ and 3, 8’ > 0 such that

S

Bu(t) < 22 < Flut),  tel o0

We claim that

~

Rd(t) < *Z@(t), t > h(R).

In fact, if we fix R and apply Lemma 3.3 with ®(t) = %:) and U(t) =

(3.4)

Rd(t)’

we find that to = % (R) and ¥(t) > % for t > h(R). This is equivalent to (3.4).
With these preparations, the assertion follows from the following simple

inequalities:
pb A(R) <t A 1<t<Hh(R):
Rd;(t) < ﬁ—/{%(t) < g < g log [R(didg)(t)].
B B~ Blog2
bb A(R) <t A R(R) <t < h(R):
Rdy(t) < g@(t) < gf%%(t) < gf% [R(didy)(t)]

N

O

3.4 Corollary. Let dl,d,¢76/il,0/[¢ be as in Proposition 3.2 and subject to the
additional condition of this proposition. Further, let <, ¢4, <1, €y [1,00) —

(0,00). If
;il Sdl, {/1:¢ 5d¢, 61 ,Scl, 8¢ 50(25

on [1,00), then

inf max {g (1, B), R(e120)* (1)} S fnf max {g (¢, R), R(ercs)* (1)}

for sufficiently large R. The constant that is implicit in the assertion depends
on the constants implicit in the assumptions, but not on the actual functions

d,l, dl etc.
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3.2 About smallness of L(¢, R)

To start with, let us observe that g (¢, R) must grow at least logarithmically.

3.5 Lemma. Let d;: [1,00) — (0,00) and dg: [1,00) — (0,1] be measurable

with d; <X 1 < dg locally. Then, for each € > 0, there exists a positive constant

¢ >0 such that, fort > 1+¢ and R > sup; << (dz+¢)(3) we have
q(t,R) > clog R.

Proof. Let 1= sup;<e<qe W Then R > 7 is equivalent to 14+¢ < & (R).

Hence

1+e
g(t.R) > /1 log (R(drdg)(s)) ds

1+e
= (6 + log R /1 log(didy)(s) ds) -log R.

The term in the bracket tends to € for R — oo, and hence we find Ry > 71 such
that g (¢, R) > §-log R for all t > 1+¢ and R > Ry. The function g is nonzero,
and hence bounded away from zero, on the compact set {1 + ¢} x [, Rg]. B

monotonicity, it is therefore also bounded away from zero on [1+¢, 00) X [17, Ro].
Together, we see that a constant ¢ > 0 can be chosen as required. O

The most cumbersome part of L(¢, R) is the sum written as the last of the six

summands in (2.6). Assuming monotonicity of the quotient Z—‘f, this sum turns
into a telescoping sum and can be estimated.

3.6 Lemma. Let d;, dg: [1,00) — (0,00) and let i (R) be as in (2.2). Assume
that the quotient ZLT“; s eventually monotone but not eventually constant. Then

4o (4)
log | () /do(G+D) )| <14
i (j+1)

for (t, R) € [1,00) x [521, 00).

min{[t],[A(R)]}~1

log % do(min{[t], |[A(R)]})
di(min{[t], [A(R)]})

Jj=1

Proof. We abbreviate T := min{[t], [ (R)]}. Choose M € N such that j—f is

monotone on [M, co) and dd’((j\\;[) + Zf((l\Ajill)) For all (¢, R) such that T'> M +1
we have
T-1 . T—
4o (d) 44 (j)
> |log (dmj)/%(m)) ’ Z < /%(m))‘
j=M di(j+1) di(5+1)

(M) B |

Clearly, thls value is nondecreasing 1n T and positive for T > M + 1. If
| log d (T ‘ is bounded, it is < 1. If | log a4 (T)) | is unbounded, it is < | log if((;)) |

The begmmng part of the sum which we cut off, i.e.,

dy(J
log (dz (J)/d¢(j+1)) ‘
di(j+1)

is some nonnegative number independent of ¢ and R. O

_ ‘ og s | mm‘

Jj=1
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3.7 Corollary. Let d;,dg: [1,00) = (0,00) and let i(R) be as in (2.2). As-
sume that one of the following two assumptions holds.

(i) The quotient i—‘f is eventually nondecreasing and %f(t) S SUP <oy %f(s)

for sufficiently large t.

(ii) The quotient Z—‘f is eventually nonincreasing and power bounded from below

i.e. there exists o > 0 such that 2% > t=a for sy ciently large t).
dl(t) ~

dy(F)
log | di(4) /dg(i+1)
di(5+1)

Then

min{[t],[A(R)|}-1

<.
I
—

1+log™ R if (i) holds,
1+ logt if (ii) holds,

for (£, R) € [1,00) x [22) o).

Proof. Again abbreviate T' := min{[t], |2 (R)]}, and let M € N be such that
%’ is monotone on [M, 00). Under the assumption (i) we have
dy(T)
i(T)

< SR,

and hence

dy(T)
‘ tog a4 (T)

‘§1+logR.

Under the assumption (ii) we have

o S/ T—« S d’¢(T)
i (T)

<1

)

and hence

dy(T)
llog A7)

’gl—klogt.

O

Another type of condition on the quotient i—‘f that ensures that the sum can be
estimated, is that its variation is not too fast.

3.8 Lemma. Let d;, dg: [1,00) — (0,00) and let i(R) be as in (2.2). Assume

that the quotient %‘j’ can be represented as
dy(t) ( /t du)
=c(t) - ex e(u)— |, te|l,o0),
T =ew-ew [ e [1,0)
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where €: [1,00) — R is locally integrable and eventually bounded, and where
¢: [1,00) = (0,00) is eventually constant. Then

dg(J)
log | ‘di(5) /do(G+1) || S 1+ logt
di(5+1)

min{[t],[A(R)|}-1

d
Jor (t, R) € [1,00) x [441, 00).

Proof. We again abbreviate T := min{[t], [~ (R)]}. For M € N such that e(t)
is bounded and ¢(t) is constant on [M, 00), we can estimate, for all (¢, R) such
that T' > M,

log (

_ T—1
3 Jioe (%6 faszen)| -

j=M

Now we give three sets of conditions, each of which ensures that L(t, R) can be
neglected.

3.9 Proposition. Let d;: [1,00) = (0,00) and dg: [1,00) — (0,1] be measur-
able with d; < 1 < dg locally, let ¢, ¢4 be continuous and nonincreasing with
tlim (c1€e)(t) = 0, and let T(R) be the unique solution of (2.8). Assume that
— 00

one of the following three sets of assumptions holds.

(i) The quotient %" is eventually nondecreasing and i—j’(t) S SUP <oy i—‘f(s)
for sufficiently large t. We have ¢4(t) S ¢4(t + 1) for sufficiently large t.

(ii) The quotient Z—f 1s eventually nonincreasing and power bounded from be-

low. There exists a > 0 such that (cicy)(t) St for sufficiently large
t. The quotient j—; is power bounded from above or ¢4(t) < ¢4(t + 1) for
sufficiently large t.

(iii) The quotient Z—‘j’ can be represented as

- on( [02). cem

where €: [1,00) — R s locally integrable and eventually bounded, and
where ¢: [1,00) = (0,00) is eventually constant. There exists o > 0 such
that (c1ce)(t) S t=* for sufficiently large t. The quotient f—i is power

bounded from above or ¢4(t) S cg(t + 1) for sufficiently large t.
Let B(R) be as in (5.1). Then L(T(R),R) <1+1logt R, and

B(R) = g(T(R), R) = R(crcg)? (T(R)).

19



Proof. Assume (i). The first sentence of (i) is nothing but the assumption (i)
in Corollary 3.7, and hence the sum in the definition of L(t, R) is <1 +log™ R
independently of t. The last but one summand in (2.6) is < 1 by monotonicity
of Z—‘j’. It remains to estimate the third summand in (2.6), and here we use
the second sentence in the present assumption: using limg_o, T(R) = oo and
Lemma 3.5,

a(T(R)]) + a(T(R)) +
logt =~ <1 +logt — ot <14logt —
<o([T(R)]) <o(T(R)) (e1e6)(T(R)) (3.5)
R? )
=1+log" —————= <1+1log"R.
9(T(R), R)?
Assume (ii). Let o« > 0 be as in the second sentence of (ii), then

R(¢reg)2(R%) <1< g(Ra,R), and hence T(R) < R&. The first sentence of
(ii) is nothing but assumption (ii) in Corollary 3.7. This yields that the sum
in the definition of L(¢, R) is < 1+ log™ ¢, and hence the sum in L(T(R), R) is
< 1+1log" R. The same holds for the last but one summand in (2.6) by power
boundedness of Z—‘f, and for the third summand (2.6) in case that E—; is power
bounded. If ¢4(t) < ¢4(t + 1) for sufficiently large ¢, then the third summand
in (2.6) is <1+1logt R by (3.5).

Assume (iii). The second sentence again ensures that T'(R) is power bounded
from above. The first sentence is the assumption of Lemma 3.8, and it follows
that the sum in L(T(R), R) is < 1 +log™ R. The form of %‘j’ implies that this
quotient is power bounded from below, and hence the last but one summand
(2.6) is < 1+ log™ R. Concerning the third summand, just argue as above.

To finish the proof it remains to refer to Lemma 3.5. O

4 Regularly varying decay

In the preceding section, we studied properties of the function B(R), in partic-
ular, we saw that the term L(¢, R) is usually neglectable. Our next goal is to
explicitly evaluate

min ( max {g(t, R), R(clc(z,)% )}
i ( )

in the situation that d;,de, ¢i, <4 are all regularly varying, cf. Theorem 4.1. As
in the preceding section, this is a pure analysis of functions, and independent of
the meaning in the context of Theorem 2.2. However, after having completed the
proof of Theorem 4.1, we will return to the study of Hamburger Hamiltonians
and combine Theorem 4.1 with Theorem 2.2. This establishes an explicit upper
bound for the growth of the monodromy matrix, cf. Theorem 4.6.

The setup for Theorem 4.1 is as follows:

(i) We are given regularly varying functions d;, d¢,<;,<¢: [1,00) = (0,00)
with nonpositive indices, dg < 1, and d; < 1 < dy locally.

(ii) We denote

0y :=—inddy, d4:=—inddy, 7 :=—inde;, 74 :=—indcy,
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and further

1
D(t) == ———=, 0:=indD = + dy, (4.1)
(didy)(t) ’
1 . Y+ Ve
B(t) =——, v:=indB=-—-—". (4.2)
(eicg)2 () 2
(iii) The quantities of interest are
R
B(t, R) = max {¢(t R), ;
{ G(t) } (4.3)

A(R) = min AB(t, R).

t>1

Four fundamentally different cases occur. They depend on the relative size of
D(t) vs. B(t), and on the absolute size of P(t). Moreover, there are a few
exceptional cases that have to be ruled out.

4.1 Theorem. Assume we are given data as in (1) above, and let notation be
as in (i) and (iii). Assume further that 6 > 0, that € is < on [1,00) to a
nondecreasing function, and that lim;_, o €(t) = oo.

Then the following estimates for B(R) hold for sufficiently large R.

Case D(t) < tB(t):

Choose o > 4 - sup t%(t and set £(t) = tB(t)log [oztgf((f))]. Then an

asymptotic inverse offf exists, and with 7(R) := ﬁ_(éR) we have
B(R) < B(T(R),R) < —5———- (4.4)

The function on the right side is reqularly varying with index ﬁ

If § < 1+~ we have £(t) < t6(t)logt, and B(R) is (up to <) independent

of di and dg.
|B] Case t6(t be ~3ds < oo, and if (§,04,7) = (1,1,0) then
%j’ is bounded or < to a monotone function:
Then
R(R) < B(R) < R? / P(s (4.5)

R(R

g

Both bounds in (4.5) are regularly varying with index %

If § > 2, then < holds throughout (4.5) and B(R) is (up to <) independent
of ¢; and <4.

Case 717 S 16(t) S D(b),

D(s)~2 ds = oo, and (8,7) # (2,0):

H%g
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2¢()2 t 1 2
Set fo(t) := % and f1(t) == (%(t)f@b(s)fi ds) . Then asymptotic
1
inverses fi ,f1 exist, and with
7(R) := min { max {£; (R),&(R)},~(R)}

we have

R R
= SB(R) SB(T(R),R) S =5 (4.6)
G(fy (R)) G(f1 (R))

Both bounds in (4.6) are regularly varying with index

If § < 2, then =< holds throughout (4.6).

2—64+~
2—6+2+ "

(D] Case t6(t) < dll(t), {Qb(s)’% ds = oo, and [;* d;(s) ds < oc:

Then %f 1s unbounded and

f(R) oo
RA(R)dy(A(R)) < B(R) < R? / P(s)"% ds+R / dy(s)ds. (4.7)
1 #(R)
If 6; > 64, then both bounds in (4.7) are regularly varying with index 51;?; .

If § < 2 and 6; > 1, then < holds throughout (4.7).

4.1 Proof of Theorem 4.1

We start with two lemmata that determine the function g (¢, R) on the intervals
[1,%(R)] and [k (R), % (R)], respectively.

4.2 Lemma. Let D: [1,00) — (0,00) be regularly varying with ind® > 0 and
D =<1 locally. Set

2
% (R) := sup {t €[1,00) | sup 2(s) < 1}, R >2%(1). (4.8)
1<s<t I
Then we have
¢ R R
log —— ds < ¢t1 4.9
[ s g 0o = tom gy &8

for R € [2%(1),00) and t € [2log %fa(R)].

Proof. In the first part of the proof we establish the assertion under the addi-
tional assumption that @ is continuously differentiable with &’(¢) > 0 for all
t > 1. Let R € 29(1),00) and ¢ € [2log %,fe(R)]. Integration by parts
yields that

¢ R _ R R bd(s)
Alog%dS—tlog%—log%—i—/l swds. (4.10)
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The relation “Z” in (4.9) readily follows: The integral on the right side is
positive, and by the definition of %#(R) we have % > 2. For t > 2log % it
follows that

K R 1 R 1 R R

log ———ds > (= - tlog —— + = - 2log —— -log2) — log —
/1 ©5(s) S—(2 BHE T2 TG Og) ® (1)
R

To show that “<” holds in (4.9) we make a change of variable and use Kara-
mata’s theorem. The inverse function @~! exists and is continuously differen-
tiable with positive derivative, and is regularly varying with positive index. We
obtain that, for v — oo,

v %I(S) B D (v) . @N . -
/189)(5) s / D (u) (ind D) - v

@(1) u

As a function of v € [2]log 2, 00), both v and the integral above are continuous
and nonzero. Hence

T2 g v 0g 2, 00
/15925(5) , € [21og 2, c0).

Referring to (4.10) and again using that % > 2, we obtain

t
R R

log —— ds <tlo —.

J, e 3(s) *3(1) E10
The second part of the proof is to reduce to the above settled special case.
Hence, assume that 9 is given as in the statement of the lemma. Lemma A.9
gives a regularly varying function @, which is continuously differentiable with
@i > 0, such that @ =< PD; on [1,00). Dividing P; by a sufficiently large

constant, we obtain a function @ with the properties listed above and

Qb

< tlog

é%(t) <P(t) <D(t) fort>1

for some o > 1. R } }
Clearly, #(R) < %(R) (where % (R) is defined by (4.8) with & in place of
D). It follows that for t < £(R)

R R R R
log% < loggb—(t) < log (a%) log —— 510

We see that

+loga < (1+11%>1 %

! R ! R R R
log ds < / log =—— ds < tlog —— =< tlog .
/1 D(s) 1 D(s) D(t) D(t)

O

4.3 Lemma. Let D: [1,00) — (0,00) be regularly varying with ind® > 0 and
D =<1 locally. Then we have

R*tP(t)"2 < k(R) + R? D(s)"2(s)ds SR? [ D(s)"2 ds

for R € [2D(1),00) and t € [R(R), o).
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Proof. The asserted estimate from above is easy to see: by Karamata’s theorem

we have
% (R) L
/ D(s)”2 ds.
1

To obtain an estimate from below, we use Lemma A.9. This gives a regularly
varying function @; which is continuously differentiable with @7 > 0 and satis-
fies @ =< ;. By multiplying &, with a sufficiently large constant, we obtain a
function & with the properties listed above and

N
N

R(R) < R*A(R)D(R(R))"2 <R

D(t) < D(t) < aD(t)

with some o > 1.
Consider the functions

and, for t > &(R),

Pl(t) = R2D(t)" 7 + R3¢

We see that
f1(t) < fao(t) fort > R(R).

It remains to note that

(1) 2 R3tD() 7%, fo(t) S R(R) + R? t D(s)"7 ds.
%(R)

[N

O

4.4 Lemma. Consider regularly varying functions d;, dg, D as introduced in

the discussion preceding Theorem /j.1. Suppose that floo%(s)_% ds < oco. If

0 = 0 = 1, we also assume that {Z—f 1s bounded or < to a nmondecreasing

function. Then for sufficiently large R we have, independently of t, that

oo

g(t,R) < R? / D(s)"2 ds.
#(R)

Proof. We distinguish cases.
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> Assume that Z—‘f is bounded, i.e., A(R) = co for all sufficiently large R. This
is surely the case if §; < .

By Karamata’s theorem

#(R) k(R)

> Assume that i—‘f is < to a nondecreasing function. This is surely the case if
o > (5¢.

If R is large enough and ¢ > #(R),

Rd(t)
(1)

We see that also in this case,

N
N

Rdy(t) = ( ) [R(drdy) ()] < [Rldido) ()]

min{¢,A(R)} t
g(t,R) <#(R) + R? / D(s)"2 ds+ R di(s) ds

%(R) min{t,A(R)}
1 7 1
SR2 /925(8)_5 ds.
#(R)

> Assume that §; = 64 > 1.

By Karamata’s theorem,

R ﬁz) dy(s) ds < RR(R)d;(A(R)) < h(R)ds(h(R)).

Since 4 > 1, the function t — tdy(t) is eventually decreasing. Since it is
locally bounded, it is even bounded on [1,00). Again we see that g (t,R) <

R* [ D(s)"2 ds independently of .
k(R)

4.5 Lemma. In the situation of Theorem 4.1, the inequality

min {g(s,R), C;S)} < B(R) < B(t, R) = max {g(t,R), %](i)} (4.11)

holds for (s,t, R) € [1,00)? x [(ddeW’oo)' In particular, if 7(R) is a function
satisfying g (7(R), R) < %, then
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Proof. The upper bound in (4.11) is obvious from the definition of %(t, R) and
B(R). For the lower bound, we observe that

s<t = g(s,R)<g(tR),

and hence

min { g (s, R). %} SBHR)  (st) € [1,00)2

Taking the infimum over ¢ proves the lower bound in (4.11). O
Now we are ready for the proof of Theorem 4.1.

Proof of Case . We have indf =1+ v > 0, and hence £~ exists. Set

Then, for R — oo,
“R~ f(r(R)) = 7(RY6(r(R) log [

and hence

_ R TBB(TR)N, T T(R)E(T(R))
S(r(R)) ( (r(R)) ) os | @(T(R))}

Our choice of o implies that 29 (7(R)) < R for all sufficiently large values of R,
and therefore that 7(R) < %(R) for such R.
It holds that

otlogt <t fort >4,
logt

and we further obtain

R
TR _
10g (57 )

Using this and Lemma 4.2, thus

R

W = g(7(R), R).

R
= 7(R) log (7>
D(7(R))
In view of Lemma 4.5, this completes the proof of (4.4).
To see the additional statements, note first that

R 1 1
ind————— =1 -y —— = ——
1+y 1479

t6(t t6(t
%((t)) ( )) = logt. O

Further 6 < 1 + ~ implies ind ()

> 0, and thus log (a

26



Proof of Case , To obtain the bound from below, we use Lemma 4.2 and our
assumption that t€(t) < D(t). Setting t = #(R) < D~ (R), we find that

R R B 3
BRI~ @ ;) ~ 2 B =RE).

Now we prove the upper bound for %B(R). If Lemma 4.4 is applicable, then
oo
gt R) < R / ()4 ds.

Choosing 7(R) so large that ﬁ is less than the right hand side of this

relation, we see that
B(R) < B(r(R),R) < R? / D(s)"2 ds.

If Lemma 4.4 is not applicable, we must have §; = 6, = 1 and v > 0. Choose p
so large that

1
indf@:>1—7p:ind<

5 %(ij)'

Since ﬁ—‘f is slowly varying, we have R? < #(R), cf. Lemma A.8. Therefore,

R __ R
€(Rr) ~ B(R(R)

We thus obtain

B(R) < B(f(R),R) < ¢(h(R),R) < R* / B(s)~F ds.

To see the additional statements, note first that ind 2 = % and also

& 1 1 1) 1
ind R%/ 923(3)7%d3 =—4+=-.(1=-=)==.
( (R) ) 2 6 ( 2) )
Further, § > 2 implies that

R? PD(s)" 2 ds < RTA(R)D(R(R)) "2 = k(R).
£(R)

Proof of Case . We have

indfy =2 —6+27, indﬁ1:2(7+(1—g)) =2 6+2y.
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Since @72 is not integrable, we must have & < 2. The case that § = 2 and
~ = 0 is ruled out by assumption, and it follows that 2 — § + 2y > 0. Thus,
asymptotic inverses £, and f; exist.

To prove the bound from below, we use £, (R) pushed into the interval
[#(R), % (R)], namely we set

7(R) := min { max {ﬁa(R),fa(R)},fb(R)}.

Our assumption that ﬁ(t) StB(t) S D(t) gives

s(t)
d;(t)

Q

S fo(t) S 2(1),

and hence #(R) < £5 (R) S A (R). Thus, 7(R) < £, (R).
Using Lemma 4.3 we obtain
g(7(R), R) 2 R27(R)D(7(R))"* =< R2f5 (R)D(f; (R))" 2.
On the other hand, the definition of fy yields for R — oo that

R~ folf (R)) = Fo I 8o (R))*

D(fo (R)
and hence
Rz - ~(R))~%
Sl @)~ fo (R)2(f (R))"=.
Together, thus,
min {g(T(R),R), %} 2 Refy (R)D(fy (R)) ™ < ‘“G(ﬁ(iR))'

For the proof of the upper bound we use
7(R) := min { max {ﬁf(R), k(R)}, fb(R)}

Since fo S f1 we have £ < £y S #, and therefore £, (R) < 7(R). This readily
implies that
R < R
B(T(R) ~ B(f (R)

To estimate g (7(R), R) we distinguish two cases. First assume that £ (R) <
%(R). Then 7(R) = %(R), and hence

R R
47 ) = KR S s < G

Second assume that £; (R) > #(R). Then 7(R) < f; (R). We use Lemma 4.3

to obtain
7(R)
[ o
1

SIS
SIS

fi (R)
1
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The last integral can be evaluated from the definition of f;: for R — oo

R~ fi(f7 (R)) = (C@(ﬁl(R))/lam)g)(s)—é dS)Q,

and hence

I R
JAED T @R

Altogether we see that always

R } < R .
(T(R))J ™ B(fy (R))
This completes the proof of (4.6).

To see the additional statements, recall that ind fy = indf; = 2 — § + 2.
This implies that

indi—indi_l_ _ 1 _2-4+ny
G (R) G () 2oty 2-oy

max { ¢ (r(R), R), -

1

Further, § < 2 implies that flt D(s)"z ds = t@)(t)_%, and hence £y < f;. O

Proof of Case @ The first thing to show is that i—f is unbounded: if we had
dy(t) S di(t), it would follow that

D)7 = [ di(t)ds(t) S dut),

and this contradicts the fact that () is integrable while @2 (t) is not.
To show the bound from below asserted in (4.7), we note that

[N

g(R(R),R) 2 REA(R)D (R (R))

by Lemma 4.3, and that

R
St 2 PR (R)

by our assumption that t6(t) < dll(t). Since R =< d—‘f(ﬁ(R)) for R — oo, we

obtain

RA(R)da(h(R)) = RWR)(%)%(&(R)) — REA(R)B(A(R)) L,
and see that
min { g (R (R). ) %} > RA(R)di(A(R)).

For the proof of the bound from above, we show that g (¢, R) is bounded inde-
pendently of ¢ > #(R). Using again Lemma 4.3, we find

g(t,R)=¢g(h(R),R)+ R d;(s)ds
#(R)
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#(R) L 00
/ D(s)"2ds+ R di(s) ds.
1 A (R)

N

SR

It remains to choose 7(R) sufficiently large, so that ﬁ < g(7(R)), R),
which is clearly possible. This completes the proof of (4.7).
To see the additional statements, assume first that ¢; > d4. Then A (R) is

regularly varying with index ﬁ. We obtain

I
5 — 0y 01—05 -0y

ind (Rh(R)dl(fL(R))> =1+
By Karamata’s theorem

. O S 1 5, 1 1-4,
1nd(Rz/1 D(s) 2d8):§+(1_§)51—5¢:51—5¢’

. 00 1 1—5¢
md(R/MR)dl(s)ds) =14 (=g =

Further, again referring to Karamata’s theorem, § < 2 implies

Nl

~(R)
R /1 P(s)"2 ds < R*A(R)D(A(R))"? = RA(R)di(h(R)),

and §; > 1 implies

R/OO di(s) ds =< RA(R)di(R(R)).
R(R)

4.2 Bound for the monodromy matrix

We combine Theorem 2.2 with Theorem 4.1 to obtain a bound for the growth
of Wy when the lengths and angle differences of H are bounded by regularly
varying functions. This yields a far reaching generalisation of Corollary 2.5.

4.6 Theorem. Let (lj)‘;il be a summable sequence of positive numbers, and
(@);‘;1 a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles, and let Wy be its monodromy matriz.

Let 9 € R and let d;, dy,c;, ¢y be reqularly varying functions that are = to
some nonincreasing functions, such that d; <1 < dy locally, c4(t) S <i(t) for
sufficiently large t, ind d; + ind dy < 0, and lim;_, (clc¢) (t) = 0. Assume
that

lj < du(j), [sin(@j11 — ;)| S dg(j), J sufficiently large,
Z I S (), Z 1jsin?(¢; — ) S cg(N), N sufficiently large.
Jj=N+1 j=N+1
Denote
D(t) := ¥, §:=indD, G(t):= %, v :=ind 6.
(didg)(t) (cr0g)2 (1)
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Then we have the following bounds for Wy and its order py .

Data satisfies ‘ log (max,—g [Wa(2)]) is < ‘ pu <
D(t) S t6(t) ﬁ where
. 16(t 1
FO=1e@lsfogy] |
ai=4sup;>q —?éé))
tQ(t) SD(t), [ D(s)"2ds < oo, oo )
1 Rz [ P(s)"=ds %
(y>0or Z—‘f ~ to nondecreasing) k(R)
{ D(s)"2 ds = o0, d,l(t) S tB(t), ﬁ where 9 51y
. . 2—6+2y
(6,7) #(2,0) fi(t) = [6(t) [, D(s) "= ds]?
A(R
f:f(t) 5 ﬁ(t)7 le ‘(f >923(8)717 ds ;i(?’
[ di(s) ds < oo, Lo e
i +R [ dy(s)ds
01> 0g #(R)

In each case the relation < holds for R sufficiently large.

The main assumptions on the data <, dg,ci, ¢4 put in this theorem are that
those functions are regularly varying and that ind «; + ind d4 < 0 (i.e., # 0).
Monotonicity assumptions are only a minor restriction: for example they are
automatically fulfilled whenever the function under consideration is not slowly
varying. The assumption that ¢4 < ¢; is no loss in generality, since replacing
<¢ by min{cge,¢;} does not affect validity of any of the other assumptions.

Proof of Theorem 4.6.

® Observe that neither the assumptions of the theorem nor the case distinction
in the assertion of the theorem depends on the equivalence class modulo = of the
functions <, g, ¢, ¢¢. Further, using Remark A.7, we see that the functions
written in the second column of the table change only up to &~ when we pass to
other data equivalent modulo ~ to d;, d¢, ¢, ¢g.

__ Hence, it is enough to prove the theorem for suitable modifications
di,dg, <, 6(15 of d, dg,Cl,Cy which differ only up to ~.

@ The task is to define @l, 0AL¢,€Z,€¢ in such a way that Theorem 2.2, Proposi-
tion 3.9, and Theorem 4.1 become applicable. To this end we use Lemma A.10
and the freedom of choice of nonincreasing smoothenings mentioned in Re-
mark A.11.

We choose S[¢y] such that

VN € N: Z 1 sin®(¢; — ¥) < S[eg)(N),
j=N+1

which is clearly possible by first choosing an arbitrary nonincreasing smoothen-
ing of ¢4 and then multiplying it with a sufficiently large positive constant.
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Next, we choose S[¢;] such that

8[0¢] < 8[ey], VN € N: i l; < S[ei](N).
j=N+1

A suitable modification of d is found as follows. If liminf; , de(t) > 0, we
choose S[dy] := 1 (which corresponds to the choices €[] := 0 and k[dy] := 1).
If limy 00 d(t) = 0, we choose S[d] such that

Sldgl <1, VjeN: [sin(gj41 — ¢;)| < S[dy](j),

which is possible by choosing an arbitrary nonincreasing smoothening of <,
then multiplying it with a sufficiently large positive constant, and then cutting
it off at 1.

It remains to define a modification of ;. In the generic case that v > 0 we
proceed just the same as above and choose 8[¢;] such that

Vi e N: 1 < S[dy)(j). (4.12)

In the boundary case that v = 0 we make a further case distinction. If we are
in the situation of the 1% or the 3"d row of the table in the theorem, we do
just the same as above. If we are in the situation of the 2° or the 4*" row,
the additional assumption ensures that j—; is & to some nonincreasing function,
and we choose

where § [j—ﬂ is sufficiently large to ensure that (4.12) holds.

Now we set

dy = 8ldy], dy = 8[dy], %= 8lel], 2 = Sleg).

® We apply our previous results with the data {Atl, JZL\¢, <1, ©4. Here we denote
by B(R), L(t,R), B(R), etc. the correspondingly defined functions.

Theorem 2.2 implies that

tog ( mae Wi ()) < B(R),

and we face the task to control E(t, R). In almost all cases Proposition 3.9 takes
care of this:

> Proposition 3.9 (i) applies if 64 > d;, or if v = 0 and we are in the situation
of the 2°d row of the table.

> Proposition 3.9 (ii) applies if v > 0 and d4 < ;.
> Proposition 3.9 (iii) applies if v > 0 and J4 = ¢;.
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Thus, in all of these cases, B (R) < @(R), and the bounds asserted in the second
column of the table follows from Theorem 4.1.

It remains to study the situation that v = 0, 65 < &;, and we are in the 15
or 3" row of the table. Applying Corollary 3.7 (ii) if 64 < & and Lemma 3.8 if
5¢ = (517 yields

L(t,R) S 1+logt.
Let 7(R) be the power bounded function used in Theorem 4.1 to estimate
%(R). Then

B(R) < B(r(R), R) + L(r(R), B) S B(7(R), R).

The bounds asserted in the second column of the table thus follow from Theo-
rem 4.1.

@ The bounds for pg arise simply by taking the indices of the regularly varying
functions in the second column.

O

In the following corollary we revisit the setting of Theorem 4.6, except we are
not given functions ¢;, ¢4.

4.7 Corollary. Let H be a Hamburger Hamiltonian and let d;,dg be regularly
varying. Assume that dg(t) is ~ to a nonincreasing function as t — oo and
that d; < 1< dg locally.

Assume that the lenghts and angles of H are bounded as

lj S di(d), |sin(dj11 — &) S do(4) for sufficiently large j,
and that d; € L*([1,00)). Then the following statements hold.
> If 6 > 2, then log (max),—g Wk (2)|) < &(R).
oo
> If0 < § <2, then log (maXM:R HWH(Z)H) SR [ di(z)da.
#(R)

> If0 <6 <2 & >1, and there exists v € R such that |sin(¢; — ¢¥)| S
|sin(¢j41 — ¢5)|, then again log (max.i—g [Wg(2)[) < #(R).

> If 6 =2 and (8;,64) # (1,1), then py < 3.

Proof. Our goal is to apply Theorem 4.6, and in order to do that we need to
construct suitable functions ¢, ¢4. Note that the assumption d; € L*([1, 00))
implies ¢; > 1.

@® Without any a priori assumption, we can set
oo
<(t) 1= cy(t) == / dy(x) dz 2 td(t).
t

Then d;, d 4 together with ¢;, ¢ satisfy the general assumptions of Theorem 4.6.
We have

t6(t) <

i (t) < 2()
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and v = 6 — 1 > 0. This choice of ¢;,¢4 is sufficient to prove the asserted
bounds in the following cases:

>d > 2 A § > 1. Since v > 0, Theorem 4.6 gives the upper bound
R* [ D(s)"2 ds < &(R).
k(R)
> < 2. Then dy = 6 —d; < 1 < §;, hence %‘f has positive index and is
eventually nondecreasing. Since

A(R)

R> /@(s)*%dsxR%ﬁ(R)gzs(ﬁ(R))*%gR/ dy(s) ds,

/ 7(R)

Theorem 4.6 gives the asserted upper bound.

>d =2 A 6 > 1. Then we are either in the second or fourth row of Theo-
rem 4.6, but in both cases the upper bound for the order is equal to %

@ Assume ¢ > 2 and d; > 1. This implies that >°°2, [sin(¢;41 — ¢;)] < oo
We want to choose 9 := lim;_, ¢;, so we need to prove that this limit ac-
tually exists (at least if the angles ¢; are all modified by adding integer mul-
tiples of m which leaves H unchanged). Start by choosing ny so large that
Z;’ino |sin(¢j11 — ¢;)| < §. Adding to ¢; an integer multiple of 7, we may
assume |¢; — ¢p,| < 5 for all j € N. Since [z| < 2|sin(z)| for [z] < §, and
|sin(z + y)| < |sin(x)| + | sin(y)|, we have for j > k > ng

|65 = Sl <165 = bnol + |Pne — Pkl < 2(]sin(; — dno)| + [ sin(¢n, — o))
<4 [sin(énr1 — ¢n)l <

n=no

ol 2

Therefore,

j—1
|65 — drl < 2[sin(¢; — @) <2 [sin(¢ni1 — én)l
n=~k

and thus (¢;)52, is a Cauchy sequence. Let ¢ be its limit. We set

alt) == /toodl(:v) do,  oy(t) = cl(t)~</tood¢(x) dx>2

and observe that <, d¢ together with ¢;, ¢4 satisfy the assumptions of Theo-
rem 4.6. A calculation shows that v = ¢ —2 > 0. Hence ind[t6(t)| =5 —1<J
and in particular 6 (t) < PD(t). Again Theorem 4.6 provides the desired upper
bound.

® Assume that we have 1) € R such that |¢; — 9| < |¢j41 — ¢;], and § > 1. Set
<(t) = / di(z) do < td(t),
t

olt) i= /t " i) dy(@)? Ao = Ly (1) dy (D)2,

Then t6(t) < P(t) and we are in the first row of Theorem 4.6. Now we note
that the bound given in the theorem is < to % (R).

O
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5 Additions and examples

5.1 Combining with a bound from below

In the same way that upper bounds for lengths and angle differences lead to
upper bounds for the growth of the monodromy matrix, lower bounds lead to
lower bounds. We recall a result obtained in [PW22, Corollary 2.5].

5.1 Proposition. Let H be a Hamburger Hamiltonian with lengths (1;)32, and
angles (gbj);-";l, and let £ be reqularly varying with positive index. If

1
Litalysin® (g1 — ¢5) 2 G) JEN, (5.1)
then
log ( max [Wir()) 2 £~ ()

|z|=R
for sufficiently large R.

Let us translate Proposition 5.1 to the setting where we compare the lengths
and the angle differences to regularly varying functions d;, .

5.2 Corollary. Let (lj)?il be a summable sequence of positive numbers, and let
(qﬁj);?‘;l be a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles, and let Wy be its monodromy matriz. Assume
that d;, dy are regularly varying and satisfy

VieN. ;2 di(d)  [sin(gjr1 — é5)| 2 do(d)-

Then

log (lgllggllWH(Z)H) Z [dlldJ(R)

for sufficiently large R.
In particular, the order of Wy is at least %, where 0 := —(ind d; + ind dy).

Proof. Since d; is regularly varying, we have d;(t+1) ~ d;(t). Setting D(t) :=
m’ we see that (5.1) is satisfied for £(t) := D(¢)2. Since £~ (t) = D~ (t2),
we obtain
1 —
R).
@a; @

log (lgllg IWa()) 2 £ (R =2~ (R) = |

O

If the lengths and angle differences are well-behaved and summable, the growth
of Wy can be determined up to <. Note that no functions ¢;, ¢4 appear in the
formulation of the following theorem.

5.3 Theorem. Let (lj);";l be a summable sequence of positive numbers, and let
(gbj);";l be a sequence of real numbers. Denote by H the Hamburger Hamiltonian
with these lengths and angles. Consider regularly varying functions d;, dg with
d; < 1= dg locally. If
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(i) I < di(j) and |sin(p;j41 — @) < de(j) for sufficiently large j,
(i) 6 := —(ind d; + ind dy) > 2,

then
log ( max ||WH(2)H) = {L] _(R) for sufficiently large R,
|zI=R dide
and
1
PH = 5

Proof. Due to Corollary 5.2, we only need to show that

g (s Wi (9)]) 5 [ ] ()

We notice that indd; < —1 since (I;)52; is summable. Hence d; is ~ to an
eventually monotone function, and thus

/ di(@)dz <D di(§) S ) 1 < 0.
M j=M j=M

Since d; = 1 locally, this shows that <; € L'([1,0)). By Corollary 4.7,

tog ( max Wi ()]) S A(R) = | df%}(R).

5.2 Power-log-majorisations and exceptional cases

By considering d;, dg, ¢, ¢4 consisting of a power times a power of a logarithm,
we can gain some insight into the exceptional cases of our results. For data of
this form all functions occurring in our results can in principle be computed
explicitly. We do not aim at giving a complete picture, but rather give a couple
of illustrative examples. It should also be added that not all phenomena (coun-
terexamples, exceptional cases, or similar) can be illustrated with functions of
this form; one would have to admit an additional double-logarithmic factor.

The facts presented below are shown by straightforward, yet tedious and
elaborate, computations. For this reason we defer all proofs to the preprint
version of this article [PRW23].

It is practical to use the lexicographic order on R?, and we denote it by <.
Explicitly, thus

(,8) 2 (., f)sa<dV(ia=d AB<pP)
and, as ususal, < stands for “< but not =".

5.4 Setting and Notation. Assume we are given parameters

(01, 1), (09, ), (1, B)s (79, By) € [0,00) X R,

and denote
1 1
0:=01 404, =0+ ag,7:= 5(’71 +7), Bi= 5(/31 + Bg)-

Assume that these parameters satisfy
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> (517 al)? (5¢7 a(b)’ ('Yla Bl)v ('7¢7 Bcb) = (070)7
> 6> 0,(v,8) > (0,0),
> (’ylaﬂl) j (’Y(i)de))

Let d;, dg, <1, ¢4 be continuous and nonincreasing functions, such that dy <1,
¢¢ < <1, and that (for sufficiently large ¢)

di(t) =t (logt) ™, dy(t) =t (logt)~",
at) =t (logt) P, cy(t) =t (logt) Pe.

We compute some of the basic ingredients. Here, and throughout the following,
all formulas are understood to hold for sufficiently large ¢t or R.

5.5 Lemma. We have
(i) D(t) = t°(logt)™, B(t) =1t"(logt)”,

de(t) 55 _ <(t) _ _
=% (logt)™ %, % =11V (logt)Pe" P,
AT (logt) P (logt)

(ii) #(R) ~ R#(log R)™%,
A(R) =00 & (0, ) = (0g,04),

ap—a

R (logR) % if & > by,
exp <RQ"_D‘¢) if 0 :545/\041 > .

Q

A(R)

5.6 Lemma. We have

/wgzs(s)—% ds < 00 & (5,0) = (2,2)

5 ) L. t1=3(logt)"% ifd>2
/ ez(s)zds_{i—l log )™=/
t

= (logt)! =% FE=2Na>2
. 1 1E% .tl—%(logt)—% if § <2,
D(s)"2ds~ ¢ L (logt)'~% ifé=2ANa <2,
1 2
loglogt if 6 =a=2.

In our first example we discuss the role of the term L(t, R); this fits the context
of Proposition 3.9. We show that there are situations where L(t, R) cannot be

neglected, but also that the assumptions in Proposition 3.9 are only sufficient
for B(R) < %B(R).
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5.7 Example. Assume that
(5l7al) < (6¢a OL¢), Y= Oa (6a OL) - (27 2) (52)

The first assumption is there to rule out applicability of Proposition 3.9 (i),
the second to rule out applicability of Proposition 3.9 (ii),(iii), and the third to
reduce computational effort (the facts we want to illustrate occur already under
this additional assumption).

For parameters subject to (5.2) it holds that

s(logR)'=% if § =2
() = 1 (0BT E 0 =2 5.3
Rs(logR)~5 iftd > 2.
= RB(R if 9 =64V 1v(iB=6—-1>1A 0
B(R) (B) if o =0, VE>1V (5 ZIna<0), oy
= RT+? > B(R) otherwise .

In our second example we discuss the bounds from Theorem 4.1 . We show
that they are sharp but need not necessarily be attained.

5.8 Example. Assume that
(6,00) 2 (1+7,8) 2 (6,), 6=2,0<2, 7>0. (5.5)

These assumptions ensure that we are in the situation of Theorem 4.1 and
that in (4.6) we do not automatically have equality.
For parameters subject to (5.5) it holds that

R , .

————— =< R2(logR)" 2 < k(R), (5.6)

G(fy (R))

R [Ri(logR)'"% ifa<2 5.7

B(f; (R) ~ | R*loglogR  ifa=2. :
R (log R)'~% ify <1,

B(R) =< R%(logR)*% loglogR ify=1Aa> f, (5.8)
Ri(log R)~% ify=1Aa=4.

We see that

- R ;
> B(R) < RI) fy<lAa<?2,

___R R _ _
> ety BB <gEmy fr<lra=2oy=1ra>8,

- R ; — —
> %(R)A%(ﬁJ(R)) ify=1ANa=p.
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In our third example we discuss the exceptional case “(d,v) = (2,0)” in the third
row of the table in Theorem 4.6. We show that in some cases (interpreting f£;
appropriately) the written bound still holds and is even attained by B(R), while
in others B(R) is strictly larger due to domination of L(t, R).

5.9 Example. Assume that
(O, a0) 2 (L, 1+ 8), (6,7) =(2,0), a<2 (5.9)

These assumptions ensure that the exceptional case from the third row of the
table in Theorem 4.6 (and also of Theorem 4.1) takes place. Note that (5.9)
implies that ¢; < §4. Moreover, 8 > 0 since (v, 8) > (0,0).
For parameters subject to (5.9) it holds that
B (R) < {R% ifa <2,
R2logR ifa=2,

B(R) = B(R) if(sl=5¢\/((51<(5¢/\a§1+6),
= RT% > B(R) if6 <dyNa>1+p

Observe, moreover, that the bound for order in the third row of the table in
Theorem 4.6 has no continuous extension to (2,0); its directional limits vary
from 3 to 1. The above formula shows that the actual order of the bound B(R)
has nothing to do with (4,7) (being equal to (2,0)). Yet, it is sometimes given
by the same formula, only with the “logarithmic exponents” «, 3 instead of 4, 7.
Also note that the exponent ﬁ also occurred in Example 5.7.

5.3 Two corollaries given in terms of Jacobi parameters

We present two applications of Theorem 5.3 in which we return to the regime
of power moment problems. The first is a supplement to a result from [Pru20],
and in the second we give examples where the Nevanlinna matrix has prescribed
growth.

At this point we need the concrete formulae relating Jacobi parameters with
Hamiltonian parameters. They read as

bi = Sin(¢n+1 - ¢n>M’
Ay, = — %[COt(QZﬁnJrl - Qj)n) + COt(¢n - (bn*l)]’

n

(5.10)

where the angles are chosen such that ¢,411 — ¢, € [0,7), cf. [Kac99]. Given
the Jacobi parameters, it is in general hard to solve the equations (5.10) for
the Hamiltonian parameters. Under the assumption that b,, a,, have a certain
power-like asymptotic, the approximate size of I, and |sin(¢,4+1 — ¢n)| can be
determined.

5.10 Corollary. Let a, € R and b, > 0 be sequences which have asymptotics

_ o |y0| X1 T2 1
bn =1 <2+n+n2+0(nz+e) :
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s Yo, Y2 1
@n =1 <y°+n+m+o(nz+e))7

where
c>2 Y #0, xz1,22,y1,2 €R, €>0.

Assume that the moment problem with these Jacobi parameters is indeterminate,
and let W (z) be its Nevanlinna matriz. Then

log ( max IW@)Il) = R?.

Before we come to the proof, let us put this statement in the right context.
It deals with the critical situation that off-diagonal and diagonal of the Jacobi
matrix are comparable with ratio 2. This setting was considered in [Pru20,
Theorem 2]. In that theorem occurrence of limit circle case was characterised
in terms of the data of the expansions, and it was shown that W (z) is of order
% with positive type. The significance of Corollary 5.10 is that now we know
that W (z) is also of finite type.

Proof. In the proof of [Pru20, Theorem 2] it was shown that

1

- 2 ; -
ln =< A(n)7,  [sin(gni1 — ¢n)| < moAm)?
where X is a function of the form A(t) = n™ or A(t) = n” logt with some 7 €

[—Z,—3%). The assumptions of Theorem 5.3 are thus satisfied with d;(t) := A(t)?

and dy(t) == — /\1(”)2. Applying this theorem yields
1 1~ 1
1 w < |—| (R)<R->-.
og (max W) = | 7] ()

O

We come to our second corollary, where we produce a variety of examples with
prescribed growth of the Nevanlinna matrix (slower than the threshold R%).
Thereby, the speed of growth is always determined by the off-diagonal, and the
diagonal can be as large or as small as we please.

5.11 Corollary. Let g be reqularly varying with ind g € (0, %)

(i) Let w € [—2,2]. Then there exist Jacobi parameters b, and a,, such that

Qp,
~q_ — S w, 1 max ||W = R).

n

(ii) Let wp, # 0, w, — 0, be such that lim,_, wu’:fl exists in (—1,00). Then
there exist Jacobi parameters b, and a,,, such that

_ Qn
bu~a™(n), 3~ log ((max W) < a(B).

n
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The condition in (i) that |w| < 2 is no restriction, since otherwise we could not
have limit circle case by Wouk’s theorem.

Proof. We specify lengths and angles, which is done differently in different cases.

> Assume that w € (—=2,2). Let ¢ € (0,7) be such that cos¢ = —%, and set

1
Iy == m; Gnt+1 :=nP, n €N,
so that ¢ni1 — ¢n = .

> Assume that w = —2. Set

"1
l’I’L = ¢n+1 ::ZE7 nEN7
k=1

so that ¢pi1 — ¢p = L.

n

> Assume that w = 2. Set

1
L, = ; ¢n 1 =Nnm— -, n €N,
s T

so that ¢pi1 — ¢p =7 — L.

n

“r-l exists in (—1,00). Set

n

> Assume that w, # 0, w, — 0, and v := lim,,_

1 7 1 "
l, = , Opy1:=n—+ —— W, N EN,
g~ (n) 2 2(1+9) kz::l
|wn|<T

so that ¢py1 — ¢ = 5 + % for all sufficiently large n.

Let b,, and a,, be the Jacobi parameters given by (5.10). Then, in all cases,
bn, ~ g~ (n). Multiplying the two equations from (5.10), shows that

sin(én 1 — ¢n))
Sin(¢n - (bnfl) ’

and this implies the asserted property of 3=. Finally, we apply Theorem 5.3
with the obvious choices for d;, 4 to obtain that

an = — ZTE+1 . (COS(¢n+1 — ¢n) + COS(QSn - ¢n—1)

tog ( maxx [W(2)]) = a(R).
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Appendix A. Regularly varying functions

In complex analysis the growth of an analytic function is compared with func-
tions of the form exp(w(r)). The most classical comparison functions are powers
a(r) = r?, and this leads to the notions of order and type. A refined compari-
son scale was introduced already at a very early stage by E.Lindelof [Lin05] who
considered comparison functions behaving for r — oo like

re. (logr‘)’g1 - (log logr)ﬁ2 +... (log---log r)ﬁm,
——
mt? iterate
where a > 0 and Sy, . .., B, € R. Functions which are nowadays commonly used

as comparison functions are regularly varying functions in Karamata sense, cf.
[BGT89, Chapter 7] (for other levels of generality see also [Lev80; Rub96]).
Lindel6f’s comparison functions are examples of functions of that kind.

Let us now recall Karamata’s definition of regular variation.

A.1 Definition. A function «: [1,00) — (0,00) is called regularly varying at

oo with indexr o € R, if it is measurable and

VA€ (0,00): lim 20 =\

r—oo (1)

We write ind « for the index of regular variation of function «. A regularly
varying function with index 0 is also called slowly varying.

Regularly varying function « are used to quantify growth for r — oo, and hence
the values of «(r) for small r are irrelevant. This allows to change « on any
finite interval without changing the essence of results, and this freedom can
often be used to assume « has some additional practical properties.

We cite a number of fundamental theorems on regularly varying functions.
Proofs can be found, e.g., in [BGT89] or [Sen76]. We start with an representation
theorem.

A.2 Theorem (Representation theorem). Let o € R. A function @ : [1,00) —
(0,00) is reqularly varying with index « if and only if it has a representation of
the form

a(r) = 1 - e(r) exp (/je(u)du

u

), r € [1,00),

where ¢, € are measurable, im, o, ¢(r) = ¢ € (0,00), and lim,_, €(r) = 0.
If @ is slowly varying (i.e., a = 0) and eventually nondecreasing (nonin-
creasing), then € may be taken eventually nonnegative (nonpositive).

It is a legitimate intuition that regularly varying functions fill in the scale of
powers, and that a regularly varying function with index a behaves roughly like
the power r®. The following results, which we will use frequently, express this
intuition very clearly. The first is a variant of the Potter bounds, and the second
is the classical Karamata Theorem about asymptotic integration.

A.3 Theorem (Potter bounds (variant)). Let « be regularly varying with index
aeR.
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(i) Ve > 0: 1 < a(r) < r*te |

v\ e log «(r)
(i) im0 logf“ =q,

pote
a(r)

(iii) For all e > 0 the quotients <) and

e are ~ to an eventually increasing
function.

A.4 Theorem (Karamata’s Theorem). Let « be reqularly varying with index
acR.

(i) Assume that o > —1. Then the function x — [, «(t)dt is regularly
varying with index o + 1, and

lim <x0«($)/f@(t) dt) =a+l.

(ii) Assume that o < —1 and [~ a(t)dt < co. Then the function z
f;o «(t) dt is regularly varying with index o + 1, and

Jim <xa(:v)/ Zoa(t) dt) = —(a+1).

A regularly varying function « with positive index is — at least asymptotically
— invertible. In fact, if

o (z):=sup{t €[l,00) | a(t) <z},
we have the following result, cf. [BGT89, Theorem 1.5.12].

A.5 Theorem. Let o be regularly varying with index o« > 0. Then a~ is

regularly varying with index i, and

(eoa™)(z)~(a” ow)(x) ~ . (A1)

Any regularly varying function «~ with the property (A.1) is called an asymp-
totic inverse of @, and asymptotic inverses are determined uniquely up to ~.
We recall a useful formula for computing asymptotic inverses for functions of a
particular form.

A.6 Remark. Assume that p > 0 and that £ is regularly varying. Set g := folog
(for sufficiently large ¢). Then

; 1
i, t0m ()
are asymptotic inverses of each other.

Another practical observation is the following.

A.7 Remark. Let £ be regularly varying with ind £ > 0, and assume we have
a function g with g ~ f£. Then ¢ is regularly varying with ind g = ind £ and
g =f.
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By the Potter bounds every regularly varying function <« is bounded and
bounded away from zero on every interval [rq,rs] sufficiently far to the right.
Sometimes it is needed for technical reasons to assume this property for all
compact intervals in the domain of «. Of course, this is no loss in generality;
remember that modification on a finite interval does not change the essence of
the function .

A.8 Lemma. Let a: [1,00) — (0,00) be slowly varying and assume that o < 1
locally. For R > «(1) set

a(s)

6(R) := sup {t €[1,00) | sup

<1} € [1,00].
1<s<t 07 11, o0]

Then 6 grows faster than any power, i.e., RP < 6(R) for every p > 0 and R
sufficiently large.

Proof. Let p > 0 and set € := %. By Theorem A.3, there exists M > 0 such
that «(r) <7 for all ¥ > M. If R > sup,¢c[y,p) @(r), this means that

€
{te[l,oo)| sup S—gl}g{te[l,ooﬂ sup «(s) gl}.
1<s<t 1<s<t I

The assertion follows if we take suprema of both sets. O

A.9 Lemma. Let o be reqularly varying with index o > 0 and assume that
o < 1 locally. Then there exists a continuously differentiable and regularly
varying function 3, where 3'(t) > 0 fort € [1,00),

o (t) < s(t), t €1, 00),
a(t) ~ s(t), t — oo.

Proof. We use the smooth variation theorem [BGT89, Theorem 1.8.2]. This
gives a function 3 that is continuously differentiable, whose derivative is positive
for all sufficiently large ¢, and such that « ~ s for t — co. W.l.o.g. we assume
3/(t) > 0 for all t € 1, 00).

Choose tg > 1 such that fa(t) < 3(t) < 3a(t) for all ¢ > t;. By our
assumption, « =< 1 on [1,%p]. Since 3 is continuous, 3 < 1 < « on [1,%g].
Summing up, we have s < @ on [1,00). O

Another lemma in a similar direction is the following. The proof is immediate
from the representation theorem and we do not go into details.

A.10 Lemma. Let o be reqularly varying, and assume that @ is = to some
nonincreasing function. Then there exist

ele], kle]: [1,00) = (0,00)
such that
> €[] is locally integrable, lim;_, €[ ](t) = 0, and €[«] <0 if ind & = 0,

> k[a] is eventually constant,
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> The function

S[al(t) := sle](t) - £ - exp ( / ' E[a]w)ciu)

U
18 monincreasing, continuous, and ~ .

We speak of any function S$[«] as in the lemma as a nonincreasing smoothening
of a.

Of course, k[w] and €[] are far from unique. We mention two particular
instances of the freedom of choice in 8§[«].

A.11 Remark.

(i) If 8[«] is some nonincreasing smoothening of « and « > 0, then also « -
S|« ] is a nonincreasing smoothening of «. This corresponds to multiplying
k[] by .

(ii) If 8[«] is some nonincreasing smoothening of ¢ and a > lim;_, S[«](t),
then also min{8[«](¢), @} is a nonincreasing smoothening of «. This is
seen by modifying k[«] on a finite interval.

One more property of this construction is as follows. Assume we have two
functions 1, a2 that are both regularly varying and ~ to some nonincreasing
function. If S$[w;] and S[as] are nonincreasing smoothenings of «; and s,
respectively, then 8[a1] - 8[as] is a nonincreasing smoothening of @1 - @s. This
corresponds to taking

Kla1as] = Kla1] - 6[es], €[araz] = €[a1] + €|[asg].
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