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Abstract: We study the sets of radial or nontangential limit points towards ico of a
Nevanlinna function q. It is shown that a subset £ of C, is the set of radial limit
points of some ¢, if and only if it is closed, nonempty, and connected. Given L, we
explicitly construct a Hamiltonian H such that £ is the set of radial and
nontangential limit points of the Weyl coefficient gg of the canonical system with
Hamiltonian H. Our method is based on a study of the continuous group action of
rescaling operators on the set of all Hamiltonians.
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1 Introduction

A Nevanlinna function is an analytic function in the open upper half-plane C,
whose values lie in C; UR. Such functions are intensively studied for various
reasons; we mention two of them.

> In complex analysis they occur as regularised Cauchy-transforms of positive
Poisson integrable measures, e.g. [Lev80; KK68; GT00]. Namely, a function
q is a Nevanlinna function if and only if it is of the form

q(z):a+bz+/

R
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——)d C 1.1
(x_z 1+$2) u(x)v ze Ly, ( )
where a € R, b > 0, and p is a positive Borel measure on the real line with

dp(z)
R T+a? < 00.

> In spectral theory of differential operators they occur as Weyl coefficients
whenever H.Weyl’s nested disks method is applicable, e.g. [Wey10; Tit46;
Atk64].

The connection between these two instances is that (for simplicity we suppress
some technical issues and exceptional cases) the measure p in the integral rep-
resentation (1.1) of the Weyl coefficient of an equation is a spectral measure for
the corresponding selfadjoint model operator.

The natural context of Weyl’s method is the framework of two-dimensional
canonical systems

y'(t) = 2JH(t)y(t), te(0,00), (1.2)

where z € C is the eigenvalue parameter, J := (0 _1>, and the Hamiltonian H

10
of the system is assumed to satisfy H(t) > 0 and tr H(¢t) = 1 a.e., e.g. [Bra68;
HSWO00; Rom14; Rem18].

It is a deep theorem due to L.de Branges that the map assigning to each
Hamiltonian H the Weyl coefficient gy of the equation (1.2) is a bijection be-
tween the set of all Hamiltonians

H:= {H: (0,00) — R**? | H measureable, H(t) > 0,tr H(t) = 1 a.e.} (1.3)

fThis work was supported by the project P 30715-N35 of the Austrian Science Fund.



up to equality a.e., and the set of all Nevanlinna functions including the function
identically equal to oo

N = {q: C, — C| q analytic, q(Cy) C C7+}

Here C denotes the Riemann sphere C U {00} considered as a Riemann surface
in the usual way, and C, denotes the closure of C, in the sphere, explicitly,
C, = Cy URU {oc}. The assignment H + g is also called de Branges’
correspondence.

Having available this bijection, it is a natural task to relate properties of
H to properties of qy. For many properties of Hamiltonians or Nevanlinna
functions it turns out to be quite involved (or even quite impossible) to find
their counterpart on the other side of de Branges’ correspondence. One type of
properties where some explicit relations are known is the high-energy behaviour
of qy, i.e., its behaviour towards ico. It is a frequently instantiated intuition
that the high-energy behaviour of gy corresponds to the local behaviour of
H at 0. For example it is shown in [EKT18] that the nontangential limit!
lim o qn (z) exists in C, if and only if the limit limy o 7 fot H(s) ds exists in
R2*2, Moreover, if these limits exist, they are related by simple formulae.

In this paper we investigate the situation when the Weyl coefficient does
not necessarily have a limit. Substitutes for the limit value are the set of all
nontangential limit points of a Nevanlinna function ¢, i.e.

LPlg(2)]; = {¢ €T | 3zn € Cs. 2zp S ico A lim q(zn) = C},

(1.4)
and, for 6 € (0, ), the set of all radial limit points of ¢, i.e.

LP[q(e"r)],>1 == {¢eC|3r,>1. r, > c0A lim q(er,) = ¢}
n—oo
These sets are always nonempty by compactness of C, and connected by con-
tinuity of q. Moreover, a set of radial limit points is always closed.
Our main contribution is a converse construction: given a closed nonempty
connected subset £ of C, we explicitly construct a Hamiltonian H, such that

LP[qu(2)]s = LP[q(ewr)]TZl =L, 6e(0,n).

As a corollary, we obtain that a subset £ C C, is the set of radial limit points of
some Nevanlinna function if and only if it is closed, nonempty, and connected.
This fact is invariant under composition with fractional linear transformations,
for instance it immediately transfers to bounded analytic functions in the unit
disc, or Caratheodory functions (functions analytic in the unit disk with nonneg-
ative real part). It also can be transferred to generalised Nevanlinna functions
in the sense of [KL77] by means of their multiplicative decomposition [Dij+00].

Our method of proof is based on a rescaling trick which goes back at least
to Y.Kasahara [Kas76], who applied it on the level of Krein strings, and which

1We write zn — ico for: |zn| — oo while arg zn € [a, 7 — o] for some o € (0, 5]- And we
write im 4 ¢(z) = ¢, if limp 00 g(2n) = ¢ for every sequence zp 2 ioo. Convergence on
Z—>100

the Riemann sphere is understood w.r.t. the chordal metric.



was exploited further in [KW10] and [EKT18]. Namely, given a Hamiltonian
H € H, one considers rescaled Hamiltonians

(AH)(t) = H(L), te (0,00), r>0. (1.5)

The operators A, blow up the scale and thereby zoom into the vicinity of 0. We
will see that limit points of ¢x are related to limit points of the family (A, H),>1.
In fact, one may say that the continuous group action of rescaling operators on
H is responsible for the fact that high-energy behaviour of gy relates to local
behaviour of H at 0.

In [EKT18; Kas76; KW10] a simple continuity property of de Branges’ cor-
respondence was sufficient to obtain the desired conclusions. This property goes
back at least to [Bra61], where it formed the basis of the existence part in the
inverse spectral theorem. Despite being used in the literature ever since, an
explicit presentation was given only recently in [Rem18]. In the presently con-
sidered general situation, when limits do not necessarily exist, finer arguments
and a thorough understanding of the topology on H are necessary.

After this introduction the article is structured in three more sections. In
Section 2 we study the appropriate topology on H; this section is to a certain
extent of expository nature. Contrasting the presentation in [Rem18], we intro-
duce the topology from a higher level viewpoint. Namely, as an inverse limit of
weak topologies on sets of Hamiltonians defined on finite intervals (T' € (0, 00))

Hy := {H: (0,7) — R**? | H measureable, H(t) > 0,tr H(t) = 1 a.e.}. (1.6)

By this approach the most important features, namely compactness and metris-
ability, are readily built into the construction. Besides offering structural clarity,
it also simplifies matters by avoiding the unnecessary passage from L' to the
space of complex Borel measures made in [Bra61; Rem18]. For the convenience
of the non-specialist reader, we include a complete and concise derivation of the
required continuity of de Branges’ correspondence H < qp.

Section 3 is the technical core of our work. We study the group action of
rescaling operators {A, | r > 0} on H, and relate limit points of ¢y with limit
points of (A, H),>1, cf. Propositions 3.14 and 3.15. The case that limits exist,
which has been studied in [EKT18], is revisited.

Section 4 is devoted to the proof of the main result of the paper. In Theo-
rem 4.1 we give the afore mentioned explicit construction of Hamiltonians whose
Weyl coeflicient has a prescribed set of limit points. From this we deduce by
some elementary topological facts that every set subject to the obvious necessary
conditions (closed, nonempty, and connected) is the set of radial and nontan-
gential limit points of the Weyl coefficient of an (explicitly known) Hamiltonian,
cf. Corollary 4.3.

2 Topologising the set of Hamiltonians

Thoroughly understanding convergence of Hamiltonians is crucial for our present
investigation. We shall first consider Hamiltonians defined on a finite interval
and then pass to Hamiltonians on the half-line by a limiting process.



2.1 Hamiltonians on a finite interval

Recall the notation (1.6):

2.1 Definition. For T' > 0 we denote the set of all Hamiltonians on the interval
(0,T) by Hr, i.e.,

Hy := {H: (0,T7) — R**? | H measureable, H(t) > 0,tr H(t) = 1 a.e.}.

We shall always tacitly identify two Hamiltonians which coincide almost every-
where. O

Let ||-|| denote the £!-norm on C2*2. For every positive semidefinite matrix
A = (ag;)7 j—; it holds that |a;;| < [|A]| < 2tr A. This yields that all H € Hyp
are entrywise (equivalently, w.r.t. ||||) essentially bounded by 2. In particular,
we have

Hy C L*((0,T),C**?).

The space L'((0,T),C?*?), and with it its subset Hy, carries (at least) three
natural topologies. As a Banach space L'((0,7), C?*?) has its norm and weak
topologies 7)_), and T,. As an L'-space it can be endowed with convergence
in measure which gives rise to a metrisable topology Tmeas, €-&. [Bog07, Re-
mark 2.2.7].

2.2 Remark. Every Theas-convergent sequence contains a subsequence which
converges pointwise a.e., and hence Hr is Tpeas-closed. Since the norm topology
is finer than Tpeas, it follows that Hrp is || ||1-closed. In turn, since Hy is convex,
it is also weakly closed.

As we already observed, the set Hy is uniformly bounded. Hence, every
sequence (H, )pen in Hy which converges pointwise a.e., already converges w.r.t.
l|l<[l1. Moreover, we have 7)_j, |H; = Tmeas|t, - O

2.3 Remark. In order to work with the weak topology, we recall the following
representation of continuous functionals. We have (linearly and homeomorphi-
cally)

L'((0,7),C>?) = [2}(0,7)"]'
= [2'(0,7)]" = [L=(0,7)]" = L((0,T),C**?),
A linear homeomorphism is given by the assignment

L>((0,7),C%) = LY((0,T),C>2)

2 T
(fij)z27j:1 = (hij)227j:1'_> > [ his(t) fis(t) dt)}

i,j=10

Sometimes it is practical to note that L!((0,T),C?*?2)’ is spanned by the set of
functionals

{Hl—)/o TH(t)es (1) dt | e ea € {(3), (D}, f € L2(0,T) }.

The weak topology on Hp has striking properties.



2.4 Lemma. Let T > 0. The weak topology Tu|u, is compact and metrisable.

Proof. Since Hyp is uniformly bounded, it is also uniformly integrable. The
Dunford-Pettis Theorem (see, e.g., [Bog07, Theorem 4.7.18]) yields that Hrp is
relatively compact in the weak topology of L1((0,7T),C?*?2). We already know
that Hp is weakly closed, and conclude that it is weakly compact.

Since L'((0,7),C?**?) is ||.||1-separable, the weak topology on a weakly
compact subset is metrisable (see, e.g., [Fab+01, Proposition 3.2.9]). a

We come to a variant of continuity in de Branges’ correspondence for Hamilto-
nians on finite intervals. To this end, we need some notation. First, denote by £
the set of all entire 2 x 2-matrix functions endowed with the topology 7y, of lo-
cally uniform convergence. Second, we introduce a notation for the fundamental
solution of the canonical system.

2.5 Definition. Let 7' > 0. For H € Hy we denote by W (H;t, z) the unique
solution of the initial value problem

LW (H;t,z)J = zW(H;t,2)H(t), t €[0,T], 1)
W(H;0,z) =1, '
where [ is the 2 x 2-identity matrix. O

For every fixed ¢ € [0,7], the matrix W(H;t,.) is an entire function, i.e.,
W (H;t,.) belongs to £.

2.6 Definition. Let 7' > 0. Then we denote by W7 the map

N Hr — &
T H — W(H;T,.)

The above announced continuity result now reads as follows.

2.7 Theorem (Continuity; fundamental solution).
Let T > 0. Then U is Ty-to-Tia—continuous.

This theorem is implicit in [Bra61], and, up to identification of topologies, ex-
plicit in [Rem18, Theorem 5.7]. For convenience of the reader we give a complete
proof.

Proof of Theorem 2.7. Let

W(H;t,2) ZWlHt (2.2)

be the power series expansion of W (H;t,.). Plugging this in the equation (2.1),
we obtain that the coefficients W;(H;t) satisfy the reccurrance

Wo(H,t) = I, Wiy (H:t) = /Wle (s)J ds, | € N,



From this one inductively obtains
(2t)’
||Wl(H7t)H S Ta HEHTatE [OvT]JEN (23)

Therefore, for each compact set K C C, the series (2.2) converges uniformly on
Hr x [0,7T] x K, and we have the global growth estimate

W (H;t,2)|| <e?2l, (H,t,z) e Hp x [0,T] x K.

Now let (Hp,)nen be a sequence in Hy which converges weakly to some H € Hr.
By uniformity in H of the convergence of the series (2.2), it suffices to show that

vl e N. 1Lm Wi(H,; T) = Wi(H;T)

in order to conclude that lim,_,oo W(Hy;T,.) = W(H;T,_) locally uniformly
on C. We use induction to show the stronger statement

Vvl € N. 1i_>m Wi(Hy;t) = Wi(H;t) uniformly for ¢t € [0, T].
n (oo}

For [ = 0 this is trivial. Assume that it has already been established for some
l € N. Using the reccurrance gives

Wi (Hpst) — Wiga (H; 1)l oo

| [ it as [wicsme i
<[ [ wtrte) - Wit ), o0

+H/Oth(H; s)(Hn(s)—H(s))stHoo. (24)

=:gn (t)

The first summand is estimated as
t
H / (Wi(Hy; 5) — Wi(H; ) Hy(s)] dsH < T |Wi(Hp: s) — Wi(H; )|l - 2,
0 oo

and tends to 0 by the inductive hypothesis. The functions g, tend to 0 pointwise
on [0, 7] since

lonl = | [ o (WiHs) - (Ha(s) — H() - ds

and lim¥ ., _ H, = H. It holds that

n— oo

(27)’
Il

9n(0) =0, [lgn(t) —gu(®)l < [t =7 -4,

and by the Arzela-Ascoli Theorem the family {g, | n € N} is relatively compact
in C([0,7],C?*?). Thus pointwise convergence upgrades to uniform conver-
gence, and we obtain that also the second summand in (2.4) tends to 0. |



2.2 Hamiltonians on the half-line

We turn to Hamiltonians defined on the whole half-line. Recall the notation
(1.3):

2.8 Definition. We denote the set of all Hamiltonians on the half-line (0, c0)
by H, i.e.,

H:= {H: (0,00) = R**? | H measureable, H(t) > 0,tr H(t) = 1 a.e.}.

Again we tacitly identify two Hamiltonians which coincide almost everywhere.

O

Let us furthermore introduce a notation for restriction maps between various
spaces.

2.9 Definition. For 0 < T < T’ we denote (slightly overloading notation by
not distinguishing the first two notationally)

g {HOTHEY oD,
T- H — H|(O,T)

7. | Hr — Hr
Pr H — H|(0,T)

PT: H — H|(0,T)
O

2.10 Remark. Let 0 < T < T’. Then the restriction map p? is linear and (norm-
Jcontractive. In particular, p? is continuous, when domain and codomain are

either both endowed with the norm topology or both with the weak topology.
O

We have
ph=idg,, 0<T, phoph =ph' 0<T<T <T"

This means that the diagram (((Hr, To)) 750, (05 Jo<T<77) is an inverse system
of compact Hausdorff (even metrisable) spaces. Its limit is thus a compact
Hausdorff space, e.g. [Bou66, Chp.1§9.6].

A Hamiltonian H can (as every function can) be identified with the fam-
ily (prH)rso of its restrictions and we have p? opprr = ppr, 0 < T <
T’. This means that the cone (H,(pr)rso) is the limit of the diagram
(Hr, To)) 150 (0F Yo<r<r7)-

2.11 Remark. Because of its importance, let us make this construction more
explicit. Let T be the initial topology on H induced by the restriction maps
pr: H — (Hp, Tw), T > 0. The family {pr | T > 0} is point separating, and
hence the evaluation map

<H7 T> - H <HT77;U>

e: T>0
H = (pr(H))r>0



is a homeomorphism onto its image. The image of € equals

e(H) = {(HT)T>0 e [[HrIvo<T <T. ¥ (Hp) = HT},

T>0

and, by continuity of p?, is closed. Tychonoff’s Theorem yields compactness of
the product space, and thus also of (H, 7). Clearly, the Hausdorff property is
also inherited. O

The diagram (((Hz, To))7>0, (p5 Jo<r<7) has a countable cofinal subdiagram,
e.g., (((H,, Tw))nen, (PI)o<n<m). This implies that also metrisability is inher-
ited by its limit.

2.12 Remark. Let us also make this argument explicit. Let 7 be the initial
topology on H induced by the restriction maps p,: H — (H,, T,,), n € N. The
family {p, | n € N} is point separating, and hence the evaluation map

(H,T) — I (HaTo)

neN
H = (pn(H))nen

™

is a homeomorphism onto its image. Being homeomorphic to a subspace of a
countable product of metrisable spaces, (H,T) is metrisable.

The identity map idg: (H,7) — (H,T) is bijective and continuous. Its
domain is compact and its codomain is Hausdorff, thus it is a homeomorphism.
We see that 7 = 7. O

The countable cofinal subdiagram specified above has the additional property
that for each of its elements there exist only finitely many smaller ones. Thus
we can choose metrics on H,, which induce 7T, on H,, and make the restriction
maps pp,, 0 < m <n contractive.

2.13 Remark. Again we make the argument explicit. Choose arbitrary metrics
d,, on H,, which induce 7T,, on H,, and set

dn(leHQ) = Z Nk(pZ(Hl)va(Hz))v HlaH2 S Hn

Since pj! are continuous, d, induces the same topology as d,,. Moreover, for
m < n we have

O

For later use, recall the following property of a limit of metric spaces with
contractions.

2.14 Lemma. Let d,, n € N, be metrics on H,, which induce the topology Ty,
on H,,, and are such that all restriction maps pl, are contractive. Let (Hg)pen



be a sequence in H, and H € H. Assume that there exists a sequence (Ii)keN
such that

lim lk = o0, klinolo dlk (plk (Hk),plk (H)) = O.

k—o0

Then limy 0o Hy, = H in (H,T).
Proof. Let n € N and € > 0. Choose kg € N such that
Ik > n, dy, (plk (Hg), Pl (H)) <e, k2>ko

Then

dn (pn(Hp), pn(H)) = du, ((plk 0 pr, ) (Hy), (0l © pu,)(H))
<di, (pu.(Hy), pi(H)) <, k> k.

We see that that limg_,oo pn(Hg) = pn(H) in (H,, Ty) for each fixed n € N.

Now we turn to continuity of de Branges’ correspondence. Recall that N, as
a subset of the space of all analytic functions of C into the Riemann sphere,
naturally carries the topology 7T, of locally uniform convergence.

2.15 Definition. We denote by ¥ the map

\I]_H—>J\/'
.HI—>qH

2.16 Theorem (Continuity; Weyl coefficients).
The map ¥ is T -to-Tiy—homeomorphic.

Also this theorem is implicit in [Bra61] and explicit in [Rem18, Theorem 5.7],
and we provide a complete derivation for the convenience of the reader.

The proof of the “finite interval variant” Theorem 2.7 relied on the uniform
estimate (2.3) of power series coefficients. The proof of the present “half-line
variant” will follow from a uniform estimate of the size of Weyl disks.

Recall that for H € H and T > 0 the Weyl disk Qp . (H) at z € Cy is the
image of C, under the fractional linear transformation with coefficient matrix
W (H;T,z). Moreover, recall that the inverse stereographical projection is Lip-
schitz continuous. In fact, considering the Riemann sphere as the unit sphere
whose south pole lies at the origin of the complex plane, the chordal distance
x of two points (,€ € C (suppressing explicit notation of the stereographical
projection) is

_ g
8 = AT T

and hence X(gvg) S 2|< - g‘, Cag eC g @

2.17 Lemma. Let H € H, T > 0, and z € C;.. The diameter of the Weyl disk
Qr . w.r.t. the chordal metric can be estimated as

8

diamx QT7Z(H) S T. Imz'




Proof. Write H = (Z; Zz), and assume first that foT ha(s)ds > L. Then

oo ¢ Qp ,(H). By the usual formula for the the euclidean radius of Qp .(H),
see e.g. [Reml18, Lemma 3.11], the monotonicity result [Bra6l, Lemma 4], and
the differential equation (2.1), we find
2 8
. < .
Imz- fOT ho(t)dt — T -Imz

diam, Qr . (H) < 2diam|_| Q7. (H) <2

Now consider the case that foT ha(s) s < Z. Then we must have fOT hi(s) ds >
%, and the already established estimate applies to H:=—JHJ. A computation
shows that W (H; T, 2) = —JW (H; T, z)J, and hence the Weyl disk Qr . (H) is
the image of Qr ,(H) under the fractional linear transformation with coefficient
matrix J. Since J is unitary, this is a rotation of the sphere, and hence isometric
w.r.t. the chordal metric. We obtain
8
T-Imz’

diam, Q. (H) = diam, Q7. (H) <

a

Proof of Theorem 2.16. Let (Hp)necm be a sequence in H which converges to
some H € H. By the definition of the topology of H, this means that
lim;, . pr(Hy,) = pr(H) for every T > 0.

Write W (H; T, z) = (w;(H;t, 2))7 j—;, and denote

wiz(Hy; T, 2)
woe(Hp; T, 2)

’LU12(H; T, Z)

Qn,1(2) = wao(H; T, 2)

) QT(Z) =

ZG(C+.

Throughout the following all limits of complex numbers are understood w.r.t.
the chordal metric x.
Let K C Cy satisfy inf,cx Imz > 0. Lemma 2.17 shows that the limit

. wlz(ﬁ;TaZ)
gi(z) = lim ———=—"—=
T—o0 ’wQQ(H;T,Z)

defining the Weyl coefficient of a Hamiltonian H is attained uniformly for
(H,z) € H x K. This implies

> limp_ oo Qn,7(2) = qu, (2) uniformly for (n,z) € N x K;
> limy_ oo Qr(2) = qu(z) uniformly for z € K.
Theorem 2.7 says that

> For each T > 0 we have lim, oo Qn,7r(2) = Qr(z) locally uniformly for
S (C+.

Together we obtain

qu (=) = Jim lm Qnr(z) = lm lim Qnr(z) = lim qn,(2)

locally uniformly for z € C,.
Being a continuous bijection of a compact space onto a Hausdorff space, ¥
is a homeomorphism. a

10



We often use continuity of ¥ in another form.

2.18 Definition. We denote by ® the map

.. { HxC, — T;
(H,w) — qg(w)

O

The following reformulations of continuity of ¥ are obtained by elementary
arguments.

2.19 Corollary (Continuity; Weyl coefficients / variant).
Each of the below properties (i) and (ii) is equivalent to T -to-Ti,—continuity of
W, and hence holds true.

(i) The map ® is continuous when HxC,. is endowed with the product topology
of T and the euclidean topology.

(ii) For every compact set K C C the family {®(-,w) | w € K} is equicon-
tinuous.

Proof. Denote by d a metric on H which induces 7.

® To see that T-to-Ti,—continuity of ¥ is equivalent to (ii), it is enough to
write out the definitions. Since H is compact, ¥ is continuous if and only if it
is uniformly continuous. Uniform continuity of ¥ means

VK C C4 compact Ve > 030 >0VH;,H, € H

d(Hy, Hy) <6 = Slelg(x(‘II(Hl)(w),‘I’(Hz)(W)) <e

On the other hand, (ii) means
VK C C, compact Ve >0 39 >0VH,H, e HVw € K.
d(Hy, Hy) <0 = x(®(Hy,w), ®(Hy,w)) < e

@ We show that (ii) implies (i). Assume that H, — H in H and w,, — w in
C,. Then {w, | n € N} is a compact subset of C,.. We have

X(P(Hn, wy), ®(H,w)) < x(®(Hy,wn), ®(H,wy)) + x(®(H, wy,), ®(H,w)).

The family {®(_,w,) | n € N} is equicontinuous, and hence the first summand
tends to 0 when n — oo. The function ®(H,.) is continuous, and hence also
the second summand tends to 0.

® We show that (i) implies (ii). Let K C C; be compact. Then H x K is
compact, and hence ®|gx g is uniformly continuous. This means that

V€>OE|5>OVH1,H2 GHle,wg c K.

d(Hl,HQ) + |U)1 — U)2| < o= X(@(Hl,wl),q)(Hg,U)Q)) <e

Using w1 = wy gives equicontinuity of {®(.,w) | w € K}.

11



a

2.20 Remark. The topology T constructed above coincides with the topology
defined in [Rem18, Chapter 5.2]. This follows by writing out our definition and
the argument which gave metrisability of 7.

In [EKT18, Proposition 2.3] convergence of Hamiltonians is introduced in
yet another form. To see that this form coincides with convergence w.r.t. T,
one only has to note that step functions are dense in L'. %

2.3 Constant Hamiltonians

A particular role is played by Hamiltonians H € H which are constant a.e. on
(0,00). We denote the set of all such as CH. o
Constant Hamiltonians can be identified with the points of C,..

2.21 Definition. Let ©: C, — CH be the map acting as
hi h
o) = (1 ).
where
¢I? 1 ._ —Re(

hy = = , hy = ,
! TR+ PR+

TP+

if ¢ # oo, and
O(00) := (é 8).

The map O is bijective. Its inverse ©~1: CH — C is given as

o-1 (h1 hs —hy

)= ho+in/hihs — 13

o7 (4 5) =

00

if he # 0, and

Note that det ©(¢) = 0 if and only if ¢ € R, and that ©(¢) is diagonal if and
only if ¢ € iR,

From the defining formulae it is obvious that for each 7" > 0 the map pr o
0:C, — (Hr,Ty_y,) is continuous. Thus pr o © is also continuous into 7,
and hence © is continuous into (H, 7). Since C is compact, each of

<pT(CH)7’TH~H1>7 <pT(CH)a7:u>a <(CH7T>

is homeomorphic to C . In particular, these spaces are all compact.
2.22 Remark. The definition of © is made in such a way that

go()(2) =¢, z2€Cq,

in other words that ®(0(¢),w) = ¢, w € C,. This is shown by a simple
calculation, e.g. [EKT18, §2.2,Example 1]. O

For later use we introduce a separate notation for constant Hamiltonians corre-
sponding to boundary points of C, namely,

CHy := O(R) = {H € CH | det H = 0}.
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3 The rescaling method

3.1 The group of rescaling operators

We have already mentioned the rescaling operation on Hamiltonians in (1.5).
Now we put this in an appropriate framework. The formula (1.5) actually defines
maps between various spaces. We use three instances.

3.1 Definition. Let » > 0. Depending on the context, and without distin-
guishing notationally, we consider the assignment

Ar: H(o) = H(3)

as a map

> A, LY((0,7),C?*?) — LY((0,rT),C?*2)  (where T > 0),

> A.: Hp — H,p (where T > 0),

> A,.: H — H.

O

In the following lemmata we prove some basic properties of the operators A,..
3.2 Lemma.

(i) We have the computation rules
A1 =id, A,o0A;,=As0A. = A5, r,5>0, (3.1)

Ao pr = prro A, ATOP? :p:gloArv r>0,T7">T >0, (3.2)

where operators are understood on domains such that all compositions are
well-defined.

(ii) The operator A, is in each instance mentioned in Definition 3.1 a home-
omorphism, where in the first and second instance domain and codomain
may either both carry the norm topology or both the weak topology.

Proof. The computation rules (3.1) and (3.2) are obvious. To show the stated
continuity properties, note that

rT t
[AH = [ IEC) ==l H e LH(0.7).C7).
0

As a bounded linear operator, A, is also weak-to-weak—continuous. Continuity
follows in the first two instances (using either topology). By the first rule in
(3.2) we obtain continuity in the third instance. Since A 1 = A1 by (3.1), all
A, are homeomorphisms. i a

3.3 Lemma. Let ro,T >0, and H € L*((0, %),CQM), Then the map

=T

[rg,00) — LY((0,T),C?**?)
r o= ppr AH

is ||-]|1 —continuous.

13



Proof. Let q,r > ro with r < 2¢, and let ¢ > 0. Choose F € C([0, %TL(C“Q)
with

ar
/O (A (@) — F@)| dt < e.
Then

| 16" amw - o Aum)) ae =

T T
= [l - agml < [ - e

<

e<2e

QI3

+/0 ||F(%t)—F(t)||dt+/0 | F(t) — (AgH)(t)]| dt .

<e

The middle summand tends to 0 when » — ¢ by bounded convergence. a

3.4 Proposition. The map

{]R+><]HI - W

(rH) — AH (3.3)

is a continuous group action of Ry on H.

Proof. The fact that (3.3) defines a group action is clear from the computation
rules for A,. We have to show continuity, i.e., that for given H,, — H, r,, — 7,
and T > 0,

limpr.Arn Hn = pT.ATH.

n—oo

Let eq,es € {((1)), ((1))} and f € L*(0,T) be given. For later use denote by f

the extension of f to L>(0,00) with f(t) = 0, t > T. Moreover, assume w.l.o.g.
that § <, < 2r for all n.
First, we note that

T
/O &3 (o1 An, Ho) (1)~ (pr A H)(0))es - F(2) dt
T
- / 5 (Ar Ho) () — (Ar, H)())en - f(2) dt

+ / ¢ (Ar, H)() — (AH)(6)es - £(1) dt.

The second summand tends to 0 when n — oo by Lemma 3.3. The first sum-
mand rewrites as

/0 € (Ho(o)— H(L))es - £(1) dt

J

=, [ el (Hn(s) —
2T _
:rn/o ef(Hn(s) — H(s))ez - f(rns) ds.

ﬂ‘ﬂ

H(s))ez - f(rns)ds

14



The integral on the right side is estimated as

[ tm - mes e

3T - -
< ‘ / ei(Hy(s) — H(s))ea - (f(rns) — f(rs)) ds
0
27

+

/07‘ e (Hy(s) — H(s))es - f(rs)ds

The first summand tends to 0 since |le](Hy,(s) — H(s))ezlo <2 and | f(rns) —
f(rs)|li = 0, and the second summand tends to 0 since H,, — H in H. Q

3.5 Remark. The stabiliser of an element H € H under the group action (3.3),
ie. {r e R* | A,H = H}, is a closed subgroup of Ry. Therefore it is either
equal to {1} or Ry, or it is a non-trivial cyclic subgroup.

> An element H remains fixed under the whole group, i.e. the stabiliser of H
is R*, if and only if it is constant.

> H has non-trivial stabiliser (i.e., # {1},Ry), if and only if it is nonconstant
and multiplicatively periodic. This means that there exists p > 1 with
H(pt) = H(t) for a.a. t > 0, but that this does not hold for every p. The
generator of the stabiliser is then the smallest period p > 1.

O

Rescaling operators have a rescaling effect on fundamental solutions. This is a
particular case of [EKT18, Lemma 2.7]. For the convenience of the reader we
recall the argument.

3.6 Lemma. Let H € H and r > 0. Then the fundamental solutions, Weyl
disks, and Weyl coefficients, of H and A.H are related as (t >0, z € C,)
W (A H;t,z) =W(H; L rz), Q. (AH)=Q: . (H), qa,1(2) = qu(rz).

[ T2

Using the notation ® from Definition 2.18, the relation between Weyl coefficients
writes as
®(A.H,z)=®(H,rz), HeH,r>0,z¢cCs. (3.4)

Proof. Set W (t,z) := W(H; L rz). Then

J ~ 10 t 1 t t
&W(t,z)J = ;EW(H, ;,TZ) = ; “rz- W(H, ;,TZ)H(;

=2W(t, 2)(AH)(t).

)

Thus W (t, z) is the fundamental solution corresponding to A, H.
The relation between Weyl disks follows immediately, and the relation be-
tween Weyl coefficients follows by letting ¢ — oo. a

15



3.2 Sets of limit points

We have already mentioned nontangential and radial limit points of Nevanlinna
functions in (1.4). Recall:

3.7 Definition. Let ¢ € /. Then we denote

LPq(2)], == {C €C| 32, €Cy. 2z, & ico A lim q(zn) = C}

n—oo

If, moreover, 6 € (0, ), set

LP[q(ewr)]TZl = {Cj €C|Ir,>1. 7, > c0A lim q(ewrn) = (}.

n—oo

O

For every 6 the set LP[g(e?r)],>1 is nonempty since C is compact. Moreover,
we clearly have the inclusion

U LP[g(e"r)],>1 C LP[q(2)],.
0e(0,m)

3.8 Remark. It is elementary to see that the sets LP[g(e?r)],>; and LP[q(2)].
are connected, and that LP[g(e?r)],>1 is closed. O

Let us provide the necessary argument. In order to reduce the technical
effort we impose some countability assumptions which will always be satisfied
in our present context.

Lemma. Let X,Y be metric spaces, and assume that X is a directed set with
relation < such that for each o € X the set {x € X | g < } is path-connected,
and that (X, <) has a countable cofinal subset.

For a function f: X —Y, denote

LP[flx:={yeY |, e X. y= nh_}ngof(xn) A{zn | n € N} cofinal in X }.

Then LP[f]< is closed. If, moreover, f is continuous and Y is compact, then
LP[f]< is connected.

To clarify our choice of notation, note that LP[f]< is the set of limit points of
the net f, in the sense that

LP[f]< ={y €Y | 3subnet for: J - Y. y :}_ien}(fOL)(j)}.

Proof of Lemma. Fix a cofinal sequence & < & < .. ..

® Assume that y € LP[f]z. Choose y, € LP[f]<x with v, — vy, and
(Tn1)ien cofinal in X with limy e f(zn) = yn. Given k£ € N, choose
n(k) such that dy (yn),v) Now choose I(k) such that {¢ = Zpk),ik)

and dy (f(@nk),i(k))> Yn(k))

<
< Then (z,(k),1k))52; is cofinal in X and
limg oo f (@) 1)) = Y-

il B

@ Assume towards a contradiction that LP[f]<x = A; U Ay where Ay, Ay are
nonempty disjoint relatively closed subsets of LP[f]<. Since LP[f]< is closed,
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Ay and As are closed in Y. As a metric space Y is a normal topological space.
Hence, we find disjoint open sets O1,02 in Y with O1 D Ay, O3 D As.

For n € N consider the set M, := {z € X | §, < z}. Since O; NLP[f]< # 0,
i =1,2, and f is continuous, we find x;,, € M, with f(z;,) € O,. Choose a
path v, in M, with 7,(0) = 21, and 7, (1) = z2,,. Then (f ov,)"1(O;) are
nonempty open disjoint subsets of [0, 1], and hence cannot cover [0, 1]. Choose

tn € 0,11\ (0 7) (01 U (f 29)H(02))),

then {v,(t,) | n € N} is cofinal in X. Since Y is compact, we find a convergent
subsequence, say y = lim,, o f(Vn(tn)). Then we have

y € LP[f]<\ (01U 0y),
and this is a contradiction.
Q
We apply this lemma with different choices of X,V f.

> Let 6 € (0,7). We use X := [1,00) with the euclidean metric and the usual
order, and Y := C, and f(r) := q(re’®) with some ¢ € N. This yields that
LP[g(re?)],>1 is closed and connected.

> Let o€ (0,%). Weuse X :={2€Cy ||z] >1,a<argz <7 — a} with the
euclidean metric and the preorder z; < 23 & |21| < |22], with Y := C and
f(2) := q(z) with some ¢ € N/. This yields that each of

Lo:={¢e€C|3z, €Cy. |2, > 0, <argz, <m—a, lim q(z,) =(}
n—oo

is closed and connected. By compactness of Y the sets L, are all nonempty.
Since L, C Lg if a > B, and

Pl = | L

ag(0,Z
we conclude that LP[g(2)], is connected.
Let us introduce corresponding notation on the side of Hamiltonians.
3.9 Definition. Let H € H. Then we denote
LP[AH],>1 == {H €H|3r, > 1. 1, = 00 A lim A, H = H}.

If, moreover, T > 0, we set

LP||_H1[PT.ATH]T21 =
{ff €eHy |3Ir,>1. r, = /\nli_)rgllulhpTArnH _ f[},

LPw[pT-AT'H]Tzl =
{E[ €My |Ir,>1. 1, > oA lim“pr A, H= ﬁ}
n— oo
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3.10 Remark. If Hy, Hy € H satisfy p.H1 = pHo for some € > 0, then H; and
H; have exactly the same limit points, in all three meanings defined above.

In particular it is easy to formulate a meaningful generalisation of Defini-
tion 3.9 for H € H.. O

We have the obvious inclusions
pT(LP[.ATH]T21) - LPw[pTArH]T21 D) LPH“HI [pTArH]TZL (35)

The sets LP[A, H],>1 and LP,, [pr.A, H],>1 are nonempty by compactness, while
LPy_j,[prArH];>1 may be empty. An example can be constructed easily using
a Hamiltonian which oscillates with increasing frequency towards 0.

Ezample. We are going to define a Hamiltonian H on (0, 1] which is constant
on intervals accumulating only at 0 and which takes only the two values

10 0 0
H+:(O 0), H_:<O 1>.

For n > 0 set ¢, :== 27" and 0, := £ = 127"~ and consider intervals as
follows:
o2 o1
——
! i i i \
0 - ts to t1 to=1

That is, take the intervals (t,,t,—1], and further divide this interval into 2n
equal pieces of length o,,.

We assign to each interval of the above partition a sign “+” or “—”, by
starting with “4” on the rightmost interval, and proceeding to the left with
alternating signs:

o2 o1

‘ """" ‘ ‘_ + - +1 - + 1

0 - ts ta t1 to=1

Now we define H by setting H(z) := Hy when z belongs to a “4”-interval,
and H(z) := H_ when x belongs to a “—”-interval. Note that the rescaled
Hamiltonian A, H is of the same form (constant on intervals accumulating only
at 0 and taking the values Hy). Its “4+”- and “—"-intervals are exactly those of
H multiplied by 7.

For r > 2, let n(r) be the smallest nonnegative integer such that Tty < 1.

tnt1

7 is constant equal to %, we have
n

Since the ratio

1
rtn(r)+1 < 5 < Ttn(r) <1< Ttn(r)—l'

The length of a “+”- or “~"-interval of A, H in (7t,(y), "tnr)—1] is

Py 1
2n(r) — 2n(r)’

Tgn(r) =

18



and the length of a “+7- or “~"-interval in (7t,(,)+1, rtn(r)] is even smaller. Set

My(r):=={z € (0,3) | AH(x) = Hy b,
M_(r):={z€(0,1)| A-H(z) = H_}.

Both M, (r) and M_(r) are unions of finitely many intervals of length at most
TOn(r) < #(T)

Let I C (%, 1) be a disjoint union of finitely many, say N, arbitrary intervals,
and let » > 0. Two adjacent intervals of A, H, such that the right one is a “+”-
interval and that both are contained in I, contribute the same to A(My(r)N1I)
and A(M_(r) N I). Grouping the intervals of A, H into such pairs and using a
worst-case estimate at all 2N endpoints yields [N My (r)NI) = A(M_(r)NI)| <

ﬁ. Together with A(M4(r) N T) + M M_(r)N1T) = X\I) we get

1 N
AMe(r) N 1) = 5 <)\(I) - n(r)) .

Now choose r > 0 large enough such that n(r) > 4. Then the above inequality
applied with I = (3,1) gives A(My(r)) > 1 (5 — ) = 5.

Next we use the same inequality with I = M, (r), which is a union of
finitely many, say N(r), intervals. By choosing s > r large enough such that
n(s) > 16N(r), we conclude

1 N\ _1/1 1 1
A0 ) = 5 (A0nm) - 23 25 (5 55) =

In particular

1
lor ArH = prAsH |1 2 A(M-(s) N My.(r) 2 55,
which means that there exists no ||-||;-convergent sequence (p1.A,., H),cn where
Ty — 00. o

Moreover, each of LP[A,H],>1, LP|_y, [prArH];>1, and LPy[pr A, H],>1 is
closed and connected.

To see this, let H € H and apply the topological lemma shown above with
X :=[1,00) carrying the euclidean metric and the usual order, and with

> Y :=Hand f(r) = A H,

> Y := Hyp, once endowed with the weak and once with the norm topology,
and f(r) := prA.H.

Continuity of the group action (3.3) yields the following noteworthy fact.

3.11 Remark. Let H € H and s > 0. Then A (LP[A,H],>1) = LP[A H];>1.
Hence, the action (3.3) of Ry on H restricts to a continuous group action on
LP[A, H]|;>1.

If the limit H := lim,_, A, H exists, i.e., the set LP[A, H],>1 contains only
one element, then H is constant (remember Remark 3.5). O
It turns out that constant limit points have very particular properties. At this
point let us show two lemmata; more will be seen in Proposition 3.15.

First, one reverse inclusion in (3.5) holds for constant limit points. In fact,
we show a slightly stronger statement.
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3.12 Lemma. Let H € H and ( € C,. Then
(EIT > 0. prO(¢) € LP,, [pTATH]rzl) = O(C) € LP[A, H],>

Proof. Let ¢ € C, and assume that pr©(¢) = lim!"_, _ prA,., H for some T > 0
and r, — oco. For s > 0 we have

psT(AsrnH) = (psT o As o A’I".,L)H = AS([)TATnH)'
Since ©(() is a fixed point of every rescaling operator,
(As 0 p1)O(C) = (psr 0 As)O(() = ps7O(C).
Now we obtain from continuity of A that

nlgr;owpsT(AsrnH) = nILrI;OwAS(PTATnH) = As(prO(Q)) = ps7O(¢).  (3.6)

We are going to apply Lemma 2.14 to extract a subsequence which converges
in H. For k € N set [, := k, and use (3.6) with s := £ to obtain ny € N with

| =

dk(Pk(A’W#H)aPkG(C)) <

where dj, is the metric on Hj used in Lemma 2.14. Applying this lemma, it
follows that

lim Awr,, H=0((),

k—oo T

and hence O(¢) € LP[A, H],>1. Q

The previous lemma ensures existence of constant limit points of (A,.H Jr>1
from constant limit points of restrictions. However, nonconstant limit points
still may exist. The next lemma shows that this is not anymore possible when
all limit points of restrictions are constant.

3.13 Lemma. Let H € H, then
(HT > 0. pr(LP[AH],»1) C pT((CH)) = LP[A,H],>; C CH

Proof. Let H € LP[A,H],;>1. By Remark 3.11, for each s > 0 also AH €
LP[A,H];>1. Our present assumption provides us with {; € C4 such that
pr(AsH) = pr(0(¢s)). We have

prH = AiprAH = AiprO(() = prA10(() = prO(G),
from which, for s, s0 > 0, we see (g := max{sy,s2} 1)
qu@(Cm) = quH = qu@(C82)'

This shows that ¢, = (s,, and it follows that H = ©(¢) where ( := (,. a
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3.3 Relating limit points of functions and Hamiltonians

Now we show that limit points of g (z) for z tending towards 0o and limit points
of A.H for r tending to co are related. First we give a surjective assignment
from limit points of Hamiltonians to such of functions.

3.14 Proposition. Let H € H.

(i) For each w € C4 it holds that
LP[gr (e"r)],>1 = ®(LP[A,H]r>1,w), (3.7)

where 0 1= argw.

(ii) We have

LP = |J LPlgu(er)>1 = ®(LP[A,H],>1,C1).  (3.8)
0e(0,m)

Proof. Assume that H = lim,,_, o A, H with some r, — co. Then
nILH;O qr (rn|wle) = nlingo O(H, rp|w|e?) = nl;n;c (A, H,|wle?) = qg(w).

This shows the inclusion “2” in (3.7) and in the second equality in (3.8). The
inclusion “2” of the first equality in (3.8) is trivial.

Consider a sequence (zp)neny With zj, % joco such that the limit ¢ =
lim;, 00 g (25,) exists. Choose a subsequence (ny)ren such that both limits

H:= lim A, |H, f:= lim arg zn,
k—o00 Tk k— 00 )

exist. Since z, tends to ico nontangentially, we have 0 e (0, 7). Continuity of
® yields

¢ = lim ®(H, z,,)= hm @(A‘Zn \H, e &) = ®(H,e").

k—o0

This shows that the first term in (3.8) is contained in the last. Moreover, if all
points z, lie on a certain ray {re’® | r > 0}, then the limit angle § in the above
argument equals 0, and we find { = @(ﬁ e?). From Remark 3.11 we obtain
O(LP[A,H]>1,w) = ®(LP[A,H],>1,¢e?), and “C” in (3.7) follows. Q

Second, we show some properties of constant limit points. In particular, we
shall see that limit points of A, H in CHy bijectively correspond to limit points
of gy on the boundary R.

3.15 Proposition. Let H € H.

(i) © ' (LP[AH],>1 NCH) € () LPlgu(e"r)]r>1.
0e(0,m)

(ii) Assume that LP[A,H|,>1 C CH. Then for every 6 € (0, )

LP[gy(2)]; = LPlgu(e"r)],>1 = O (LP[A, H],>1).
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(iii) For each 0 € (0,7)
LP[gy (e"r)],>1 NR = © ' (LP[A, H],>; N CHy).

(iv) ®(LP[A,H],>1 \ CHo,C;) NR = 0.
Proof. If ¢ € C; with ©(¢) € LP[A, H],>1, then by Remark 2.22 and (3.7)
C = (I)(@(C)a eiG) € LP[QH(ewr)}T’Zlv e (077T)'

This shows (i) and the inclusion “D” in (iii).
If LP[A,H],>1 € CH, Proposition 3.14(i) and Remark 2.22 imply

LP[qu (€7)],51 = ®(LP[A, H],51,¢") = 07 HLP[A, H],>1).

In particular, the radial limit points do not depend on 8 € (0, 7), and Proposi-
tion 3.14(ii) implies the present assertion (ii).

Let ¢ € LP[qu(er)],>1 NR and pick H € LP[A, H],>; with ¢ = ®(H,€"),
which is possible due to Proposition 3.14(i). Since ¢ € R, it follows that qg is
constant equal to ¢, and in turn that H= O(¢). This shows the inclusion “C”
in (iii).

To see (iv), it is enough to note that for H € LP[A,H],>1 \ CHy the Weyl

coefficient gz is not constant equal to some value from R, and hence cannot
assume any value from R in C,. Qa

Existence of limits

The situation that the nontangential limit limz i qr (z) exists in C was settled
in [EKT18, Theorem 3.1]. There it is shown that for every ¢ € C; UR, the
conditions lim, . A,H = ©(¢) and limziiOO qr (z) = ¢ are equivalent.

We repeat the proof given there using our present language, and thereby
include a minor improvement in the formulation. Namely, in (ii) it is not as-
sumed a priori that the limit is constant. Moreover, we include the case that
¢ = oo and assume only existence of the radial limit in (i) (the complex analysis
argument to conclude existence of the nontangential limit from existence of the
radial limit is not needed in our proof).

Theorem. Let H € H. Then the following statements are equivalent.
(i) The limit lim, . qr (ir) ewists in C.
(ii) The limit im, o, A, H exists in H.
(iii) The limits ¢ := limziiOO qu(z) and H :=lim, o0 A, H exist in C and H,
respectively, and H = ©(().
Proof.

® We show “(i)=-(ii)”: Assume that ¢ := lim, o, gz (ir) exists in C. Let r,, > 0
with 7, — co. By compactness we find a sequence (nk)ken such that the limit
H :=limy 0 Ay, H exists in H. Then, by contiuity of ¢ and (3.4), for each
S (C+
q5(2) = ®(H,2) = lim (A, H, z)= lim ®(H,ry, z) = klim qu (Tn, 2).
—00

k—o0 k—o0
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The right side can be evaluated if z lies on the imaginary axis; in this case it
equals ¢. By analyticity, the function ¢z is constant equal to ¢ on the whole
half-plane C.. Injectivity of de Branges’ correspondence implies that H= 0(¢).
We conclude that the limit lim, . A, H exists and equals ©(().

@ We show “(ii)=(iii)”: Assume that the limit~}~l = limy 00 A H exists. By
Remark 3.11, H is constant, and we can write H = ©((). Consider a sequence
2, = ico with, say, arg z, € [a, 7 —a], and set K = {e? | € [a, 7 —a]}. Since
®|px i is uniformly continuous, we obtain

Zn

Tim x (@ (A, H, 2, 8(0(0), ) ) = 0.

|2n] 7@

However, ®( A, | H, %) = ®(H, z,) = qu(2,) and ®(0((), Z"I) = (. Thus the

e [2n

limit lim .~ qu(z) exists and equals (.

® The implication “(iii)=-(i)” is trivial.

M|
Remark. For Hy € CH note that lim,_ . A.H = Hy is equivalent to

4 Weyl coefficients with prescribed limits

The below theorem is our main result, where we construct Hamiltonians whose
Weyl coefficient has a prescribed set of limit points.
For a sequence ((,)nen in C we use the notation

LP[(n]nen == {C €C|3Ing €N. np = 00 A klim Cny, = C}
c— 00

4.1 Theorem. Let (t,)nen be a sequence of positive numbers with

t
l=t; >ty >t3>..., limt,=0, lim -

= O’
n—00 n—oo  t,
and let ((n)nen be a sequence of points on Cy with
lim x(Cnt1,Cn) = 0.
n—oo

Define H to be the piecewise constant Hamiltonian

H<t) = G(Cn)’ te (t”+17tn]an €N,
T\, te (1,00

Then, for every 6 € (0,),
LPlgp (2)] = LP[ga(e")r]r>1 = LP[Gulnen

The proof of this theorem is based on Proposition 3.15(ii). To verify the nec-
essary hypothesis and to compute the set of limit points, we use the following
fact.
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4.2 Lemma. Let H € H and T > 0, and assume that (d)_j, denotes the metric
induced by ||-||1)
Jim dy_y, (prA-H, pr(CH)) = 0. (4.1)

Then
pr(LP[A.H];>1) = LPy[pr Ay H]>1 = LP)_y, [prA-H]>1 € pr(CH).

Proof. Since pr(CH) is closed w.r.t. ||-||1, the present assumption (4.1) clearly
implies that
LPH~H1[pTArH]r21 C pr(CH).

In view of (3.5) it remains to show that
PT(LP[-ATH]Tzl) 2 LPw[pT-ATH]Tzl - LPHulll [pT-ATH]TZL (4.2)

Let H € LP,[pr A, H],>1, say flj lim;’_,  pr A, H with some sequence r, —
0o. For each n € N choose &, € C; with

lorAr, H— prO(&a)ll1 < 2dy_y, (prAr, H, pr(CH)).

Now choose a subsequence (ny)ren such that & = limy_, o &p, exists. Then, in
view of (4.1), the limit limll;“;o pr A, H exists, in fact, it is equal to prO(§).
From this, we obtain

H = lim“prA,, H= liml-l1pr A, HeLP_ [prA H >
k—o0 k k—o0 k -
We see that the second inclusion in (4.2) holds. In particular, we know that
LP,[pr A H]y>1 C pr(CH). Lemma 3.12 yields the first inclusion in (4.2). QO
Proof of Theorem 4.1.

® The first step in the proof is to check the hypothesis (4.1) of Lemma 4.2. To
this end, let € > 0 be given. The map p; 0 O: C; — (Hy, ||-|]1) is continuous,
and by compactness hence uniformly continuous. This provides § > 0 such that

V¢, €€ Ch. x((€) <= [pOC) —mO©)Ih <e.
By the properties required from (¢, )nen and (¢, )nen we find ng such that

tn+1
128

S g, X(C’n+17 Cn) S 57 n Z no.

Set rg 1= % and consider r > rg. The Hamiltonian A, H is given as

O(¢n), te (rtpyr,rtn],n €N,
ALH () = "
0(0) , te(r,0).

Let m be the unique integer, such that rt,,41 < 1 < rt,,. Since r > 7y, we have
m > ng.

> It holds that rt,, 1o < % < g, and hence

/OT TUNAH) () ©(Ga) | dt < de.
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> We have

Ttm+1
/ I(AH) () — ©(Co)l| dt
Ttmt2
Ttm41

= / 10(Gmt1) = OGm)ll dt < [[p1O(Cmr1) = P1O(Cm) 1 < €.

tm+2

o [ D - e dt =0,

tm41

Together it follows that ||p1A-H — p1©((m) |1 < Be.
@ Lemma 4.2 applies and yields that
pr(LP[A H],51) = LPy[p1 A H],21 = LP_, [01A-H],21 € o1 (CH).  (43)

We obtain from Lemma 3.13 that LP[A,H],>1 € CH, and now Proposi-
tion 3.15(ii) and (4.3) yield

LP[qu (2)]; = LPlgu (e“r)]r>1 = (p10) " (LP_y, [p1 A H]1).

@ It remains to evaluate LP_y, [p1 A, H]>1.
First assume that H € LPy_y, [p1ArH];>1, say H = lim/-Ih p A, H with

n— 00
some 1, — 00. For [ € N let ro(l) be as in the first step of the proof for € := %
Choose n € N such that

1
l )

<1< rpty,. Then

> max{ro, 1}, ||p1An, H— H|; <

and let m; be the unique integer with r,t,,, .

(=)

1 — p1©(Gu)lly < 1H = prAr, Hll1 + llprAr, H = p1O(Gn) 11 < 7
We see that H = liml‘l;”;o p10(Cm,). Since p1O is a homeomorphism onto its
image p1(CH) and this image is closed, we infer that H € p;(CH) and that

(pl@)ilH = limy 400 Gm, € LP[CH]HEN

Conversely, assume that ¢ € LP[(y]nen, say ¢ = limg_ oo (p, with some

ng — 00. Set g 1= %, then
nk

lp1 A H — p10(0)]l1 < lp1Ar, H = p10(Ca)ll1 + 1p10(Cny) = p1O(Q) 1 -

—0

t
§42k7+1_>0
"k

We see that p10(¢) € LP)_j, [p1ArH]p>1.

Theorem 4.1 has the following consequence.

4.3 Corollary. Let L C C,. Then the following statements are equivalent.
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(i) There exists 0 € (0,7) and a function ¢ € N with £ = LP[q(e"7)],>1.
(ii) There exists a function g € N with £ = LP[q(2)].

(iii) There exists a function ¢ € N such that L = LP[q(e"r)],>1 = LP[q(2)].
for every 6 € (0,7).

(iv) L is closed and connected.
In the proof of this result we use the following elementary fact.

4.4 Lemma. Let (X,d) be a metric space, and let L C X be compact and
connected. Then there exists a sequence (y)nen tn X with

nh_}n;o d(py1,2n) =0, LPx,]nen = L.

Proof. Let 1l € N. By compactness we can choose finitely many pairwise different
open balls with radius %7 say Op1,-..,0pn(), such that

n(l)
UouioL, ounc#0i=1,...,n().

i=1

Choose z;;, € O;; N L.

Let G; be the graph with vertices {O;; | ¢ = 1,...,n(l)} and edges
{(01,;,015) | O1;NOy; # 0}. If C is a connected component of G;, then
JC is an open set which has nonempty intersection with £. If C;,Cs are dif-
ferent connected components of G, then | JC; and |JC2 are disjoint. Since L is
connected, G; is connected.

Now we inductively construct for each [ € N a finite sequence of points.

> | = 1: Choose a path (O, ., ..., Olvil,m(l)) in G; which contains all vertices.
As finite sequence of points for [ = 1 now take (214, .-+ T1, ,.0))

> Let [ > 1 and assume we have already constructed a sequence for [ — 1.

Choose a path (O, ,,...,01, m(z)) in G; which contains all vertices and
satisfies z;—1,i,_, ,.,_,) € O ,- As finite sequence of points for [ now take
(xl,im yee ’xlm,m(z))

A sequence (z,)nen is defined by plugging together the constructed sequences
forl =1,2,3,.... We have

. 4
d(‘rl’il,]"xl,il,j-f—l) < dlam(Ol,iz,j U Ol,il_j_H) < T

since Oy, ; N Oy, ., 7 0. Moreover,
d(xl,iz,m(z)7xl+17iz+1,1) < diam(Ol+17iz+1,1) = 7

since both points belong to this ball. Thus lim, o d(zp41,2,) = 0. Since
Zn € L and L is closed, we have LP[z,,],en € L. Conversely, let 2z € £. For each
I € N we can choose an index 4; ;) with z € Olvil,k(l)' Then lim;_, Ty oy = T
and we see that z € LP[x,]|nen.
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Proof of Corollary 4.3. The implications
(iii) = ((Q) A () A (iv)),  ((i) v (i) = (iv),

are obvious (remember here Remark 3.8).
To show “(iv)=-(iii)”, assume L is given and apply Lemma 4.4 and Theo-
rem 4.1. a

Sets of nontangential limit points

It is an open problem to describe those subsets £ of C, which are the set
of nontangential limit points for some Nevanlinna function q. We have the
necessary condition that £ must be nonempty and connected, and we have the
sufficient condition that £ is closed, nonempty, and connected (this condition is
not necessary, cf. Example 4.5 below).
Let us briefly discuss this issue, and in particular explain that this question is
probably closely related to understanding nonconstant limit points of (A, H ),>1.
The Hamiltonians H constructed in Theorem 4.1 (and used in Corollary 4.3)
have the property that
LP[A,H],>1 C CH. (4.4)

Whenever H € H has this property, Proposition 3.15(ii) gives
LPlgr(2)]; = LPlgu(e”r)]l,>1, 0 € (0,7).

In particular, (4.4) implies that LP[gy (2)], is closed.
In the other extreme case concerning constant limit points, namely that

LP[A, H],>1 NCH = 0, (4.5)

LP[gmr(2)], is open. This follows from (3.7) since the image of a nonconstant
analytic function is open.

An easily understood example where the extreme case (4.5) takes place, is
given by multiplicatively periodic Hamiltonians, cf. Remark 3.5.

4.5 Example. A Hamiltonian H € H is multiplicatively periodic if and only if
gm has this property. In fact, for any p > 1 it holds that H(pt) = H(t), t > 0, if
and only if g (pz) = qu(z), z € C4. Moreover, note that H is constant if and
only if g is constant.

Now consider a nonconstant and multiplicatively periodic Hamiltonian, say
with period p > 1. Then

LP[.ATH]T21 = {.ATH ‘ r> 0} (46)

First, {A.H | r > 0} = {A.H | 1 <r < p}, and hence this orbit is compact.
This yields “C”. To see the reverse inclusion, note that Agyn H = A.H, n € N,
and hence A;H = lim, o Aspn H € LP[A, H],>1. From (4.6) we also obtain
that

> LP[A, H],>1 contains no constant Hamiltonians;

> for every T > 0 we have

LPw[pTATH}r21 = LPH_H1 [pTArH]r21 = {pT.ATH | r > 0}.
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In the same way as above, periodicity of qg implies that

LP[g(re)],>1 = q(e”[1,]),
LPlg(2)]s = |J a({re” [1<r<pa<d<m—a})=q(Cy).

a€(0,%
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