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We give a complete and explicit answer.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

We study the spectrum of the selfadjoint model operator associated with a two-
dimensional canonical system

y'(t) = 2JH(t)y(t), tE la,b). (1.1)

Here H is the Hamiltonian of the system, —oco < a < b < 00, J is the symplectic matrix
J = (? Bl), and z € C is the eigenvalue parameter. We assume throughout that H

satisfies

> H € L'([a,c),R**?), ¢ € (a,b), and {t € [a,b): H(t) = 0} has measure 0,
> H(t) >0, t € [a,b) a.e. and f;trH(t) dt = 0.

Differential equations of this form originate from Hamiltonian mechanics, and appear
frequently in theory and applications. Various kinds of equations can be rewritten to
the form (1.1), and several problems of classical analysis can be treated with the help of
canonical systems. For example we mention Schrédinger operators [33], Dirac systems
[41], or the extrapolation problem of stationary Gaussian processes via Bochners theorem
[22]. Other instances can be found, e.g., in [19,18], [27], [2], or [1].

The direct and inverse spectral theory of the equation (1.1) was developed in [11,7].
Recent references are [34,35].

With a Hamiltonian H a Hilbert space L?(H) is associated, and in L?(H) a selfadjoint
operator Ay is given by the differential expression (1.1) and by prescribing the boundary
condition (1,0)y(a) = 0 (in one exceptional situation A is a multivalued operator, but
this is only a technical difficulty). This operator model behind (1.1) was given its final
form in [14,15]. A more accessible reference is [12], and the relation with de Branges’
work on Hilbert spaces of entire functions was made explicit in [43,44].

In the present paper we answer the following questions:

Is the spectrum of Aip) discrete?
If it is discrete, what is its asymptotic distribution?

The question about asymptotic distribution is understood as the problem of finding the
convergence exponent and the upper density of eigenvalues in terms of the Hamiltonian.
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Discreteness of the spectrum. In our first theorem we characterise discreteness of the
spectrum of Apgy.

1.1 Theorem. Let H = (Zl Z?’ ) be a Hamiltonian on [a,b) and assume that fb hi(s)ds <
3 N2 a

0o. Then the spectrum of Ay is discrete if and only if

t

b
y}%(/hl(s) ds~/h2(s) ds) = 0. (1.2)

a

1.2 Remark. The assumption that fab hi(s)ds < oo in Theorem 1.1 is made for normal-
isation and is no loss in generality. First, a necessary condition that 0 ¢ oess(A[m)) is
that there exists some angle ¢ € R such that f:(cos ¢,sin ¢)H (s)(cos ¢, sin ¢)* ds < oo.
Second, applying rotation isomorphism always allows to reduce to the case that ¢ = 0.
We will give details in Section 5.2. {

Let us remark that Theorem 1.1 yields a new proof of the discreteness criterion for strings
given by 1.S. Kac and M.G. Krein in [21, Theorema 4,5], of [37, Theorem 1.4], and of
[17, Theorem 1] (see Appendix B).

Structure Hamiltonians of de Branges spaces. Recall that a de Branges space H(E) is
a reproducing kernel Hilbert space of entire functions with certain additional proper-
ties, whose kernel is generated by a Hermite-Biehler function E. For each de Branges
space there exists a unique maximal chain of de Branges subspaces H(E}), t < 0, con-
tained isometrically (on exceptional intervals only contractively) in H(E). The generating
Hermite-Biehler functions E; satisfy a canonical system on the interval (—oo, 0] with
some Hamiltonian H, and this Hamiltonian is called the structure Hamiltonian of H(E).

L. de Branges identified in [6, Theorem IV] (see also [7, Theorem 41]) a particular
class of Hamiltonians which are structure Hamiltonians of de Branges spaces. Namely
those corresponding to functions E of Polya class. A mild generalisation of de Branges’
theorem can be found in [29, Theorem 4.11], and a further class of structure Hamiltonians
is identified (in a different language) by the already mentioned work of I.S. Kac and
M.G. Krein [21] and its generalisation in [37]. These classes do by far not exhaust the set
of all structure Hamiltonians. In 1968, after having finalised his theory of Hilbert spaces
of entire functions, de Branges posed the following question as a fundamental problem,
cf. [7, p.140]:

Which Hamiltonians H are the structure Hamiltonian of some de Bramges space

H(E)?

In the following decades there was no significant progress towards a solution of this
question. One result was claimed by I.S. Kac in 1995; proofs have never been published.
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He states a sufficient condition and a (different) necessary condition for H to be a
structure Hamiltonian. Unfortunately, his conditions are difficult to handle.

The connection with Theorem 1.1 is the following: a Hamiltonian is the structure
Hamiltonian of some de Branges space H(E), if and only if the operator A[ ] associated
with the reversed Hamiltonian

()= (3 )HE0 (5 %), telooo),

has discrete spectrum. This can be seen by a simple “juggling with fundamental
solutions”—argument. A proof based on a different argument was published in [20], see
also [29, Theorem 2.3].

Hence we obtain from Theorem 1.1 a complete and explicit answer to de Branges’
question.

Summability properties. We turn to discussing the asymptotic distribution of U(A[ H]).
Consider a Hamiltonian H with discrete spectrum. Then its spectrum is a (finite or
infinite) sequence of simple eigenvalues without a finite accumulation point. If o(Ag))
is finite, any questions about the asymptotic behaviour of the eigenvalues are obsolete.
Moreover, under the normalisation that f; hi1(s)ds < oo, the point 0 is not an eigenvalue
of Ajg). Hence, we can think of o(A()) as a sequence (A, )52, of pairwise different real
numbers arranged such that

0 <M <A < [A3] < (1.3)

In our second theorem we characterise summability of the sequence (A,;1)5%, rela-
tive to suitable comparison functions. In particular, this answers the question whether
(A, 1)%2, € ¢P when p > 1. The only known result in this direction is [25, Theorem 2.4],
which settles the case p = 2; we reobtain this theorem.

As comparison functions we use regularly varying functions, i.e., measurable functions

g :[0,00) — (0,00) such that there exists p, € R with

lim (k)
z—>00 w(a:)

=kPe, Yk >0.

The number p, is called the order (or index) of g. Regularly varying functions form a
comparison scale which is finer than the scale of powers r”. The history of working with
growth scales other than powers probably starts with the paper [28], where E. Lindelof
compared the growth of an entire function with functions of the form

g(r)=r"- (logr)ﬁ1 . (loglogr)B2 e (logn-logr)ﬁm for r large.
h
mth-iterate

A function of this form is regularly varying with order p. In what follows the reader may
think of g (r) for simplicity as a concrete function of this form, or simply as a power 7.
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1.3 Theorem. Let H = (Zl 23> be a Hamiltonian on an interval [a,b) such that

f hi(s)ds < oo and that Ay has discrete spectrum. Moreover, assume that hy does
not vamsh a.e. on any mterval (¢c,b) with ¢ € (a,b). Let g be a regularly varying func-
tion with order py > 1. Then

0 =

> 1
,;g/\n

[lo(( o [y ] gt <

a a

1.4 Remark. For the same reasons as explained in Remark 1.2, the assumption that
f hi(s)ds < oo is just a normalisation and no loss in generality. Also the assumption
that h1 cannot vanish a.e. on any interval (¢, b) is no loss of generality. The reason being
that, if h; does vanish on an interval of this form, then the Krein-de Branges formula,
cf. [23, p.369 (english translation)], [6, Theorem X], says that

lim — = lim —— /\/detH )ds, (1.4)

n—00 )\Jr n—00 /\7

where A\f denote the sequences of positive and negative, respectively, eigenvalues ar-
. . . . . o 1

ranged according to increasing modulus. In particular, the series > -, 2 converges

whenever p, > 1. O

Theorem 1.3 yields new proofs for the conditions for square summability given in [25]
and in [21, p.139f] in the string case. It also gives a new approach to the results on the
convergence exponent of the spectrum of a string given in [13, Theorema 1,2] and in [16]

for the case of orders between % and 1.

Limit superior properties. In our third theorem, we characterise lim sup—properties of
the sequence (\,)02, again relative to regularly varying functions g with p, > 1.
While the characterisations in Theorems 1.1 and 1.3 are perfectly explicit in terms of H,
the conditions occurring in this context are somewhat more complicated. The reason
for this is intrinsic, and manifests itself in the necessity to pass to the nonincreasing
rearrangement of a certain sequence.

1.5 Theorem. Let H = (Zl Z") be a Hamiltonian on an interval [a,b) such that

f hi(s)ds < oo and that Apgy has discrete spectrum. Moreover, assume that hy does
not vamsh a.e. on any mterval (¢c,b) with ¢ € (a,b). Let g be a regularly varying func-
tion with order py > 1.
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Choose a right inverse x of the nonincreasing surjection

[a,b] — [0,1]
t (flf hi(s) ds)7 (ftb hi(s) ds)

and let (w!)nen be the nonincreasing rearrangement of the sequence (wp)nen defined as

x(27")

2
Wy =27% / h2($)d8> , neN.
x(2tm)
Then
(i) limsup S N limsup ————5 < o0,
n—oo 4 ([Anl) R Ay
n n
(i) lim —— =0 & lim ———— =0.
n=o0 g (|An) =0 g ((w;)™h)

Remember here Remark 1.4.

Outline of the proofs. The proof of Theorems 1.1, 1.3, and 1.5 proceeds through four
stages.

@® The first stage is to pass from eigenvalue distribution to operator theoretic prop-
erties. This is done in a standard way using symmetrically normed operator ideals:
discreteness of the spectrum of Ajg) is equivalent to (Aq) — 2)~! being compact,
summability properties of o(Az) are equivalent to (Ajg) — z)~1 belonging to Orlicz
ideals, and lim sup-properties of o(Ag]) are equivalent to (Ajz — 2)~! belonging to
Lorentz spaces.

@ Simple considerations (apparently known in the folklore) resumed in Theorem 3.4
show that the eigenvalues of the canonical system with Hamiltonian H are estimated
by those of the system with Hamiltonian diag H, where diag H is obtained from
H by replacing its off-diagonal entries by 0. In fact, it holds that |)\n(A[H])|*1 <
2| An(Apdiag m7)| 75 and therefore (Ajgiag i) — 2)~' € J implies (A — 2)~! € T for
any operator ideal J C &°°. The second stage is to prove the probably surprising
fact that for a wide class of ideals the converse is also true. If a weak variant of
Matsaev’s Theorem on real and imaginary parts of Volterra operators holds in 7,
then membership of resolvents (A — 2)~' in J is independent of hs. This is the
reason why the conditions in our theorems do not involve the off-diagonal entry hs
of the Hamiltonian H.

® In a work of A.B. Aleksandrov, S. Janson, V.V. Peller, and R. Rochberg, member-
ship in Schatten classes of integral operators whose kernel has a particular form is
characterised using a dyadic discretisation method. The third stage is to realise that
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a minor generalisation of one of their results suffices to prove the mentioned weak
Matsaev Theorem in the ideal G, of all compact operators. For Orlicz- and Lorentz
ideals, it is known that (the full) Matsaev Theorem holds. Thus the Independence
Theorem stated in @ will apply to all ideals occurring in @.

@ The final stage is to characterise membership in the mentioned ideals for a diagonal
Hamiltonian (meaning that hs = 0). This again rests on the discretisation method
from [3], which yields characterisations of a sequential form (as the one stated in
Theorem 1.5) for all ideals occurring in @. For the cases of G and Orlicz ideals,
sequential characterisations can be rewritten to a continuous form (as stated in
Theorems 1.1 and 1.3). This is nearly obvious for G, while for Orlicz ideals a little
more effort and passing to dual spaces is needed.

hg h2
spectrum is discrete and satisfies lim,, oo ﬁ € (0,00) for some p < 1, and for which

The threshold p, = 1. It is not difficult to find Hamiltonians H = (hl h3) whose

h1hs does not vanish a.e., see Example 1.7. Together with Example 1.6, this shows that
for every Schatten—von Neumann class &, with p < p < 1, the Independence Theorem
mentioned in @ fails. This shows that our method necessarily must break down at (and
below) trace class, i.e., growth of speed g (r) :=r.

On a less concrete level, growth of order 1 is a threshold because of (at least) four

reasons.

> Orders larger than 1, meaning eigenvalue distribution more dense than integers, can
occur only from the behaviour of tails of H at its singular endpoint b. In fact, for
p > 1, the spectrum of Ajg) is discrete with convergence exponent p if and only if
for some ¢ € (a,b) the spectrum of Alm|,,,,) is discrete with convergence exponent p.
Contrasting this, orders less than 1 will in general accumulate over the whole interval
(a,b). In fact, it may happen that o(A[z]) has convergence exponent 1 while for every
c € (a,b) the spectrum of the tail H|. ;) has convergence exponent 0.

> Entire functions of bounded type have very specific properties related to exponential
type. In complex analysis, orders larger than 1 are usually considered as more stable
than smaller orders.

> The theory of symmetrically normed operator ideals is significantly more complicated
for ideals close to trace class than for ideals containing some Schatten—von Neumann
class &, with p > 1. When going even below trace class, a lot of the theory breaks
down completely.

> Rewriting asymptotic conditions on the spectral distribution to conditions on mem-
bership in Orlicz- and Lorentz ideals is not anymore possible when coming close to
trace class.

Let us now give two examples which illustrate our results. They are simple, and given
by Hamiltonians related to a string, but, as we hope, still illustrative. At this point we
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only state their spectral properties; the proof is given in Section 5.3, where we in fact
treat a more general example.

1.6 Example. Given o > 1 and a1, s € R, we consider the Hamiltonian (to avoid bulky
notation, we skip indices «, a, o at hg)

Hoor o (1) = (é hQO(t)>’ te0,1),

where

ha(t) == (L)a@ + log

=1 )" teln. (1)

)7 ' (1 +log™ log

1-t¢ 1-¢

Since a > 1, we have fol ho(t) dt = .
If a > 2, then 0 belongs to the essential spectrum of Ay and if a € (1,2),

then the spectrum is discrete with convergence exponent 1 but liminf, ﬁ > 0, in

particular, Y7 ﬁ =
- n

A behaviour between those extreme situations occurs when o = 2. First, the spectrum

0L§0<1v0‘2]’

0.
of Aim,,, ., is discrete, if and only if
(011 > O) vV (041 = 0,042 > O)

For such parameter values, the convergence exponent of the spectrum is

co , ar=Vy,
conv.exp. of o(Am,.,, ) = = » @ €(0,2), (1.6)
1 s a1 Z 2

For o € (0,2), we have a more refined lim sup-property relative to a comparison function
which is not a power:

) n
0 < limsup 5 = <o00. O
]

nroe Ay [or (log [An])

1.7 Example. Given o7 > 0 and as € R consider the Hamiltonian (again indices at hs
are skipped)

: .7 1 —+/ha(t)
o= (i i) <0

where hy is as in (1.5) with v = 2. Then the spectrum of Ay~ is discrete, and its
1,02
convergence exponent is
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conv.exp. of U(A[I; )= (1.7)

ocl,cvz]

a% , a1 €(0,4),

% , a1 >4,
The diagonalisation of ﬁal’aw i.e., the Hamiltonian obtained by skipping its off-diagonal
entries, is Ha.q, ., Comparing the convergence exponents computed in (1.6) and (1.7),
illustrates validity of the Independence Theorem from @ as long as the convergence
exponent is not less than 1, and its failure for other values. ¢

Organisation of the manuscript. Section 2 is of preliminary character. We recall some
facts about operator ideals which are crucial for the present investigations. In particular,
we recall a theorem of G.I. Russu characterising a class of ideals for which Matsaev’s The-
orem about real and imaginary parts of Volterra operators holds. A standard reference
about symmetrically normed ideals is [10]; another classical reference is [42]. A standard
reference about Volterra operators is [11].

Sections 3 and 4 deal with the general operator theoretic aspect. We prove the central
Independence Theorem mentioned in @, and the AJPR-type Theorem mentioned in @
and @. The latter is only a minor generalisation of [3], and is established by just the
same method. For the convenience of the reader, we give a self-contained proof.

Connecting the general theory with spectral asymptotics is done in Section 5. There
we prove Theorems 1.1 and 1.5, a slightly more general variant of Theorem 1.3 (Theo-
rem 5.6), and a characterisation of bounded invertibility (Theorem 5.2).

In Section 6 we round off the presentation by discussing the normalisation condition
f: hi(s)ds < oo, giving details for a somewhat more general variant of Examples 1.6
and 1.7, and showing that the class of comparison functions introduced to measure the
growth of eigenvalues is a natural one.

The paper closes with two appendices. In Appendix A we provide detailed proof for
some technical facts used in the text, and in Appendix B we make the connection of our
present work with the results of I.S. Kac.

2. Some facts about operator ideals

This section is of preliminary nature. We collect some basic definitions and facts about
operator ideals which are essential for the present investigation.

Let H be a Hilbert space and B(H) the set of all bounded linear operators on H. For
an operator T € B(H) we denote by a,(T) the n-th approximation number of T, i.e.,

an(T) :=inf {||T — A||: A € B(H),dimran A <n}, ne€N.

The Calkin correspondence [5] is the map assigning to each T € B(#H) the sequence
(an (1)), of its approximation numbers.

An operator ideal J in H is a two-sided ideal of the algebra B(#). Every nonzero
operator ideal J contains the ideal of all finite rank operators. Provided H is separable,
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every operator ideal J # B(H) is contained in the ideal G, of all compact operators.
Moreover, every operator ideal contains with an operator T also its adjoint T*.

Via the Calkin correspondence, operator ideals can be identified with certain sequence
spaces.

2.1 Remark. A linear subspace S of £ (C RN) is called solid, if
(an)pZi € SAIBn| <lanf,n €N = (Ba)72, €S,
and it is called symmetric, if
(an)p=y € S,0 permutation of N = (agm))nz; € S.

It is shown in [8, Theorem 1] that for every separable Hilbert space H the Calkin corre-
spondence induces a bijection Seq of the set of all operator ideals of H onto the set of
all solid symmetric sequence spaces. The action of this bijection and its inverse Idl is as
follows:

> If S is a solid symmetric subspace of ¢>°, then Idl(S) is the operator ideal {T" €
B(H): (an(T)), € S}.

> If J is an operator ideal, then Seq(J) is the linear subspace of ¢*° generated by the
convex cone {(a,(T))>2,: T € J}.

n=1"-
In other words, we have for all T € B(H)
Ted & (an(T))pZy €Seq(d). O

For example, the ideal &, of all compact operators corresponds to ¢y, the trivial ideal
B(H) to £, and the Schatten-von Neumann classes &, to ¢7.

Taking the viewpoint of sequence spaces is natural in (at least) two respects.

> It allows to compare ideals in B(H) for different base spaces H. A solid symmetric
sequence space S invokes the family of “same-sized” operator ideals

{T eB(HM): (an(T));Z, €S}, M Hilbert space.

> Virtually all examples of operator ideals J which “appear in nature” are defined by
a specifying their sequence space Seq(J).

Let H be a separable Hilbert space. A symmetrically normed ideal J in H is a proper
(meaning J # {0}, B(H)) operator ideal which is endowed with a norm ||.||3, such that

(i) (3,]I.l3) is complete,
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(i) [ATBs < [lA[-[Tl>-[I1Bl, T €3, A,BeBH),
(iii) ||T)l3 = ||T|| for T with dimranT = 1.

Basic examples of symmetrically normed ideals are the Schatten—von Neumann classes
Gy, 1 <p<Loo.

While the relation between operator ideals and sequence spaces goes back to the
early 1940’s, and also the theory of symmetrically normed ideals is a classical topic, the
appropriate correspondent of symmetrically normed ideals on the sequence space side
has been identified only recently in [24].

2.2 Remark. A symmetric Banach sequence space is a solid and symmetric linear sub-
space S of ¢y which is endowed with a norm ||.||s such that

(i) (S, IIs) is complete,
(ii) it holds that

(an)nZy € SA|Bn| <lanlin €N = [[(Bn)rlills < [l(en)nZills,

(an)nZy € 8,0 permutation of N = [[(ag(n))nZills = l[(an)nZlls,
(iii) [/(1,0,0,...)ls = 1.

The mutually inverse bijections Seq and Idl exhibited above induce mutually inverse
bijections between the set of all symmetrically normed ideals and the set of all symmetric
Banach sequence spaces. The action of these maps is as follows:

> If (S,].|ls) is a symmetric Banach sequence function space, then 1dl(S) endowed
with ||T[1a1is) == [(an(T))5Zy ||s is a symmetrically normed ideal.

> Let H be a separable Hilbert space, and choose an orthonormal basis {¢,: n € N}
of H. Let (7, ||.||5) be a symmetrically normed ideal in H. Then Seq(J) endowed with
[(an)sy seqqa) = || omey (-, (bn)qanj is a symmetric Banach sequence space. ¢

Convention: From now on we do not anymore distinguish explicitly between sequence
spaces and operator ideals, and tacitly apply the Calkin correspondence if needed. ¢

Every nonzero operator ideal contains the space cog (C RYN) of all finitely supported
sequences. For a symmetrically normed ideal J, we denote by J° the closure of cgg in J.
The space J° is again a symmetrically normed ideal.

Many symmetrically normed ideals can be generated using so-called symmetric norm-
ing functions.

2.3 Remark. A symmetric norming function is a function ®: ¢op — [0, 00), such that

(i) ® is a norm,
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(ii) (an)s2; € coo, 0 permutation of N = @ ((|aym)oz;) = @ ((an)Z,),

n=1

(iii) @((1,0,0,...)) = 1.

A symmetric norming function ® has a natural extension, again denoted as ®, to a larger
subspace. Namely, by (1 denotes the indicator function of the set {1,...,N})

co = {(an)py € cor sup @((In(n)an)i,) < oo},
NeN

@ ((an)3) = Jim B((Ly(m)an)i,) for (an)i € ca.

Then (ce, ) is a symmetrically normed ideal.

Conversely, if (J,]|.||3) is a symmetrically normed ideal, then ® := ||.|5]c,, is a
symmetric norming function. We have 3° C c¢g, and |[(an)22|ls = ®((an)S2,)) for
all ()52, € J°. However, it may happen that [[(a,)52]l7 # ®((n)52,)) for some
()52 € (G\T°)Neco. f T Ccep and ||.||5 = @ on all of J, we say that |.||5 is induced
by a symmetric norming function. ¢

For an operator ideal J, we denote by J% the convex cone of all nondecreasing nonnegative

elements of J. A symmetrically normed ideal J is called fully symmetric, if for ()52, €
Jt and (3,)52, € (£>°)" with

Vn € N. Zﬂk < Zak,
k=1 k=1
it holds that

(Br)nzr €3, (Bn)nZills < ll(an)nZill-

If ® is a symmetric norming function, then both symmetrically normed ideals ce and cg
are fully symmetric.
Next, we recall an operator theoretic notion.

2.4 Definition. Let J be a symmetrically normed ideal which is properly contained in
G- We say J has the Matsaev property, if the following statement is true.

> Let H be a Hilbert space, and let 1" be a Volterra operator in 4. Then ReT € J
implies T € 3. ¢

A result of G.I. Russu stated in [39, Theorem 1]° gives a characterisation of the Matsaev
property for a certain class of ideals. In Theorem 2.5 below we formulate the part of

3 Proofs are given in [40]; a translation to english is not available.
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Russu’s Theorem used in the sequel. To this end, we need one more notation. Let J be
an operator ideal, and 7: J* — J% a convex and positively homogeneous map. Then
we denote

170 = sup {7 (en)7Zalla: (en)3Zy € 7, ()7l = 1}

2.5 Theorem (/39,40]). Let 3 a symmetrically normed ideal whose norm is induced by
a symmetric norming function. For each n € N define maps T, and Ty;, acting in the

cone Jt as
Tolag)ily i =(a1,...,a1,Q0,...,Q9,...), (2.1)
—_———— ——
n times n times

ﬂ/n(ak =1 :—< Zak, Zan+k, Za2n+k,...>. (2.2)

Then J has the Matsaev property, if and only if
li ! T =0, li Tim| =0 2.3
Jim 7o =0, lim [[7i/n]l = 0. (2.3)
Let us show that for a separable ideal the second condition in (2.3) automatically holds.

2.6 Lemma. Let J be a separable symmetrically normed ideal. Then lim,_, || 71| = 0.

Proof. Set ® := ||.||5, then J = ¢§. For ()52, € J* we have limy 00 ®((an4n)52;) =
0. Now let (a;,)%2; € I with ||(an)22]|5 < 1 be given. Then, for every N € N,

‘1’((04N+n)2°:1) < @((an)le) <1

Let € > 0 and choose Ny € N such that ®((anin)i2;) <& N > No. For n € N and
Jje{l,...,n} set

(ay ),y = (O 4ns-1) iy

Then T1 ((0)32,) = L 57 (af™7)22 . We have

||( (n,a)

L, j<No,
ap, k 1||3 < (I)((ajvaj+1yaj+27...)) < { 0

e , J> Ny.
Now choose Ny € N such that 5 - < e Then, for n > NoN7, we have

No
1 n,7)\ 00 1 n,7)\ oo
||J%((O‘k)zo:1)||a = gz ||(0‘1(c J))kzlﬂj + n Z H(O‘l(c ”)klej <2 O
j=1

j=No+1
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3. The independence theorem

To start with, let us recall some facts about the model operator A associated with
a Hamiltonian H. The first lemma is folklore; one possible reference is [25] where it
appears implicitly. Recall that the model space L?(H) associated with a Hamiltonian H
is a closed subspace of the L?-space of 2-vector valued functions on (a,b) with respect
to the matrix measure H(t)dt. Namely, each indivisible interval of H contributes only a
one-dimensional space.*
3.1 Lemma. Under the assumption that f; hi(s)ds < oo, the operator A[gy is injective
and its inverse By := A[;}] acts as

C

(B f)(t) = _y}% (]18>t(t,s)

a

0 ) H(s)f(s)ds, (3.1)

on the domain

(3.2)

dom Bp) = {f € L2(H): lime 4 (0,1) [* JH(s)f(s)ds exists, }

r.h.s. of (3.1) belongs to L*(H)

Denote by L?(Idt) the L?-space of 2-vector valued functions on (a, b) with respect to the

matrix measure ((1) (1)) dt. The function

N[

©: f(t) = H(t)2 f(t)
maps the model space L?(H) isometrically onto some closed subspace of L2(Idt).

Let Cig) be the (closed, but possibly unbounded) integral operator on L?(Idt) with
kernel

N=

Cuns -~ (5 ) e (33)

s>t(t> S)

and the natural maximal domain.
The next lemma says that the operator Bjy) can be transformed into Cg), and was
shown in [25, Proof of Lemma 2.2].

3.2 Lemma. Assume that fab hi(s)ds < oo, and denote by P the orthogonal projection of
L3(Idt) onto ran ®. Then

By =@ 'PCyp® and Cpy = @By @' P.

4 In [12] and [25], this space is called L?(H). However, for simplicity of notation, we prefer to use L*(H).
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As a consequence of Lemma 3.2, the operators By and Cjy) are together bounded or
unbounded, and if they are bounded their approximation numbers coincide. Thus, for
every operator ideal J, we have

B[H] el & C[H] SR

Next we introduce integral operators whose kernel has a very special form. Let —oo <
a < b < oo, and k,p: (a,b) — C be measurable functions such that k € L?(a,b)
and L, 00 € L?(a,b) for every ¢ € (a,b). Then we consider the (closed, but possibly
unbounded) integral operator T in L?(a,b) with kernel

T: 1ycs(t,s)p(t)r(s) (3.4)

Explicitly, this is the operator acting as

b
(T)(t) = (1) / f(s)n(s)ds, te (ah),

on its natural maximal domain

b
dom T := {feL2(a b): (t»—)go /f )ds)eL2(a,b)}.

Note that dom T always contains the dense linear subspace
Loy := {f € L?(a,b): supsupp f < b}.

The adjoint of T is the integral operator with kernel

T Tt s)r(t)e(s)

explicitly,

(T f)(t /f t € (a,b).

Since £ € L?(a,b), we again have Loy C domT*. The operator 1(T + T*) is densely
defined and symmetric; we denote its closure as ReT'.
We are going to compare a Hamiltonian H with its diagonal part.

h1 hs

3.3 Definition. Let H be a Hamiltonian and write H = ( Iy B

corresponding diagonal Hamiltonian as

). Then we denote the
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. h 0
diag H := (01 h2>. O

Concerning operator theoretic properties, the diagonalised Hamiltonian always domi-
nates the original one.

3.4 Theorem (Diagonal Dominance). Let H be a Hamiltonian defined on an interval
[a,b), and assume that ff hi(s) ds < oo. If Claiag 1] 8 bounded, then also Cigy is bounded
and there exists an operator \ in L?(Idt) with |\|| < v/2 such that

Cla) = Ao Clgiag ) © A"

In particular, an(Clm)) < 200 (Claiag 1)), 1 € N, and Claiag 1) € T implies Ci) € J for
every operator ideal J.

Proof. For any nonnegative 2 x 2-matrix G it holds that

2diag G — G = (1_01)G(1 0 ) > 0.

0 0-1
Hence we find a matrix V with ||V < v/2, such that
Gz = V(diagG)? = (diag G)2 V*.

If det(diag @) # 0, then clearly V = Gz (diag G)~ 2. Otherwise, we can choose V = 1.
It follows that there exists a measurable matrix function V' (¢), t € (a,b), with |V (¢)|| <
V2, t € (a,b) a.e., and

H(t)? = V(t)[diag H(t)]? = [diag H1)]ZV ()", t€ (a,b) a.e.

On substituting this into the definition (3.3) of Cjg, we obtain the required assertion
where A is the multiplication operator with V(¢). O

Let us remark that Theorem 3.4 implies the first inequality [36, Theorem 1.1] (personal
communication by C. Remling).

The central result in this section is that under a certain assumption on the ideal J
also the converse holds, i.e., membership of By in the ideal does not depend on the
off-diagonal entry of H.

3.5 Definition. Let J be an operator ideal. We say that the weak Matsaev Theorem holds
in J, if the following statement is true.

> Let —oo < a < b < oo, let k,¢: (a,b) = C be measurable functions such that
k € L*(a,b) and Lo € L?(a,b) for every ¢ € (a,b), and let T be the integral
operator with kernel (3.4). Then ReT € J implies T € J. ¢
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This property is not very strong. Intuitively speaking, it fails only close to trace class,
close (but away from) the ideal of all compact operators, and for some ideals which
hardly ever appear in nature.

3.6 Theorem (Independence Theorem). Let H be a Hamiltonian defined on an interval
[a,b), and assume that f hi(s ds < 00. Let J be an operator ideal, and assume that the
weak Matsaev Theorem holds in 3. If Biyy € 3, then Blgiag 1) € J-

The following simple computation is a key step to the proof of Theorem 3.6.

3.7 Lemma. Let H be a Hamiltonian on [a,b) with f: hi(s) ds < co. Denote
0 = () ). el

and let Ty;, (i,7) € {2,3} x {1,3}, be the integral operators in L*(a,b) with kernel
Tij: Lyes(t, s)vilt)v;(s)
Then

T+ T35 T5 + T3
Cunf = - (

f, [ € Loo X Loo.
Toy +T55 Tas+ T2*3>

Proof. Multiplying out the kernel (3.3) of the integral operator Cyy) gives

Ti<s(t, s)vs(t)vi(s) Ti<s(t, s)vs(t)vs(s)

+1¢ss(t, s)v1(t)vs(s) +1i>5(t, s)v1(t)va(s)
Ties(t, s)va(t)vi(s) Ties(t, s)va(t)vs(s)

+1iss(t, s)vs(t)vs(s) +1is5(t, 5)va(t)va(s)

The adjoint T7; is the integral operator with kernel

T5 o Lyss(t, 8)vj(t)vi(s)

L)

and the assertion follows. O

3.8 Corollary. Let H = ( 0 ha ) be a diagonal Hamiltonian, and let So1 be the integral

operator in L?(a,b) with kernel
So1 i Lies(t, $)V/ ha(t)V/ ha(s)
Then for every operator ideal J we have

B[H] €J & Sy el
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Proof. Lemma 3.7 gives

0 S5
Crayf =~ (521 81> [y f€Loo X Loo- O (3.5)

For a bounded function 1, we denote by M, the multiplication operator with ¢ on
L?(a,b):

(My )(t) = 9@ (), Myl = [[9]]oo-
Proof of Theorem 3.6. It holds that hy = v} + v2 and hy = v3 + v3, and hence

Vhi <o+ usl,  Vhe < va+usl.

Thus the functions (quotients are understood as 0 if their denominator vanishes)

Vhy Vha

v + |’U3|, ¢2 = Vg + |’U3|7

Yy =
are bounded. Set ¥; := 1; - sgnvs, then for all f € Ly
Sorf = My, T33My, f + My, Ts1 My, [+ My, Toz My, f + My, To1 My, f.

We see that Sq; € J if To1,To3,131,T33 € J.
Assume that the weak Matsaev Theorem holds for J. If By € J, then

ReT31,ReTs3,ReTr; + ReT33 € J.
The operator Re T33 is one-dimensional, hence certainly belongs to J, and it follows that
also ReTy; € J. We conclude that Thz, T31, To1, and T33, all belong to J. From this
So1 €7, and in turn Bigjae ) € 3. O
4. Invoking the AJPR-method

The Independence Theorem together with Corollary 3.8 leaves us with two tasks:

> Determine for which operator ideals the weak Matsaev Theorem holds.
> Characterise membership in an operator ideal for integral operators of the form (3.4).

In Theorem 4.1 below we complete these tasks to an extent sufficient for our present
purposes. This rests on a method developed in a paper by A.B. Aleksandrov, S. Janson,
V. V. Peller, and R. Rochberg. In order to formulate the result, we still need to introduce
some notation.
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Let —0o < a < b < o0, let k,¢: (a,b) — C be measurable functions such that
k€ L*(a,b) and 1, )¢ € L*(a,b) for every c € (a,b). Then the function ¢ — ||1( k|
is a nonincreasing surjection of [a,b] onto [0, ||«||?]. Hence, we can choose an increasing
sequence g :=a < ¢; < ¢z < ... < bsuch that |1, »&l* =27"||x||?, n € N. Note that
this requirement is equivalent to

IR
1y ill* = (5) [5]|>, neN. (4.1)

Having chosen c¢,, we denote
Jni= (enotiea)s  wni= Lol ILsel, neN. (4.2)

Explicitly, by (4.1),

Cn 1
wn = sl - 27% ( / e(s)?ds)", neN.
Cn—1

The following theorem is a (minor) extension of [3, Theorems 3.1,3.2,3.3].

4.1 Theorem (AJPR-type Theorem). Let J be an operator ideal which is either > or co,
or a symmetrically normed ideal which is fully symmetric and has the Matsaev property.
Moreover, let —co < a < b < oo, let k,¢: (a,b) — C be measurable functions with
k € L*(a,b) and La,0p € L?(a,b), c € (a,b), and consider the integral operator T on
L?(a,b) with kernel given by (3.4).

Then the following statements are equivalent.

(i) T e3;

(ii) ReT € J;
(iii) (wn)p2q € J, where wy, are as in (4.2).
4.2 Remark. The implication “(i)=-(ii)” holds of course for every operator ideal. Our
proof will show that “(ii)=-(iii)” holds for every fully symmetric operator ideal, and
“(iii)=-(i)” holds for every symmetrically normed ideal with the Matsaev property. ¢

The argument needed to establish Theorem 4.1 is nearly verbatim the same as in [3].
For the convenience of the reader we provide a self-contained proof.

Proof of “ReT € J = (wy,)32; € 3™ Let J be £°°, ¢y, or a fully symmetric operator
ideal, and assume that ReT € J. Moreover, denote by P, the orthogonal projection
P,f =1y, f of L?(a,b) onto its subspace L2(J,,).
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Since J is of one of the stated forms, we obtain that > -~ P,,(ReT)P,4+1 € J. For
J = (> or J = ¢y, this is obvious. For J being fully symmetric, it is a consequence of
[10, Theorem I1.5.1].°

Clearly, P, TP,+1 = (U, ]l!]n+1/<;)]l_]n<p. The adjoint of T" is an integral operator whose
kernel vanishes for s > ¢, and hence P, T* P, = 0. Together,

oo 1 oo B ]lJ . ]lJ (p
Pn(ReT)Pn+1 = — 2 1/2wn . ( ) n+1 ) n 7
; 2; sl T, el

and hence a, (Y oo | Po(ReT)Poy1) = 27 2w*. We see that (w,)22, €J. O

n=1-""n

Proof of “(w,)$2, € 3= T € 3" Let J be £*°, ¢y, or a symmetrically normed ideal with
the Matsaev property, and assume that (w,,)22; € J. Note that in every case (w,)22 is
bounded.

® The crucial point is to handle the diagonal cell sum > >~ P,TP,. Our aim is to
show that this series converges to an operator in J.

The summand P, TP, is the integral operator in L?(a,b) with kernel

P, TP, : T1ies(t,s)Ly ()1, (s)p(t)k(s)

Since 1, k,1,, ¢ € L?(a,b), it is compact and

b b N
IPIP < ([ [ttt L, (oRGI dsdr)

< sl ell = wn.

The sequence (wy,)52; is bounded, and hence the series > | P, TP, converges strongly,
and its sum is a bounded operator with

5 This is actually a variant of [10, Theorem I1.5.1] which is easy to obtain in the present situation since all

spaces L2(J,,) have the same Hilbert space dimension. Choose unitary operators U,,: L?(J,) = L?(Jnt1),
let S: L*(a,b) — L?*(a,b) be the block shift

0 L%(J1) L%(J1)
U 0 & &
s | L?(J2) L?(J2)
= Uz 0O &) - &) )

and apply [10, Theorem II.5.1] to the operator (ReT)S.
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o0
> PP < )i loe:
n=1

This settles the case that J = ¢*°. If lim, o, w, = 0, the series converges w.r.t. the
operator norm and hence its sum is a compact operator. This settles the case that
J= Co.

Consider the remaining case. Then, in particular, lim, .. w, = 0. Let Qo be the
compact operator given by the Schmidt-series

> ]lJ KR ]lJ o)
Q=S w ( L ) i
; "\ sl L, el

Then a,(Qo) = w;;, and hence Qo € J. By the Matsaev property the triangular trun-
cation transformator C, cf. [11], is defined on all of J and maps J boundedly into itself.
Thus CQp € T, and

CQO = ZC((J;]IJHK/)]].JHQD).

n=1

However, C((,1,,%)1,,¢) = P,TP,. Thus we have > - | P,TP, € J.

@ The rest of the proof merely uses completeness. For | € N let Q; be the compact
operator given by the Schmidt-series

- Ly, .6\ Ly,
Qui= Y02 bu - (1 )
2 R T VA T

n—+l1l

Then Q; € J and ||Qi]l5 = 272||(w,)$% 1 ||5. Hence, the series S°7°, Q; converges
w.r.t. || ||5 and its sum belongs to J.

A short computation shows that
(oo} (oo}
Tf = (D PTP) S+ (@) S, f€L*ab)supsupp f <b.
n=1 =1

Since T is closed, it follows that T = Y >° | P,TP, + > ;2, Qi, and we conclude that
Tred. o

The AJPR-type Theorem has the following obvious consequence (which was our motiva-
tion for the choice of terminology). Note that we do not assume J to be fully symmetric
in this statement.

4.3 Corollary. Let J be an operator ideal which is either £>° or cg, or a symmetrically
normed ideal with the Matsaev property. Then the weak Matsaev Theorem holds in J.
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Proof. If 3 = £*° or J = ¢y, this is immediate from the AJPR-type Theorem.

Assume now that J is a symmetrically normed ideal with the Matsaev property. An
integral operator T' whose kernel has the form (3.4) obviously has no nonzero eigenvalues.
If ReT € 7, then in particular ReT € cg. Thus T' € ¢y by the c¢p-case of the AJPR-type
Theorem. This means that T is a Volterra operator, and now the Matsaev property
implies that T'€ J. O

5. Connecting with spectral properties

We instantiate the general results from the previous sections to characterise properties
of the spectrum of Ajp.

5.1. The ideals co and £

The characterisation of discreteness of the spectrum stated in Theorem 1.1 is obtained
from the general results applied with the ideal J := ¢y. The proof follows a very structured
scheme, which will repeat in later theorems.

Proof of Theorem 1.1. Let H = (h1 hS) be a Hamiltonian on [a,b) and assume that

hs ho
f; hi(s)ds < co.

® The spectrum of Apy is discrete if and only if By is compact.
@ We invoke the results of Sections 3 and 4.
> By the AJPR-type Theorem the weak Matsaev Theorem holds in ¢g, cf. Corol-
lary 4.3.
> The Independence Theorem is applicable, and yields that By is compact if and
only if the integral operator Sa; with kernel (3.4) where

R = h17 P = \/Ev

is compact.
> The AJPR-type Theorem says that compactness of Ss; is equivalent to the se-
quential condition lim,, ., w, = 0.
® A simple elementary argument (explicit proof is provided in Appendix A) shows that
the sequential condition lim,, ,o w, = 0 is equivalent to the continuous condition

b t
1%(/h1(s)ds~/h2(s)ds> 0. O

5.1 Remark. Using the connection between Krein strings and diagonal canonical systems
elaborated in [27], the present Theorem 1.1 yields a new proof of the classical criterion
[21, Theorema 4,5] for a string to have discrete spectrum. ¢
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Using J := (> we obtain a condition for the model operator Ay to be boundedly
invertible.

hs ha
oo. Then 0 € p(Ajg)) if and only if

5.2 Theorem. Let H = (hl hs ) be a Hamiltonian on [a,b) and assume that f; hi(s)ds <

b ¢
sup (/hl(s) dS'/hg(S) ds) < 00.
tela,b) f J

Proof. We execute the same scheme as in the proof of Theorem 1.1.

® We have 0 € p(A[g)) if and only if Bjg) is bounded.
@ Invoking the general results in exactly the same way as above yields that By is
bounded if and only if

sup wy, < o0.
neN

® This sequential condition is easily seen to be equivalent to the stated continuous
condition (for an explicit proof see again Appendix A). O

We remark that Theorem 5.2 implies [37, Theorem 1.5].
5.2. Ideals with the Matsaev property

Executing our generic proof scheme for ideals with the Matsaev property leads to the
following theorem. Remember here Russu’s characterisation of the Matsaev property, cf.
Theorem 2.5.

5.3 Theorem. Let H = (Z; Z; > be a Hamiltonian on [a,b) and assume that f; hi(s)ds <
00. Moreover, assume that hy does not vanish a.e. on any interval (c,b) with ¢ € (a,b).
Let J a symmetrically normed ideal whose norm is induced by a symmetric norming

function, and assume that
1 .
lim —||7,||=0, lim ||7;/,| =0,
n—,oo N n—oo

where T, and Ty, are the maps (2.1) and (2.2). Then the following statements are

equivalent.

(i) The spectrum of Ay is discrete and (A, ')s>, € J, where A\, are the eigenvalues
of Ar) arranged according to increasing modulus (and if necessary extended to an

infinite sequence by setting A\, := oo for n > dimran A[_I;]).
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(i) (wn)22, € T, where wy, is as in (4.2) with &k := v/hy,p := Vha.

Note that we do not claim a continuous characterisation similar as in Theorem 1.1 or
Theorem 5.2. Most probably, such a continuous form does not exist in the general setting.

Proof of Theorem 5.3. The property (i) just means that By € J. The general results
are applicable since by Russu’s Theorem and Corollary 4.3 the weak Matsaev Theorem
holds in J. Thus By) € J if and only if (w,)p2; € 3. O

5.8. Spectral asymptotics I. Convergence class conditions
Asusual let H = (Z; Zz ) be a Hamiltonian on [a, b) and assume that ff hi(s)ds < co.
Further assume that the spectrum of A is discrete.
We are interested in measuring the density of the point set o(Ag)) by means of
convergence class w.r.t. a suitable comparison function M. To be precise, we wish to

characterise whether
1
M (—) < 00,
2 M5,

where )\, denote the spectral points of Ajy;. Since the inverses of absolute values of
eigenvalues are the approximation numbers of By, we may say equivalently that the
task is to decide whether

By € Gy = {(an)i’le €co: Y M(lawl) < OO}

n=1

via the Calkin correspondence.

5.4 Example. If M (x) := zP with some p > 0, then S is the usual Schatten—von Neu-
mann class &,. Completing the above task for this class of comparison functions would
mean to determine the convergence exponent (including convergence class) of the spec-
trum of A[H]. O

Since we work in the regime of symmetrically normed ideals and the Matsaev property
plays a decisive role, this example already suggests that our method has a natural border
(namely, a slight bit above trace class). This corresponds in some sense — but not fully
— to the threshold discussed in the introduction where the Independence Theorem is
known to fail.

Let us now rigorously define what we understand by a “suitable comparison function”.

5.5 Definition. Let M : [0,00) — [0,00). Then we say that M is a suitable comparison
function, if
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(i) M is increasing and M (0) = 0,
(ii) M is continuous, satisfies lim; M) — , and M(1) =1,

(iv) M is convex,

)
)
(iii) the A9-condition holds: lim Sup,o 1\]\44((21) < 00
)
)

1 M (tu)

=lim (- - log | lims [)>1

(v) ol 110 logt & m;wup M (u) 0

We will discuss these conditions in more detail in Section 5.3, and see that they form
the natural range of comparison functions for our method.

The theorem we are going to prove now reads as follows.

5.6 Theorem. Let H = (Zl ZS> be a Hamiltonian on an interval [a,b) such that

f hi(s)ds < oo and that A has discrete spectrum. Moreover, assume that hy does
not vamsh a.e. on any mtem)al (c,b) with ¢ € (a,b). Let m: [0,00) — [0,00) be equiva-
lent at 0 to some suitable comparison function M in the sense that

Jeg, e > 0,20 > 0 Vo € [0,20). cr M (z) < m(z) < caM ().

Then

Zm(an(B[H])) <00 <=

n=1
]m«jmwm»jm@@f)Jﬁﬁ§%<m

a

This theorem includes Theorem 1.3 as a particular case. Based on [4, Theorem 1.3.3],
for every regularly varying function ¢ with order p; > 1 the function

m(e) =g (5.1)

is equivalent at 0 to a suitable comparison function.

The proof runs along the same lines as in the discrete spectrum case. However, sig-
nificantly heavier machinery is needed to establish that we actually may proceed along
these lines.

@® Neither the left side nor the right side in the asserted equivalence in Theorem 5.6
change their truth value when passing from a function m to another one which is
equivalent to m at 0. For the left side this is obvious, while for the right side we
should remember Theorem 1.1. Hence, we may assume without loss of generality
that m = M is a suitable comparison function.
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@ The space Gy is known as the Orlicz class associated with M. Based on the condi-

tions (i)—(iv) in Definition 5
with the Luxemburg norm

.5, it becomes a separable Banach space when endowed

o)l = int {5500 > nr(1%0) <1}
n=1

This is a classical fact, and shown e.g. in [31, Section 4.a].

Obviously &y is a symmetric Banach sequence space, i.e., via the Calkin corre-

spondence a symmetrically normed ideal.

® We show that the condition Definition 5.5(v) ensures the Matsaev property for Spasj.

5.7 Lemma. Let M be a suitable comparison function. Then Sy has the Matsaev prop-

erty.

Proof. To show this, we use Russu’s Theorem. Since &y is separable, the norm

[|-l& s 18 induced by a symmetric norming function. Moreover, by Lemma 2.6, we have

Consider an element ()52, € Sy with [[(an)plillep, <
>0 M(ay,) <1, and it follows in particular that o, < 1, n € N. From Definition 5.5

1. This means that

5(v)

and [32, Theorem 11.13] we find ¢ > 1 and C' > 0 such that

M(i) < C(l)aM(t), F<1,8>1.

B B

1
5

Let n > &, then 3 := (Cn)

> 1, and we obtain

3wl <

n <1

and now we can estimate
= inf {6 >0: n Z M <

172 (i) s,y

This shows that |7, < (Cn)s. O

() Soutonn <}

@ The left side of the equivalence asserted in Theorem 5.6 means that By € Sy

By Theorem 5.3 this is equivalent to (wy)n2; € Sparg-
® It remains to rewrite the sequential condition “(w,)52

condition stated in Theorem 5.6.

21 € Suq” to the continuous
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5.8 Lemma. Let —o0o < a < b < oo, let k,: (a,b) — C be measurable functions with
k € L?(a,b) and Lo, € L?(a,b), c € (a,b). Moreover, let M be a suitable comparison
function. Then

b
oo
|5 (t)|* dt

M) <00 & [ M{ILanel apsl) oot

; (1@l eeysll) Lol
a

The proof of this lemma requires some technical arguments about Orlicz spaces and is
carried out in Appendix A.

5.4. Finite- or minimal-type conditions

Again assuming that the spectrum of Ay is discrete, we now investigate the density of
the point set o(A(g)) in terms of “big-O or small-o” conditions on its counting function
w.r.t. a regularly varying function g. To be precise, we wish to characterise whether
(n denotes the counting function)

lim sup 7‘@(()\“)":1,@ < oo or lim 7‘@(()\”),;1,7”)

r—00 q(r) r—reo q(r) =0 (5:2)

The threshold discussed in the introduction says that we have to assume that the order
pg is not less than 1. It will turn out that the limit of our method is actually a slight bit
higher.

Obviously, the properties in (5.2) do not change their truth value when passing from
a function g to another one g; which is equivalent to g at oo in the sense that

ey, e > 0,179 > 0Vr > 1g. c1g1(r) < g(r) < cagi(r).

Hence, based on [4, Theorem 1.3.3], we may always assume that g is smooth, strictly
monotone, and normalised by ¢ (1) = 1.

Passing to the language of approximation numbers of By, our task thus is to decide
whether

an(Bia)) = O(m,)  or  an(Big)) = o(mn), (5.3)
where we have set (g ! denotes the inverse function of g )

1
Tn -= —7 , ne N.
g *(n)

Assume now that p, > 1. Then [10, Theorem III.14.2] applies, and the conditions (5.3)
can further be reformulated as
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B[H] S (‘5[,,] or B[H] S 6&],

where &, is the Lorentz ideal
G[W] = {(an) —_1 €c¢Cp:

sup
neN
n

()i lls = sup (Z%’Q/Zm),
=1

and GFW] is its separable part. For this type of sequence spaces we refer to [10, Theo-
rem IT1.14.1] or [30, Example 1.2.7].

Again using that p, > 1, we can apply [11, Theorem III.9.1] (or Russu’s Theorem)
and conclude that &, and GE’W] have the Matsaev property.

Now we easily obtain the proof of Theorem 1.5.

Proof of Theorem 1.5. The properties on eigenvalues of Ay on the left sides of the as-
serted equivalences just mean that By € G or By € GFW], respectively. Theorem 5.3
tells that this is equivalent to (w,);2; € Spa. By a property of regularly varying
functions, it holds that

limsupw’ g 1(n) < 0 < limsup —————— < 00,
gy ) TR
n
lim wig~'(n)=0 & lim ———— =0,
n—00 n—00 g((w;;)_l)

and the proof is complete. O
6. Normalisation, examples, and comparison functions
6.1. The normalisation f hi(s)ds < o0

In this section we provide the arguments announced in Remark 1.2. Denote by Tyin(H)
and Tiax(H) the minimal and maximal operators induced by the equation (1.1), cf. [12
Section 3]. First observe that, in the cases of present interest, the space L?(H) always
contains some constant.

6.1 Lemma. Assume that 0 ¢ 0ess(Ajm)). Then there exists ¢ € R such that

(Z:’;z) € L2(H). (6.1)

This follows from [34, Theorem 3.8(b)] (use t = 0); for the convenience of the reader we
recall the argument.
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Proof of Lemma 6.1. Since 0 ¢ 0ess(A[p)), 0 is a point of regular type for Tin(H).
Thus there exists a selfadjoint extension A of Tiin(H) such that 0 € o,(A) (see, e.g., [9,
Propositions 3.3 and 3.5]), and it follows that ker Ti,ax(H) # {0}. This kernel, however,
consists of all constant functions in L*(H). O

To achieve the normalisation f: hi(s)ds < oo, equivalently, ¢ = 0 in (6.1), one uses
rotation isomorphisms.

6.2 Definition. Let @ € R, and denote

N (a0 ).
(i) For a Hamiltonian H defined on some interval [a,b), we set
(Oa H)(t) = NoH(t)N;', te€[a,b).
(ii) For a 2-vector valued function defined on some interval [a, b), we set
(waf)(t) := Naf(t), te€lab). O
6.3 Remark. The following facts hold (see, e.g., [26, p.263]):

> On H is a Hamiltonian,
> W, induces an isometric isomorphism of L?(H) onto L*(O, H),
> Tmin(oa H) O Wy = Wu © Tmin(H)-

Consequently, the Hamiltonians H and O, H will share all operator theoretic pro-
perties. ¢

6.2. Discussion of Examples 1.6 and 1.7

In this section we consider Hamiltonians of a particularly simple form for which the
conditions given in Theorems 1.1, 1.3, and 1.5 can be evaluated. Namely, we assume that
H defined on the interval (0,1), where hi(t) = 1 a.e., and where hy(t) varies regularly
at the singular endpoint 1 in the following sense.

6.4 Definition. We call a function ¢: [0,1) — (0,00) regularly varying at 1 with index
p € R, if the function

W(x) == @(w - 1); [1,00) — (0, 0)

T

is regularly varying with index p. ¢
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The Hamiltonians considered in Examples 1.6 and 1.7 obviously are of this form. Let us
point out that the reason for the behaviour exhibited in Examples 1.6 and 1.7 is not the
concrete form of the functions studied there, but their property to be regularly varying.

6.5 Lemma. Let ¢: [0,1) — (0,00) be continuous and regularly varying at 1 with index
p >0, and set r(t) :=1, t € [0,1). Then the numbers w,, constructed in (4.2) satisfy’

w =2 (1 — 27,
Proof. We have ||1(;1yx[|*> =1 — ¢, and hence the sequence (¢, )7, is given as
en=1-2"" n=0,1,2,....

Since ¢ is continuous, we find ¢,, € J,, with
3 L
an =23 ([l ds)" =278 0 = nn)olta) =2 (0.
J’Vl

Set

z—1 1 1

Since x;—“ = %, we have vy, = k,x, with k, € [%, 1]. From the Uniform Convergence

Theoremn; see e.g. [4, Theorem 1.5.2], we obtain that

(i)p < zgz"; < (Z)p, n sufficiently large.

Passing back to ¢, ¢,, ty,, this yields ¢(t,) < ¢(c,). O

Proof of Example 1.6. We apply Lemma 6.5 with the function ¢(t) := y/ho(t). This is
justified, since the corresponding function v is

W(z) =23 (1+logz)” 2 (1+log logz)~ 7,

and hence is regularly varying with index . Therefore the numbers w, which decide
about the behaviour of the operator Ss; satisfy

wn =<2 (1 — 277
=27".2"3 (1 + log 2”)*%(1 +log™ log 2”)*%

= 2"(%_1)n_%(logn)_%.

6 We write o, =< Bn, if there exist c1,cy > 0 such that c1a, < B, < caan, n € N.
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Using this relation, the stated spectral properties of Hy.q,,q, follow immediately from
the known sequential characterisations. Let us go through the cases.

> First of all the Krein-de Branges formula implies

1
lim inf —— > / Vha(s)ds > 0. (6.2)
0

> If (a>2)or (¢ =2,a1 <0)or (@« =201 =0,a2 <0), then lim,, ,, w, = 00, and
hence 0 belongs to the essential spectrum.

> If (a = 2,01 = g = 0), then w,, =< 1, and hence the spectrum is not discrete, but
bounded invertibility takes place.

> If (¢ < 2) or (¢ =2,07 >0) or (¢ =2,a7 =0, > 0), then lim, o w, = 0, and
hence the spectrum is discrete.

> If (& = 2,7 > 0), then the convergence exponent of (w, )52 ; equals a%, while in the
case (o = 2,1 = 0,2 > 0), the convergence exponent of (wy,)5; is infinite. From
this and (6.2) it follows that (for a = 2)

© , ap=0a>0,
conv.exp. of (|A,)o2, = 0% , aj €(0,2),as €R,
1 , a1 >2,a0 €R.

> If (a =201 €(0,2),a2 € R) and g(r) := rﬂ%(logr)”*, then

g(=-) =g(n (logn) %)
= [n%(logn)%} a7 [log (naTl(log n)&%)]AY
=n(logn)= 7.

This shows that for v = —£2 we have n - ()71 < 1. Since the sequence (wy,)5%,

is comparable to a monotone sequence, it follows that

n
0 <limsup ——— <oo. O
n—oo 4((wh)7h)

Proof of Example 1.7. With a simple trick properties of f[al,az can be obtained from

Example 1.6. To explain this, we start in the reverse direction. Consider the Hamiltonian
Hs.0,.0,, and set

ﬁ2§&1702 (t) = (m(t) m(t)2 ) , t€ [07 1)7
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where

m(t) = [ ha(s)ds,

0

Moreover, let ¢ be the Weyl-coefficient of Hs.4, 4, and ¢ the one of fofg;m’w. Then, by
[27, Theorem 4.2], we have

Thus the spectra of A[fIz ] and Ap,, ., are together discrete or not. If these spectra
jag,a e
are discrete, then the convergence exponent of U(A[HQ:QIM]) is twice the convergence

exponent of o (A 1)- This yields

25,0

conv.exp. of U(A[I;,z:a1 QQ]) = {«111
2

Integrating by parts gives

lim 7771(15) =1

i1 T ()(1 — 1)

The function (ho(t)(1 —t))? is again of the form (1.5) with a = 2, but with the param-
eters 2a; and 2as instead of a; and as. Thus the spectrum of A[Iflal.%] has the same

asymptotic behaviour as the spectrum of A[ i a

6.3. On the notion of suitable comparison functions

Let us discuss the conditions (i)—(v) from Definition 5.5. The basic need to apply the
general theorems about operator ideals is that the Orlicz class Sy is a symmetrically
normed ideal with the Matsaev property.

> Monotonicity of M is necessary and sufficient in order that &y contains with
an operator T also all operators T' having smaller approximation numbers and
||T||6|IIW]] < ||T|lp;- The condition M(0) = 0 is necessary and sufficient that Sy
is not empty.

> Continuity is a very mild regularity assumption. The normalisation M (1) = 1 and
the requirement that M grows sufficiently fast towards oo is no loss in generality,
since &5y does not change when passing to another function equivalent at 0 to M.

> The AY-condition is necessary and sufficient that S is a linear space. This follows
from [32, §3.Corollary c)].
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> Sp is always naturally topologised, and in fact is a Frechet-space. Convexity of
M implies that &y is a Banach space (with the Luxemburg norm). On the other
hand, if &pyp is locally convex then M is equivalent to a convex function, cf. [32,
Theorem 5.3].

> The quantity af, in (v) is in the literature known as one of the Matuszewska-Orlicz
indices associated with M. We saw in Lemma 5.7 that o, > 1 is sufficient for Sy
having the Matsaev property.
Consider the Matuszewska-Orlicz index

1 M (tu)
0 . .
= Jim (- log 1 )):
= i (ogr o [ sow 7
Then &) having the Matsaev property implies that By, > 1.
Recall at this point that always o9, < 8Y,, cf. [32, p.84, Remark 2]. If M corresponds
to a regularly varying function g via (5.1), then

afyy = B = Pyg-
Let us provide explicit proof for the necessity part in the last item.

Proof of necessity. Assume that M is subject to the conditions Definition 5.5(1)—(iv),
and assume that &ppp has the Matsaev property. Then, by Russu’s Theorem,
lim, o =|| 75| = 0. A simple argument shows that we can find p € [0,1),C > 0
such that || 7,|| < Cn”, cf. [38, Theorema 1].

For each n € N consider the sequence

€ = (M), M(),0,0,0 ).

n times

Then 2 | M( ,(Cn)) =1, and hence ||§(”)H6[[M]] =1 (remember here that we assume M
to be increasing). We have

T = (M7 (), M7 ()00, ),

n? times

1
n

and hence Y o, M([T£™]x) = n. By our choice of p and C, it holds that
H'ﬁlf(")H@ﬂMﬂ < CnP, and hence for each C' > C

n2M<M71(%)> - iM(i[T”Of,::}’“) <1

This implies that
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Mo < (),

C'np — n

and hence, for each p’ € (p, 1),

o M)
;)P’ .
n

o ( ]\2_1(1)'

n
Letting n tend to oo, we see that the Matuszewska-Orlicz index a?w,l is not larger

than p. By [32, Theorem 11.5], it follows that

1
By >=->1. 0O
p

Appendix A. Rewriting sequential to continuous conditions

In this section we give details on how to rewrite the sequential conditions obtained
from the AJPR-type Theorem to the continuous conditions stated in our theorems.

Recall the relevant notation. We are given a finite or infinite interval (a,b), and mea-
surable functions s, p: (a,b) — C with k € L?(a,b) and Lo, € L?(a,b), ¢ € (a,b).
Further, cg :=a < c; <cg <...<bis a sequence with

eyl = (5) 6112, equivalently, [[1e, .l = (5) s,

and Jp, := (¢p-1,¢n) and wy, := |1, &| - |1, ¢||- Moreover, denote

Q1) == Ll el t e (a,b).
The proof of what is needed in Theorem 1.1 and Theorem 5.2 is simple.
A.1 Lemma. Letting notation be as in Theorem 4.1, we have

1. n = O 1 Il a Il == 0,
im w & tl}l})H (@) Pl L py &l

n—oo

and

sup w, < 00 limsl?p||]l(a,t)90||||]l(t,b)"€” < 0.

n— oo t

Proof. A sequence (ay,)52; of nonnegative numbers is bounded (tends to 0), if and only
if the sequence (27" Y}, 2’“0[;6):):1 is bounded (tends to 0, respectively). Applying this
with

ap =27" / lo(s)[*ds, ne€N,
Cn—1
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yields the assertion. O

The proof of Lemma 5.8 is based on dualising and requires some technique for Orlicz
ideals. From our assumption Definition 5.5(v) and [32, Theorem 11.13], we find ¢ >
0,p > 1 such that

M(tu) < CM(u)t?, wu,t € (0,1].

Using v = 1 and letting ¢ tend to O shows that lim o @ = 0. In the language of

[32, Chapter 8,p.47] this means that M belongs to the class N (remember here Defini-
tion 5.5(ii)). Thus the duality theory for Orlicz spaces is available.
We start with a preparatory lemma.

A.2 Lemma. Set I :=N and let q € (0,1).

(i) Set J := {(n,k) € I x I: k < n} and let &y denote the Orlicz space of se-
quences indexed by I or by J depending on the context. For a sequence (aup)ner

define sequences (Bn,k))(nk)es and (an’k))(n’k)ej as
Bn,k = anqn_kv 5En,k) = akqn_ka (nvk) €J

If (an)ner € Sy, then (Bek)) (nk)e (5(n7k))(n,k)eJ € Sarp- There exists a con-
stant C1 > 0 such that

max {H (ﬁ(’VL,k))(”L,k)GJ”Gﬂ]\/I]]’ ||(B£n,k>)(n7k)€=]||6[[]\4]] }
< Cl”(an)nEIHG[[M]]a (an>n61 S 6[[M]]

(ii) Consider a sequence (aun)ner with (¢ an)ner € Sy, and define a sequence (Bn)ner
as

Bn ::Zak, nel.

kel
k<n

Then (" Bn)ner € Sary. There exists a constant Cy > 0 such that
1(q" Br)nerllepy < Call(@"an)nerllepny: (@ an)ner € G-

Proof. For the proof of item (i) let (an)ner € Spary with [[(an)nerllep,, < 1 be given.
Then, in particular, |a,| < 1, n € I. By our assumption Definition 5.5(v) and [32,
Theorem 11.13], we have

M(qt)
C:= sup
0<ry,t<1 VM (t)

< o0
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Note that C' > 1. Thus we can estimate

Yo MBaxh = Y Manld" )< Y Cq"TFM(Jan)

(n,k)eJ (n,k)eJ (n,k)eJ
C
=03 (Y a ) M(laal) <—ZM|an| T
nel kel nEI —a
k<n
——
<t

Since |Bn.x| < o] < 1 and % > 1, it follows that

2 M<c2|/[3(?k| )

(n,k)eJ

2

This shows that |‘(ﬂ(n7k))(n7k)eJ||6HA4]] < %q.
The sequence (5En k))(n,k)e 7 is handled in the same way. Namely

Yo ML= Y Marla" )< Y0 Oq"FM(awl)

(n,k)eJ (n,k)eJ (n,k)eJ
—O X () Mlland) = 1o X M(jonl) < 1
kel nel kEI
n>k
—_———
1
=i

from which we again obtain that [|(5(, 1)) n.kesllep, < %.
The proof of (ii) is based on dualising. Let M* be the Orlicz function complementary
to M, cf. [32, Chapter 8,p.48]. The Matuszewska-Orlicz indices of M and M* are related

as

(S SRS S S
ay o P e P

cf. [32, Corollary 11.6]. By Definition 5.5(iii) and [32, Theorem 11.7] we have 3%, < oo,
and Definition 5.5(v) is o, > 1. It follows that also 8. < co and af;. > 1. From [32,
Theorem 11.13] we obtain

M*(+t)
C*:= su
0<~, ?<1 yM*(t)

< 0.

Now let (04)ner € Spa+)- Then we can use (i), the Hélder inequality [32, Chap-
ter 8,Corollary 3], and the relation [32, Theorem 1.1] between Amemiya- and Luxemburg

norms, to estimate
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Yo a"8a] < Y loula” Yo laul = 3 loul (VA" (g lenl) (va)

nel nel kel (n,k)eJ
k<n

<2|[(on - (\/a)nik)(n,k)eJHG[[M*

2 *\2
< %”(UH)HEIHG[[M*]]

] |(qkak : (\/a)nik)(n,k)eJHG[[M]]

(qnan)neIHG[[M]] :
By [32, Theorem 8.6] it follows that (¢"fn)ner € Spag and

" 202 C* 2 "
1(q 5n)nel||6[[Mﬂ < ﬁ”(q an)nGIHG[[M]]. O

Proof of Lemma 5.8. For ¢t € J,, it holds that

Wn—1
2 )

Q) = [ a,con) @, sl = 1L, g, 6l =

and we can estimate

= W, = W, K(t)]?
ZM(?) Z {M(2) . 10;2 ||]l:)b|)/;|i|g}

n=1 n=1

n+1
| |/@(t)|2dt}
< [ M(Q(t)) —F———
E{low | M) e
Jn41
1 w(D)]2d
k(t t
< M(Q(t))  ————— < 0.
—10g2/ ) Tl

a

This shows that the implication “<=” holds.
Conversely, we have for ¢t € J,,

n 1 \n—1
) < 1l mnll < (X Inel) - (5) sl
k=1
Assume that (w,);2; € . Since w, = HnH(%)n |1, ¢ll, we can apply

Lemma A.2(ii) with the sequence a,, := ||1;,¢||, n € N. This shows that

((%)"ki Iel)” € Sp,
=1

and we obtain
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b
s a (t) 2 dt
/M(Q(t)) ||]l(t b)KHQ Z / M W

a

< 1og2ij(||n||(%)”lznjmon) <o T

n=1 k=1

Appendix B. LS. Kac’s compactness theorem

As mentioned in the introduction, the only result on the discreteness of the spec-
trum in the nondiagonal case is a theorem announced by 1.S. Kac in [17, Theorem 1J;
we reformulate it below. We were unable to find a proof of it in published papers or
other sources. In this appendix we derive the meaningful part of Kac’ result from our
discreteness criterion Theorem 1.1.

Let us elaborate on his theorem first. It consists of one necessary condition for the
discreteness of the spectrum and one sufficient condition, the latter having two cases. We
shall show that the necessary condition and one of the cases of the sufficient condition
follow from Theorem 1.1. As for the second case in the sufficiency condition, we shall
show that it is either empty, that is, no Hamiltonian satisfies it, or it is wrong.

We start by formulating Kac’ theorem. Let H = (Z; Zi) be a Hamiltonian on [0, co)

such that tr H(t) = 1 a.e.” For K > 0 we define

:!M@ﬁ

Ak = {)\ € R\ {0}: limsup (/hl(s)e)‘m3(s)ds : /hg(s)eAmS(s)ds> <
i 0

t—o00

>~‘N
—_

t

Bk = {)\ e R\ {0}: limsup (/hQ(S)B)\m3(S)dS : /h1(s)eAm3(S)ds> <
t

t—o00
0

>~‘N

)

B.1 Theorem ([17]). The implications “(i)= (ii)=(iii)” hold, where

sup< UAKU UBK>=+OO7 inf(U AU UBK>:—oo.

K<1 K<1 K<1
(ii) The operator A[H] has discrete spectrum, with® either hy € L'(0,00), or hy €
LY(0,00).

(ifi) A; UB;, =R\ {0}.

7 Recall that this trace normalisation can always be achieved by means of a change of scale in the inde-
pendent variable, which does not change any operator theoretic properties.
8 This normalisation does not appear in [17]. However, without it the statement is false.
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We are going to establish the following theorem.

B.2 Theorem. Using the above notation, the following statements are equivalent.

(i) There exists a K > 0 such that the set | )y Ax: accumulates at both —oo and
+o00.
(ii) The operator Ay has discrete spectrum and hy € L*(0, 00).
(iii) We have

t—o0

00 t
lim (/hl(s)e’\m3(s) ds - /hg(s)e_)‘m?’(s) ds) =0, AeR\{0}. (B.1)
i 0

The analogous statement holds when Ak is replaced by By in (i), and hy and he are
interchanged in (ii) and (iii).

Proof. The assertion (iii) means simply that Ao = R \ {0}, hence the implication
“(iii)=>(i)” holds trivially.

We come to the proof of “(i)=(ii)”. Fix ¢ € (0, 00) such that the function hy does not
vanish almost everywhere on [0, ¢], and consider the function F': [¢,00) x R — [0, 0]
defined as

00 t
F(t,\) = /hl(s)eAWS(s) ds - /hg(s)e_)‘mS(s) ds.
t 0

Consider an arbitrary interval [u1, u2] C R and a number A = vug + (1 —v)p2, v € (0,1),
from this interval. The Holder inequality gives

1—v

/ B (5)e 5@ ds = [ (B (s)erms )" (g (s)erams@)) s
t

&\8

IN

S — ., “—g

1-v
hl(s)e“zm?’(s) ds) ,

(

¢
/hg(s)e_/\m3(s) ds < (
0

hy(s)etims(s) ds)v . (

ﬂ-\g

v 1—v
hg(s)e_“1m3(5) ds) . ( h2(8)e—u2m3(5) ds) )

o—_ .

Multiplying these inequalities we obtain,

F(t,0) < (F(t, )" (F(t )"

Let g € Ak, N (—00,0), p2 € Ak, N (0,00), for some Ky, Ko < K. Then
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K\v/ K\1-v K
t—00 11 125 ,U%U,MQ( v)

Consider now A = 0 and let s tend to oo in the set UK,<K Agr. Then v — 1, and

therefore
hﬁigpF(t 0) < %
Since inf | Jy/ . - Axr = —o0 this implies that
o0 ¢
tlggo (t/hl(s) ds - O/hg(s) ds) = tligloF(t,O) =0.

In particular, h; € L', and we infer from Theorem 1.1 that the spectrum of Ay is

discrete.
The proof of “(ii)=-(iii)” is carried out in three steps.

@ Assume that the spectrum of Ay is discrete and hy € L'(0,00). By Theorem 1.1

we have

o0

lim (/hl(s) ds-o/hg(s) ds) =0.

t

Since we have the normalisation tr H(¢) = 1, it holds that

1
(B.2) & hmt/h1 )ds=0 < hmsup /h1 ds =0

t—o0 >t

=:p(t)

Note that p is nonincreasing. Moreover, again from trace normalisation,
max{hi(t), ha(t)} <1, hs(t)* < hy(t)ha(t) < min{hy(t), ha(t)}.
@ In this step we show that
|ms(y) — ms(x)] < p(m)(l + log %), O<zx<uy.

‘We have

Im3(y) —mz ()| Z‘/yhg(s) ds‘ < (/édS)é(/yshg,(s)Q ds)é

x x x

(B.2)
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Y

- (1og %)%(/Shg(S)Q ds)%.

x

Using (B.3) and integrating by parts gives

/y5h3(5)2d3§ /yshl(s)dS—x/yhl(s)ds+/y(/yhl(t)dt) ds

x x

< p(x)? + / L p()?ds < p(a (1 +10g L),

x

Combined these imply the estimate (B.4).
® Fix to > 0 such that p(tg) < ﬁ This is possible, since p(t) — 0 as t — co. We are
going to show that for all ¢ > ¢

00 t
/hl(s)e’\m3(s) ds - /hg(s)e_)‘m?’(s) ds < p(t)*-
t

to

62

DY

Notice that the left hand side in (B.5) equals to

o t

/hl(s)e/\(ms(s)*m:i(t))ds,/hz(s)ef)\(mg(s)fm_g(t)) ds.

t 0
We estimate the integrals in this product separately.

o0

/hl(s) eMma(s)=ms(t)) g < /hl(s) exp (|)\|p(t) (1 + log %)) ds
t

e e
Mp() gg = € |4Alp(®)
< T /hl(s)s ds = [t /hl(s) ds
t t

+7|/\p(t)8m”(t)_1~( [ @ do )ds}

1 1
SgP(S)QS ;P(t)Q

e tIAlp(®)—1 p(t)? e
‘/\‘p(t)|/\|p(t)3 DY < T \ ;
t 1 —[Alp(t) t 1—[Alp(to)

IA

e
gp(t)z +
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t

t
/hg(s) e~ Mmals)=ma(t) gg < /hg(s)exp \)\|

\\,./
to to

—~

s) (1 + log 2)) ds

to)

m<

—~

p

Alp(t
<et\>\|:0(to)ﬂ t- 4.
1= |Alp(to) 1= [Alp(to)

Combined, these estimates imply (B.5). The required limit (B.1) follows from it since
p(t) > 0ast—o0. O

The theorem just proved immediately establishes the implication “(ii)=-(iii)” in Kac’
theorem (even in a stronger form). Consider now the implication “(i)=-(ii)” in the latter.

B.3 Lemma. We have Ax N B =0 for all K, K’ > 0.

Proof. Arguing by contradiction, assume that A € Ax N Bg. Then h1e?™3, hoe N3 €
LY(R.), which implies that hy € L'(R,) in view of the estimate

7 |hs(z)| da < 7 Vhi(2)hs(z) dx

o0

(/hl( )erms (@) g . /h2 Je~Ama(@) dgc)1

—00

Thus, the function ms is bounded, and hi,he € L*(R,), which obviously contradicts
the normalization tr H(z) =1. O

Proceeding, notice that it follows from the proof of the implication “(i)=-(ii)” in Theo-
rem B.2 that the sets |Jyx ., Ax and Uy, Bk are convex. Together with Lemma B.3
this shows that there are just four possible situations in Theorem B.1(i):

> sup( U AK> = oo and inf( U AK) = —00,
K<1 K<1

> Sup( U AK> = oo and inf( U BK) = —00,
K<1 K<1

> each of the above obtained by switching A and B.

In the first case the assertion of the Kac theorem is immediately contained in Theo-
rem B.2. Assume now that a Hamiltonian H is in the second case, and Theorem B.]1
holds. By the implication “(ii)=-(iii)” in Theorem B.2 there exists a point A € Ax N Bk
on the negative semiaxis. However, by Lemma B.3, the sets Ax and Bk are disjoint and
we have reached a contradiction. Hence, either no Hamiltonian belongs to the second
case, or the assertion of Kac’ theorem in this case is false.
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