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Abstract:

We investigate the structure of the set of de Branges spaces of entire functions which
are contained in a space L?(u). Thereby, we follow a perturbation approach. The
main result is a growth dependent stability theorem: Assume that two measures p1
and u2 are close to each other in a sense quantified relative to a proximate order.
Consider the sections of corresponding chains of de Branges spaces C; and C2 which
consist of those spaces whose elements have finite (possibly zero) type w.r.t. the
given proximate order. Then these sections coincide, or one is smaller than the other
but its complement consists only of a (finite or infinite) sequence of spaces.

Among others we apply — and refine — this general theorem in two important
particular situations. (1) the given measures 1 and po differ in essence only on a
compact set; then stability of whole chains rather than sections can be shown. (2)
the linear space of all polynomials is dense in L?(u1); then conditions for density of
polynomials in the space L?(uz) are obtained.

In the proof of the main result we employ a method used by P.Yuditskii in the
context of density of polynomials. Another vital tool is the notion of the index of a
chain, which is a generalisation of the index of determinacy of a measure having all
power moments. We undertake a systematic study of this index, which is also of
interest on its own right.
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1 Introduction

In this paper, a de Branges space is a reproducing kernel Hilbert space of entire
functions with certain additional properties. Formulated in an operator theo-
retic way, one may say that the operator of multiplication by the independent
variable should be symmetric with defect index (1, 1) and real w.r.t. a natural in-
volution. Spaces of this kind were introduced in the late 1950’s by L. de Branges
as a generalisation of Fourier analysis, cf. [Brab9b], [Bra59a]. They receive a lot
of attention up to the present day. Besides their intrinsic beauty, a reason for
this continuous interest is that de Branges’ Hilbert spaces of entire functions
appear in many places of functional analysis and complex analysis. To men-
tion some: spectral theory of canonical systems, cf. [Bra68] (for a more explicit
treatment see also [Win95]), and of Schrédinger operators, cf. [Dym70; Rem02],
the prediction theory of stationary Gaussian processes, cf. [DM70; Pit72], bases,
interpolation and sampling, cf. [0S02; Bar06], or Beurling—Malliavin type the-
orems, cf. [HM03a; HM03b; BBHO7].

In theory and applications of de Branges spaces the notion of isometric
embeddings into spaces L?(u), where u is a positive Borel measure on the real
line, plays a crucial role. For a measure p, we denote by Sub[u] the set of
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all linear spaces of entire functions whose elements are square integrable w.r.t.
1 along the real line, and which become a de Branges space when endowed
with the L2(yu)-inner product. The structure theory of Sub[u] lies at the core
of de Branges’ theory. The basic information, formulated informally, is that
Subl[] is the union of disjoint chains (subsets which are totally ordered w.r.t. set-
theoretic inclusion), and that each of these chains enjoys certain completeness
properties; we recall details in 2.16 below.

In this paper we follow a perturbation approach to investigate Sub[u].
Namely: Given two measures p1 and po which are small perturbations of each
other, can one relate chains from Sub[ui] and Sub[ug] ¢

Our main result is the growth dependent stability theorem Theorem 3.9. The
size of the perturbation is measured relative to a growth function (or proximate
order; we shall recall details in §2 below). Again speaking informally the theorem
states the following: Let A be a growth function, assume that py and pe are
close in a sense quantified via A\, and consider chains C; € Sub[u;] (which fit
each other in a certain weak sense). Then their beginning sections consisting
of those spaces whose elements are entire functions having growth limited by A
satisfy an ordering property (meaning, one of them is contained in the other).
The situation that these sections are not equal may occur. However, if this is
the case, then the complement of the smaller section in the larger one consists
of a (finite or infinite) sequence of spaces.

Perturbation approaches are classical and widely used in spectral theory.
The probably most prominent example is the Gelfand—Levitan approach to the
inverse spectral problem for Schrédinger operators, cf. [GL51]. In [Rem02], the
connection with the theory of de Branges spaces was elaborated. It turns out
that the decisive property for a measure to be the spectral measure for some
potential is that Sub[u] contains a very specific chain (consisting of spaces whose
elements are given by cosine transforms of square integrable functions). When
viewing spectral problems from the point of de Branges’ theory, we may say
that the stability of this chain under perturbations of the spectral measure is
the crucial point. In this context, it is worth to notice that to some extent the
Gelfand-Levitan method has been pushed further to the case of Krein strings
in [DK78a; DK78b], and canonical systems in [Win00].

Comparatively recently a stability result was shown in the context of the
Hamburger power moment problem. Namely, in [Yud00] it is proved that density
of polynomials in a space L?(u) with infinite index of determinacy (we recall
details in §6.4) is preserved under sufficiently small perturbations of .

Our present work is inspired by P.Yuditskii’s paper (and contains his result
as a particular case). The essential idea — here, as well as in [Yud00] — is
to exploit a compactness property. Though we obtain more general results,
the core of our proof is the same. In [Yud0O] it is shown via an argument
based on orthogonal polynomials that a certain selfadjoint operator is of trace-
class. However, it is only needed that it is a compact perturbation of a positive
operator strictly smaller than the identity; and this is not difficult to verify
(also in the presently considered general situation). Moreover, using a well-
known perturbation result for quadratic forms, the explicit determinant-based
argument elaborated in [Yud00] can be shortened. The major novelties in the
present paper are

(1) The permitted perturbation may possibly be of much larger size than in



[Yud00]; it can be adjusted to a priori knowledge on growth (slow growing
functions allow large perturbations of measures).

(2) Moving portions of a measure within its (measure theoretic) support is
admitted up to a fixed ratio.

(3) The results hold for arbitrary chains of de Branges spaces including the
situation that the spaces are not invariant under difference quotients.

A different notion of smallness of perturbation of a measure was introduced
in [BS11] for studying the type problem from a perturbation viewpoint. The
methods in [BS11] are very different from our present methods. In fact, the au-
thors also state a stability result which includes Yuditskii’s Theorem (see §3.1
in [BS11]), and raise the question whether Yuditskii’s approach can be used to
treat their kind of perturbations. Our present investigations suggest that this
is only partially the case. Roughly speaking, the perturbations considered in
[BS11] are composed of two contributions. One, the measure of a set may in-
crease, two, the support of the measure may be shifted. In our present results
increase of the measure (possibly even on much larger scale) and limited redis-
tribution of mass within the support is permitted, but shifting large parts of
the support is ruled out.

Let us explain organisation and content of the paper. Section 2 is of prelim-
inary nature. There we set up our notation and recall facts about growth func-
tions and de Branges spaces up to the extent necessary. In Section 3 we establish
a first perturbation result which is simple but essential. Namely, in Theorem 3.5
we prove an ordering property for certain parts of chains of de Branges spaces
for arbitrary measures, i.e., without assuming closeness of measures. Thereby,
the situation that one measure majorizes the other is of particular importance.
After having settled the general situation, we formulate and illustrate our main
theorem; the growth dependend stability result Theorem 3.9. In Section 4 we
define the index of a chain, and undertake a systematic study of this notion. The
index of a chain is a generalisation of the index of determinacy of a measure hav-
ing all power moments, cf. [BD95]. The case of inifinite index appeared not only
in connection with moment problems, but also in the above mentioned context of
the type problem for measures of polynomial growth (there the authors use the
term “stable density”). Our main result in this section is the de Branges space
theoretic interpretation of the index of a chain given in Theorem 4.10. This
result is of independent interest, and includes as particular cases several results
for the index of determinacy of a measure having all power moments. Section 5
is devoted to the proof of Theorem 3.9. Finally, in Section 6, we apply this the-
orem in particular situations where essential stability of whole chains (rather
than beginning sections) can be shown. We deal with: (1) instances when nec-
essary a priori growth hypothesis are automatically fullfilled, (2) perturbations
which are small outside a compact set, (3) consequences of majorization of one
measure by the other, (4) the chain of polynomials. As corollaries we reobtain a
certain part of the stability result for type from [BS11, Corollary 1.5] (in Corol-
lary 6.6), an inclusion result from [Win00] (in Corollary 6.8), the stability result
[Yud00, Theorem] (in Corollary 6.12), and the classical sufficient determinacy
condition [Fre69, Satz 5.2] (in Remark 6.14).
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2 Growth functions and de Branges spaces

Growth functions

Let us recall the notion of a growth function.

2.1 Definition. A function X : RT — RT is called a growth function if it
satisfies the following axioms.

(gfl) The function A is differentiable, strictly increasing, and A(0) = 1.
(gf2) lim A(r) = cc.

T—00

In A\(r)

oy exists and is finite and non-negative.

(gf3) The limit py := lim
r—00

i N'(r) ln)\(r)) —
(f4) lim (r N ) T L

0

Growth functions are used to measure growth on a scale which is more refined
than the usual scale of order and type. Typical examples are functions of the
form

A(r)y=7r*- (ln(ml) r) b e (ln(mn) r)b"

for large enough 7, where a > 0, m; € N, m; < ... < my, b1,...,b, € R, and
In,) is defined by

Ingyr:=lInr, Ing4qyr:=1In (ln(k) r), keN,

for sufficiently large r. Comparing the growth of an entire function with this
kind of functions goes back as far as to work of E.Lindelof and G.Valiron.
The condition (gf1) could be replaced by the weaker one

(gf1’) For all sufficiently large values of r the function A is differentiable.

However, since the whole importance of a growth function lies in its behaviour
at infinity, this yields no gain in generality. Note here that (gf4) implies that
N (r) > 0 for r sufficiently large.

Standard references for the theory of growth functions and their use in com-
plex analysis are [Lev80; LG86; Rub96]. In the literature one sometimes rather
works with the function p(r) := % instead of A(r), and speaks of p(r) as a
proximate order. The axioms (gf2)—(gf4) translate as follows:

- lim A(r) =00 & lim p(r)Inr = oo;
T—00 r—00



In \(r)

— lim =p & lim p(r) = p;
r—oo Inr r—00
/ /
Caim (PA/mam) =1 e g DT
r—00 Inr r—00 p(T)

Often the condition (gf4) is substituted by

N(r)
f4’) 1 = px.
(ef4) lim vy =~
Clearly, for py > 0 this is equivalent to (gf4). However, if py = 0, it is weaker
and in some contexts is not enough to yield the desired properties. In any case,
in terms of proximate orders, (gf4’) translates as follows:
: L N L
— Assuming (gf3), we have lim r———= = py < lim rp/'(r)Inr =0.
r—00 )\(’I") r—00
2.2 Definition. Let A be a growth function. An entire function f is said to
have finite A-type, if
In|f(2)]

limsup ———= < o0

For a function of finite A-type its indicator w.r.t. A is

In|f(re)|
A

h(f,A;0) ;= limsup CEE

r—00

6 € [0,27).

O

2.8 Remark. We use the following classical fact: Assume that f is an entire func-
tion of finite A-type. Then also f' has this property, and h(f, \;0) = h(f’, X;0),
6 € [0,2m).

For growth functions A with py > 0, this is well-known and can be deduced
from results in standard textbooks, e.g., from [Lev80, Ch.1,Theorems 27,28].
The case that py = 0 seems to be less widely known. If py = 0, the above
statement follows using that the indicator h(f, ;) is constant. This fact in
turn goes back to [Gol62]. A more recent reference, which contains a nice proof
due to W.Hayman, is [BP07, Appendix]. O

Positive Borel measures

We denote by M (R) the set of all positive Borel measures on R. Thereby,
we agree that the term “Borel measure” includes the requirement that compact
sets have finite measure.

We will deal with differences of positive measures which are (by the finiteness
of measure of compact sets) o-finite, but not necessarily finite. To make it
explicit, let us state the following conventions.

2.4. Notational convention: FExpressions like p — v or |u — v|, where p,v €
M, (R), are understood as set functions defined on the collection of all bounded
Borel subsets of the real line. Correspondingly, inequalities between linear com-
binations of measures are understood to hold for all bounded Borel sets. O



Notice that inequalities between linear combinations of measures which hold
for their restrictions to bounded sets certainly imply that the corresponding
inequalities hold for integrals of nonnegative functions.

We will deal a lot with inclusions of spaces of analytic functions into spaces
L?(p). In this context it is sometimes necessary, or at least helpful, to be very
precise. (1) If u is a discrete measure, such inclusions are not necessarily injec-
tive, (2) different inclusions may give rise to different (non-equivalent) norms.
Let us introduce some notation to take care of these facts. Let u € M (R) be
given. If f and g are complex valued functions on the real line, we write f ~, g
if f(z) = g(z) for p-a.a. x € R. We denote the equivalence class modulo ~,
of f as [f],. Next, we denote by (.,.), the L?(u)-inner product, by .||, the
corresponding norm, and

pu s [ [fIR]~, (2.1)
Zero divisors

We use the common formal way to locate the zeroes of an entire function.

2.5 Definition. Let f be an entire function which does not vanish identically.
Then, for each w € C, we denote by d;(w) the multiplicity of w as a zero of f.
The function 0 : C — Ny is called the zero divisor of f.

If £ is a set of entire functions which contains at least one element that does
not vanish identically, we set

oz (w) :=min {oy(w) : f € L\ {0}}.

Embeddings of de Branges spaces

2.6 Definition. Let H be a linear space whose elements are entire functions®.
We call ‘H an algebraic de Branges space, if it contains a function which does
not vanish identically and satisfies the following axioms.

(adB1) If f € H, w € C\ R, and f(w) = 0, then also the function fﬁzu))
belongs to H.

(adB2) If f € H, then also the function f#(z) := f(%) belongs to H.

Algebraic de Branges spaces appear in several contexts.
2.7 Example.

(i) The space C[z] of all polynomials with complex coefficients is an algebraic
de Branges space. This space occurs in the context of power moment
problems: Let g € M (R). Then p,(C[z]) C L?*(u) holds if and only if p
has power moments of arbitrary order, and? Closz(,,) p.(Clz]) = L?(u) if
and only if p is in addition uniquely determined by its power moments.

1Here, and always, we tacitly assume that linear operations are defined by pointwise addi-
tion and scalar multiplication.

2We denote by “Clos M” the closure of the set M (it will always be clear from the context
within which topological space this closure has to be understood).



(#) For each a > 0, let £(a) be the image under the Fourier transform of the
space C§5(—a,a) of all infinitely differentiable functions compactly sup-
ported in (—a,a). Then £(a) is an algebraic de Branges space (note here
that the Fourier transform of a compactly supported function is entire).
These spaces occur in the type problem for a measure, that is, the problem
of determining the minimal width of frequencies needed to approximate
any function in L?(u): Let p € M4 (R) be a (for simplicity) finite measure,
then p,(£(a)) € L* (). To have Closzz2(,) pu(€(a)) = L (1), means that
the type of u does not exceed a.

¢

Often algebraic de Branges space occur by means of the following fact: The
union of an increasing chain of algebraic de Branges spaces is itself an algebraic
de Branges space. For example, for each n € N, the space

Clz]ln :={p € C[z] : degp < n}

is an algebraic de Branges space, and C|[z] is the union of the chain {C[z], : n €
N}.

We call a space (H, (.,.)x) a reproducing kernel Hilbert space of entire func-
tions, if the elements of H are entire functions and for each w € C the point-
evaluation functional x., : f — f(w), f € H, is continuous.

2.8 Definition. Let H be a linear space whose elements are entire functions,
H # {0}, and let (.,.)y4 be a positive definite inner product on H. We call
(H,(.,.)5) a de Branges space, if H is an algebraic de Branges space and the
following axioms are fullfilled®.

@B |Z=25G) = Ifl feHweC\R fw)=o0.

(dB2) [|f*ll=fln, feH

(dB3) (H,(.,.)%) is a reproducing kernel Hilbert space of entire functions.
o

Note that a linear space of functions may carry at most one Banach-space
topology such that all point evaluations are continuous (as is seen by apply-
ing the Closed Graph Theorem with the identity map). Hence, if (¥, (.,.)1) and
(H,(.,.)2) are de Branges spaces, necessarily ||.|[; and ||.||2 are equivalent.

2.9. de Branges spaces via Hermite-Biehler functions: In the above definition
we used an axiomatic way to introduce de Branges spaces. A more concrete,
equivalent, approach proceeds via a certain class of entire functions, cf. [Bra68,
§19]: We call an entire function a Hermite-Biehler function, if it satisfies

BE)| < |B(z)], =eC™.
Given a Hermite-Biehler function E, consider the function Kg defined as

i B(z)E*(w) - E*(2)E(w)

K =
E(w7z) o s — W )

z,w € C, (2.2)

3Here, and always, we denote by ||.||3 the norm induced by (.,.)3. Corresponding notation
is applied also with other inner products.
is applied al ith other i product



where the formula has to be interpreted as a derivative if z = w. Then Kg is
a positive semidefinite kernel, and the reproducing kernel Hilbert space H(FE)
generated by Kg is a de Branges space. Conversely, for each de Branges space
(H,(.,.)3) there exist Hermite-Biehler functions E, such that the reproducing
kernel ky; of the space (H, (.,.)%) coincides with K. Given a Hermite-Biehler
function E, we denote the de Branges space it generates as H(E). O

2.10 Ezample. The probably most classical infinite dimensional de Branges
spaces are the Paley- Wiener spaces. These spaces arise from the Fourier trans-
form. Namely, for a > 0 let PW, be the image under the Fourier transform
of the space L*(—a,a) endowed with scalar product (f,g)pw, = [5 f(t)g(t) dt.
Then PW, is a de Branges space. It is generated by the Hermite-Biehler func-
tion given by E,(z) := e %* z € C. By a theorem of Paley and Wiener, the
space PW, is equal to the set of all entire functions which are of bounded type
in the upper- and lower half planes, whose exponential type does not exceed a,
and which are square integrable along the real line. O

The norm of point-evaluation functionals x,, in a normed (not necessarily com-
plete) space of functions, plays a decisive role. For a normed space (X, ||.||x) of
functions we denote

Vi |l (w) :=sup {[f(w)] : f € H, | fllx <1},

where the supremum is understood as an element of [0,00]. To shorten nota-
tion, the dependency of this definition on the norm ||.|| x is suppressed when no
confusion is possible.

If the space under consideration is a reproducing kernel Hilbert space
(H, (., ), and kz denotes its reproducing kernel, then the norm of point eval-
uation functionals is given as

N

Vau(w) = ky(w,w)2.

2.11. Inner products defined by integration: Let H be an algebraic de Branges
space, let y € M (R), and assume that [ |fI?dp < oo, f € H. Then we may
consider the inner product space (H, (., .),) where (in order to avoid cumbersome
notation, we slightly overload useage of the symbol (.,.),)

(F,9)p = (ppfs pug)p = /ngdu, f,geH.

As usual, denote || f|, := (f, f)é7 f € H. Note, however, that |||, is in general
only a seminorm on .

Since integration takes place along the real line, the isometry conditions
in (dB1) and (dB2) are automatically satisfied. Hence, if H is an algebraic
de Branges space, then (H, (.,.),) is a de Branges space if and only if

(1) (.,.)u is nondegenerate on #;
(2) H is complete w.r.t. the norm ||.|.;

(3) for each w € C, the point evaluation functional y,, : f — f(w), f € H, is
continuous w.r.t. |||,

Equivalently, we may say that



(1') puly is injective;
(2") pu(H) is closed;
(3") for each w € C, we have Vy(w) < o0.

O

2.12 Lemma. Let (H,(.,.)n) be a de Branges space, p € M4 (R), and assume
that fR |fI?du < oo, f € H. Then the map p,|n is continuous. It is bicontinu-
ous, if and only if (H,(.,.).) is o de Branges space.

Proof. Assume that f, — f in H and p,(f,) — g in L?(p). Choose a subse-
quence (fp, )72, such that p,(fn,) — g pointwise almost everywhere. Since H
is a reproducing kernel space, we have f,, (z) — f(x), x € R. Thus p,(f) =g
almost everywhere. The closed graph theorem implies that p,, is continuous.
Clearly, if p,, is bicontinuous, then p,, is in particular injective and (H, ||.|| ,) is
complete. Conversely, if (H, (.,.),) is a de Branges space, then p,, is a continuous
bijection onto p,(H) and we may apply the open mapping theorem to conclude
that p,, is bicontinuous. Q

2.18. A word of caution concerning notation @ In the present paper inclusions
are understood solely in their set-theoretic sense. Writing “H; C Hs” means
that

Vi (fGHl :>f€7'l2). (23)
By writing “p,(H) C L?(u)” we mean that

Vf (fe%;»/R|f\2du<oo). (2.4)

If the norms coincide and we wish to emphasise this, we say that H; C Ho
isometrically (if (2.3) and || f|l3, = |[fll3s, f € H1) and p,(H) C L?(u) iso-
metrically (if (2.4) and || f||ln = lppflle, [ € H). O

Chains of de Branges spaces

2.14 Definition. Let u € M, (R).

(1) We denote by Sub[u] the set of all algebraic de Branges spaces H with the
properties that p,(#) C L?(u) and that (#, (.,.),) is a de Branges space.

(2) We call a subset C of Sub[u] a partial chain for u, if
(a) C #0;

(b) C is totally ordered w.r.t. inclusion;
(¢) 03, = 03, for every pair of spaces Hi,Hs € C and that each quotient

}% with f; € H; \ {0}, i« = 1,2, is a meromorphic function of bounded

characteristic in the open upper half-plane C™.

(3) We call C a chain for u, if C is a maximal element in the set of all partial
chains for p. The set of all chains for p is denoted as Chains[u].

O



2.15 Example. We inspect the set Sub[u] when p is the Lebesgue measure p on
R. We already have seen one family of de Branges spaces in L?(u), namely the
Paley-Wiener spaces PW,, a > 0. The set

C:={PW,:a>0}
clearly is a partial chain. It has the properties

() PWa = {0}, Closza(, | PWa = L?(n),

a>0 a>0 (2 5)
[ PWa=PWay, Closgeqy () PWa=PWa,  ag€ (0,00).
a>ag ag>a>0

Hence, C is maximal, i.e., C € Chains[u].
There are many other chains contained in L?(11); let us exhibit one of them.
Denote by H,, the n-th Hermite polynomial, i.e.,

2 d" 2
H,(z) :=(-1)"€* @eﬁ , z€C,neNg.

Each of the spaces
z2
H,:=e 2Clz],, neN,

is contained in L?(x). The family {e‘éHk(z) :k=0,...,n— 1} forms an
orthogonal basis of (Hy, (.,.)z2(,)). The family

C':={H,:neN}
is a partial chain, and

() Ho=Hmser, | Ho=Hm, meN

n>m 0<n<m

Since {e’éHk(z) :k=0,1,2,...} is an orthogonal basis of L?(u), we obtain
properties similar to (2.5):

ﬂ M, =span{l}, Clospz(, U Hp = L2 (p),

neN neN
dim ( () Ho/Hon) =1, dim (Ho/ |J Ha) =1, meN.
n>m o<n<m
It follows that C’ € Chains[u]. Clearly, CNC' = 0. O

Using the above notation a portion of the core results of de Branges’ theory (as
presented in [Bra68]) can be summarised as follows.

2.16. Structure of Sub[u]: Let p € M4 (R).

(1) Sublu] = U C, and for ech C €  Chains[y] we have
CeChains[u]

Clos p (Upee M) = L2 ().

(2) Let C1,Co € Chains[u]. Then the following statements are equivalent.

10



(a) Cl OCQ 75 @
(b) C1 = Cs.

(¢) There exist H; € C;, i = 1,2, and f; € H; \ {0}, i = 1,2, such that
0y, =0y, and % is a meromorphic function of bounded characteristic
in CT.

The properties in (c) are the crucial hypothesis in de Branges’ Ordering
Theorem, cf. [Bra68, Theorem 35].

(3) Let C € Chains[u] and H € C. Then

(01os U c) e CcuU{{0}} and dim (H/CIOS U L) <1,

Lecu{{o0
ezg{}{t 1} EeCﬁug{q«_{LO}}

and
L eC and di n £ <1,
LGCQ:;H ana am (Lec,ﬁgﬂ /H) -

if H is not maximal element of C.

(4) Let C € Chains[u]. Then the following statements are equivalent.

(a) C contains a mazimal element.
(b) IH eC: pu(H) = L3 (p).

(c) In each of the upper and lower half-planes C* and C™ there exist points
w with sup{Vy(w) : H € C} < 0.

(d) sup{Vy(w) : H € C} < o for every point w € C.
(5) Let C € Chains[u]. Then the following statements are equivalent.

(a) C contains a minimal element.
(b) C contains a one-dimensional element.
(¢) There exists a point w € C with inf{Vy(w) : H € C} > 0.

The following fact can be regarded as common knowledge.

2.17 Remark. Let p € M, (R), let Q C C be open and connected with R C Q,
and let p € [1,00]. Moreover, let £ be a linear space of functions analytic in
Q. If LP(u) C pu(L), then p is discrete (this is seen by an application of the
Identity Theorem). O

In particular, we have the following.

2.18 Lemma. Let i € M4 (R), C € Chains[u], and assume that C has a mazimal
element. Then p is discrete.

Proof. Let H be the maximal element of C. Then p,(H) = L*(u). Q

In our present studies chains which contain elements with finite codimension in
the space L?(u) appear frequently. Let us briefly comment on this situation.

11



2.19 Remark. Let p € M (R) and C € Chains[u]. Assume that C contains a
space Hgy with

0 < dim (LQ(M)/W(HO)) < o0.
=:d

Then there exist spaces Hi, ..., Hqg with Ho C H1 ... Hqg and dim H;/H;—1 =
1,i=1,...,d, such that*

C={HeC:HCH}HH1,..., Ha}.

In particular, C has a maximal element and p is discrete. O

In many, but not all, applications of canonical systems a chain of de Branges
spaces with a particular property plays a decisive role.

2.20 Remark. Let pn € M4 (R) and assume that

dp(z)
/R 1122 < o0

Then there exists a unique chain C € Chains[u] with the property that each
de Branges space ‘H € C is invariant under difference quotients. This means
that

F(z) = F(w)

Z—w

VEFeH,weC: G(z):= cH

Another, equivalent, way to express this property is to say that
VHeC: 1leH+zH (2.6)

It is a nontrivial fact that (2.6) already follows when it is known that one single
space H € C has the property that 1 € H + zH, cf. [Bra6l, Lemma 12| and
[Bra68, Problem 72]. O

In de Branges’ original work this situation was exhibited as an important par-
ticular case, however, his work includes all other situations also. Curiously, still
most of the literature dealing in one or the other way with chains of de Branges
spaces focuses on considering chains C with (2.6).

3 Comparing chains for different measures

Our aim is to compare chains for different measures. Let p1, s € My (R) and
let C; € Chains[us] and Ca € Chains[uz]. An obvious necessary condition for a
space H to be an element of both chains is that those properties which appeared
in Definition 2.14, (2/c), and in 2.16, (2/c), hold, and that the elements of H
are square integrable w.r.t. both measures p; and po.

In the following two definitions we notationally single out these properties.

3.1 Definition. Let pq, ue € My (R), and let C; € Chains[u;], i = 1,2. We say
that C; and Cy are admissible for comparison, if

(1) AH, € C1,Ho €Cso : 0, = 034,

4We use the symbol U to emphasise that the union is a union of disjoint sets.
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(2) IHy € C1,Ha €Ca, f1 € H1 \ {0}, fo € Ha \ {0}: % is a meromorphic
function of bounded characteristic in C*t.

¢

If two chains have nonempty intersection, then they are admissible for compar-
ison. The converse is not true; see, e.g., Example 3.2 below. Saying that two
chains are admissible for comparison means that they have a chance to have
common parts. Since we are interested in showing that two chains actually do
have common parts, we may always restrict our attention to chains which are
admissible for comparison.

Also notice that replacing in this definition (all or some) existential quanti-
fiers with universal quantifiers leads to equivalent conditions. In view of 2.16,
(2/c), the conditions (1) and (2) are equivalent (e.g.) to the following statements
(1) and (2):

(") VH1 € C1,Ha € Co 1 Dy, = Oy,
(2") VH1 €Ci,Ha €Co, f1 € Hi \ {0}, f2 € Ha \ {0} : % is a meromorphic

function of bounded characteristic in C*.

Let us show by an example that being admissible for comparison is only neces-
sary but not sufficient that two chains have nonempty intersection.

3.2 Example. Let p be the Lebesgue measure on R, and let C and C’ be the
chains exhibited in Example 2.15, i.e., C is the chain of Paley-Wiener spaces,

and C' is the chain originating from the Hermite-polynomials multiplied by e~ "=
as orthonormal basis.

As example for another measure, we consider a space which occurs in number
theory (rather than harmonic analysis). Let Z be the (upper case) Riemann
E-function, and set F(z) := Z(viz), 2 € C. Then E is a Hermite-Biehler
function, and the de Branges space H(E) generated by E contains C[z] as a
dense subspace, cf. [KWO05b, Theorem 3.1, Example 3.2]. Let v be the measure
given by dv(z) := de. It is a consequence of [KWO05a, Theorem 2.7] that
the set

D := {C[z],, : n € N} U{H(E(2)e***) :a > 0} (3.1)
is ordered as (0 < a < b)

Cleh € G Cleln & Clelunt © -+ S H(E()) & -
o CH(B(2)e ") C o CH(B(2)e ) G

and belongs to Chains[v]. The chains C" and D are not admissible for comparison.
The chains C and D are admissible for comparison, since all functions Zsinkir ,
k € Z, belong to PWy, and the function 1 belongs to some (actually every)
space in D. However, they are still disjoint since the function 1 is not square
integrable along the real axis and hence cannot belong to any Paley-Wiener

space. O

3.3 Definition. Let v € M (R) and C be a chain of de Branges spaces. Then
we denote
PC,v]:={H eC:p,(H)C L*(v)}.

13



Clearly, P[C,v] is a beginning section of C, i.e., if it contains one element of C,
then it contains also all smaller elements of C.

Let us inspect some examples which indicate that chains for different mea-
sures may be related in various different ways. We focus on the case that one

measure is larger than the other.

3.4 Example. Let v again be the measure dv(x) = de, EB(z) := E(Viz),
which we studied in Example 3.2, and let D be the chain (3.1). We construct
another measure p in a similar way, namely as

1 ad z
du(z) = de, F(z):= nl;[l (1 + m73)

Then (the ordering is analogous to the ordering in (3.1))
C:={Clz]p : n e N} U{H(F(2)e ***) :a > 0} € Chains[y].

We have, by classical function theory,
. In |E(x)| 1 . In|F(2)|
lim = , lim ———+~
z—+oo /|I| In |.Z‘| 4\/5 z—+oo W

Hence, v < yu for some appropriate constant v > 0. Moreover, E(z)(1+|z|)~! ¢
L*(p), and hence H(E) ¢ L*(n). We see that P[D, u] = {C[z], : n € N}, and
hence

=. (3.2)

D2OPD,ucC (D € Chains[v],C € Chains[u],v < ypu).

Let o be the measure defined as do(z) := e~1*ldz. By the limit relation (3.2)
we have o < «v for some appropriate constant v > 0. From the classical deter-
minacy condition [Fre69, Satz 5.2] we have C := {C[z],, : n € N} € Chains[o].
We see that

C=P[C,v]CD  (C € Chainslo],D € Chains[v],0 < ).

Finally, for an example of two measures having equal chains, it is enough to
take any two measures subject to the determinacy condition [Fre69, Satz 5.2].

O
The following result is easy to show, but is a basic fact when it comes to com-
paring chains. Its core, which is the statement in item (2), says in essence that
the situations encountered in Example 3.4 represent all possibilities.

3.5 Theorem. Let puy, pio € My (R) be given.

(1) Let Cy € Chains[u], Ca € Chains[uz], and assume that C; and Cy are ad-
missible for comparison. Then either P[Cy;us] is a beginning section of
P[Co; p1], or P[Co; p1] is a beginning section of P[Cy; us].

Assume that there exists v > 0 such that puy < 7ypa, let C; € Chains[us], and
assume that P[Cy, ua] # 0.

(2) There exists a unique chain Cy € Chains|us] which is admissible for compar-
ison with Cy, and P[Cy; pa] is a beginning section of Cs.

14



(3) Let Cy € Chains|us] be admissible for comparison with Cy. Then

sup Vg |||,,,) (0) <00, weC,
HEP[C1;p2]

if and only if either Co # P[Cy;us], or Co = P[C1;ue] and Co contains a
maximal element.

If C3 = P[C1; o) and Co does not contain a mazimal element, then C, = Cs.

Proof. We start with showing property (2). Consider a space H € P[Cy; u2].
Then, by Lemma 2.12, p,, | is continuous, i.e., || fllu < Y| fllu, f € H, for
some ' > 0. However, by our assumption | f|,, < ¥||f|l.. f € H, and hence
II.ll.; and ||.||,, are equivalent on H. Thus H € Sub[us] and

{K € Sub[u1] : K CH} = {K € Sub[us] : K C H}. (3.3)

Since P[Cy; u2] is a nonempty partial chain, there exists a unique chain Cy €
Chains[us] with Co 2 P[Cy; pe]. Since (3.3) holds for every space H € P[Cy; pa],
we see that P[Cq; uo] is a beginning section of Cs.

We come to the proof of (1). Introduce the measure p = py + po. If
P[C1; 2] = 0 or P[Ce; p1] = 0, there is nothing to prove. Hence, assume that
both sets are nonempty. Clearly, P[C1, u2] = P[C1, p] and P[Ca, p1] = P[Ca, .
Choose a space Hg € P[Cyi;pe]. Then, by the already proved item (2), Hoy €
Sub[p]. Let C C Sub[u] be the chain which contains Hg. Then C; and C are
admissible for comparison. Hence, also Co and C have this property. Item (2)
yields that both, P[C1; u2] and P[Cq; u1] are beginning sections of C. From this
(1) follows.

Finally, let us turn to the proof of (3). If Ca # P[Cy; pa], or Co = P[Cy; p2] and
Ca contains a maximal element, then trivially supycpic,iua) V (#, .l ) (W) < 00
Assume that Co = P[Cy; p2] and Cy does not contain a maximal element. Since
the unit ball of a space H w.r.t. the norm ||.||,, contains the ||.||,,-ball centered
at 0 with radius %, we have

1
sup V H. . " ('LU) Z — sup v . ('lU)
el Vo) (@) 2 3 S Vo)

1
— sup Vg |||,y (w) = o0.
5 Sup (-l ) (0)

The asserted equivalence follows. Moreover, since P[Cy; us2] is a beginning section
of Cy, it follows that P[Cy; us] = Cs. a

We may picture the possible situations described in Theorem 3.5 as follows (as
examples show all these cases can occur).

15



C C G

Cy
T El B
% %— % Cy
o
L2(7) MO L2(1) WA L2(1) WAERAMMAAN™RN
GO L ) sl L) Gosiirsirsl Lp)
Situation in general. Case p1 < yua Case p1 < yug

(possible only if C2 has
a maximal element)

The case that pp and po differ only by a compactly supported part deserves
particular attention. Let us comment on this situation.

3.6 Remark. Let py,pe € My (R) and assume that pu; — po is compactly sup-
ported. Let C; € Chains[u;], i = 1,2, be admissible for comparison. Then

P[Ci,pu2] =C1 and  PCq, 1] = Ca.

Theorem 3.5 implies that either C; is a beginning section of Cy, or Cy is one of
Cy. If p1 < ypo with some vy > 0, then the first of these cases occurs. O

Formulation of the Main Theorem

Let us now state our main theorem, the below Theorem 3.9. In this result we
show stability of the section of a chain of de Branges spaces which is defined by a
restriction speed of growth of functions when the measure containing the chain
is perturbed where the maximal admissible size of the perturbation corresponds
to the maximal speed of growth. The proof of Theorem 3.9 needs some more
machinery (to be built up in §4) and will be carried out in §5.

To make the meaning of “growth restrictions” precise, we need to introduce
an appropriate notation for growth classes, and an appropriate quantification
of smallness of a measure.

3.7 Definition. Let A be a growth function and let ¢ € RU {o0}. We denote
by G(A, ¢) the set of all algebraic de Branges spaces H with the property that

: In[f(2)] : In|f(z)]
limsup ———— < o0, limsup ————= <, e H\ {0}
SN 3% Nl fEHAL0L

Observe that for ¢ = oo the second of these conditions is void. O

Note that G(), 00) = U,cr G(A, ).
3.8 Definition. Let A be a growth function and let u € M, (R). Then we set

p(A, i) := sup {B eR: / P12 du(x) < oo},

R
where the supremum is understood as an element of R U {£o0}. O

One may think of p(A, 1) as a convergence exponent of p w.r.t. A; the number
p(A, i) being large means that p decays fast relative to A.
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3.9 Theorem. Let ui, pio € My (R), and let C; € Chains[u;], i = 1,2, be admis-
sible for comparison. Let X\ be a growth function, ¢ € RU{oo}, v € M1 (R), and

assume that 1
c< §p(/\, v) or p(A,v) = o0, (3.4)

and that
Jee (0,1): |ur —p2| < (1—€)(ur + p2) +v. (3.5)

Then:
(1) The inclusions Cy NG (A, ¢) C P[Cy; po] and Ca NG(A, ¢) C P[Ca; p1] hold.

(2) Either Cy NG(\, ¢) is a beginning section of Co N G(A,¢), or C2NG(A, ¢) is
a beginning section of C1 N G(A, ¢).

(3) Moreover, if Ct NG(\, ¢) € CoNG(A,¢), then:

(a) Cl = P[Cl;,ug] = C1 N G(/\, C).
(b) There exist N € NU {oo}, and de Branges spaces Hy, n € Ng, n < N,
with Hp—1 C Hyp and dimH,/Hi—1 =1, n € N, n < N, such that

CoNG(A, ) =CU{H, :n€Ny,n < N}. (3.6)
(¢) There exists a finitely supported positive Borel measure on the real line

with
ille}é V<H7H-Hu+uo>(w> < oo, weC. (3.7)

The assertions analogous to (3, a-c) hold when Co N G(A,¢) € C1 NG(A, ¢).

Ci

G ¢ LE g
- g
: S |
SN o
a
5 = ‘
SN o
o C 2 h
. E <l
b S :
Z2() RN 2 MRNRRRIRRNRR
S T ) S L )

Equality of section. Proper inclusion.

Remember in this place that two chains with nonempty intersection are certainly

admissible for comparison.

Although the assumptions and conclusions of Theorem 3.9 are fully sym-
metric in g1 and w2, one may sometimes take a perturbation viewpoint, and
consider one of the given measures as the unperturbed one, and the other as

the perturbed one.
Let us demonstrate Theorem 3.9 with a concrete example.
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3.10 Ezample. Let py be the measure dy;(x) = de investigated in

Examples 3.2 and 3.4, and let C; be the chain (3.1). Let v be the measure
defined by

dv(z) := e~ Vel =l d,

let po be any measure with
‘:u’l - /1‘2| S v,

and let Co € Chains[uz] be the chain with 1 € H + zH, H € C3. Then C; and Cy
are admissible for comparison.
We use a growth function A which is (for sufficiently large values of r) equal
to v/rInr, and ¢ := . This data obviously satisfies (3.4), in fact, p(A,v) = 1.
The chain C; can be analysed further. Due to the asymptotics of the function
g, cf. (3.2), we have H(Z(Viz)) € G()\, ¢). By [KWO05a, Theorem 2.7], the space
H(E(Viz)e™ %), a > 0, can be written as

H(E(Viz)e %) = E(Viz)PW, & e “H(2(Viz)).

Thus, each such space contains functions of positive exponential type. More-
over, for each f € H(E(Viz)e %), we have [~ |f(z)|? eV el Jol gz < oo,
Together, this leads to

Ci NG\ c) = {C[z]n : n € N} U{H(E(Viz))} C P[C1; ] = Ci.

Since both measures p; and po are not discrete, there cannot exist a finitely
supported measure with (3.7), see Corollary 4.7 below. Theorem 3.9 now yields
that

CiNG(A ) =CanNG(Ac).

4 The index of a chain

Let 4 € M4 (R) and C € Chains[u]. Then p,(Uyec H) is dense in L2(p). This
density property may or may not be stable under finite-dimensional perturba-
tions of . For spaces of polynomials this is known from the theory of moment
problems under the name of infinite- or finite index of determinacy, cf. [BD95],
and for the spaces £(a) (from Example 2.7) related with the type of a measure
under the name of stable- or unstable density, cf. [BS11]. However, it is a general
phenomenon. Since it plays an important role in the subsequent considerations
(as well as in other contexts), we make the effort to undertake a systematic
study.

For illustration, let us first provide two examples (based on Paley-Wiener
spaces).

4.1 Example. Let u be the Lebesgue measure, and let C € Chains[u] be the chain
of Paley-Wiener spaces. Let pg be a positive and finitely supported measure,
and let Cy € Chains[u+ 110] be the chain which contains C, cf. Remark 3.6. Since
U,>0 PW, contains functions of arbitrary large exponential type, we must have

Co\ C = 0. Hence, {J,., PW, is dense in L*(p + po). O
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4.2 Example. Denote by J, the unit point-mass concentrated at the point z,
and consider the measure p:= >~ 4,. In the Paley-Wiener space PW, we
have the complete orthogonal system

{sm(ﬂ'(z —n)) ne Z}.
z—n

The Parseval-identity yields that p, : PW, — L?(u) is an isometric isomor-
phism. Thus, we have the chain

C:={PW,:0<a<m} e Chains[u].

Let @ € R\ Z, and consider the measure p + d,. Let g be the function

sin(w(z—a))

iy TEL
g(x) := { rle=a)
-1 , T=a«

Then g belongs to L?(u+ d,) and is orthogonal to all functions in p,,4s, (PW;).
Thus g < PWa fails to be dense in L (p1 + dq). O

We come to the general definition of the index of a chain. Denote by Mi"(R)
the set of all finitely supported positive Borel measures on R.

4.3 Definition. Let ;o € My (R) and C € Chains[p]. Then we denote by M (u,C)
the (possibly empty) set of all measures g € Min(R) with the property that

vC:uo (w) = ;U%V<H-’H-Hu+ug>(w) <00, weE C. (4.1)
€

We define the index of the chain C as
ind C := inf{|supp po] : po € M(u,C)} € [0, 00].
Moreover, for py € M(u,C), we denote

8(po) == |{x € supp po : p({x}) = 0}].

Observe that
Vewo = ViUsee Holl-lutng)-

Hence, finiteness of V¢ ,, means that the closure of the algebraic de Branges
space (Jy e M inside L?(u + o) is a de Branges space.

By 2.16, (4), a chain C has index 0 if and only if it contains a maximal
element. This suggests that chains with finite index may be viewed as a gener-
alisation of chains having a maximal element. And indeed, it is the case that the
property to have finite index has in many respects quite similar consequences
as having a maximal element.

4.4 Remark. Let pp € M1 (R) and set A := {x € R : u({z}) = 0}. If yo €
Mi“ (R), then we find a constant v > 0 such that (here 1a denotes the indicator
function of the set A)

ptTapo < p+po < y(p+ Lapo).
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In particular, the measure pg satisfies (4.1) if and only if 1A po does. Moreover,
d(po) = 6(Lapo) = |supp Lapg|. We conclude that

indC = inf{6(uo) : o € M(p,C)} = inf{|supp po| : o € M(p,C), pro L 1}

O

With a chain C € Chains[u] there is associated a family of (possibly) larger
chains. Theorem 3.5 and Remark 3.6 justify the following definition.

4.5 Definition. Let p € M (R), C € Chains[y], and let o € ME"(R). Then
we denote by C,, the unique element of Chains[u + jo] with C € C,,. O

Appealing to 2.16, (4), we may say that po € M(p,C) if and only if C,, has a
maximal element.

Our first step towards understanding the structure of the set M(u,C) is the
following lemma.

4.6 Lemma. Let p € M4 (R), C € Chains[u], and let ug € M(u,C). Denote
L:=yccH. Then

dim (L2(” + “0)/Clos Puto (E)) < 6(ko)-
Proof. Let Py be the map

LAt po) — L*(p)
ne{ S Dl )

Then P, is contractive, surjective, and
ker Py = span {[L{z}] 440 : € supp pio, u({z}) = 0}.

In particular, dimker Py = 0(po) < oo. Clearly, p, = Py © ppuip,-
Since C € Chains[y], the set p, (L) is dense in L?(u). Hence, Py *(p,(L)) is
dense in L2(u + po). However, we have

Po_l(pu(ﬁ)) = Po_1 (PO(pMJFMO (L))) = Pu-+uo (L) + ker Py,
and using that dimker Py < oo, we thus obtain
L?(p+ po) = Clos [Py ' (pu(£))] = Clos [putpo (£)] + ker Py. (4.3)

a

4.7 Corollary. Let pp € M1 (R) and C € Chains[y]. If indC < oo, then p is
discrete.

Proof. The set M(p,C) is nonempty. By the above lemma, the chain C,, con-
tains an element with finite codimension in L?(u + pg). Therefore it must have
a maximal element. Lemma 2.18 implies that p + o is discrete, and hence p
also is. a

For pg € M(p,C) we set

d(po) = 0(p0) — dim (L2(/‘L + /‘0)/Clos . (E))

By Lemma 4.6, the number d(u) is a well-defined nonnegative integer.
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4.8 Proposition. Let p € M4 (R) and C € Chains[u]. Then the number d(uo)
is independent of po € M(p,C).

Proof. If M(u,C) = 0, there is nothing to prove. Hence, assume that M(u,C)
is nonempty. Then, in particular, u is discrete.

Let p1, g € M(p,C) and let Py, Py be the respective maps (4.2). Moreover,
to shorten notation, set p; := p 4., i = 1,2. Note that, clearly,

Py opy = Psops.
Denote again £ := J;;cc H. Then, for each f € L,

1124, = / Rdpt S 1@ P}

TESUpp U2

<(1+ Y Ve @ha(ed)If s,

TESUpP 2

112, = / PPt Y 1@ P (e}

TESUPP p1

<1+ Y Vewm@?m(a))If1Es,.

TESUPP 1

These relations imply that the set

{(p1f.p2f) € L2(n+ ) x L*(n+po) : f € L} (4.4)

is the graph of a bicontinuous bijection ¢ of p;(L£) onto p2(L).
Let ¢ be the extension by continuity of ©g. Then % is a bicontinuous bijection
of Clos p1 (L) onto Clos p2(L). Since the graph of ¢ contains (4.4), we have

p2 =1t opr.
It follows that Py o p1 = Py 0 po = Py 0o o p1, and by continuity that
Pi|cios py () = P2 o).

In the same way, we obtain Ps|cios p,(c) = P1 © 1~ Together these relations
yield
¥ ([Clos p1(£)] Nker P1) = [Clos p2(L)] Nker P.

Since 9 is injective, in particular,
dim ([Clos p1(£)] Nker P;) = dim ([Clos p2(£)] Nker Py). (4.5)
As we saw in (4.3),
[Clos pi(L)] + ker Py = L?(u + i), i=1,2,
and we conclude that
dim (LZ(M + ”i)/Clos Pi(ﬁ)) = dim ker P, — dim ([Clos p;(£)] Nker P;).
=6(p)

Now (4.5) implies that d(u1) = d(u2). ]
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Our next aim is to investigate the chains C,,, for pg € M(u,C) more closely. A
crucial result in this context is the following general fact.

4.9 Proposition. Let p € M (R) be a discrete measure, and let A be a finite
subset of supp . If C € Chains[u], then

{”H € C: dim (LZ‘(u)/CIOSp#(H)) > |A|} € Chains[La- /1.

Proof. We shall settle the case of a 1-element subset A. The general assertion
then follows by repeated application of this case.

First, we make a preliminary notice. Let & € supp u, then the space {[f], €
L?(p) : f(z) = 0} is a closed and proper subspace of L?(p). Since [y ep H is
dense in L?(u), there must exist H, € C and f, € H, with f.(z) # 0. This
shows that 94, () = 0. Hence, for all H € C we have d4/(x) = 0. The point x
was arbitrary in supp p, and we infer that

Oy(z) =0, HeC,x € suppu.

Assume now that we are given a point zy € suppp and consider the subset
A :={zo}. Let P be the map

. LQ(M) — L2<]1ACM)
P'{ Flu = liaen

then P is a contractive surjection and

ker P = {[f],: f() = 0.2 € [supp ]\ {zo}} = span{[1a],.}.

As a continuous surjection with finite-dimensional kernel, P maps closed sub-
spaces to closed subspaces. Moreover, clearly, P o p, = p1,cp-

The next step in the proof is to show that for each space H € C with
pu(H)Nker P = {0} it holds that p,(H) = L?(u). Assume that H € C and that
H contains a function g, with p, gz, = [1a],. This means that

Gao(x) = {(1) T f [supp p] \ {zo}
, T =20

For = € [supp p) \ {zo}, set d :=0,, (z) and consider the function

d,! Jao (2)
9 (2) == m(z - xo)m-

Then g, € H and p,g, = [1{3],. We conclude that p,(#) contains all finitely
supported functions in L?(p), and hence is dense in L?(p). However, p,(H) is
closed in L?(u), and thus indeed p,(H) = L?(u).

Now let H € C with dim(L?(u)/pu(H)) > 1 be given. By what we showed
above, p,, () Nker P = {0}, and hence P|,,(3) maps p,(H) bijectively onto
some closed subspace of L?(1acpu). By the Open Mapping Theorem, Pl,. () is
bicontinuous. This yields that pg,., maps H injectively onto a closed subspace
of L?(1 acp), and that

Ve (@) <Pl HIV a0 (w) < 00, w e C.
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Thus H € Sub[Lacpu]. We see that C; := {H € C : dim(L?(u)/p,(H)) > 1} is a
partial chain for 1 acpu.

Let Cy € Chains[lacp] be the chain with Cy 2 C;. By Remark 3.6, we have
Co C C. The set C \ C; contains at most one element: namely, C \ C; contains
the maximal element of C if it exists, and is empty otherwise. In the second
case, we already have Cy = C;. Assume C has a maximal element, say H. Then
pu(H) = L?(u), and hence py ,.,|# is not injective. Hence, H & Sub[lacp], and
we conclude again that Cy = C;. ]}

Using Proposition 4.8 and Proposition 4.9 we can establish the main result of
this section.

4.10 Theorem. Let i € ML (R) and C € Chains[u]. Then the following state-
ments hold.

(1) M(p,C) = {po € ME*(R) : 6(uo) > ind C}.
(2) For each ug € M(u,C) we have

dim (LQ(M + uo)/mos Prit o (HLEJC 'H)) = 6(po) — indC.

(3) Assume that indC = 0, and let po € ME*(R). Denote the mazimal element
of C by Ho. Then there exist de Branges spaces Hi, ..., Hs(uy) with Hi—1 C
Hi, dimH; /H;—1 =1, i=1,...,0(uo), such that

Cpo = CO{Ha, ., H(uo) }-

(4) Assume that 0 < indC < oo, and let py € M(u,C). Then there exist
de Branges spaces Ho, ..., Ho(uo)—indc With Hi—1 C Hy, dimH;/Hi1 = 1,
i=1,...,0(pno) —ind C, such that

CHU = CU{HO7 .. 7H5(M0)—indc}’

Ho=Clos | JH,  dimHo/H =00, HeC.
HeC

(5) Let po € M (R) \ M(1,C). Then we have Cp, = C, in particular,

_ 72
123 0 - .
Clos p +u(| |’H) L*(pn + po)
Hee

Item (5) is easy to see.

=

Thus, if o € MI*(R)\ M (u,C), we must have C,,, = C. In particular, | J;;cc H =
U?—Lecug H, and hence pp4 o (Uyee H) is dense in L2 (p + o). Q

Proof (of Theorem 4.10, (5)). If C,, 2 C, then obviously (4.1) holds for fy.

Next, we settle the case that ind C equals zero.
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Proof (of Theorem 4.10, Case indC = 0). Assume that C has index zero. Then
C has a maximal element; denote this space as Hg. Since V¢, (w) > Ve ., (w)
whenever 4y < p1, it follows that M(p,C) = MA"(R). This is (1). For the zero
measure we have
= —di L2 =
a(0) = 5(0) — dim (L*(#) / Clos p#(HLEJCH )) 0.
=0

——
=Ho

By Proposition 4.8, thus

6(po) — dim (LQ(M + Mo)/clos pﬁ,wHo) = d(po) =d(0) =0, po € MP*(R).
This is (2). Item (3) follows immediately, remember Remark 2.19. |
The case that ind C is a finite positive number is the most involved one.

Proof (of Theorem 4.10, Case 0 < indC < 0c0). Let us fix a measure A €
M(p,C) with A L p and |[supp A| = ind C. Moreover, set again £ := | J,;cc H-

In the first part of this proof we investigate the chain Cy. This chain has a
maximal element; denote it as Hy. Our aim is to show that p, (L) is dense in
L?(p+ A). Assume the contrary, then by Lemma 4.6

0 < dim (LQ(M‘F /\)/Closp#H\(ﬁ)) < |supp M| < co.

Hence, the chain Cy contains an element H; with dimHo/H; = 1. Choose
To € supp A, then by Proposition 4.9 the space H; is the maximal element of
the chain C]l{mO}CA' This implies that 1(,,1cA € M(u,C), and we have reached
a contradiction.

Since indC > 0, the chain C has no maximal element, and hence
dim(L?(u)/pp(H)) = oo for all H € C. Since pua(Ho) = L*(u + N), also
pu(Ho) = L?(w), and it follows that

dim(Ho/H) > dim(L* (i) /pu(H)) = 00, H € C.

In the second part of the proof we establish (1). By Remark 4.4 it is enough to
show that

{10 € M (R) : g L pu, [ supp po| > indC} € M(p, C),

and that (2) and (4) hold for measures pg € M(p,C) with po L p.
Let p19 € MA™(R) with po L p and |supp po| > ind C be given, and set

Vi= ]l(supp A)eHo-
Consider the chain Cy € Chains[p + A]. Then indCy = 0, and we may apply

what we already proved for this case. Clearly, v L (1 + A), and it follows that
(note that (Jyee, H = Ho € Cryw)

dim (L2t N +0) [ () = Isuppol.
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Set A := supp A \ supp po. We have

| supp v| =|supp 10 \ supp A| = | supp po| — |supp jo N supp A|
>indC — [supp po Nsupp A| = [supp A| — [ supp o N supp A|
=[supp A \ supp po| = [A[.

Since u(A) = 0, we have Tac((p+A)+v) = p+1ac(A+v), and Proposition 4.9
yields that Ho € Cy,.(n4.) and that

dim (LQ(# +1ac(A+ V))/,O#HAC(HV)(Ho)) = |suppv| — [A] <oo.  (4.6)

This implies that Cy . (x4, has a maximal element, and hence that Tac(A+v) €
M(u,C). However, supp Lac(A + v) = supp po, and hence we find constants
v,v" > 0 with

Yho < Lac(A+v) <9 po. (4.7)

It follows that pg € M(u,C), and the proof of (1) is complete.
Finally, for the proof of (2) and (4), we compute

| supp 10| —ind C = |supp o] — |supp A|
:(| supp fto \ supp A| + | supp g N supp )\|)
—(|supp A\ supp pzo| + | supp pig N supp Al) = [suppv| — |A].
Since Ho € C,e(r+v), Cx is a beginning section of Cy,.(n4.,). Hence, Ho =
Clos | Jyce H- We have the two-sided estimate (4.7), and thus the relation (4.6)

gives the formula required in (2). Item (4) is an immediate consequence of (2)
and Remark 2.19. Q

5 Proof of Theorem 3.9

There are three essential ingredients in the proof of Theorem 3.9. The first
one (Lemma 5.1) is to show a compactness property under an assumption on
the norm of point-evaluation functionals and relies on a geometric perturbation
argument. The second one (Lemma 5.2) is an analytic argument which shows
that the assumption of Lemma 5.1 can be verified from growth restrictions.
Last, but not least, the theory of the index of a chain developed in the previous
section enters in a crucial way.

5.1 Lemma. Let Q C C be a domain which contains the real line, and let
(H, ||.|ln) be a reproducing kernel space of functions analytic in Q. Moreover,
let v € My (R), and assume that

Vaulr € L*(v). (5.1)
Then:
(1) pu(H) € L2(0) and puloe = (K. | Ilm) = T2(v) is compact.
(2) There exist 9,71 > 0 and po € MI™(R), such that

Wl FI5 < WFIG = IS + 115, < vl fllz,  f e
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In other words, (5.1) says that the reproducing kernel k3 of the Hilbert space
(H, (., .)n) satisfies [; ky(x,x)dv < co.

Proof. We have |f(z)| <||fllnx-Vu(x), f € H, z € R, and hence (5.1) immedi-
ately implies that p, maps H boundedly into L?(v). To show compactness, con-
sider a sequence (fn)nen in H which converges weakly to some element f € H.
Then f,(z) — f(z) — 0 for € R pointwise, and § := sup,,ey || fnlln < 00. The
function (28Vy|gr)? is a v-integrable majorant for |f, — f|?, and by bounded
convergence

an—f||3=/R|fn—f|2dv—>0.

Thus p, |y is compact.
The sesquilinear form

[fag} ::(fag)?-lf‘/ngdl/a fagEHa

is bounded w.r.t. ||.||%, and its Gram operator G w.r.t. (.,.)y is given as

G=1I—(pulu)*(puln)-

Let £ be the spectral subspace of G corresponding to the set [%, 00). Then,
by compactness of p, |y, we have dimH/L < oo. Clearly, [.,.]|zxc is positive
definite on £ and induces a norm equivalent to (||.|l#)|z-

The family of point-evaluation functionals {x, : © € R} is point separating
on H. Hence, by a standard perturbation argument (for an explicit proof see,
e.g., [Worl4, Proposition A.9]), we find 1,...,2, € Rand aq,...,a, > 0, such
that the sesquilinear form

(f?g) = [fvg]+za1f(xz)M7 fagEHa

is positive definite on H and induces a norm equivalent to ||.|[%. Denote by
0, the unit point-mass concentrated at the point z. Then the assertion of the
lemma follows with .
Lo == Zaiéwi.
i=1

a

5.2 Lemma. Let \ be a growth function, ¢ € RU {0}, and let (H, (.,.)n) be a
de Branges space which is contained in G(\, c). Then the following statements
hold.

(1) We have®

. InV . In V()
limsup ———— < oo and limsup ————= <c¢

(2) If v € My (R) with ¢ < 1p(\,v) or p(A,v) = oo, then (5.1) holds.

5 - - S
° Again, the second condition is void if ¢ = co
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Proof. Choose a function F of Hermite-Biehler class which generates the
de Branges space (M, (.,.)x). The representation (2.2) of the reproducing ker-
nel kg of H can be rewritten in terms of the functions A := $(E + E#) and
B := L(E — E#). Then it reads as (again this formula has to be interpreted as
a derivative if z = w)

1 B(:)A(W) - A(2)B(w)

ky(w,z) = = P , z,weC.

In particular, we obtain that
1
Vi (2)? = ky(z,2) = - [B'(x)A(z) — A'(z)B(z)], =z €eR.

Since A € H + zH, we have
A In|A(2)
limsup ———— < o0, limsup —— <cg, (5.3)
zl—oo  A(l2]) ztoo A7)

and the same for B. Remembering Remark 2.3, we see that (5.2) holds.
In view of the definition of p(}, ¢), these relations immediately imply (2). QO

Proof (of Theorem 3.9). Let K C R be compact, then (3.5) yields
p2(K) < i (K) + |ua(K) = pr (K)| < i (K) + (1= €) (1 (K) + pa(K)) + v(K).
This implies that

eu2(K) < (2 — O (K) + V(K. (5.4)
Exchanging the roles of 1 and ps, yields
epu1 (K) < (2 = e)uz(K) + v(K). (5.5)

Let H € C1NG(A, ¢) UC2NG(A, ¢). Lemma 5.2, (2), shows that (5.1) holds and
hence that p,(H) C L?*(v). We conclude that

CiNG(\c) CP[Ci;u2] and CoNG(A, ) C P[Co;pa], (5.6)

and this is (1). It follows that C; N G(A,¢) and Ca N G(A, ¢) are both beginning
sections of the larger of P[Cy; u2] and P[Co; p11], remember Theorem 3.5. This
already implies that (2) holds.

If C; N G(\ ¢) and Co N G(A,¢) coincide, there is nothing more to prove.
We consider the case that C; N G(A, ¢) C Ca N G(A, ¢); the case Co N G(\, ¢) C
C1 NG(A, c) is treated completely analogously.

Choose K € Co N G(\, ¢) \ C1 N G(A, ¢). From (5.4) and (5.5) we conclude
that for each compact set K C R

2—c¢€

p2(K) < pi(K) +

V(K) <

2—¢ 2 ¢ M2(K)+<%+2_6)V(K). (5.7)

Denote by |py|x|| the norm of p,|xc as an operator from (K, ||.||.,) to L?(v).

Then
9 5 dv
dpz < If\ dpn + |f|

duz+ +— /|f|2dy
§<2 +(1+7)||PV|IC|| /|f|2du2, fek.

€
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Hence, as the norm ||.|[,, is equivalent to the norm based on p; + 5%, the

space K becomes a de Branges space when endowed with the norm | f||% :=
£ + 1P £ € K.
2—e J
|4

We apply Lemma 5.1, (2), with the space (IC, ||.||x) and the measure 57 ; the

required hypothesis (5.1) holds by Lemma 5.2 since K € G(\, ¢). This provides
us with po € ME*(R) and 49,71 > 0, such that

wlflk < 1A, + 115, <nliflk,  fek.
~—_——

=1F12, 4

It follows that K € Sub[u; + o).
Consider the chain C; ,,,, i.e., the unique element of Chains[u; + o] which
contains C;. By Theorem 4.10, we have

Clvlto = ClU{ICm :m E N)m < M}
with some M € Ny and de Branges spaces KC,,, satisfying

Ki—1 €Ki, dimK;/Kiy =1, i=2,..., M, U #HcKif M>o0.
HeC,

Since C; and C; are admissible for comparison, so are Ci,,, and Cs, and it
follows that K € Cy,,. Since K € G(A,¢) \ C1 N G(A,c), we have K & Cy.
Hence, we must have M > 0 and K = K,,, for some mg € {1,...,M}. Thus
o € M(p1,Cr), in particular, ind Cy < co. Moreover, (Jyco, H C K € G(A, ¢),
ie,, C; =C1 NG(A, ¢). Remembering (5.6), we obtain

€1 =€ NG\ ) € PlCriual € Ci,

and hence equality prevails throughout.
Let H' € Cy with
U #rcH ck.

HeClr

Since the norms ||.||,, and ||.||,+4, are equivalent on K, we have H' € Cy .
Thus
{H' €Cy:H CK} =CU{K,, :m e N,m < mg}.

Since the choice of K € CaNG(A, ¢)\C1NG(A, ¢) was arbitrary, (3.6) follows. QO

6 Stability and inclusion results for whole chains

In this section we present some instances when our growth dependent stability
result can be applied to obtain knowledge about whole chains rather than for
beginning sections. Those examples, corollaries and supplements of Theorem 3.9
cover several known stability results.

6.1 Using a priori knowledge on measures and/or chains

The following fact is a trivial corollary of Theorem 3.9.
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6.1 Corollary. Let puy,pus € My (R), and let C; € Chains[y;], i = 1,2, be
admissible for comparison. Let X be a growth function, ¢ € RU{co}, v € M4 (R),
and assume that (3.4) and (3.5) hold. Assume in addition that

C1,C2 C G(A ). (6.1)
Then one of the following three alternatives must take place.
[I] C; =Ca.
[1I;] indCe < o0 and

IN € NU{co} IH,, forn e No,n < N :

. (6.2)
Hio1 S Hypy, dimHy,/Hp—1 =1, neNn <N,

such that C; = CoU{H,, : n € Ng,n < N}.
[II] indCy < 0o and (6.2) such that Co = CyU{H,, : n € No,n < N}.
In addition:

(a) If “N < o0”in [II1] or [113], then the corresponding larger chain has index
zero.

(b) If “N = o0” in [II;] or [Ily], then the corresponding larger chain has
nonzero index.

Proof. Observe that (6.1) yields C; NG (A, ¢) = C;, i = 1,2. Moreover, “N < c0”
in (6.2) implies that the corresponding larger chain has a maximal element,
whereas “N = co” implies that it has no. Qa

The justification to formulate this corollary is that there are situations when
the required a priori knowledge (6.1) is available from accessible properties of
the measures or chains under consideration.

6.2 Ezample. Let p € My (R) with [, d@) o and assume that supp p is

1422
semibounded (from above or from below). Let C € Chains[u] be the chain with
l1eH+2MH,HeC. Then CC G(rz,00).
Hence, under the a priori assumption that

supp j41, supp g2 semibounded, leH+2zH,H e CiUCo, (6.3)

Corollary 6.1 applies with A(r) := rz and ¢ := oo. %

The bounded type property mentioned in Definition 2.14, (2/c), and Defini-
tion 3.1, (2), gives rise to two other situations where a priori knowledge is
available.

6.3 Example. Let C be a chain for some measure p, and assume that there exists
a function f € (J;,co H which does not vanish identically and is of bounded type
in C*. Let A(r) :=r and ¢ := 0. Then the triple [C; ), ¢| possesses the property

[A] For each chain €’ which is admissible for comparison with C, we have

¢’ C G\ o).
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Hence, under the a priori assumption that

dfe ( U ’H) \ {0} : f bounded type in CT, (6.4)
Hel
Corollary 6.1 applies with A(r) :=r and ¢ := 0. O

6.4 Example. Let C be a chain for some measure p, let A be a growth function
with 7 = O(A(r)), and let ¢ € RU {oco}. Assume that there exists a function
J € Uyec H which does not vanish identically and satifies

In|f(z)] In | f(z)|

lim sup < oo, limsup——— <ec. (6.5)
lzlsoo All2]) w—too A[])

Then the triple [C; A, ¢] possesses the property [A]. This follows, e.g., from the ar-
gument in the proof of [KW05a, Theorem 3.10] using that the indicator h(f, A; 0)
is continuous.

Hence, under the a priori assumption that

r=000),  3fe(JH)\{0}:(6.5) holds, (6.6)

HeC

Corollary 6.1 applies with A(r) and c. O

Let us point out the essential difference in the nature of the conditions (6.3)
and (6.4)/(6.6). The first requests knowlegde on both measures and chains,
wheras the latter request knowledge only on one chain. Taking a perturbation
viewpoint this means to either require knowledge about the unperturbed and
the perturbed objects, or only about the unperturbed ones.

The reason that (6.4)/(6.6) are in this sense much better than (6.3), is the
property [A]. In fact, we may say that whenever [A] is present, Corollary 6.1
applies. Even more, we can improve the additional property (b).

6.5 Proposition. Let puy,us € M (R), and let C; € Chains[y,], i = 1,2, be
admissible for comparison. Let X be a growth function, ¢ € RU{oco}, v € M (R),
and assume that (3.4) and (3.5) hold. Assume that the triple [C1; \, ] possesses
the property [A].

Then one of the alternatives [1], [1I1 ], [y ] must take place. Moreover, the
addition (a) holds and:

(by) If “N = o0” in [I11] or [Il3], then the corresponding larger chain has
infinite index.

Proof. The property [A], applied with the chains C’' := C; and C’ := Cy implies
that the hypothesis (6.1) is fullfilled. Hence one of [I], [II1], [IIz] takes place.

We need to consider the case that “N = oo” in [II;]. Assume on the
contrary that indC; < co. Choose g € M(p1,Cq) with |supp po| = indCy. By
Theorem 4.10 there exists a de Branges space KC such that

Cl,,uo = C1U{K} = CQU{Hn n e No}U{K} (67)

Due to [A] we have Cy ,,, € G(A, ¢). The measures jig, 11 + pro and v+ pug satisfy
(3.4) and (3.5). Hence, Corollary 6.1 applies with these measures and the chains
Cs and Cy . Since Co C Cy C Cy ), the respective alternative [II; | must occur.

This contradicts the form (6.7) of Cy . Q
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As a consequence of Proposition 6.5 we reobtain a certain part of a stability
result on the type of a measure shown in [BS11, Corollary 1.5], see also the
discussion in [Poll3, Theorem 11]. The part which we cover is enlarging the
measure and limited redistribution of mass, what we do not cover is shifting of
mass.

Moreover, we restrict ourselves to consideration of measures p with
fR ‘fi(fz) < 00. The case of power bounded measures and admitting a poly-
nomial factor in the perturbation could be treated analogously making use of
the theory developed in [LW13b] and [LW13a]. This, however, would require
recalling a serious amount of notation, and we feel that it is beyond the scope
of the present paper.

To formulate the stability result, let us recall (one possible) definition of the
type of a measure. Let u € M, (R) and assume that fR 'f’jr(;fz) < 00. Moreover,
let C € Chains[u] be the chain with 1 € H + zH, H € C. Then the type of the

measure p is defined as the supremum of the exponential types of all functions
in Uyee M-

6.6 Corollary (part of [BS11, Corollary 1.5]). Let pu1,p2 € My (R) with

Jr d{iiﬁ) < 00, i=1,2, and let C; € Chains[u;] be the chains with 1 € H + 2H,

H € C;. Assume that there exists a measure v € My (R) with

(1) 36>0: /e‘slw‘du<oo,
R

(2) Fe€(0,1) 1 [pur — po| < (1= €)(p1 + p2) + v
Then py and ps have equal types.

Proof. Proposition 6.5 yields that one of [I], [II;], [IIz ] must take place. In
each of these cases the classical formula of de Branges—Krein for computing the
type of a measure in terms of the associated canonical system yields that the
types of p; and ps are equal. a

6.2 Compactly supported perturbations

The situation that the measure v is compactly supported is of particular interest
(and will be of importance in forthcoming work). In this case already a very
weak a priori assumption on one of the chains is enough to ensure that one of
the alternatives [I], [II1 ], [II3] must take place, and that even finer additions
hold than in Proposition 6.5.

6.7 Theorem. Let uy, ps € M4 (R), let C; € Chains[u;], i = 1,2, be admissible
for comparison, and let v € My (R). Assume that

supp v compact, (3.5) holds, I f € ( U ’H)\{O} : [ is of finite order.
HEC1UC2

Then one of the alternatives [I], [11y], [Ilo] must take place. Moreover, the
addition (a) holds and:

(byy) If “N = o0” in [II1] or [I13], then measure corresponding to the larger
chain is not discrete.
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(¢) If p1 < po then C1 C Co, and if po < py then Co C Cy.

Proof. Since supp v is compact, we have p(\, ) = oo for every growth function
A, and hence (3.4) always holds. Choose f € (Uyee,ue, H) \ {0} with finite
order, say pr, and choose p > max{1, p;}. By Example 6.4 the triple [C1; 7", 0]
possesses the property [A]. Hence, Proposition 6.5 is applicable, and yields that
one of the alternatives [I], [II; ], [II3] must take place and that the additions
(a) and (bs) hold.

Consider the case that [II; | takes place with “N = co”. Then we know from
(b4) that indC; = co. Moreover, since ind Cy < 0o, the measure ps is discrete.
To show (b ) assume on the contrary that p; is discrete. Denote K := supp v,
then by (5.7)

€ 2 —

5 H2(lr}) < m{z}) < “pa({z}), @ ER\K. (6.8)

€

Choose o3 € M(u2,Cs2), and set
o1 := Lgpus + os.

Remembering that € € (0, 1), we obtain

€ 2—c¢
ﬁ(,UfQ‘i‘(]lK,Ul"‘UQ)) Slgepr+lgpo+1gp+og < T(u2+(ﬂku1+02))

=p1to1

By equivalence of norms we have Cs 1,1, 40, € Chains[u; + o1]. However, C; o,
and C2 1, +0, both contain Co, and hence are equal. Since Lgp; + 0o €
M(p2,Cs), equivalence of norms yields o1 € M(u1,Cy). Thus indC; < co, and
we have reached a contradiction. The case that [II5 ] takes place with “N = 00”
is treated in the same way.

To show (¢) assume on the contrary that p; < ps and Co C C;. Then
indCy < oo and hence us is discrete. By absolute continuity, also up is discrete
and supp p1 C supp peo. In the same way as in the first part of the proof, we
obtain (6.8).

Since K Nsupp p; is finite, we find 79 € (0,1) and 77 > 1 such that

Yore({z}) < pm({z}) < mpe({z}), =« €supp . (6.9)

Set 0 := L (supp py )e 2. Since K Nsupp po is finite, (6.8) implies that |supp o| <
oo. From (6.9) we obtain

1 1
— (1 +0) < pg < —(a +0).
Al Yo

Equivalence of norms implies that Co € Chains[u; +0]. However, C2 C C1 C Cy 4,

and we have reached a contradiction. The case that po < py is treated in the
same way. Q

The following inclusion result was obtained in [Win00] from a Gelfand-Levitan
type construction (see Lemma 2.3 and the paragraph at the bottom of p.243

in [Win00]): Let py, e € My (R) with [, dfi;ﬁ) < o00,i=1,2, and let C; €

Chains[u;] be the chains with 1 € H + zH, H € C;. Assume that
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(i) there exists a bounded interval E and ¢ > 0 such that pslp\p < pilr\E
and dl’“u ral () < 112 for pi-a.ax € R\ E;

(i) 1 < po.
Then Cl Q CQ.
Note that strict inclusion may occur; examples are obtained by choosing p;
such that C; has finite index and setting po := p1 + o where o € M(u1,Cq).
Using Theorem 6.7 we can show a slight improvement of this stability resultf.

6.8 Corollary ([Win00]). Let p1,p2 € M4 (R) with [, dl’f;(;; < o0, i =1,2,

and let C; € Chains[u;] be the chains with 1 € H + zH, H € C;. Assume that

(1) there exists a bounded interval E such that polp\p < pilrp\e and
dlug—
eSS SUD e\ %(z) <1;
(2) 1 < pa-
Then Cl C CQ.

Proof. Set o := esssup,cp\ g M( Yand v :=1g - |u; — pal, then

I — po| <o pn v
In particular, (3.5) holds. Hence, Theorem 6.7 is applicable. a

6.3 A priori knowledge on sign

A stability result can also be shown when the unperturbed measure (in the
statement below this is us2) is everywhere larger than the perturbed one.

6.9 Proposition. Let pq, 2 € My (R), and let C; € Chains[u;], i = 1,2, be
admissible for comparison. Let \ be a growth function and ¢ € RU{co}. Assume
that

(1) indCy > 0 and C2 C G(A,¢);
(2) there exists v € M (R) with (3.4) and € € (0,1) with eps — v < 1 < ug.
Then one of the alternatives [1], [Ila] must take place.

Proof. By assumption we have Co N G(\,¢) = C3. Hence, Theorem 3.9 yields
that either

(A) C2CCinG(A ¢
or
(B) C1NG(A, ) CC2anNG(A¢).
Consider the case (A). From Theorem 3.5, (2), and Theorem 3.9, (1), we obtain
Ca CC1NG(A, ¢) CP[Cy;p2] CCo

and hence equality must hold throughout. By assumption indCs > 0, and
Theorem 3.5, (3), implies that C; = Cs.

Consider the case (B). Theorem 3.9, (3), applies and yields that ind C; < oo,
that C; = C1 NG(A, ¢) € Cq, and that Cy \ C; is of the desired form. Q

6Notice: we obtain only the inclusion result, not the formula [Win00, (3.30)] for the ele-
ments of C; as de Branges subspaces of L2(uz2).
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6.4 The closure of polynomials

Theorem 3.9 can be employed to obtain results about density of polynomials in
a space L2(u) and properties of their closure if they are not dense.

Recall the notion of determinacy of a measure and of its index of determinacy.
For practical reasons, we do not use the definition given in [BD95], but the
equivalent property provided in [BD95, Theorems 3.6,3.9].

6.10 Definition. Let p € M, (R) and assume that p possesses all power mo-
ments.

(1) The measure pu is called determinate, if it is uniquely determined by the
sequence of its power moments. It is called indeterminate otherwise.

(2) The measure p is said to have infinite index of determinacy if every measure
W+ po with pg € M‘i“(R), is determinate.

(3) Assume that p is determinate but does not have infinite index of determi-
nacy. Then the index of determinacy of p is the minimal number N € N
such that there exists pg € MI(R), |suppuo| = N, with p + po being
indeterminate.

We denote the index of determinacy of p by ind p (thereby including the possible
value 00). Moreover, we set ind p := 0 if p is indeterminate. O

Reformulated in terms of our present notation, we may say the following: Let
u € M4 (R) with | supp u| = oo be given, and assume that p possesses all power
moments and is determinate. Then C := {C[z], : n € N} € Chains[u] and
indC = ind p.

6.11 Proposition. Let py € My (R) possess all power moments, and assume
that either | supp p1| < oo or uy has infinite index of determinacy. Let \ be a
growth function and ¢ € [0,00]. Let puz € M4 (R), and assume that (3.4) and
(3.5) hold.

Then o possesses all power moments, and each space H € Sublus] with
1 € H + zH is either finite-dimensional or does not belong to the growth class

G(\c).

Proof. The case that us = 0 is trivial. Hence, assume that ps # 0. Moreover,
notice that, for every polynomial p € C|z],

. In|p(z)|
limsup ———

Consider the chain Cy for p; which consists of polynomials, i.e.,

= 0. (6.10)

{Clz]ln:n=1,...,|suppp1l|}, [supppui| < oo,
{Clz]n :n=1,2,...} , ind pp = oo.

Cl =

Since ¢ > 0, we have C; C G(), ¢).

Since p(A,v) > 0, we see from (6.10) that C[z] C L?(v), i.e., v possesses all
power moments. Now (5.4) yields that also po possesses all power moments.
Let Co € Chains[usg] be the chain with span{l} € C;. Theorem 3.9 yields that
either
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(A) Cz N G()\,C) g Cl
or
(B) Ci - CanN G()\, C).

If the alternative (A) takes place, the assertion of the present proposition follows
immediately. Assume that (B) takes place. By Theorem 3.9, (3/c), we must have
indC; < oo. Our assumption says that this may happen only if | supp p;| < oo.
By Theorem 3.9, (3/b), we have

CoNG(A,c) =CiU{H, :n€No,n < N}

where N € NU{oo} and H,,—1 € Hy, dimH,,/H,—1 =1, n € N;n < N. This
show that each member of Co N G(A, ¢) is finite-dimensional. |

Using A(r) := r and ¢ := 0 in Proposition 6.11, we obtain a slightly refined
version of Yuditskii’s theorem [Yud00].

6.12 Corollary ([Yud00, Theorem]). Let u1 € M4 (R) possess all power mo-
ments and have infinite index of determinacy. Let us € My (R), and assume
that

Iy = p2] < (1 —€)(p1 + p2) +v
with some € € (0,1) and v € M4 (R) satisfying

36>0: / 7l du(z) < oo.
R

Then C[z] is a dense subspace of L*(uz).

Proof. If C[z] were not dense, its closure would be a space contained in G(r,0).

a

Another interesting consequence of Proposition 6.11 is the case “u; = 07.
6.13 Corollary. Let X be a growth function, ¢ € [0,00], u € M4 (R) with

| supp | = oo, and assume that

1
¢ < 5p(A p) or p(A, p) = oo.

Then either Clz] is dense in L* (i) or Closp2(,) Clz] € G(A, ¢). Q

6.14 Remark. Using A(r) := r and ¢ := 0 in Corollary 6.13 gives the classical
fact (see, e.g., [Fre69, Satz 5.2]) that a measure p € My (R) is determinate
provided that

36 >0: /e‘slx‘du<oo.
R
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