The Krein formula in almost Pontryagin spaces.
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1 Introduction

Large classes of classical problems in analysis such as interpolation problems,
continuation problems of positive definite functions, and power moment prob-
lems can be solved using of Krein’s resolvent formula. This method is based
on the fact that solutions can be expressed in terms of resolvents of selfadjoint
extensions of a certain symmetric operator acting in a space built from given
data.

In order to briefly review Krein’s formula let S be a closed symmetric linear
operator in a Hilbert space H and assume that S has defect numbers (1,1).
Recall that there is a holomorphic family x(z) € ker(S* — z) and a Q-function
q defined as a solution of the equation

q(2) — q(w)* "
—_— = . 1.1
=T () (11)
The Krein formula, cf. [16], establishes a one-to-one correspondence between
the set of all selfadjoint extensions A of S in H and the set of parameters
T € RU{oo} as follows

(A=97 = (A= — L@l o=@, e pAN ). (12)

In fact, it establishes a one-to-one correspondence between the set of all selfad-
joint exit space extensions A of S and the set of all Nevanlinna functions 7(z)
when the denominator ¢(z) 4+ 7 in (1.2) is replaced by ¢(z) + 7(2), cf. [1].
There is a huge literature on Krein’s formula and its applications. We give
only a very brief account on the history of Krein’s formula and its generaliza-
tions. M.G. Krein considered in [15] densely defined symmetric operators in
Hilbert spaces which have finite and equal defect numbers; the case of defect
(1,1) goes back to [16]. In [23] the case of infinite equal defect numbers was
settled by Sh.N. Saakjan. Linear relations (i.e., multi-valued linear operators)
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came into play in [21]. A general treatment in the setting of boundary relations
was given rather recently in [7]. Concerning the early history, one should also
mention M.A. Naimark [22] and A.V. Straus [24], who considered the problem
in a somewhat different language. The move away from the positive definite
regime to symmetric operators with equal (possible infinite) defect numbers in
Pontryagin spaces was made by M.G. Krein and H. Langer in [19, 20]. The case
of standard symmetric relations in Krein spaces was investigated in [10]. Having
available Krein’s formula in indefinite inner product spaces significantly widens
the range of applications, e.g. [17, 18] or [6]. However, the usual approach still
requires that the data space is not degenerated.

The present paper is concerned with a variant of (1.2) in the context of sym-
metric operators or relations with defect numbers (1, 1) in an almost Pontryagin
space. Basically an almost Pontryagin space is a Pontryagin space to which a
degenerated linear space has been added orthogonally; for a precise formula-
tion, see [13]. The theory of such spaces has been specifically introduced to
provide an abstract framework for classical problems from analysis giving rise
to a degenerated data space. An earlier treatment of an appropriate version of
the Krein formula in the context of degeneracies, including some applications,
was given in [14]. There the treatment was rather ad hoc; the aim here is to
give a proof relying on structural and geometric ideas. Our present approach is
based on general algebraic constructions and it is hoped that the same method
can be used to understand the case of higher defect.

The geometric intuition underlying our approach for the degenerated case is
quite the same as in some proofs dealing with the case of Hilbert or Pontryagin
spaces, cf. [11] and [8]. However, the actual formulas and the tools being em-
ployed here are often highly specific for the degenerated situation. For instance,
we use orthogonal couplings, i.e., decompositions of a space into two orthogonal
summands which have a nontrivial intersection, cf. [3, §4], and a strong dual-
ity between @-functions and hg-resolvents, cf. [5, Theorem IIL.8]. Both notions
have no analogs in the nondegenerated context.

The contents of this paper are, after this introduction, divided into three
sections. In Section 2 we explain some notation, briefly review the notion of or-
thogonal coupling, and extend it to relations; furthermore, we recall a regularity
condition such that the notion of a @-function can be developed. In Section 3
we show that additive decompositions of a QQ-function correspond to orthogonal
couplings of the considered space and symmetry. In Section 4 we formulate and
prove the discussed variant of Krein’s formula in almost Pontryagin spaces by
combining these facts with results established in our earlier work [3, 4, 5].

2 Preliminaries

2.1 Some notions and notations

Here we briefly review the most important notions for linear relations in almost
Pontryagin spaces; the presentation is rather informal. For details concerning
the theory of Pontryagin spaces we refer to [12], for linear relations in Pontryagin
spaces to [2] and [9], for almost Pontryagin spaces to [13], and for orthogonal
couplings, compressed resolvents, and @-functions to [3] and [5].

A Pontryagin space A is a linear space with inner product [, -], which can



be decomposed into the direct and orthogonal sum of a Hilbert space and a
finite dimensional negative deefinite subspaces. An almost Pontryagin space
admits finite degeneracy: it is a Pontryagin space to which a finite dimensional
degenerated linear space has been added orthogonally. For a precise formulation,
see [13, Proposition 2.5]. Moreover A° denotes the isotropic part of A, i.e.,
A° = AN A+, and indg(A) = dim A° is called the degree of degeneracy of A.

In general, a pair (¢, P) is called a canonical Pontryagin space extension of an
almost Pontryagin space A if P is a Pontryagin space, and the extension embed-
ding 2 : A — P is an injective morphism and dim P/+(A) = indy.A. Canonical
Pontryagin space extensions are in some sense minimal among all Pontryagin
spaces which contain A as a closed subspace. Canonical Pontryagin space ex-
tensions are unique up to isomorphisms and will be denoted by (text, Pext(A));
for a particular construction, see [3].

A linear relation 7' in an almost Pontryagin space A is a linear subspace of
the product A x A; it is closed when it is closed as a subspace. The set v(T') of
points of regular type of T" is an open set defined by

Y(T)={\e€C: (T —z)"* is a bounded operator },

and on connected components of v(T') the defect numbers dim(A/ ran(T — z))
are constant. The adjoint T* of the relation T in A is the linear relation in A
defined by

T* = {(z,y) € A% : [y,a] — [z,b] = 0, (a,b) € T}.

Note that 7™ always contains A° x A°. A linear relation is symmetric in A
when T C T*; this is the usual definition. In this case the set v(T) is either
connected or splits into two connected components (7)) N C* and (7)) N C~.
Furthermore when T is closed the resolvent set p(7T) is defined as

p(T) ={z€C: (T —2)"!is a bounded everywhere defined operator },
so that p(T) is open and
p(T) ={z € y(T) : ran(T — z) is dense in A }.

A linear relation S is called selfadjoint if S is closed, symmetric, and has zero
defect numbers. For a closed symmetric relation S in an almost Pontryagin
space A introduce the linear relation Sg,. by

Stac = S/(A° x A°),

so that Sg, is closed and symmetric in the Pontryagin space A/A°. Assume that
S has defect numbers (1,1). Then Sk, is selfadjoint in A/ A° and p(Sg.c) # 0 if
and only if

Jz, €CHz. €C™ @ ran(S — 22) + A° = A; (2.1)

and if this is the case, then
p(Sfac) - {Z € (C : ran(S — Z) + AO = A},

see [5, Lemma I1.3].



2.2 Orthogonal coupling of symmetric relations

Loosely speaking the orthogonal coupling of a pair of inner product spaces is
an orthogonal sum with a certain, possibly partial, overlap of isotropic parts. A
formal definition goes as follows. Let A; and Ay be almost Pontryagin spaces,
let @ be a linear subspace of A x A3, and set

A By As = (-Al H‘]AZ)/a,

cf. [3, §4]. Here A;[+]A2 denotes the direct and orthogonal sum of the spaces
A and A,. Associated with this construction are several canonical maps: the
embeddings ¢; : A; — Aj[+]A2, 5 = 1,2, and the canonical projection 7 :
Aq [+ Az = (A1[+]A2)/ - This leads to canonical maps from A; into A, B, As,
namely

1 (21) = (mou)(z1) = (214+0)/q, 15 (22) = (T 0 12)(22) = (04x2)/q-

The maps ¢; are isometric homeomorphisms onto their ranges. They have con-
tinuous left inverses, namely the projections 7; : A;[+].A2 — A;, and these are
jointly injective and satisfy m;0¢; = 0, ¢ # j. The map 7 is surjective, continous,
open and isometric, and maps closed subspaces to closed subspaces.

The corresponding construction of orthogonal couplings on the level of linear
relations can be found in the following definition.

2.1 Definition. Let A; and A be almost Pontryagin spaces and let « be a
linear subspace of A x A3. Moreover, let S; C (A1)? and Sz C (Az2)? be linear

relations. Then the orthogonal coupling S; B, S C (A; B, Az)? of S; and S
is defined as
S1 By S2 = (1§ x 1§ (S1) + (1§ x 15)(Ss),

which is a linear relation. O

In the next lemma we show that several properties may be transferred from
S1 and S5 to the orthogonal coupling S, H, Ss.

2.2 Lemma. Let A and As be almost Pontryagin spaces, and let o be a linear
subspace of A x A3. Moreover, let S; C (A1)? and So C (As)? be linear
relations.

(i) If S1 and Sy are both closed, so is S1 B, Ss.

(73) Let z € C and assume that ran(Sy — z) and ran(Se — z) are both closed.
Then also ran(S; B, S — z) is closed.

(#i7) If S1 and Sy are both symmetric (isometric), so is S1 By So.

Proof. (i) Assume that S, is closed, j = 1,2. Then also (¢; x¢;)(.S;) is closed and
hence, due to the existence of left inverses with the above mentioned properties,
also the sum

Sl[+]52 = (L1 X Ll)(Sl) + (L2 X LQ)(SQ) = (7T1 X 7T1)_1(Sl) N (71'2 X '/TQ)_l(SQ)

is closed. Since 7 X ™ maps closed subspaces to closed subspaces, it follows that
S1 B, S is closed.



(74) Note that for each z € C,

ran (S By S2 — 2) =ran ((7 x 7)(S1[+]S2 — 2))
= 7(ran (S1[+]S2 — 2)) (2.2)
= (11 (ran(Sy — 2))[+]ea(ran(Sz — 2))).

Ttem (i) follows.
(#9¢) This statement holds since all canonical maps which are involved are
isometric. a

2.3 Q-functions of symmetric relations with defect (1,1)

Let S be any closed symmetric relation in a Pontryagin space and assume that S
has equal defect numbers. Then one may define a Q-function for S by choosing
some canonical selfadjoint extension of S and some family of defect elements
generated by that extension.

Now assume that S is a closed symmetric relation in an almost Pontryagin
space and assume that S has defect numbers (1,1). In this case the definition
of a @Q-function is somewhat more involved: a certain regularity assumption
must be satisfied by S and not all choices of selfadjoint extensions and defect
families are suitable.

(A) Situation in which Q-functions can be defined. Let A be an almost Pon-
tryagin space with A := indg. A > 0 and let S C A? be a closed symmetric
relation with defect index (1,1) which satisfies the regularity conditions

Vhe A°: SN (span{h} x span{h}) = {0}, (2.3)

3z, €CH 2z €C : ran(S —24) + A° = A. (2.4)

(B) Choices to be made. Assume that the space A and the relation S are
given according to (A). Then the following existence statements are valid, see
[14, §2] (putting together Proposition 1, Corollary 1, and Proposition 2 of this
reference).

(1) There exist elements h;, I = 0,...,A — 1, such that {hg,...,ha_1} is a
basis of A°, and such that

SN (A°)? =span{(hy, 1) : 1 =0,...,A =2} (2.5)

(44) There exist selfadjoint relations A C Pext(A)? with nonempty resolvent
set which satisfy A 2 S U{(0, ho)}. For each such relation A there exists

o

a family (x(2)),¢,(4) of elements x(2) € Bext(A), 2 € p(A), such that

o

x(z) Lran(S —z), z € p(A), (2.6)
x(z) = (I +(z— w)(A — z)fl)x(w), zZ,w € p(jl), (2.7)
[x(2),h] =2, ze€p(Ad), 1=0,....,A 1. (2.8)

The element hg is uniquely determined up to scalar multiples. Once a choice of
ho is made, the elements hi,...,ha_1 are unique.



2.3 Remark. Let S be any relation in A, and assume that a basis {hg,...,ha_1}
of A° is given such that (2.5) holds. Then S satisfies (2.3).

To see this, let h = Zf;ol a;h; € A°, and assume that (Ah, ph) € S where
(A, ) # (0,0). Then we can write

A—

(A, ph) =" Bj(hj, hjga)

Jj=

[\~]

with some §;. This yields Zf;ﬁ wBih; = EJ-A:_OQ ABjhiy1, and comparing coef-
ficients implies 5; =0, j =0,...,A -2, ie., h=0. %

The following construction of @-functions in almost Pontryagin spaces first
appeared in [14] and was further developed and extended in [5, Part II].

2.4 Definition. Let A, S be given according to (A) and let hg, A, y be chosen
according to (B). Then a function ¢ with

o

q(z) —q(w

W00 _ () xw)], e o) (2.9
is called a Q-function of S, or more specifically, a Q-function of S built with
h07 A7 X- <>

3 The sum of Q)-functions as a ()-function

Let P; and P, be Pontryagin spaces and let S; and Ss be closed symmetric
relations with defect index (1,1) in these spaces. Moreover, let ¢; and g2 be
Q-functions of S; and Sy, respectively. Then Si[+]Ss C (Py[+]P2)? is a closed
symmetric relation and has defect index (2,2). The sum ¢ + ¢2 is a Q-function
of some symmetric extension of S;[+]S2 with defect (1,1).

In the case of almost Pontryagin spaces there is a significant difference. Now
the direct and orthogonal sum has to be replaced by an orthogonal coupling with
overlap and, as a consequence, the orthogonal coupling of S; and S5 already
has defect (1,1).

3.1 Theorem. Let Ay, S and Az, S2 be given according to (A) and let g; be
a Q-function of Sj, j = 1,2. Assume that

indg A7 = indg A5 > 0,

and that q1 4+ q2 does not vanish identically. Then there exists a bijective map
a from A3 onto A3, such that:

(i) The relation S := S1 B, Sa acting in the almost Pontryagin space A :=
Ay B, As is closed and symmetric with defect index (1,1), and satisfies
the regqularity conditions (2.3) and (2.4) in (A).

(i) The function q := q1 + q2 is a Q-function of S.

Proof. For j € {1,2}, let hé,/ij,xj be the data according to (B) for S; such
that g; is a @Q-function of S; built with these data. These data will be used to
construct corresponding data for S so that (A) and (B) are satisfied for S.



Step 1. We define o and hy, /017 7. Let a be the following subspace
o= span{(hll,—h?) :10=0,...,A— 1};

then « is (the graph of) a bijective map of A onto AS.

The space A := A; B, As is an almost Pontryagin space with indg A = A,
cf. [3, Remark 4.6]. Since « is a bijective function, the canonical mappings
i+ Ay — Ay By Ap are injective, cf. [3, Remark 4.3(i)]. Let i : Pexi (A;) —
PBext (A1H4.A42) be chosen according to [3, Proposition 5.7]. We have embeddings
of all involved spaces into Pext (A1 By Az), cf. [3, Remark 5.8]:

q:’)ext (»Al EEoe A2)

~ ~C
L1 Ly
lext

;Bext -Al -Al Hﬂ AQ ;Bext A2

AN

In order to simplify the notation, we set

PJ = meXt(Aj)a .7 = 1a27 P = mem:(A) - fBext(-’étl EEa A2)7

and we drop the explicit notation of text,t§,77. As a consequence we consider
all spaces A;, P; and A = Ay H, Ay as subspaces of P. Using this abuse of
language, the deﬁmtlon of a gives hj =h?,1=0,...,A—1, and we set

hy:==h], 1=0,...,A—1, j=1,2.

Further, we have S = span(S; U.Ss), and by Lemma 2.2 the relation S is closed
and symmetric.

Choose a concrete realization of A as in [3, Remark 4.8] and, correspondingly,
a concrete realization of P as in [3, Remark 5.8]. Moreover, let Py, Py, ., etc.,
be the projections of P onto A, A; ,, etc., introduced there.

Now we define elements 7(z) and a relation A C P? as

0(2) == x1(2) + Paxa(2), 2 € p(A1) N p(Az),

Ai=dls (SU(0, ho) U { (n(2) = n(w), 2n(2) — wn(w)): z,w € p(A1) Np(A2)} ).
Step 2. We show that g1 + g2 satisfies the kernel relation (2.9) with n, and that
(2.8) holds for ho, A,n. First note that

X1 (2), ] = 2" = [x2(2), ), 1=0,...,A -1,

and hence

[x1(2),h] = [x2(2),h], heA°.



Therefore [3, Lemma 5.9(iv)] may be applied, which yields that

n(2), n(w)] = [x1(2), x1(w)] + [x2(2), x2(w)]

_ lh(zz): : qwl(w) 4 %(2 : ‘;2(10) (3.1)
(1 +q2)(2) — (7‘11 +q2)(w)

recall also [3, Lemma 5.9(iii)]. Moreover, observe that by [3, Lemma 5.9(3), (i44),
and Remark 4.3()]

(=), 93] = 3 (2), 93], w5 € Ajod = 1,2, 2 € p(A1) N p(Ag). (3.2)
In particular, (2.8) holds.

Step 3. We show that A is selfadjoint with nonempty resolvent set, and that
(2.6), (2.7) hold. We already noted that S is symmetric. By (3.1) and a standard
computation, the relation

{(z) = n(w), 20(2) —wn(w)) : z,w € p(Ar) N p(A2)} (3.3)
is symmetric. If (z;,y;) € S, then by (3.2)

n(2),y; — Zx5] = [x4(2),y; — Zx;] = 0. (3.4)

Since S = span(S; U S2), the span of S with (3.3) is symmetric. Further, (2.6)
follows remembering (2.2).

From (3.2) we see that also hy L dom A, and together conclude that A is
symmetric. To show that A is actually selfadjoint, we use [5, Lemma 2.12]. For
each z € p(Sgac) N p(A1) N p(A2)

o

Pext (A) 2 ran(A — 2)
Dran(S — z) +span{hg}
+span {n(w) : w € p(Ay) N p(Az), w # 2}
= A+ span {n(w) : w € p(A1) N p(Az), w # 2}
= Pext (A),
where for the last equality [5, Lemma I1.27] is used. Hence it follows that Ais

indeed selfadjoint and that p(A) 2 p(Stac) N p(A;1) N p(A,). Finally note that
(2.7) is built in the definition of A.

Step 4. We show that S has defect index (1,1), and that (2.3), (2.4), (2.5) hold.
Start with investigating SN (A°)2. Assume that (z1,y1) € S1, (z2,%2) € Sz and
that (1 + 29,y1 +y2) € (A°)2. Then we have

Py, w1 = Pa, (21 +22) — P4, , 22 =0,
and hence z; € A°. In the same way it follows that zs,y1,y2 € A°. Thus
(z,9;) € S; N (A°)? =span{(h;, hi41) : 1=0,...,A =2}, j=1,2,

and hence also (z1 + x2,y1 + y2) € span{(h;, hi41) : 1 = 0,...,A —2}. We
conclude that

SN (A°)? =span{(h;,hys1): 1=0,...,A =2},



i.e., (2.5) holds. By Remark 2.3, S satisfies (2.3).
It is easily seen that S satisfies the condition (2.4). In fact, for each z €
p(S1 fac) N p(S2 fac) We have

ran(S — z) + span{ho }
=ran(S; — z) + ran(Sz — z) + span{hp}
= [ran(S1 — 2) 4 span{ho}| + [ran(S; — z) + span{ho}]
=A; + Ay = A.

This observation also shows that the defect indices of S do not exceed 1, and
that (2.4) holds. On the other hand, since g; +¢2 is not identically zero also 7(z)
does not vanish identically, and we conclude from (2.6) that the defect indices
of S are equal to 1.

Step 5. Conclusion. Putting together Steps 2, 3, and 4, we have shown that S
has the properties (A), that hg, A, n have the properties (B), and that g1 + ¢2
is a Q-function of S. a

Before the statement of the next theorem, here is a small detour to negative
indices. For the following definition, see [5, Definition II1.10, Definition I1.12].

3.2 Definition. Let f be a function which is meromorphic on C\R with domain
of holomorphy p(f). Then ind_ f is defined as the supremum of the numbers
of negative squares of quadratic forms

Qf(glw"vgn . Z Nf Ziy 24 515]7

1,5=1
where n € Ny and z1,..., 2, € p(f). Here Ny stands for the Nevanlinna kernel
f(z) — f(w)
N =
1z w) o

Let A € N. Then ind? f is defined as the supremum of the numbers of negative
squares of quadratic forms

A—-1 n
Q7 (€1, &m0, -+ A1) == ZNfzv,zJ&ﬁZZRe ke,
1,j=1 k=0 =1
where n € Ny and z1,...,2, € p(f). O

As a direct consequence of the above definitions one sees the following de-
composition of quadratic forms

¢h+qz = Q
Therefore, in terms of Definition 3.2, one obtains the estimate
indé(ql +q0) < ind® ¢ + ind_ g¢o.

In fact, Theorem 3.1 now provides an improvement of this estimate; remember
here [5, (I1.15)].



3.3 Corollary. Let q1,q2 € Ncoo and A € N. Then
ind® (1 +q2) < ind® ¢ + ind® ¢» — A.

Proof. If one of the functions ¢i, q2, g1 + g2 vanishes identically this inequality
holds trivially; recall [5, Remark 11.13]. Hence, assume that

q1,q2:q1 + g2 € Neoo \ {0}

By [5, Proposition II.14], g; can be realized as a @Q-function of some min-
imal symmetry Sa(g;) acting in an almost Pontryagin space Aa(g;) with
indp Aa(g;) = A and ind_ Aa(g;) = ind_ g; — A. Theorem 3.1 tells us that
q1 + g2 is a Q-function of the symmetry Sa(q1) Ha Sa(ge) acting in the al-
most Pontryagin space Aa(¢q1) Ba Aa(g2). Using [5, Proposition I1.14] and [3,
Remark 4.6], it follows that

ind®(q, + ¢2) < ind_ (Aa(qr) Ba Aa(g)) + A
=ind_ .AA(ql) + ind_ .AA(QQ) + A
=ind® ¢ +ind® ¢» — A,

which is the desired result. Qa

In Theorem 3.1 a pair of operators or relations and their Q-functions is
combined via an orthogonal coupling. Its counterpart Theorem 3.4 shows how
to write a given Q-function as a sum of Q-functions.

3.4 Theorem. Let A, S be given according to (A), let hg € A° be according to
(1) of (B), and let q be a Q-function of S built with hy (and some A, x according
to (i1) of (B)). Let Ay be a closed subspace of A with A} = A°. Then Ay and
Ay := A[—] A1 are almost Pontryagin spaces and A5 = A°.

Let M C C be a subset which is symmetric with respect to R and has
nonempty interior, and assume that

(S —2z) "' (Ar Nran(S — 2)) C A, 2 € M. (3.5)
Then the relations
S :=S5N(A)? and Sy :=S5N(Ay)?

are closed symmetric and are as in (A). Ezplicitly: Sy and Sy have defect index
(1,1), and satisfy the regularity conditions (2.3) and (2.4).

Let g1 be a Q-function of Sy built with hy (and some 14011, X1 according to (ii)
of (B)). Then q := q—q1 is a Q-function of Sa built with ho (and some Az, X2
according to (ii) of (B)).

Proof. The proof proceeds in several steps.

Step 1. Geometric situation. As closed subspaces of A, the spaces A; and As are
themselves almost Pontryagin spaces. By assumption we have A$ = A°. The
quotient 4/A° is a Pontryagin space and the image of A; under the canonical
projection m : A — A/A° is a closed and nondegenerated subspace. Thus
also its orthogonal complement 7(A;)+ is nondegenerated. We have A, =
71 (m(A1)1), and this shows that A3 = A°.

10



Set P := Pext(A) and choose a subspace C C P which is skewly linked with
A°. Moreover, set

Al,r =A1N (AO + C)J', .Aer =AN (.AO + C)J',
P = .ALT»H—](.AO + C), Py = ./42,7-[4-] (.AO + C)

It will now be shown that

Ay = Ay [H)A° (3.6)

The inclusion ‘O’ holds due to our assumption that A° = A$. Let us now show
the inclusion ‘C’. Assume that x € Ay, and write x = 1 +xo with 27 € A°+C
and o € (A° + C)*. Since x L A = A°, it follows that x; L A°. Hence
x1 € A° C Ay, and therefore x2 € A; . Thus (3.6) holds.

The equality (3.6) implies that we may consider P; as Pext (A1) and that
Az, = Pi. In the same way, it follows that Ay = As,[+]A°, P2 may be
considered as Pexi(Az2), and A; . = Ps-.

Finally, let P4, Py, ., etc., have the same meaning as in the proof of Theo-
rem 3.1.

Step 2. The relations S1 and So. It is clear that 5} is a closed symmetric relation
in A;. Moreover, since S; C S, the regularity condition (2.3) is satisfied by S;.
In fact,

S; N (A9)? = SN (A°)? =spanf{(hy, hiy1) : 1=0,...,A =2}
From [4, Proposition 3.2] we obtain
ran(S; — z) = A; Nran(S — z), 2z € ~(S). (3.7
Since hg € Ay, it follows that

ran(Sy — z) + span{ho}
= (A; Nran(S — z)) + span{ho}
= A; N (ran(S — z) + span{ho})
=A;, ze~(S) N p(Stac)-

(3.8)

The set p(Stac) is nonempty, because S satisfies (2.4), remember here (2.1). We
see that Sy satisfies (2.4) and the defect indices of S; do not exceed 1. Let
z € [7(S) N p(Stac)] \ {0}. By [14, Corollary 2], we have hy ¢ ran(S — z) and
hence also hy & ran(S7 — z). Thus the defect indices oof S1 are equal to 1.

To show similar facts for Sy, choose an extension A C P? of S according to
(7i) of (B). We claim that

o

(S —2z) " (AsNran(S — 2)) € Az, 2z € p(A) N p(Stac)- (3.9)

Once this claim is established, the same argument as above will show that So
satisfies (2.4) and has defect indices (1,1).

In order to verify (3.9) note that the relations (3.5), (3.7), and (3.8) imply
that

o

(A—2)""A; C Ay, z € p(A) N p(Stac)-
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Thus also
(A= 271 (P[-]A1) S P[-]A1, 2 € p(A) N p(Stac)-

By the choice of A, we have (A —z)"'A C A. Since Ay = AN (P[-]A;1) it now
follows that (A — z)~' Ay C Ay. In particular, (3.9) holds.

Step 3. Computation of the Nevanlinna kernel of qo. Let A,X and /ﬂh,xl be
data such that ¢ is a Q-function of .S built with hyg, /01, x and ¢; is a Q-function
of S; built with kg, Ay, 1.

We have (I — P4, )Py = C, in particular (I — P4,)P; is a neutral subspace.
Using this fact, we can compute

[x1(2), x1(w)]
= [Pa,x1(2) + (I = Pa,)x1(2), Payxa(w) + (I = Pa,)x1(w)]
= [Pa,x1(2), Pa,x1(w)] + [Pa, x1(2), (I = Pa, )xa(w)]
+[(I = Pa,)x1(2), Pa, x1(w)]
—[Pa,x1(2), Pa, xa(w)] + [Pa, x1(2), xa(w)] + [x1(2), Pa, x1 (w))].
(3.10)

Let z € p(/ch) N p(A) N p(Stac), in which case ran(S; — z) + span{ho} = A;.
Since
x(z) Lran(S —Zz) Dran(S; — %), xi1(z) L ran(S; —2),
and
[X(Z)JLO] =1= [Xl(z)vho]v
it follows that

X(2),2] = [x1(2),2], @€ A1, 2 € p(Ar1) N p(A) N p(Stac)- (3.11)

Using this observation and the above formula (3.10) for [x1(z), x1(w)], we obtain
for z,w € p(A1) N p(A) N p(Stac), z # W,

[X(2) = Pa,x1(2), x(w) = Pa, x1(w)]
= [x(2), x(w)] = [x(2), Pa, x1(w)]
— [Pa, x1(2), x(w)] + [Pa, x1(2), Pa, x1(w)]
= [x(2), x(w)] — [x1(2), Pa, x1(w)]
— [Payx1(2), x1(w)] + [Pa, x1(2), Pa, x1(w)]
= [x(2), x(w)] = [x1(2), x1(w)]

_a®) —aw)  a(x) -aw) _ ez) - ew)

zZ—W Z—W zZ—W

(3.12)

Step 4. Construction of As, X2. Introduce the elements x2(z) and the relation
A2 by o o
x2(2) == x(2) = Payx1(2), 2z € p(A) N p(A1) N p(Stac),

and

142 :=cls (52 @] {(0, h())}U

U{ (al2) = xa(w), 2x2(2) — wxa(w)) = 2,w € p(A) N p(Ar) 1 p(Skc) } ).

12



First it will be shown that /ig is a relation in Py. Note that ker P4, C Py and
hence
[Pay, 2] =[y,2], yeP, x€Ps.

Together with (3.11) and the fact that Ps- = Ay C Ay, we obtain
[X2<Z)7$] = [X(Z),ﬂ?]—[P_Ale(Z),.Z'} 207 Z‘G,PQL

Thus x2(z) € Po-t = Py and Ay C (Py)2.

The next aim is to show that Zg is symmetric in Ps. Note that the relation
Ss is symmetric in Py. By (3.12) a standard computation shows that the relation

span { (x2(2) — x2(w), 2x2(2) — wx2(w)) : z,w € p(A) N p(A1) N p(Stac) }

is symmetric. Moreover, since A; L A, we have
X2(2), 2] = [x(2), 2], =€ A,
Hence it follows that
xa2(2) Lran(Se —2), [x2(2),l] =2 1=0,...,A 1.

Combining these facts, one sees that the relation fig is symmetric.
To show that the symmetric relation A is actually selfadjoint, we again use

o o

[5, Lemma 2.12]. For each z € p(A) N p(A1) N p(Stac)

P, D ran(A, — 2)
D ran(Sy — 2) 4 span{ho} + span {xa(w) : w € p(A) N p(A;),w # 2}
= As + span {x2(w) : w € p(A) N p(Ar), w # z} =P,

where for the last equality [5, Lemma I1.27] is used. Hence Ay is selfadjoint and
p(A) 2 p(A) N p(A1) N p(Stac)-

Step 5. Conclusion. We have shown that (2.3) and (2.4) are satisfied by S
and Az. Furthermore, the validity of (2.6), (2.7), and (2.8) is built into the
definition of As. Putting together these facts, it follows that (A) and (B) are
satisfied in the present context. Thus Ay and x2(z) qualify for the definition of
a Q-function of S3. By the computation (3.12) the function go is indeed such a
Q-function; cf. Definition 2.4. a

4 The Krein formula and orthogonal coupling

This section is devoted to a description of the generalized resolvents of a sym-
metric relation. Recall the following definition; see [5, Definition I.11].

4.1 Definition. Let A be an almost Pontryagin space and S C A? a closed
symmetric relation with v(S) # @. Moreover, let A be an almost Pontryagin
space with AD Aand AC A2 a selfadjoint relation with p(A) # 0 and A D S.
Then we call the function family

Ry .(2) == [(A—2)""2,y], =z,y€A, (4.1)

13



the generalized resolvent of S induced by A. The negative index of a generalized
resolvent R, , is

ind_ Ry, :=ind_ cls (A U U (A— z)fl(A))

z€p(A)

In view of applications it is practical to also call the family [(Stac —
2) Y w/q0,y/a0], T,y € A, a generalized resolvent of S, provided p(Stac) # 0. It
may or may not be the case that this family is represented as in (4.1).

The following theorem is about the Krein formula in the setting of almost
Pontryagin spaces. The present alternative proof runs along more geometric
lines than the one in [14]. It is obtained by combining what we have shown so
far.

4.2 Theorem. Let A, S be given according to (A), let ho,fi,x be given accord-
ing to (B), and denote by q a Q-function of S built with these data. Denote by
Stac the selfadjoint relation S/ 40 acting in the Pontryagin space A/ 4o. Then
the set of all generalized resolvents of S is equal to the set of all function families
given by

R:uy(z): [(Sfac - Z)ilx/Aoay/Ao} - [l’, X(z)] m[X(z)vy]a (42)

x,y €A, z€ p(A)Np(Stac), 7(2) + q(z) #£0,

where the parameter T runs through the class (N<oo \ {—¢})U{o0}. In addition,
we have
ind- Ry y(2) =ind_ A+ ind® 7, 7 #oc. (4.3)

In the proof we use the following elementary fact shown in [14, Proposition 3].

4.3 Lemma. Let A, S be given according to (A), let hy, A, X be given according
to (B), and denote by q a Q-function of S built with these data. Then, for
xz,y € A and z € p(A) N p(Stac), we have

[(A—Z)_lil', y] = [(Sfac_z)_lx/Aoay/Ao] —|—[1’7 X(E)] [(A_Z)_lhou hO] [X(Z)v y]
Proof of Theorem 4.2. The proof will be given in a number of steps.

Step 1. Let the parameter 7 € N<o \ {—¢} be given. By [5, Theorem II.15,
Proposition I1.14] we can consider 7 as a Q-function of a symmetry Sa (1) acting
in an almost Pontryagin space Aa (7) with indg Aa(7) = A and ind_ Aa(7) =
ind® 7 —A. By Theorem 3.1 the function ¢+ 7 is a Q-function of the symmetry
S Ba Sa(r) acting in the space A H, Aa(T). Let hg € AH, Aa(7) be an
element according to (i) of (B) such that ¢ + 7 is a Q-function of S B, Sa(7)
built with the data hg and some choice of a selfadjoint extension and defect
elements. Then, by [5, Theorem II1.8], there exists a selfadjoint extension A of
S Ha SA(T) acting in Pext (A By Aa(T)), such that
1

e~ (A2 ek, 2 € p(A).
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By Lemma 4.3 the function family given by

1

[(Sfac - Z)ilx/Aoay/A"] - [x7X(§)]M[X(Z)’y]7

T,y € -Aa z e p(A) mp(SfaC)7Q(Z) + T(Z) 7é 07

is the generalized resolvent of S induced by the selfadjoint extension A of S
acting in the space Pext (A Bq Aa(T)).

Step 2. Let a generalized resolvent R, ,(z) be given. If

Ray(2) = [(Stac — 2) /a0, y/a0],

then (4.2) holds with the parameter 7 := co. Assume throughout the follow-
ing that R, does not coincide with [(Stac — 2) '@ /40,y/4°]. Then, by [14,
Lemma 2], there exists an A-minimal selfadjoint extension A of S acting in
some Pontryagin space P O A which induces the generalized resolvent R, ,(z).
Set
A:=P[-]A°, r(2):=[(A—2)" ho, ho).

By [5, Proposition II1.9] there exists a closed symmetric relation S C A2 with
defect (1,1) which extends S and satisfies (2.3) and (2.4), such that —r(z)~?! is
a Q-function of S built with ko and some selfadjoint relation and defect family.

By [14, Corollary 2] we have hg ¢ ran(S — 2), z € 7(S) N p(Sgac). Thus
Anran(S — z) is a subspace of A with codimension 1. Since S has defect index
(1,1), it follows that

Anran(S — z) =ran(S — 2), 2z €~(S) N p(Stac) N(S), (4.4)
and hence
(S — z)7H AN ran(S — z)) =domSC A, z¢€ 7(S) N p(Stac) N ().

Since ¥(S)Np(Stac) NY(S) # 0, the equality (4.4) also implies that SN(A)2 = S.

We have checked all necessary hypotheses to apply Theorem 3.4 with
A, S, ho, the Q-function —r(z)~! of S, the closed subspace A, the set M :=
7(S) N p(Stac) N(S), and the Q-function ¢ of S. The conclusion of this theorem
yields in particular that

7(2) == ——— —q(2) € Newo.

Clearly, 7 # —q. Due to Lemma 4.3 we see that (4.2) holds with this parameter
function .

Step 3. To show (4.3) note that by definition ind_ R, ,(2) is the negative index
of a Pontryagin space in which an A-minimal selfadjoint extension of .S, inducing
R, 4(%) as a generalized resolvent, acts. We claim that the selfadjoint relation
constructed in Step 1 of this proof is A-minimal. Once this claim is established,
the equality (4.3) will follow from [3, Remark 4.6]:

ind_ Pext (AHBs Aa(7)) =ind_ A+ ind_ Ax(7) + A
=ind_ A+ ind® 7.
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Let x2(2) € Pext(Aa(7)) be the defect element which gives rise to the Q-
function 7. Then, as we saw in the proof of Theorem 3.1, cf. (3.1), the defect
elements in Pyt (A B, Aa (7)) which give rise to the Q-function ¢+ 7 are equal
to Pam, Aa(r)X(2) + Xx2(2); remember [3, Lemma 5.9(iii)]. By the construction
of A in the proof of [5, Theorem II1.8], ‘—Q~! C R’, we have

(A - Z)ilhO = - ! (Z) (PAEaAA(T)X(Z) + X2<Z))'

q(z)+ 7

Since x(z) € Pext(A), we have Pym_ . (r)x(2) € A. This shows that
x2(2) € span (AU {(A — z)""ho}).

Since Sa(7) is minimal, cf. [5, Theorem II1.15], we conclude that

Pexe (A Ba Aa (1)) 2 cls (AU {(A=2)"thy: 2 € p(A)})

Dals (AU{xa(2): z € p(A)})
B A+ mext (-AA (T))
= Pext (A By Aa (7))

Hence the minimality has been established. a
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