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1 Introduction

The notions of compressed resolvents and Q-functions in the title of this paper
appear in the theory and applications of symmetric operators in a Hilbert space.
As an example, recall the operator theoretic approach to the power moment
problems of Hamburger and Stieltjes via symmetric operators. The totality of
positive measures possessing prescribed power moments is described in terms of
their Cauchy-transforms via the compressed resolvents of selfadjoint extensions
of the corresponding symmetric operator. These solutions are parameterised
via Krein’s formula, which involves the @Q-function of the symmetric operator;
for details see, e.g., [Akh61].

The starting point of the systematic treatment of compressed resolvents and
Q-functions is the paper [Kre44] of M.G.Krein, which has led to generalizations
in many directions, involving higher defect numbers, Pontryagin or Krein spaces,
and symmetric relations, i.e., multivalued operators (instead of operators). The
aim of the present paper is to discuss a generalization of geometric nature:
namely that of symmetric relations in an almost Pontryagin space, while for
the discussion of the corresponding Q-functions we will assume that the defect
index is (1,1).

Roughly speaking, an almost Pontryagin space is a direct and orthogonal
sum of a Pontryagin space with a finite dimensional neutral (and hence isotropic)
space. Although an almost Pontryagin space differs from a Pontryagin space
only by a comparatively ‘small’ part, namely a finite dimensional degeneracy,
there occur several interesting new phenomena. For example, the usual no-
tion of the negative index of a function is not suitable anymore, cf. Defini-
tion I1.12. As another example we mention that now @Q-functions are in duality
with ‘hg-resolvents’, a notion which is specific for the degenerated case and has
no analogue in the Pontryagin space case, cf. Remark III.14. The introduction
of almost Pontryagin spaces originates with a generalization of Krein’s formula
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in [KW99b]. That work was inspired by degenerated and indefinite versions of
interpolation and extrapolation problems, like the power moment problem men-
tioned above; another instance of the occurence of degeneracy is in the theory
of Pontryagin spaces of entire functions. A formal axiomatic treatment of al-
most Pontryagin spaces can be found in [KWWO05]. A continuation concerning
sums and couplings of such spaces is given in [SW12]. Finally symmetric and
selfadjoint relations in almost Pontryagin spaces were studied in [SW16] with
an emphasis on restrictions and factorisations for such relations.

For the benefit of the reader a review of the notions which are treated in
this paper is included; see Section 2. This is followed by the three parts of the
main text: Part I is about compressed resolvents, Part II is about Q-functions,
while Part IIT is concerned with hg-resolvents. Many results in Part I and Part
IT can be seen as generalizations of well known Pontryagin space theorems to
the degenerated case. Proofs are generically obtained by tracing the influence of
isotropic elements and making appropriate modifications. The matters discussed
in Part IIT are specific for the degenerated case and do not have Pontryagin space
analogues. Here is a description of the separate parts.

PART I. COMPRESSED RESOLVENTS

With the following four sections:

1.1 Definition and basic properties of compressed resolvents. The definition of
compressed resolvents as known from the Pontryagin space situation does not
make sense in the almost Pontryagin space setting. One way to overcome this
difficulty is to substitute a single operator valued function by a family of scalar
valued functions. This fact has been realised earlier, see, e.g., [KW99b]. In this
section we give the appropriate definitions and collect some simple facts.

1.2 Intrinsic characterisation. In the Pontryagin space case, it is well known that
the fact whether or not an operator valued function is a compressed resolvent,
can be characterised intrinsically by means of a certain kernel function, see, e.g.,
[DLS84, Theorem 2.3]. In this section we provide the almost Pontryagin space
analogue of this result.

1.3 Minimality aspects. Let A be selfadjoint relation in a Pontryagin space P
and assume that P O H where H is a Hilbert space. If A is H-minimal with
nonempty resolvent set p(A) then its compressed resolvent has no continuous
extension beyond the resolvent set. In this section we present an analogue for
the almost Pontryagin space situation.

1.4 Generalised resolvents. If the selfadjoint relation A in an almost Pontryagin
space A D A extends a closed symmetric relation S in an almost Pontryagin
space A, then the compressed resolvent of A to A is called a generalised resol-
vent of S. It will be shown that often we can reduce to the case of minimal
symmetries.

PART II. Q-FUNCTIONS
With the following five sections:
I1.1 Definition of Q-functions. In the degenerated case the definition of a Q-

function associated with a symmetric relation is similar, but not as straight-
forward, as in the Pontryagin space case. In fact, only very specific selfadjoint



extensions can be used to produce a @Q-function. @Q-functions in almost Pon-
tryagin spaces have been introduced in [KW99b]; in this section we recall and
supplement this previous work.

1.2 Index of negativity. The usual notion of the negative index of a func-
tion as defined, e.g., in [KL77], does not fit the degenerated situation; a fact
which already shows up in [KW99b]. In this section we systematically study the
adapted notion of negative index. It is interesting to observe that this notion is
not anymore defined in the standard way from a reproducing kernel.

I1.3 Realization theorem. It is an important fact that each generalised Nevan-
linna function can be realised as a @Q-function of some symmetry in a Pontryagin
space, cf. [KL73]. In this section we prove a degenerate analogue: each gener-
alised Nevanlinna function can be realised as a Q-function of some symmetry
acting in an almost Pontryagin space with arbitrarily prescribed degeneracy. For
the proof of this fact, we employ some geometric ideas worked out in [SW12] in
order to construct a degenerate analogue of the Krein-Langer operator model.

1.4 Minimality aspects. In the Pontryagin space case it is well known that, when
dealing with Q-functions, one can restrict attention to minimal symmetries, see,
e.g., [KL73]. In this section we show that this statement remains true in the
degenerated situation. The proof of this fact relies on a restriction-factorization

process for symmetric relations in almost Pontryagin spaces which is elaborated
in [SW16].

I1.5 Analytic model. In this section we construct a reproducing kernel almost
Pontryagin space model for a generalised Nevanlinna function. This is the ana-
logue of the known reproducing kernel Pontryagin space model, see, e.g. [Dij+04,

§2].
PART III. hyp-RESOLVENTS

With the following four sections:

II1.1 Definition of hg-resolvents. In this (short) section, we give the definition
of hg-resolvents and provide some simple properties.

II1.2 Index of negativity. Again the usual definition of negative index is not
suitable. In this section we define and study the proper adapted notion. Already
at this stage one can sense that the notion of hg-resolvents is in some way dual
to the notion of Q-functions.

1I1.8 Duality theorem and hg-resolvent representations. We show that a function
fis a Q-function of a symmetry S if and only if 1/ f is a ho-resolvent of S. Let us
point out that, in sharp contrast to the Pontryagin space situation, the function
1/f is not a @Q-function of S. Moreover, we discuss the meaning and relevance
of this duality, and give some corollaries. Among them, the realization theorem
that every generalised Nevanlinna function is a hg-resolvent of some symmetry.

1I1.4 More on minimality. Our aim in this section is twofold. First, we show
that, when investigating the totality of all hg-resolvents of a given symmetry,
one can restrict to minimal symmetries. This fact again relies on the restriction-
factorization proceedure elaborated in [SW16]. Second, we show that, under a
suitable minimality condition and an additional hypothesis on isotropic parts,
an hg-resolvent determines the symmetry uniquely (up to isomorphism).
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2 Almost Pontryagin spaces, symmetric and
selfadjoint relations

In this section we first recall some notions and collect basic facts about Pon-
tryagin spaces and linear relations in such spaces (§2.1), and about the spectral
theory of symmetric and selfadjoint relations (§2.2). Second, we prove some
results on the existence of selfadjoint extensions with nonempty resolvent set of
a symmetric relation (§2.3), and discuss minimality (§2.4).

References for the geometry of almost Pontryagin spaces are [KWWO05],
[SW12], [Worl4a, Appendix A]. For the basic theory of linear relations in
Banach space and in particular in Pontryagin spaces we refer to [DS87a].

2.1 Almost Pontryagin spaces

2.1 Definition. An almost Pontryagin space is a triple (A, [.,.], T) consisting
of a linear space A, an inner product [.,.] on A, and a topology T on A, such
that

(aPsl) T is a Hilbert space topology on A;
(aPs2) [.,.]: AxA — Cis TxT-continuous;

(aPs3) There exists a T-closed linear subspace M of A with finite codi-
mension such that (M, [.,.]) is a Hilbert space.

Let A; and As be almost Pontryagin spaces. A map ¢ : A; — Ay is called a
morphism from A; to A, if it is linear, isometric, continuous, and maps closed
subspaces of A; onto closed subspaces of As. It is an isomorphism if there exists
a morphism ¥ : Ay — Aj, such that ¥ o ¢ =idy, and o =id4,. O

Note that ¢ : Ay — As is an isomorphism if and only if it is linear, isometric,
bijective and homeomorphic. Topological notions are always understood w.r.t.
the Hilbert space topology 7.

We usually suppress explicit notation of the inner product [.,.] and the topol-
ogy T, and shortly speak of an almost Pontryagin space A. Also, when saying
that Ay contains Az, we mean that A; is a closed linear subspace of As, that
the inner product of A; is the restriction of the inner product of As, and that
the topology of A; is the restriction of the topology of As.

The negative index of an inner product space L is defined as

ind_ £ := sup { dim N : N negative subspace of L} € Ny U {oc},

where a subspace N of £ is called negative, if [z,z] < 0, z € N\ {0}. We
denote by £° the isotropic part of £, i.e. £° := £N L+, and indg £ := dim £°
is called the degree of degeneracy of L. The inner product space L is called
nondegenerated if indg £ = 0; otherwise L is called degenerated.

An almost Pontryagin space is a Pontryagin space if and only if it is non-
degenerated, in which case its topology is uniquely determined by the inner
product.



2.2 Definition. Let A be an almost Pontryagin space. A pair (¢, P) is called a
canonical Pontryagin space extension of A, if P is a Pontryagin space, ¢ : A — P
is an injective morphism, and

dimP/,(A) = indg A.
O

Let P be a canonical Pontryagin space extension of A, then ind_ P =ind_ A+
indg A. Canonical Pontryagin space extensions are in some sense minimal among
all Pontryagin spaces which contain A as a closed subspace: If P is a Pontrya-
gin space which contains A as a closed subspace, then dim P/ A > indy.A and
ind_P > ind_ A+ indgy A, and P contains a canonical Pontryagin space exten-
sion of A.

Canonical Pontryagin space extensions of a given almost Pontryagin space A
always exist and are unique up to isomorphism, cf. [SW12, §5]. We generically
write (Lext, Pext(A)) for one element of this isomorphism class.

2.8. Linear relations: Let A be an almost Pontryagin space.

(i) A linear subspace T of A? is called a linear relation in A. We say that T
is a closed linear relation, if T' is closed in the product topology of A2.

(#4) The adjoint T* of a linear relation T is defined as
T = {(x,y) c A*: [y,a] — [z,b] =0, (a,b) € T}.

Clearly, T* is a linear relation in A. Since the inner product is continuous,
T* is closed.

(#i¢) For a linear relation T' we denote
domT :={z € A: Jye Ast. (z,y) €T},
ranT :={y € A: Joz € Ast. (z,y) €T},
kerT:={z € A: (2,0) € T},
mulT :={y e A: (0,y) € T}.

We call T an operator if mulT = {0}. We call T' a bounded operator if it
is an operator and continuous w.r.t./ the Hilbert space topology of A.

(iv) Let T and S be linear relations in A and A\, u € C. Then we denote
T+S:={(z,y+2): (x,y) €T, (x,2) €S},

2T = {(x,/\y) D (z,y) € T},
T = {(y,2): (z,y) €T}.

Moreover, we set I := {(z,z) : © € A}, and write T — X for T' — \I.
(v) For a linear relation 7" in A set

{oo}, mlT £ {0}

® , otherwise

op(T) :={z2€C: ker(T — z) # {0} } U {



¢
Let A be an almost Pontryagin space and let T be a linear relation in A.
Moreover, let A be another almost Pontryagin space which contains A. Then,
of course, we may consider T also as a linear relation in A. Many properties of
T are independent of the space in which T is considered, or depend only in an
obvious way on it. Using for A a canonical Pontryagin space extension Pyt (A)
of A, often allows us to employ Pontryagin space theory.

2.2 Spectral theory
Let us recall the definitions and some properties of three sets associated with a
closed linear relation.

2.4. Semi-Fredholm set: Let A be an almost Pontryagin space, and let T' be a
closed linear relation in A. The semi-Fredholm set ®,(T) and the index indy
of T is defined as

P (T) :={z € C: dimker(T — z) < oo,ran(T — z) closed },
Indz(z) := dimker(T—2) — dim (A/ran(T—z)) € ZU{—o00}, z€ @ (T).
A proof of the following facts can be found in [DS87a, Theorem 2.4].
(i) The set &, (T) is open.
(#4) The number Indr(z) is constant on each connected component of &, (T).

(#i7) There exists a (unique) subset 7(7T") of &, (T), with the following proper-
ties:

1. Let Z be a connected component of @ (T). Then each of the numbers
dim(A/ran(T — z)) and dimker(7 — z) is constant on Z \ 7(T).

2. Let z € w(T') and let Z be the component of ® (T) which contains z.
Then at the point z both mentioned dimensions are strictly larger than
at points of Z\ w(T). In particular, for z € m(T') we have ker(T' — z) #
{0} and ran(T — z) # A.

(iv) The set w(T') consists of isolated points only.

O

Let A be an almost Pontryagin space which contains A (remember: as a closed
subspace and with the same inner product and topology). Then the semi-
Fredholm set does not depend on whether T' is viewed as a linear relation in A
or in A.

The value of ind7 depends on the space in which T is considered, but only
in the obvious Way.,g Ind7 denotes the index of T being considered as a linear
relation in A, and Indy denotes the index of T being considered in A, then

indr(z) = indp(z) — dim (A/4).

2.5. Points of reqular type: Let A be an almost Pontryagin space, and let T
be a closed linear relation in A. The set y(T') of points of regular type of T is
defined as

Y(T):={z€C: (T —2)""is a bounded operator }.



(i) We have
Y(T) ={z € C: ker(T — z) = {0}, ran(T — z) closed },

and thus v(T) € ®(T). Moreover, Indy(z) = — dim (A/ran(T—z)) for
each z € y(T).

(#4) The set y(T') is open.

The statement (4) is easy to see using that T is closed, and (%) is contained in
[DS87a, Proposition 2.2]. O

2.6. Resolvent set: Let A be an almost Pontryagin space, and let T be a closed
linear relation in A. The resolvent set p(T) of T is defined as

p(T):={z€C: (I'—2)"" is a bounded everywhere defined operator }.
(i) We have
p(T):={z€C: ker(T — z) = {0},ran(T —2) = A}
={z € y(T) : ran(T — 2) is dense in A}.
(#4) The set p(T) is open.

The statement (¢) is obvious, and (i¢) is contained in [DS87a, Proposition 2.3].
O

Next we specifically consider symmetric and selfadjoint relations. For such more
detailed information is available.

2.7 Definition. Let A be an almost Pontryagin space. A linear relation S in
A is called symmetric, if S C §*. Explicitly, this means that

lyi,z2] = [z1,92], (x1,91), (T2,92) € S.

O
2.8. Spectral properties of symmetric relations: Let A be an almost Pontryagin
space and S a closed symmetric relation in A. Moreover, set k := ind_ A +

indg A = ind_ Pext (A).

(7) The set ®4(S5) contains C\R. In particular, it is either connected or splits
into two connected components. In the latter case, these components are
C* and C~.

(73) Set
ay(S) :=dimker(S —z), z¢eCt\m(S)
a_(8) :=dimker(S —z), z¢€C™\n(9).

Then a4 (S) = a_(S). This number, let us denote it by a(S), does not
exceed K.

(#it) We have
IT(S)NCH| <k —a(S), [7(S)NCT|<k—afS).



These facts follow by applying [DS87a, Proposition 4.3, Proposition 4.4] to the
symmetry S considered as a relation in Pex(A).
The defect numbers ny(S) and n_(S) of S are defined as

ny(9) := —Indg(z), z € CT, n_(S):= —Indg(z), 2 € C™.
The pair (n4(S),n_(S)) is also called the defect index of S.

(iv) Let A be an almost Pontryagin space which contains A. The values of
ny(S) and n_(S) depend on the space in which the relation S is considered,
but only in the obvious way. If ny(S) denote the defect numbers of T being
considered as a linear relation in .4, and n (S) denote the defect numbers
of T being considered in A, then

17(S) = ny(S) + dim (A/A4), 12(S) =n_(S) + dim (A/A4).
This is obvious.

(v) One of the following alternatives holds:

1.: v(S) =0, o0,(S)=CU{oo}
2.0 ASNCT=Cr\op(5), [CT\Y(SF)[ <k

The second alternative takes place if and only if a(S) = 0.
The same holds when C¥ is replaced by C~.

(vi) The set y(S) is either connected or splits into two connected components.
In the latter case, these components are v(5) NC* and v(S) N C~.

Item (v) follows from [DS87a, Proposition 4.5] applied with S as a relation in
PBext (A). For (vi): if a(S) > 0 use (v), if a(S) = 0 combine [DS87a, Proposi-
tions 4.3, 4.4].

(vii) One of the following alternatives holds:

1.: p(S)yNC*t =0
2.0 p(S)NCH =4(S)NCH =CH\0y(S5), [CT\p(S)| <k
The second alternative takes place if and only if «(S) = 0 and Indg(z) = 0,
zeCt.
The same holds when C¥ is replaced by C~.
(viii) The set p(9) is either connected or splits into two connected components.
In the latter case, these components are p(S) N C* and p(S)NC~.
These items are clear from the previous ones. O

Let A be linear relation in an almost Pontryagin space .A. Then the adjoint
A* of A always contains A° x A°, hence, the usual definition “A = A*” of
selfadjointness is not meaningful. It turns out that one rather should use defect
numbers.

2.9 Definition. Let A be an almost Pontryagin space and let A be a linear
relation in A. We say that A is selfadjoint, if A is closed, symmetric, and
ni(A)=n_(A)=0. O



2.10 Remark. Let A be a selfadjoint relation in A. Then either p(A) = 0 or
|p(A) NC*| < ind_ A+ indgy A. This follows from 2.8, (vii).

Even if A is a Pontryagin space, p(A) may be empty. For example consider
the space C? endowed with the inner product

x x
() G = (3). () <
T2 Y2 L2 Y2
and the relation . )
A := span { (0) } X span { (0> }

Contrasting the Pontryagin space case, where symmetry of the spectrum is
known (cf. [DS87a, Corollary to Theorem 4.6]), p(A) is not necessarily sym-
metric with respect the real axis if A is degenerated. For example consider the
space C! endowed with the inner product [z,y] := 0, z,y € C, let A € C, and
set A :=span{(1,\)}. Then p(4) = C\ {A}.

This simple example, however, shows in essence the worst that can happen:
If A is selfadjoint in the almost Pontryagin space A, and z € C\ p(A) whereas
Z € p(A), then ker(A — z) C A°. This follows since by symmetry

ker(A — 2) L ran(4A — %) = A.
O

In view of this remark we introduce a notation for the symmetrised set of points
of regular type and resolvent set: for a closed symmetric relation S in an almost
Pontryagin space denote

75(S) :={2€C:2,ze~(9)}, ps(S):={z€C:27z€pS)}.
The following test is often practical to check whether a point belongs to the
resolvent set of a selfadjoint relation.

2.11 Lemma. Let A be an almost Pontryagin space and let A be a selfadjoint
relation in A. Then

p(A) =~(A) = {z € C:ran(4 — 2) = A}.

Proof. Obviously p(A) is contained in the other two written sets. Assume that
z € y(A). Then z € &, (A) and hence

0 =1Ind4(z) = dimker(A4 — z) — dim (A/ran(A — 2)).
—_——
=0
We see that ran(A — z) = A, and hence that z € p(A).
Asume now that ran(A —z) = A. If z € R this implies that ker(A—z) C A°.
In particular, dim ker(A—z) < oo and we conclude that z € &, (A4). If z € C\R,
certainly also z € @, (A). Thus

0 =1Ind4(z) = dimker(A4 — z) — dim (A/ran(A — z)) .

=0

We see that ker(A — z) = {0}, and hence that z € p(A). Q



In the further chapters of this paper, we will repeatedly use another simple fact
in order to show that a relation actually is selfadjoint.

2.12 Lemma. Let A be an almost Pontryagin space and let S be a linear
relation in A. Then the relation A := closy2 S is selfadjoint, if and only if S is
symmetric and there exists z, € CT and z_ € C~ with

closgran(S — zy) = closgran(S — z_) = A, (2.1)
ker(A —z1) N A° = ker(A —z2) N A° = {0}. (2.2)

If A is selfadjoint, then {z € C\ R : closgran(S — 2) = A} C p(A).

Proof. Necessity of the stated conditions is obvious. Assume that S is symmet-
ric, then A is a closed symmetric relation in 4. Assume moreover that (2.1)
and (2.2) hold. By symmetry we have ker(A—Zzx) L ran(A—z4) D ran(S — z4)
and (2.1) yields ker(A — zx) C A°. Now (2.2) implies that ker(4 —z1) = 0.
Since ran(A — z1) is closed, we obtain from (2.1) that ran(A — 21 ) = A. Hence,

0 < dimker(4 — z;) — dim (A/ran(4 — z;)) = Inda(z)

=0
=Inds(z7) = dimker(A — z7) — dim (A/ran(A _ Z)) <0.

=0

Thus n(A) = —Inda(z) = 0, 2 € CT. The analogous argument applies in the
lower halfplane, and it follows that also n_(A4) = 0.
The last statement follows from Lemma 2.11. Qa

Finally, let us point out explicitly one obvious fact, which is important when
studying extensions of symmetric relations.

2.13 Remark. Let A and A be almost Pontryagin spaces, and let S and S be
closed symmetric relations in A and A, respectively. Assume that A contains
A and that S D S. Then we have 7(S) C v(S). In particular, if S is selfadjoint
then p(S) € v(S), and if S and S are both selfadjoint then p(S) C p(S).

This follows since (S—z)~! C (S—2z)~!, and hence (S—2z)~! being a bounded
operator in A implies that (S — 2)~! is a bounded operator in A. Remember
that the topology of A is nothing but the restriction of the topology of A. O

2.3 Selfadjoint extensions with nonempty resolvent set

In this subjection we investigate selfadjoint extensions of a symmetric relation.
First we discuss existence of selfadjoint extensions with nonempty resolvent set
which are permitted to act in some possibly larger almost Pontryagin space.

2.14 Proposition. Let A be an almost Pontryagin space and S a closed sym-
metric relation in A. Then there exists an almost Pontryagin space A which
contains A and a selfadjoint relation A C A% with A D S and p(A) # 0 if
and only if v(S) # 0 (equivalently, if and only if ker(S — z) = {0} for some
z€ C\R).

10



If v(S) # 0 and z € ~(S), then we can choose A and A such that A is a
Pontryagin space, ind_ A =ind_ A+ indg A,

max {ny(5),n_(5),Ro}, ny(S)#n_(9),

dim A =
/‘Bext (A) 0, ny (S) = n*(S)V

and z € p(A).

Proof. Necessity is clear; if A D S, then p(A4) C ~(S). For the proof of suffi-
ciency assume that v(S) # 0 and let z € v5(S) be given. We distinguish the
cases that z € C\ R and z € R.

Case z € C\ R: We pass to the Caley-transform. Set

B:={(y —z2z,y —zz): (%,y) € S},

then § is a linear and isometric homeomorphism of the closed subspace D :=
ran(S — z) onto the closed subspace D’ := ran(S — %), considered as subspaces of
PBext (A). The aim is to extend S to a linear and isometric homeomorphism B of
a suitable Pontryagin space onto itself, since then the inverse Caley-transform
A of 8 will be a selfadjoint extension of S with z,Z € p(A).

Consider first the case that D (and hence also D’) is nondegenerated. Then
D and D’ are orthocomplemented, the spaces Pext (A)[—]D and Pexs (A)[—]D’
are Pontryagin spaces with the same negative index, and their dimensions are
n(S) 4+ indg A and n_(S) + indg A, respectively. If n(S) = n_(S), we can
choose an isometric isomorphism 7y of Pext(A)[—]D onto Pext(A)[—]D’, and
obtain a required extension as (P : Peyi(A) — DL denotes the orthogonal
projection) R

B:=p8(I—P)+~P.

Assume now that ny(S) # n_(5). Choose a Hilbert space H with
dim % = max {n;.(S),n_(5),No },

then the spaces (Pext(A)[—]D)[+]H and (Bext(A)[—]D")[+]H are Pontryagin
spaces with the same negative index and dimension. Again we can choose an
isometric isomorphism ~ between these spaces and obtain B in the same way as
above.

Assume now that D is degenerated. We extend 8 to a nondegenerated
domain, then the above case will apply. Choose a decomposition of Pex(A) of
the form

Pext (»A) =D, [+] (IDO'FDI) H‘]R,

where D, is a closed and nondegenerated subspace of D with D,.[+|D° = D,
and where D; is skewly linked with D°, see, e.g., [IKL82, Theorem 3.4]. Next
choose a decomposition of Pext (A) which fits the action of 5: Set D). := 3(D,),
then D.. is a closed subspace of D' and D.[+](D’)° = D’. Choose a space D}
which is skewly linked with (D’)° and such that (with appropriate R')

Post (A) = D, [H (D) +D1) [HIR'.
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Set n := dimD° and choose bases {e1,...,e,} and {f1,..., fn} of D° and D;
which are skewly linked, i.e. satisfy

1, 1=y
€iy Jjl = . .
/i {0, i
Set e} := Be;, i =1,...,n, and let {f],..., f,} be the basis of D] with

’oer 1, i=y
[eivfj]{O) i

Define an extension 3 : D,[+] (D°+D1) — DL+ ((D')°+Dj) of B by linearity
and the requirements that

Bfi=fli=1,...n.
Then B is a linear and isometric homeomorphism with a closed and nondegen-
erated domain.

Case z € R: In this case certainly ny (S) =n_(S). Set
D:=ran(S —z), ¢:=(S—2)""

Then D is a closed subspace of A and hence of Pyt (A), and ¢ is a bounded
operator from D into A with

lpz,y] = [z,0y], x,y€D. (2.3)

The aim is to extend ¢ to a bounded operator ¢ on all of Py (A) retaining the
symmetry property (2.3), since then A := ¢! + z is a selfadjoint extension of
S with z € p(A).

Again let us first consider the case that D is nondegenerated, and denote
again by P : Peyxi(A) — D+ the orthogonal projection. Then Py : D — D+
is a bounded operator between Pontryagin spaces. Let (Pp)* : D+ — D be its
(Pontryagin space-) adjoint, and set

¢ :=@(I = P)+ (Pp")P.

Then ¢ is a bounded operator of Peyt (A) into itself and extends . Let us check
(2.3):
[P, y] =[p(I = P)x + (Pp)" Pz, y]
=lp( = P)z,(I = P)yl + [p(I = P)x, Py] + [(Pp)" Pz, (I — P)y]
+ [(Pp)" Pz, Py
=0
=[(I = P)a,o(I = P)yl + [(I = P)x, (Pp)"Py| + [Pz, (I = P)y]
+ [Pz, (Pe)" Py
=0

:[l',(py], I?ZJEmeXt(A)'
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Assume now that D is degenerated. Again we are going to extend ¢ to a non-
degenerated domain retaining (2.3), so that then the above case applies. In
order to achieve such an extension, we show that any operator ¢y with (2.3)
can be extended to every space containing the domain of ¢y with codimension
one. Since there exist nondegenerated subspaces containing D with finite codi-
mension, we can iteratively apply this fact and achieve a required extension of
¢ to a nondegenerated domain.

Let ¢g : Do — Pext(A) be a bounded operator and assume that it satisfies
(2.3). Moreover, let xg € Pext (A) \ Do and set Dy := Dy +span{zg}. The linear

functional
- Dy — C
| ztaze —  [wox, o]

is continuous. Choose an element yy € Poxt(A) which represents it as [.,yo],
and define an extension @1 of ¢y to D; by linearity and the requirement that
©120 = Yo- Then ¢, is a bounded operator of D; into Pext(A).

To check (2.3) for ¢1, let two elements x + axg, ' + o’xg € D; be given.
Here z,2’ € Dy and a, o’ € C. Using (2.3) for the map g and the definition of
Yo, We compute

[o1(z + azg), 2’ + a'zo| =
=[poz, 2'] + [pox, a'x0] + [ayo, '] + [awo, o' z0] =
——

=0
=[x, pox'] + [z, a"yo] + [awo, po'] + [awo, &'yo] =
—_——
=0
=[x + azg, p1(z' + ' 9)]
This completes the task. a

In the second result of this subsection, we investigate existence of canonical
extensions, i.e., extensions A of S which act in the same space as S. The proof
is again of geometric nature.

2.15 Proposition. Let A be an almost Pontryagin space and let S be a closed
symmetric relation in A with v(S) # 0 and ny(S) = n_(S) < co. There exists
a selfadjoint relation A C A% with A D S and p(A) # 0 if and only if

Fp €7 (S)\R: (§—p) ' (A°Nran(S — p)) C A°. (2.4)
If this condition is satisfied, the choice of A can be made such that p € ps(A).

Proof. To see necessity of (2.4), assume that a selfadjoint extension A of S with
p(A) # ) is given. Choose p € ps(A) \ R. Then, clearly, u € v5(S5). For x € A°
we have

[(A—p)tz,y =z, (A-1) 'yl =0, yeA,

and hence (A — pu)~1A° C A°. Thus also the inclusion (2.4) holds.
We turn to the proof of sufficiency. Assume that p € C\ R and (2.4) holds.
We consider the Cayley transform of S with base point pu; set

Bi=A(y—pa,y—pzx): (v,y) €S},  R:=ran(S—p), R :=ran(S—7).

13



Then S is an isometric, bijective, and homeomorphic map between the closed
subspaces R and R'.
Next, we choose decompositions of A which are compatible with the action
of 3. Set
Dl = RN AO

and choose (we write E#D to express that E and D are skewly linked subspaces)
Dy s.t. DQ‘E’Dl = R°
R, st. R{+R°=R,R; closed
E1 s.t. El—i-Dl = .AO
E2 S.t. E2 1 Rl, EQ#DQ

Q st Q+A° = (R [{L](DQJ}EQ))J', Q closed

Set
1:=B(R1), Dy:=pB(D1), Dj:=p(Ds).

Then, remember our hypothesis (2.4) and the properties of Caley transform (see
[SW16, §2.4])

Dy CA°, Dy+Dy=(R) =R°, R|+R°=R,R) closed.
Choose )
E{ st. E{+D;=A°
Ey st.  Ey LR, Ey#D)
Q st Q+A° = (R’l[—i—](D’Q—i—Eé))l,Q closed
Since ( is bijective and isometric, we have
dim Dy = dim D}, dim Dy = dim D}, ind_ R; =ind_ R].
Together with the fact that ny (S) = n_(S) < oo, this implies
dim By = dim B, dim E; = dim Fj,
dim@Q =dimQ’ < oo, ind_Q =ind_ Q’.

We can picture these spaces as follows (columns are pairwise orthogonal):

14



Choose bijective and isometric maps

,81 ZE1 — E{
,62 : Do+ FEy — D/2+Eé with B2|D2+E2 = 5|D2+E2
B3:Q— Q'

and define a map B:A—= A by linearity and the requirements that
Blr=8, Blg, =B Blz, =Ble, Blg=75s

Clearly, B is a bijective and isometric map of A onto itself which extends .
Since R and R’ are closed and have finite codimension, /3’ is also homeomorphic.
Its inverse Cayley transform S is thus a selfadjoint relation in A with p € p, (5’ )
which extends S. a

2.4 Minimality aspects

Minimality of a selfadjoint relation with respect to a subset is defined in the
usual way:.

2.16 Definition. Let A be an almost Pontryagin space, A C A? a selfadjoint
relation, and M C A. Then we say that A is M-minimal, if
A=cls (Mu U (A_z)—lM). (2.5)
z€p(A)
O

The set p(A) in (2.5) can be substituted by much smaller sets. This is a well
known consequence of analyticity: if A is a selfadjoint relation in a Pontryagin
space and €2 is an open subset of p(A) which intersects each connected compo-
nent of p(A), then

cls (Mu U (A—z)’1M> = cls (Mu U(A—z)’lM). (2.6)
z€p(A) 2€Q
The same holds in the degenerated situation (as is seen with the same argument).

2.17 Lemma. Let A be an almost Pontryagin space, A C A? a selfadjoint
relation, and M C A. If Q is an open subset of p(A) which intersects each
connected component of p(A), then the equality (2.6) holds.

Proof. If p(A) = 0, there is nothing to prove. Hence, assume that p(A4) # 0.
Let y € M and @ € Py (A)[—] cls(M U, (A — 2) "' M). The function

2 [(A=2)"y,a], 2 € p(A),

is analytic and vanishes on €). Hence, it vanishes on all of p(4), i.e.,

2 € Poxe(A)[ ] cls (M v lJ @- z)*lM).

z€p(A)

Since Pext (A) is nondegenerated, passing once more to orthogonal complements
yields the inclusion ‘C’ in (2.6). The reverse inclusion is obvious. |
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The concept of a minimal — synonymously, completely nonselfadjoint — symmet-
ric relation in an almost Pontryagin space is also defined in the usual way (only
taking care of possible unsymmetrically located spectral points).

2.18 Definition. Let A be an almost Pontryagin space and let S be a closed
linear relation in A with v(S) # 0. We say that S is minimal, if

ﬂ ran(S — z) = {0}.

2€7s(S)

Again, the usual consequence of analyticity holds true.

2.19 Lemma. Let A be an almost Pontryagin space and let S be a closed
symmetric relation in A with v(S) # 0. Moreover, let Q be an open subset of
vs(S) which intersects each component of v5(S). Then

ﬂ ran(S — z) = ﬂ ran(S — z).

z€74(S) 2€Q

Proof. Fix zy € 75(S) such that zy € R if v,(S) N R # (). Choose a selfadjoint
extension Ay of S acting in a Pontryagin space Ay 2 A such that zy € p(Ayp),
cf. Proposition 2.14. For each z,w € p(Ap), the operator

I+(Z-w)(Ag—2)"': Ag[~]ran(S — w) — Ag[—]ran(S — 2)

is bijective. R
Choose w € p(Ap) N Q, and set M := A[—|ran(S — w). Then, using
Lemma 2.17,

Ao[—]ran(s — 2) C cls (M U (M- g)—lM)
¢€p(Ao)

— s (M Ul (Ao - C)*IM) C cls | (Ao[-Jran(S — (), =z € p(Ao).

CEP(A0)NQ2 e

Note here that p(Ap) is connected if ,(S) is. Passing to orthogonal comple-
ments yields

ﬂ ran(S — () C ﬂ ran(S — ().

Cen ¢ep(Ao)

Now let z € 75(S) be given. Choose a selfadjoint extension A of S acting in
some Pontryagin space A O A such that z € p(A). Replacing Ay by A and Q2
by p(Ao) N p(A) yields

A[~]ran(S — z) C cls U (A[~]ran(S - ¢)).
¢ep(Ao)Np(A)
Together with the above, thus,
ﬂ ran(S — () C ﬂ ran(S — () C ﬂ ran(S — ¢) C ran(S — z2).
ceq ¢ep(Ao) Cep(Ao)Np(A)

The inclusion “D” in the present assertion follows. The reverse inclusion is
trivial. a
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It is often useful to pass to minimal symmetries. As a consequence of [SW16]
also this can be done in the standard way.

2.20 Lemma. Let A be an almost Pontryagin space and let S be a closed linear
relation in A with v(S) # 0. Set

C:= n ran(S — z), D:=C*, Ay :==D/co,
z2€75(S)

let m: D — Ay denote the canonical projection, and set
Si:= (7 xm)(SN (D xD)).

Then Sy is a minimal closed symmetric relation in the almost Pontryagin space

Ar, 75(8) € v(51), and ny(51) < nx(S5).
Proof. Let z,w € v4(S). If z € ran(S —w) Nran(S — z), write

r=b—wa="b — za with some (a,b),(a’,b") € S.

Then !
a_w—z((b V) —z(a—d')) €ran(S — 2).
We see that
(S — w)fl( ﬂ ran(S — z)) C ﬂ ran(S — z) = m ran(S — z). (2.7)
2€7s(S) zeys (S)\{w} 2€75(S5)

The set ,(S) is symmetric w.r.t. the real line, and hence

[(S—w) tz,y] = [2,(S—w) "'y =0, =€ DNran(S—w),y € ﬂ ran(S — z).
2€75(9)

This shows that
(S —w) Y (DnNran(S — w)) C D,

and together with (2.7) that
(S —w)~H(C?) cce.
Now [SW16, Proposition 3.2] applies and yields
vs(S) Cv(S1) and ran(S; —z) =w(DNran(S —2)), z € s(5). (2.8)

Using that kerm = C° C DNran(S — z), z € 7,(S), we obtain

ﬂ ran(S; — z) C m 7(D Nran(S — z))

2€74(S1) 2€75(5)
= ﬂ'(D N ﬂ ran(S — z)) =n(C°) = {0}.
ZE"/S(S)
The inequalities ny (S7) < ny(S) are clear from (2.8). ]
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PART 1
COMPRESSED RESOLVENTS

[.1 Definition and basic properties of compressed resol-
vents

Let P and P be Pontryagin spaces with P C P, and let A be a selfadjoint relation
in P with nonempty resolvent set. Denoting by P the orthogonal projection of
P onto P, the operator valued function

T(z):=P(A—2)"tp, z¢€p(A), (L.1)

is called the compressed resolvent of A.

Viewing this notion another way, we may say that a function T, defined
on some open subset of the complex plane and taking values in the set of all
bounded linear operators on P, is a compressed resolvent if it admits the repre-
sentation (I.1) with some selfadjoint relation A acting in some Pontryagin space
P2oP.

Seeking for an analogue in the degenerated setting one immediately runs into
the problem that an orthogonal projection of P onto P does not exist unless
P° C P°. Hence the right side of (I.1) at once becomes meaningless. This
difficulty has been recognised and a possible way out was proposed in [KW99b].
The idea is to substitute the operator valued function (I.1) by the family of
scalar valued functions

{z — [(A — z)*lx,y] N TS .A}.

1.1 Definition. Let £ be an inner product space, let 2 be an open and nonempty
subset of C, and let R : £2 x  — C. Then we say that R is a compressed
resolvent, if it satisfies the following axioms.

(CR1) For each fixed z,y € £ the function

Q - C
R(:ay,-)-{ z = R(z,y;2)

is continuous.

(CR2) There exists an almost Pontryagin space A, a linear and isometric
map ¢ : £ — A, and a selfadjoint relation A C A% with nonempty
resolvent set, such that

R(z,y;2) = [(A — z)_lwc, Ly], z,y€ A, z€QnNp(A). (1.2)

If A, ¢, and A are as in (CR2), we say that the triple (A4, ¢, A) induces R. O
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The generalisation compared to the Pontryagin space situation is twofold. One,
we allow & to be an arbitrary inner product space, in particular, £ may be a de-
generated almost Pontryagin space. Two, the space A may be degenerated; this
is of interest when thinking of minimality issues and increases ease in handling.

1.2 Lemma. Let R: £% x Q — C be a compressed resolvent.

(i) There exists a triple (Ao, o, Ag) which induces R with Ay being a Pon-
tryagin space and Agy being 1o€-minimal.

(13) Assume that R is induced by (A,t,A). Then there exists a triple
(A1, 1, A1) which induces R with Ay being 11E-minimal and ker 11 = ker¢.

(13i) Assume that R is induced by (A,i,A). Then there exists a triple
(Aa, Lo, As) which induces R with Ay being a Pontryagin space and ker 15 =
ker .

Proof. Let (A, A) be a triple which induces R, and set

— -1 . O —
D= dls (1€ U GL%A)(A—Z) ), By =D, Byi={0}.
z€p

By the resolvent identity and analyticity of the resolvent of A
(A—2)"'DCD, zcpA).

Thus also (A —2)~'DL C DL, 2 € p(A). We conclude that (A — 2)~1By C By,
z € ps(A). The space B; is trivially invariant. Set

Aj:==D/B;, j=0,1,
let 7; : D — A; be the canonical projection, and set
Aj = (mj x ;) (AN (D x D)).
Applying [SW16, Proposition 3.2] shows that A, is selfadjoint and that

ps(A) C p(4;),
[(A] - Z)_lﬂjxﬂﬂ—jy}/\j = [(A - Z)_lxvy}Av T,y € D, z¢€ ps(A)'

In particular, therefore,
R(m,y,z) = [(A - Z)_le?Ly]_A = [(AJ - Z)_l(ﬂ-j © L)J), (71']‘ © L’)y]Ajv
z,y €&, z€ QN ps(A).

Setting ¢; := 7; o ¢, we may say that (A4;,¢;, A;) induces R.
Again referring to [SW16, Proposition 3.2], we have

(Aj —2) 1 (m(&)) = m((A—2)"1E), =€ ps(A).
This shows that

cls (Ljé' U U (A; — z)*leS) ) W(Span (LEU U (A— z)*lLE)).

z€p(Aj) z€ps(A)
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By definition the linear span appearing on the right side is dense in D, and
m; being continuous and surjective implies that it image under 7; is dense in
A;. This means that A; is ¢;€-minimal. Obviously, A is nondegenerated and
ker ¢; = ker .

Ttem (i47) follows immediately from (i¢) using Proposition 2.14. Q

Simply by its nature a compressed resolvent has a couple of algebraic and ana-
lytic properties.

1.3 Lemma. Let R : £2 x Q — C be a compressed resolvent. Then R has the
following properties.

(C1) For each z € Q the function

s a sesquilinear form.

(C2) For each z € C with z,Z € Q it holds that

R(z,y;2) = R(y,z;%Z), x,y€€. (I.3)

(C3) For each x,y € £ the function

Q — C
z +— R(z,y;2)

R+ {

18 analytic in €.

Proof. Choose (A,t, A) which induces R. The property asserted in (C1) ob-
viously holds for z € QN p(A4), and the property in (C2) for {z € C: 2,Z €
QN p(A)}. Since p(A) contains both halfplanes C* and C~ with possible ex-
ception of finitely many points, we have

QCONp(A), {2€C:2,zeQ}C{zeC:2,z€Qnp(4)}.

Continuity of R(z,y;.) now implies that (C1) and (C2) hold.

We come to the proof of (C3). Analyticity is again clear on z € QNp(A). Fix
x,y € &, and z9 € O\ p(A). If zp € R, then z is an isolated point of Q\ p(A).
Continuity of R(x,y;.) implies that 2z is a removable singularity. If zp € R, we
choose a disk U, (zp) centered at z such that U, (z9) C ©Q and U, (z9) \R C p(4).
Since R(x,y;.) is continuous, we can refer to Goursat’s theorem and conclude
that R(zx,y;.) is analytic throughout U, (z). a

Compressed resolvents enjoy a certain definiteness property. To explain this, we
introduce an inner product space.
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1.4 Definition. Let £ be an inner product space, let €2 be an open and nonempty
subset of C, and let R : £2 x Q — C. Assume that R has the properties (C1)—
(C3). Then we denote
Q = QU{oo},
Lr:= {(mi)iefz : x; € E, x; =0 for all but finitely many i € Q},
[(Ii)ief‘)v (yz)zeg] R T [xom yoo}é: + Z R(Iu Yoo Z) + Z R(ywa Toos w)"’
zEQ weN

+ Z R(22, Yuw; 2) — R(Yw, 25 w)

Z—w

v (@i)ieq Widieq € Lr-
2, WEN

Here, the quotient in the last summand is interpreted as a derivative if z = w,
namely, as %R(x,y;z) with x = x, and y = yz. This is possible by the

symmetry property (C2) and analyticity (C3). O
Linear operations on Lp are defined in the canonical way, and then [.,.]g be-
comes an inner product on Lg. The fact that [.,.]g is sesquilinear follows from

(C1), and the fact that it is hermitian from (C2).
To shorten notation, we write zd; for the element of Lz whose i-th compo-
nent is equal to x and all other components are equal to 0.

1.5 Remark. The inner product [.,.]g has a continuity property which follows
immediately from analyticity of R and turns out to be important: Let £ be
an inner product space, let Q) be an open and nonempty subset of C, and let
R : &2 xQ — C. Assume that R has the properties (C1)~(C3). For each
z,y € £ the maps

(z,w) — [:v&z,yéw]R, (z,w) € Q x 0,
Z [xéz,yéoo]R, z €9,

are continuous. O

Now we can prove the announced definiteness property of compressed resolvents.
1.6 Lemma. Let R:£% x Q — C be a compressed resolvent. Then
(C4) ind_(Lg,[., ]r) < 0.
Proof. Choose (A, t, A) which induces R. Consider the subspace
M= {(2i);c, € Lr: 1 = 0,i € Q\ p(A)}
of Lz, and define a map ¢ : M — A by

o((@i)jeq) = w0 + Z (A=2)"as,  (21);eq € M.
z€QNpP(A)

The definition of [.,.]g ensures that ¢ is isometric, and hence
ind_(M,[.,.]r) <ind_ A < cc.

The continuity property Remark 1.5 implies that ind_ L = ind_ M. ]}
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1.2 Intrinsic characterisation

In the situation that & is a Hilbert space, (operator valued) compressed re-
solvents (I.1) can be characterised by means of a certain kernel function, cf.
[DLS84, Theorem 2.3]. Namely, a function R which takes values in the set of
all bounded operators on the Hilbert space £ is a compressed resolvent (of a
seladjoint extension acting in a Pontryagin space), if and only if the operator
valued kernel .
R ZTF  pwy )

z—wW
has a finite number of negative squares.
In the general case, one has to switch from the above kernel function to the

inner product [.,.]g.

1.7 Theorem. Let & be an inner product space, let Q2 be an open and nonempty
subset of C, and let R : £2 x Q — C. Then R is a compressed resolvent if and
only if it satisfies (C1)—(C4).
Proof. Necessity was seen in Lemma 1.3 and Lemma 1.6. Hence, assume that a
function R with (C1)—(C4) is given.

Let (A, A) be a Pontryagin space completion of L, i.e., a Pontryagin space .4

together with an isometric map A of L onto a dense subspace of A. Moreover,
let k : £ = Lk the canonical embedding

K:Z+— 0o, x€E,

and set 1 1= Ao K. )
To shorten notation, denote ze; := A(zd;), = € £, i € Q). We define

A:=cls 4 ({(xaz,xem +zae,):x €z € Q}
U {(CEEZ — LEy, 2TE, — WIEy) 1 X €EE,z,w € Q})

The first thing to show is that A is symmetric; this is done by computation plug-
ging in the definitions. Consider two elements (ze,, res + 2x€,), (Yw, Yoo +
wyey) with z,w € Q, 2z # w. Using isometry of A and the definition of [., ]g,
we compute

[rec + 2TE, ysw]A — [ze., yeso + wysw]A (1.4)

- [xéooa y(sw]R - [xéza y(soo]R + (Z - E) [x6Z7 yéw]R

— R($7y; Z) — R(ya xZ; ’U})

=R(y,z;w) — R(z,y;2) + (2 — W) =0.

zZ—w

If z = W the terms involving [ze., ye,]a cancel, and the expression (I.4) also
vanishes.
Consider two elements (ze,,xex + 2€,), (Y€y — YEw, VYEy — WYE,,) With
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z,2v,w € Q, 2z #70, 2 #w. Then

[:CEOO + zxe,, Ye, — yaw]A - [J;Ez, VYEy — wysw]A (L.5)

:R(x’y;@) —R(y@;w)
R(:r,y,z) - R(yvx;v) _ (Z _ W) R(x,y,z) - R(y,l',U})

zZ =7 z—

+(z—7)

gl

=0.

Again, if z = U or z = w, the corresponding summands cancel from the beginning
and the expression (I.5) also vanishes.

Consider two elements (xe, — xey,, 226, — WTEY ), (Yeu — YEu, VYEY — UYEY)
with z,w,v,u € Q, 2 27, z #u, w # U, w # Uu. Then

[zxe. + wrey, ye, — yeu]A — [ze. — wew, vye, — uyeu}A (1.6)

R(a@y;z) — f?(y,a:;v) _ (U) _5)

R((,C,y; Z) — R(y,x; ’LL) _

— (2 7) R(z,y;w) — R(y, x;v)

—(z—1u
( ) 2= w—"1u

=0.

Again, if one of the mentioned conditions on z,w,v,u is violated, the corre-
sponding summands cancel from the beginning and the expression (1.6) also
vanishes. Alltogether, we see that A is symmetric.

In the second step we show that A has a selfadjoint extension with nonempty
resolvent set. Let z € Q. Then, for each x € &,

TEoo = (Teoo + 2E;) — 2(26,) € rAn(A — 2),

TEy = ((zxaz — wxe,) — z(ve, —xe — w)) eran(A—2z2), we Q\{z}.

Z—w
From Remark 1.5 we obtain that lim,,_,, xe,, = z¢e,, and see that
closgran(A — z) Dclosg A(Lg) = A, z€Q.

This implies ker(A — %) C ran(A4 — 2z)* = A° = {0}, z € Q. Proposition 2.14
yields that there exists a Pontryagin space A O A and a selfadjoint relation A
in A extending A with p(A) # 0.

Finally, we show that (A, ¢, A) induces R. This, however, is built in the
definition: we have (ze,, zes + z22,) € A, and hence

(A—2)loe =2e,, €& 2€p(A)NQ. (L.7)

Thus

[(A—2)" i, wy] = [re., yec)a = R(w,y;2), 2,y € E,2 € p(A)NQ.
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1.8 Corollary. Let & be an inner product space, let  be an open and nonempty
subset of C, and let R : £2 x Q — C. Assume that R satisfies (C1)~(C4). Then
there exists an open set @ C C and a function R : €2 x Q — C, such that
Q contains both halfplanes Ct and C~ with possible exception of finitely many
points and is symmetric w.r.t. the real axis, that R satisfies (C1)~(C4), and

]:Z(amy;z) = R(z,y;2), x,y €€, e QN

Proof. The function R is a compressed resolvent, hence is induced by some
selfadjoint relation A acting in a Pontryagin space. Use Q := p(A). a

[.3 Minimality aspects

The following is shown in [DLS84, Lemma 1.1]: Let H be a Hilbert space, P be
a Pontryagin space with P 2 H, and let A be an H-minimal selfadjoint relation
in P with nonempty resolvent set. Then the (operator valued) compressed
resolvent (I.1) has no continuous extension beyond p(A).

Our next theorem is the analogue for the presently considered almost Pon-
tryagin space situation. Its proof uses the same argument as [DLS84, Lemma
1.1], however, some additions are necessary due to possible presence of isotropic
elements.

1.9 Theorem. Let A be an almost Pontryagin space, E C A, and let A be an E-
minimal selfadjoint relation in A with nonempty resolvent set. Denote by Q) the
largest open subset of C such that each function z — [(A — 2)7txz,y], z,y € &,
has a continuous extension to Q). Then

Q\ 0, (AN (A°)?) = p(A).

Note that the relation AN(.A°)? is selfadjoint in .A°, and has nonempty resolvent
set. This follows by applying [SW16, Proposition 3.2] with “D := A°, B := {0}".
Since dim A° < oo, the spectrum o (AN (A°)?) consists of at most indg A points
which are all eigenvalues. Moreover, the inclusion Q\ o, (A N (A°)?) D p(A) is
of course trivial.

Proof of Theorem 1.9. Set A= = Pext(A), and choose a selfadjoint extension
A of A which acts in A and has nonempty resolvent set. This is possible by
Proposition 2.14. Denote by 9t the algebra generated by the semiring of all
intervals whose endpoints are not critical points of A, and let E be the projection
valued spectral measure of A, cf. [Lan82], [DS87b).

Step 1: We show that, for each A € 9,
E(A)AC A, (A—2)"'E(A)AC E(A)A, z € p(A).

Since A D A, we have p(A) C p(A) (remember Remark 2.13) and (A —2)~! =
(A—2)"" 4, z € p(A). In particular, (A — 2)"PAC A, z € p(A).

For each finite open interval A = (a,b) € 9M, the spectral projection E(A)
can be obtained as the limit of integrals

- o1 5 —1
B@) ity [ d-07
Vs,
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where 5. is the — piecewise continuous — path consisting of two line segments

(1) = (a+d+ie)t+ (b—38+ie)(1—1) , te(0,1),
TN b= s —ie)(t— 1)+ (atd—ie)2—1), te(L2).

This representation readily implies that E(A)A C A. Moreover, for z € p(A),
(A= 2)'E(A)A=(A—-2)'E(A)A=EA)(A-2)"TACEA)A.

By continuity the required inclusion (A — 2)~'E(A)A C E(A)A holds for all

z € p(A).

Step 2: We show that

E(A)JAC A°, A= (a,b)cM, ACQ. (1.8)

Let 2,y € €. Since [(A — ¢)~tx,y] is analytic across A, we have

(B(A)ey) =timlim o [ (4= 0yl dc =0,

Vs,e
Ifr=(A—w) 2’ witha' € £, y €&, and w € p(A) \ A, then

[(A=07 (A—w) ey = = (A= 070 w) ~ [(A— w) ")

whenever ¢ € 5. with ¢, sufficiently small. Again, this expression is analytic

across A, and it follows that [F(A)z,y] = 0. The same argument applies if
re&y=(A-w)ly,orifr =(A—w) "ty = (A—v)"1y. Alltogether we
obtain that [E(A)z,y] = 0 for all z,y in £ U Uwepanal(4 — w)~ €. However,
the linear span of this set is dense in A, and we conclude that (I.8) holds.

Step 3: Let 29 € Q\ o(AN (A°)?), 29 € R, be given. Choose a finite open
interval A € 9 such that

20 EACACQ\ (AN (A°)?).

Applying [SW16, Proposition 3.2] with “D := E(A)A,B := {0} shows that
the relation .
Ag = AN(E(A)A)?

is selfadjoint in E(A)A and has nonempty resolvent set. Clearly we have
o(Ao) = 0p(Ap) # 0 unless E(A)A = {0}. Here the spectrum is understood in
the extended plane C U {oo}. Since 49 C AN (A°)2,

o(Ag) Co(AN(A°)?).

The relation

Ay = AN (BE(A)A)?

is a bounded selfadjoint operator whose spectrum is contained in A, cf. [Lan82],
[DS87h]. Since Ag C Ay, the relation Ap is an operator. Moreover, we have

O'(AQ) Q O’(AQ).
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The fact that o(AN(A°)?)NA = ) now implies that 0(Ag) = ) and hence that
E(A)A = {0}.

We have shown that A C ker E(A). Since ker E(A) is nondegenerated,
this implies that ker E(A) = A, i.e. E(A) = 0. Thus A C p(A) C p(A). In
particular, zg € p(A).

Step 4: Let zp € 2\ 0(AN(A°)?), 20 € R, be given. Assume on the contrary
that zo € 0(A). Then 2y € 0,(A) and {20} is an isolated spectral set of A. For
a sufficiently small circle v centered at zo, the Riesz projection P,y is given as

Pr.y = 9 (A—¢)~tdc.

~

By Cauchy’s theorem, we have [P(.,yz,y] = 0, 2,y € £. The same argument
which led to (I.8) in Step 2 above, now gives

Py AC A

This shows that all eigenvectors of A with eigenvalue zy belong to A°. In
turn, 29 € o(A N (A°)%). We have reached a contradiction and conclude that

2o € p(A). Q

1.10 Remark. One might expect the uniqueness statement: If A is £-minimal,
then A is determined up to isomorphism by its compressed resolvent on £. How-
ever, this is not the case. Just think of operators acting on a finite dimensional
neutral space. O

1.4 Generalised resolvents

I.11 Definition. Let A be an almost Pontryagin space and S C A? a closed
symmetric relation with v(S) # @. Moreover, let A be an almost Pontryagin
space with A D A and A C A? a selfadjoint relation with p(4) # @ and
A D S. Then we call the compressed resolvent induced by (fl, C, A) a generalised
resolvent of S. O

Equivalently, we could use compressed resolvents induced by <A,L,A> with
kert = {0}. In order to simplify notation, we think from the start of A as
a subspace of A.

The following is an immediate consequence of Lemma 1.2.

1.12 Remark. Let A be an almost Pontryagin space and S C A? a closed sym-
metric relation with v(S) # 0.

(i) Every generalised resolvent is induced by a triple (A, C, A) where A is
A-minimal.

(i7) Every generalised resolvent is induced by a triple (A, C, A) where A is a
Pontryagin space.

Unlike in Lemma 1.2 we cannot ensure that in the same time A is A-minimal and
Aisa Pontryagin space. However, using the usual Pontryagin space uniqueness
result, one can show that uniqueness prevails after factorising the isotropic part.

We do not now whether every compressed resolvent induced by some triple
(A, 1, A) is a generalised resolvent of the relation (v x ¢)(S). O
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When studying generalised resolvents, one can often reduce to the case of min-
imal symmetries. This is a consequence of [SW16, Theorem 7.1], hence is a
deeper fact.

1.13 Proposition. Let A be an almost Pontryagin space, S C A? a closed sym-
metric relation with v(S) # 0, and let A; and Sy be the almost Pontryagin space
and symmetry defined in Lemma 2.20. Then the families of generalised resol-
vents of S and S1 coincide up to an identification via the canonical projection
.

Proof. Recall the definitions from Lemma 2.20:
C:= ﬂ ran(S — z), D:= A[-]Ct, Ay :==D/¢ce,

z2€75(S)
let w: D — A; denote the canonical projection, and
Sy = (7 xm)(SN (D xD)).

In (2.7) we saw that (S —w)~1(C) CC, w € v5(S).

Let A be an almost Pontryagin space which contains A and A C A2 a
selfadjoint relation with A O S and p(A) # 0. Then (A — w)~1(C) C C,
w € ps(A) N~vs(S). This implies that also

(A= w) M A[-I0) CANC, (A= w)7H(C°) CC° w € ps(A) Ns(S).
Set B . 3 .
D:=A[-]C, A;:=D/ce,
let 7 : D — A; denote the canonical projection, and
Ay = (7 x 7) (AN (D x D)).

An application of [SW16, Proposition 3.2] shows that A; is selfadjoint with
ps(A) Ns(S) C p(Ay), and that

(A —w) "7z, 7y] = [(A—w) '2,y], =zy€ D,w € ps(A) Ns(S).

We have ker @ = ker 7, and hence AL D Ay and 7z = mx, xr € D, and A; D 5.
Thus the generalised resolvent R of S induced by A and the generalised resolvent
Ry of Sy induced by A; are related as

Ri(mx,my;2) = R(2,y;2), =,y €D,z € ps(A) Ns(9).

In order to show that every generalised resolvent of S; occurs in this way,
we employ the deeper result [SW16, Theorem 7.1]. The necessary hypothesis
[SW16, (7.1),(7.2)] for an application of this theorem are fulfilled. Remember
here that we showed in the proof of Lemma 2.20 that (S — w)~1(C°) C C°,
w € 7s(9).

Let a selfadjoint extension A; of S; in an almost Pontryagin space A oA
be given. Since we factorise by the whole space C°, the condition [SW16, (4.7)]
for existence of an almost Pontryagin space A D A with (A[—]C)/C° = A; is
satisfied. Let A be one such (exists by [SW16, Theorem 4.2]). Again since we
factorise by all of C°, item (i¢) of [SW16, Theorem 7.1] applies, and we find a
selfadjoint relation A in A such that (notation as above)

Ay = (7 x 7) (AN (D x D)).
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PART II
Q-FUNCTIONS

II.1 Definition of Q-functions

To start with, let us recall how one proceeds in the nondegenerated case, see,
e.g., [KL73].

II.1. Q-functions in Pontryagin spaces: Let P be a Pontryagin space, and
let S C P? be a closed symmetric relation with (S) #  which has defect
index (1,1). Choose a selfadjoint extension A of S in P with p(A) # 0, choose
20 € p(A), and choose a defect element x(zg) of S, i.e. an element x(zg) € P
with span{x(z9)} = ran(S — z5)*. Let x(2) be the family of defect elements of

S generated from x(zp) by means of the formula

X(2) = (T4 (z = 20)(A = 2) 7 )x(z0), 2 € p(A).

Then there exists a function ¢ which satisfies

92) =4@) _ 1 oy w). (IL1)

zZ—W

Each function which is constructed in this way from some choices of /Dl, 20,
and x(zp) is called a @Q-function of S. It depends essentially on A, 2z, and
X(z0). However, once such choices are made, it is by the relation (II.1) uniquely
determined up to a real additive constant. O

If A is an almost Pontryagin space with indg. A > 0 and S C A? is a closed
symmetric relation with v(S) # @ which has defect index (1,1), a similar con-
struction can be carried out, cf. [KW99b, §2]. Contrasting the nondegenerated
case, not every choice of an extension A is suitable. Our aim in this section is
to review this construction and provide some supplementary details.

I1.2. Setup for the definition of Q-functions in a degenerated almost Pontryagin
space: Let A be an almost Pontryagin space with A := indyg. A > 0 and let
S C A? be a closed symmetric relation in A with defect index (1,1). Assume
that S satisfies the regularity conditions

Jz;€Chz_ eC :ran(S—22) + A=A (11.2)
Vhe A°: SN (span{h} x span{h}) = {0} (11.3)
O

Before we proceed to the actual definition of @)-functions, let us discuss these
conditions.
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The significance of (II.2) becomes apparent when considering the relation
(m: A— A/A° denotes the canonical projection)

Stac := (m x 7)(5),

as seen from the next lemma which provides a somewhat more complete version

of [KW99b, Remark 1].

11.3 Lemma. Let A be an almost Pontryagin space with A :=indg A > 0 and
let S C A2 be a closed symmetric relation in A.

(i) The relation Sgae is closed and symmetric. If v(S) N Ct # 0, then
14 (Stac) < 1y (S). The analogous statement holds for C.

(ii) The relation S satisfies (I11.2) if and only if Sk is selfadjoint and has
nonempty resolvent set.

(#92) If S satisfies (11.2), then
p(Stac) = {z € C: ran(S — z) + A° = A}. (11.4)

In particular, ran(S — z) + A° = A holds for all z € C\ R with possible
exception of at most 2ind_ A points located symmetrically with respect to
the real line.

Proof. Since kerm = A° is finite dimensional, = maps closed subspaces onto
closed subspaces. Clearly, @ x 7 : A x A = (A/40) X (A/4°) has the same
property. Moreover, 7 is isometric.

From the above said we see that Sg,. is a closed symmetric relation in A/ 0.
It holds that

ran(Stac — 2) = {7y —z- 7w : (z,y) € S} =7(ran(S —z)), ze€C. (IL5)

In particular, therefore

dim [('A/Ao)/ran(sfac - Z)} < dim [A/I"an(s - Z)}

Assume that y(S) N C* # (), and choose z in this set. Then

n;(5) = dim ['A/ran(S - z)] >
> dim [(A/AO)/ran(S

fac

_ z)] — dimker(Sgac — 2) = 14 (Stac)-

The case of C~ instead of C* follows in the same way.

Assume that St,. is selfadjoint. Then, for each z € p(Stac), we see from (I1.5)
that ran(S — z) + A° = A. In particular, (I1.2) holds if p(Sg.e) # 0. Conversely,
assume that (II.2) holds; our aim is to apply Lemma 2.12 (with “S = A :=
Stac”). However, again referring to (I1.5), we have ran(Sg.c — 24+) = A/ 40, and
this is (2.1). Since A/40 is nondegenerated, (2.2) trivially holds. It follows that
Stac 18 selfadjoint. The relation (I11.4) follows from (II.5) and Lemma 2.11. [J

The regularity condition (II.3) also has a very clear meaning. It ensures that SN
(A°)? is a shift operator, cf. [KW99b, Proposition 1] (we recall in Remark IL.6,
(7)). Moreover, in conjunction with (IL.2), it gives rise to points of regular type
of S.
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11.4 Lemma. Let A be an almost Pontryagin space with A :=indg A > 0 and
let S C A? be a closed symmetric relation in A. If S satisfies (I1.3) then

{zeC\R: ran(S —2) + A° = A} C~(S). (IL.6)

Proof. Assume that z belongs to the set on the left side of (II.6). Let x €
ker(S — z) be given. Then x L ran(S — Z), and hence 2 € A°. Condition
(I1.3) implies that = = 0. Since ¥(S) \ R = (C\ R) \ 0,(5), we conclude that
z €(S). Qa

The regularity conditions (I1.2) and (I1.3) guarantee existence of the necessary
ingredients for building a @-function of S.
I1.5. Choices to be made: Assume that A and S are given according to II.2.

(Bas) There exist elements h;, [ = 0,...,A — 1, such that {hg,...,ha_1} is a
basis of A°, and that

(hl;hl—i-l) es, 1=0,...,A-2. (117)
The element hg is by these requirements uniquely determined up to scalar
multiples. Once a choice of hg is made, the elements hy,...,ha_1 are
unique.

(Ext) There exist selfadjoint relations A C %Pyt (A)? with nonempty resolvent
set which extend the relation S’ := span(S U {(0,ho)}). For each such

relation there exist families (x(2)),c 4, of elements x(z) € Pext(A), 2 €

p(A), such that x(z) L ran(S — 2),

x(z) = (I+(z—w)(A—2)"Yx(w), zwepA), (IL.8)

and

o

[X(z),hl} =2, zepd),1=0,...,A—1. (11.9)

A proof of these statements can be found in [KW99b] (putting together Propo-
sition 1, Corollary 1, and Proposition 2). Let us remark that the relation A and
the family (X(Z))zep(é) in (Ext) is not unique. O

In the next remark, we collect some simple but noteworthy facts.
II.6 Remark. Let data be given according to 11.2 and IL.5.

(1) We have
SN (A°)? =span{(h;, his1): 1=0,...,A =2},
cf. [KW99b, Proposition 1].
(#4) Due to (Bas) we have
ran(S — z) + A° =ran(S — z) + span{ho}, =z € C. (I1.10)
In particular, ran(S — z) + span{ho} = A, z € p(Stac)-
(797) The relation (I1.8) can be written equivalently as

(x(2) = x(w), 2x(2) — wx(w)) € A, z,w € p(A).
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(iv) The property (I1.9) is equivalent to
320 € p(A) : [x(20), ho] = 1.
To see this, compute
[x(2); ho] = [x(20) + (2 = 20)(A — 2) " x(20), ho] =
=[x(20), ho] + (= — 20) [x(20), (A — z) 'he| =1,
|
=0
and note that
[X(2), higa] = [2x(2), ]
since hyy1 — Zh; € ran(S — Z).

(v) The relation S can be described as
S={(z;y) e A*: y—zxlx(z), z€ p(A)}

To see this, observe that S has defect index (A + 1,A + 1) in Pext (A),
and x(z) € A°. Therefore,

Pext (A)[—]ran(S — z) = A°+span{x(2)}, 2 € p(A). (IL.11)

o

(vi) Since p(A) is dense in v4(S) and (I1.11) holds, the relation S is minimal
if and only if

els (A° U {x(2) : 2 € p(A)}) = P (A).
o

The next statement is a refinement of what was shown in the first part of the
proof of [KW99b, Proposition 2].

11.7 Lemma. Let A and S be given according to 11.2, choose h; and A according
to 1.5, and denote again S’ := S + span{(0; ho)}.
(i) The relation S' is selfadjoint in A and p(A) C p(Stac) = p(S") C ~(S).
(i) We have
[(A — z)*lz,y} = [(Sfac — z)*lmz:,ﬂ'y}, z,y€e A, z € p(A)

Proof. The inclusion p(Stac) € p(S”) is exactly what is shown in the first part of
the proof of [KW99b, Proposition 2]. In particular, we see that S’ is selfadjoint
in A. Due to (I1.10), we have

ran(S’ — z) =ran(S — z) + A°, zeC.

Hence, z € p(S’) implies that z € p(Stac). The inclusions p(A) C p(S") C ~(S5)
hold since S C S’ C A.

For the proof of (ii), let #,5 € Aand z € p(A) be given. Set u := (A—z) "z
Since A extends " and z € p(S'), we have u = (S’ — z)~1z. Since

Stac = (m x 7)(S) = (7 x m)(S"),
and z € p(Stac), it follows that mu = (Stac — 2) "1, Isometry of 7 now yields
[(A—2)"te,y] = [u,y] = [ru, my] = [(Stac — 2) 'z, Ty].
a
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Let us now state the definition of a @Q-function, cf. [KW99b, (2.9)].

I1.8 Definition. Let A and S be given according to II.2. For each choice of
ho, A, x according to I1.5, there exists a function g which satisfies

q(z) — qlw o
% = [X(z),x(w)]7 z,w € p(A). (I1.12)
Each function which is constructed in this way is called a Q-function of S. O

I1.9 Remark.

(7) Functions ¢ as in Definition I1.8 depend on the choice of ho, fi,x. Once
ho, A, x is fixed, they are uniquely determined by the relation (II.12) up
to a real additive constant.

o

(i4) Keeping w € p(A) fixed in the defining relation (I1.12) of a @-function, it
follows that ¢ is defined and analytic (at least) on p(A). In fact, we have
the representation

o

q(z) = q) + (z = W) [x(2), x(w)], z € p(A).

(i4i) Let us mention one instance of freedom in choice of ho, A, x: If ho, A, x
satisfy the condition in IL.5, (Ext), then for each A € C, also the choice
ho, A, x + Ahg is admissible.

(iv) As a consequence of the previous item, the family of all Q-functions of a
given symmetry S in an almost Pontryagin space A with indg A > 0 always
contains functions which are not real constants. If we are given a choice of
ho, /L x such the @-function built with this data is a real constant, then
we can consider the choice hg, /01, X := X + ho and will have

[X(2), x(w)] = [x(2), x(w)] +2 + [ho, ho] = 2.
—— ~——
=0 =0
Hence the Q-function ¢ built with hg, /01, X is linear.

We are not going further into details concerning the variety of all possible choices
for hg, A, x. O

[1.2 Index of negativity
Let us recall the common notion of the negative index of a function, cf. [KL77].

I1.10 Definition. Let f be a function which is meromorphic in C \ R and

satisfies f(Z) = f(z). Let p(f) be its domain of holomorphy, and set

[Q-I@ g

Ny(z,w) == {f’(;w ) .

Then we denote by ind_ f € NgU{oo} the supremum of the numbers of negative
squares of quadratic forms

for z,w € p(f). (11.13)

n

Q€11 &n) == Y Ny(zi,2)&;,

i,j=1
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where n € Ny and z1,...,2, € p(f).

The function f is called a generalised Nevanlinna function if it is meromor-
phic in C\ R, satisfies f(Z) = f(z), and has the property that ind_ f < co. The
set of all generalised Nevanlinna functions is denoted by N . %

Let us recall one fact from nondegenerated theory, see, e.g., [KL73].

II.11. Negative index of Q-functions; nondegenerated case: Let P be a Pon-
tryagin space, S a closed symmetric relation in P with defect index (1, 1), and
q a Q-function of S. Then

ind_ ¢ <ind_P. (I1.14)

If S is minimal, then equality holds. O

We are seeking for an analogue in the degenerated situation. Consider A and S
given according to I1.2. It is obvious from the defining relation (I1.12) that

ind_ ¢ < ind_ Pext(A) = ind_ A + indg A.

However, even if S is minimal, equality may fail. Hence, in order to precisely
capture negative indices, another notion than ind_ ¢ is needed. The appropriate
number was introduced in cf. [KW99b, Definition 1].

I1.12 Definition. Let f be a function which is meromorphic in C \ R and
satisfies f(Z) = f(z), and denote by p(f) its domain of holomorphy. Moreover,
let A € N. Then we denote by ind® f the supremum of the numbers of negative

squares of quadratic forms

n A—-1 n
QF (&1, &ninos-oma1) == Y Np(zi,2)6& + Y Y Re (2 &7),
ij=1 k=0 i=1
where n € Ny and z1,...,2, € p(f). O

Let us point out that, unlike Q ¢, the quadratic form QJ% is not generated in the
standard way from some reproducing kernel.

I1.18 Remark. Due to the form of the second summand in the definition of QJ%,

we always have ind® f > A. Moreover, a dimension argument shows
ind® f — A <ind_ f < ind® f. (IL.15)
In particular, ind® f < oo if and only if f € Neoo.

It can be shown by examples that ind_ f may assume every value permitted
by (II.15). O

Now we can prove the analogue of II.11.

11.14 Proposition. Let A and S be given according to11.2, let q be a Q-function
of S, and set A :=indg . A. Then

ind® ¢ <ind_ A+ A.

If S is minimal, equality holds.
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Proof. Let ho,/i, x be those choices according to II.5 which give rise to the
Q-function ¢g. Consider the linear span

span ({ho, ..., ha—1} U{x(2) : z € p(4 )}) C Pexs (A). (I1.16)

The inner product on this span is determined by the quadratic form QqA:

n A—-1 n A-1
[Zfix(zi) + > mh > &x(z) + Y thk} =
i=1 1=0 j=1 k=0

n -1 n A—-1 n
Z Zz Z] 616] Z Z M + Z Z hl7 Zj 77151 -
j=1 k=0 i=1 =0 j5=1

( ...,fn;Qr]O,...,277A_1).

If follows that
ind® q <ind_ Pext(A) =ind_ A+ A.

Assume that S is minimal. Then the linear span (I1.16) is dense in Poxt(A),

remember Remark I1.6, (vi). Hence, negative indices coincide. Q

II.3 Realization theorem

Our aim in this section is to construct a degenerate analogue of the Krein-Langer
operator model for a generalised Nevanlinna function.

I1.15 Theorem. Let q € Noo, and A € N be given. Then there exists an almost
Pontryagin space Aa(q) with indg Aa(q) = A and a minimal closed symmetric
relation Sa(q) C Aa(q)? with defect index (1,1) which satisfies the regularity
conditions (11.2) and (11.3), such that q is a Q-function of Sa(q).

For later reference we state one portion of the proof as a separate lemma.
11.16 Lemma. Assume that the following data are given:

1. A Pontryagin space P.

2. A selfadjoint relation A C P? with nonempty resolvent set.

3. A subset ) of p(A) which has an accumulation point in each connected
component of p(A).

4. A family xo(2), z € Q, of elements of P with
(x0(2) = xo(w), 2x0(2) —wxo(w)) € 4, z,w € Q. (I1.17)

5. A number A € N, and elements hg,...,ha_1 € P, with

(hl,hl—i-l) €A 1=0,...,A—2, (O,ho) € A, (1118)
span{ho,...,ha_1} is neutral, (I1.19)
[xo(2),hi] =2, 2€Q,1=0,...,A—1. (I1.20)
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Using these data, define

A :=P[—]|span{hg,...,ha_1},
S:={(z,y) e ANA>: VzeQ:y—zz L xo(2)}

Then A and S have all properties required in I11.2, and p(Sgac) 2 p(A). The
elements h; have the property 11.5, (Bas). There exists a family x(z), z € p(A),
of elements of P such that

X(Z) = XO(Z)7 z €1,
and such that the data hg, A, x has the property 11.5, (Ext).

Proof. 1t is clear that A is an almost Pontryagin space, and that A° =
span{ho,...,ha_1}. Assume that h = zlA:f)l MAh; = 0. Then

A1
0= [xo(2),h] = Nz oz eq.
=0

Since 2 certainly contains infinitely many points, we conclude that Ay =
... = Aa—1 = 0. Thus {hg,...,ha_1} is linearly independent, and we ob-
tain indg A = A. Clearly dimP/A = A, and hence P is a canonical Pontryagin
space extension of A.

The fact that S is a closed symmetric relation is again clear. We have

[xo(2),hip1 —Zhy] =21 — 2.2l =0, 2€Q,1=0,...,A -2,

and hence (hy, hj+1) € S. This already shows that the elements h; satisfy IL.5,
(Bas).

The fact that A is a selfadjoint relation with nonempty resolvent set which
extends span(S U {(0, ho)}) holds by assumption. Choose w € Q, and define

x(2) = I+ (z —w)(A—2)"")xo(w), =z€ p(A).
Due to (I1.17), we have x(z) = xo(2), z € Q. Let (x,y) € S, then
[x(2),y —zx] =0, ze€q.

By analyticity this equality holds for all z € p(A), ie. x(z) L ran(S — %),
z € p(A). Similarly, the equality [x(z), ] = 2!, z € €, transfers by analyticity
to all of p(A). We see that hg, A, x satisfy the conditions listed in I1.5, (Ext).

It remains to show that S has defect index (1,1) and satisfies the regularity
conditions (II.2) and (IL.3). Let h € A° be given, and write h = ZA:f)l Arhy.
Assume that (u1h, uoh) € S, then

A-1
0= [x(2), (u2 — Zu1)h] = (u2 — zp1) - Z N2z e p(A).
1=0

This yields that either gy = ug =0o0r \; =0,1=0,...,A — 1. Hence, (I.3) is
satisfied.

35



Next, we have (A — z)~tspan{hg,...,ha_1} C span{hg,...,ha_1}, z €
p(A), and hence also (A —2)"* A C A, z € p(A). The elements x(z) are related
among each other by (I1.8), and hence, for (z,y) € A and z,w € p(A),

ly—zz, x(2)] - [y—wz, x(w)] = [y, x(2) —x(w)] = [z, 2x(2) —wx(w)] = 0, (1L.21)
i.e. the value of [x(z),y — zz] does not depend on 2. It follows that
S={(z,y) e ANA*: 3Fzep(A):y—7zzLx(2)}.
Let y € A and z € p(A) be given. Set x := (A — 2)" 1y, then z € A, and
(:U, y+zx — [y, X(Z)]ho) € AN A%
Moreover,

[(y + 22 — [y, x(2)]ho) — zz, x(2)] =0,

and hence (z,y + zx — [y, x(Z)]ho) € S. Thus y € ran(S — z) + span{hg}. We
conclude that
ran(S — z) +span{ho} = A, =z € p(4). (I1.22)

In particular, (II.2) holds. Moreover, Lemma I1.3, (iii), implies p(St.c) 2 p(A).
Since [x(z), ho] = 1, z € p(A), we have hg & ran(S — Z) for all such values of
z. It follows from (I1.22) that S has defect index (1,1). Q

Proof of Theorem I1.15. Let ¢ € N and A € N be given. We start from the
Krein-Langer model associated with ¢g. Denote by p(¢) the maximal domain
of holomorphy of ¢ in C, and let £(q) be the linear space generated by formal
elements {e, : z € p(¢)} as a basis. On L(q) define an inner product by the
requirement that

Moreover, let A(q) C £(q)? be defined as

A(q) := span {(e. — ey, ze; —wey) : 2,w € p(q)}. (I1.23)

Step 1; Definition of data as in Lemma 11.16: Let D be a linear space with
dimension A, and choose a basis {dg,...,0a_1} of D. Moreover, let D be
endowed with the trivial inner product [z,y] := 0, z,y € D. Define a map
c¢: D — L(q)* by conjugate linearity and

(%) : { sl O ST

Explicitly, thus, the map c acts as

* 0 0
A1 n ag 21 2y Ao
[C( > Wsl)} (Z Aiezi) = : : :
1= i=1 A1 ZlAfl L LA A
_ A .
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In particular, we see that c is injective. By means of [SW12, Definition 3.1] and
[SW12, (3.3)] we have an inner product space D x . L(q) together with isometric
embeddings ¢.1 : D — D X, L(q) and .2 : L(q) = D X, L(q).

Let (¢,P) be a Pontryagin space completion of D x. £L(q), i.e. a Pontryagin
space P together with an isometric map of D x. £(q) onto a dense subspace of
P, cf. [SW12, §6]. Then we have the isometries

Mm:i=t0tLe1:D—=P, mai=tot2:L(qg) = P.
Since kert = (D x. L(q))°, it follows that
kern; = LC_&((D X E(q))o)7 kerne = LC_%((D X ﬁ(q))o).

Since c is injective, we obtain from [SW12, Proposition 3.5] that ¢. 1 (D) N (D X,
L(q))° = {0}. Hence 7, is injective.
Next, set Q := p(q),

hl = 7]1(&)7 l= 07 . '7A - 1; XO(Z) = 772(62)3 zZ € p(Q)a

and let a linear relation Aa(g) € P2 be defined as
Aaa) =dls (n2 x m2)Al) U {(u, husa) : 1= 0,0, A =23 U{(0, ho)})

Step 2; Checking the hypothesis of Lemma 11.16: Our first aim is to show that

An(q) is selfadjoint. The relation (2 X 12)(A(q)) is symmetric. The elements h;

all belong to the neutral subspace 71 (D), and hence the linear span of (h;, hj11),

1=0,...,A =2, and (0, ho) is trivially symmetric. Next,

41 = [ZLC,2eZ) Lc,lal} = [ZXO(Z)vhl]a
1=0,...,A -2, z€ p(q),

[XO(Z)7 hl—i—l] = [Lc,2€m Lc,l(SH—l} ==z

and hence in particular
[2x0(2) — wxo(w), bu] = [x0(2) = Xo(w), lus1], 2w € p(q), 1=0,...,A =2
Finally, for z,w € p(q),

[X0(2) = x0(w), ho] = [te,2€2 = te,2€w, Le,100]e = 0 = [2X0(2) — wxo(w), 0].

It follows that Aa (¢) is symmetric. Moreover, by its definition, /OlA(q) is closed.
In order to establish selfadjointness we apply Lemma 2.12. Let w € p(q). It
is clear that ran(Aa(q) — w) contains 7y (D). We have

e. €ran (A(q) —w), z€p(q),z#w,
and it follows that {xo(2) : z € p(q), z # w} C ran(Aa(q) — w). Next,

lim [xo(2), xo(v)] = lim Ny (v, 2) = Ny(v,w) = [xo(w), xo(v)], v € p(q),

ZIE?U[XO(Z%M] = Zl%zl =w' = [xo(w),hy], 1=0,...,A—1,

lim [xo(2), xo(2)] = Jim Ny(z, 2) = Ny(w, w) = [xo(w), xo(w)],
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and hence lim,_,,, x0(2) = xo(w) in the Pontryagin space P, cf. [IKL82, §2]. It
follows that ran(Aa(q) — w) 2 n1 (D) + 12(L(q)), and is thus dense in P. We
conclude that A (q) is selfadjoint and that p(Aa(q)) 2 p(q).

The relation (I1.17) is immediate from (I1.23) and the definition of xo(2).
Finally, the relations (I1.18)—(11.20) are immediate from the definitions of Aa(q)
and c.

Step 3; The Q-function representation: We apply Lemma I1.16 with the data
constructed above. This provides us with an almost Pontryagin space, call it
Aa(q), a symmetric relation Sa(q) therein, and a family x(z) extending our
family xo(2) to p(/olA(q)). Lemma II.16 says moreover that we may speak of
Q-functions of Sa(q) constructed with h;, Ax(q), x. However, by the definition
of inner products,

_a(z) —q(w)
X(2),x(w)] = =————, zwepa),
and hence ¢ is a @Q-function of Sa(q). By definition of the space P as completion
of D x.L(q), the linear span of Aa(q)°U{x(z) : z € p(¢)} is dense in P. Hence,
Sa(q) is minimal, cf. Remark I1.6, (vi). Q

1I.17 Remark. The above constructed representation of ¢ has an additional note-
worthy property. Since the function ¢ has an analytic continuation to p(Aa(q)),
maximality of p(q) implies that p(q) = p(Aa(q)). O

I1.18 Lemma. Let ¢ € Neo and A € N be given, and let Aa(q), Aa(q),
Sa(q), x(z), and hy, be as in the proof of Theorem 11.15. Moreover, set

So == span ({(h;; hig1) 1 1=0,...,A =2 U{(0;ho)}).

Then, as relations in Pext (Aa(q)), we can describe Ax(q) and Sa(q) as (Sg
denotes the Pontryagin space adjoint in Pext(Aa(q)))

SA(q) = {(x,y) € mext(-AA(Q))Q :
Vz € plq): y—zx L span{x(2),ho,....ha—1}}
Aa(@)={(z,y) € 55: 3v€CVz € pla): [y—z2,x(2)] =} (I1.24)

Proof. The formula for Sa(q) is immediate from its definition, since Aa(q) =
Pext (Aa (Q))[_] span{ho, R hA—l}' .

Next, we show the inclusion ‘C’ in (I1.24). Since Sy C Aa(g), clearly,
Anlq) C S§. Moreover, as we have already noticed in (II1.21), the value of
[y — Zz, x(2)] does not depend on z € p(Aa(q)) whenever (z,y) € Aa(q).
For the converse inclusion, assume that (z,y) belongs to the set on the right
side of (I1.24). Then, again by the computation (II.21), we have (z,y) €
(n2 x m2)(A(q))*. Since (m2 x 12)(A(q)) + So is dense in Aa(g), we obtain
(z,y) € Aa(q9)" = Aa(q). Q

I1.4 Minimality aspects

We have seen in Proposition 1.13 that, when investigating the totality of all
generalized resolvents of a given symmetry S, it is enough to consider the case
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that S is minimal. Let us show that also for investigating the totality of all Q-
functions of a symmetry S this is the case. We again use the notation introduced
in Lemma 2.20: let A be an almost Pontryagin space and let S be a closed linear
relation in A with v(S) # 0, set

C .= m ran(S — z), D:= A[-]|C, Ay :=D/ce,

z€74(S)
let 7 : D — A; denote the canonical projection, and set
Si:= (7 xm)(SN (D xD)).

11.19 Proposition. Let A and S be given according to 11.2, and let Ay and S,
be defined as above. Then Ay and S1 possess all properties required in 11.2. The
set of all Q-functions of S1 is equal to the set of all Q-functions of S.

Proof.
Step 1: Choose ho,/ol,x according to IL5 for S. Then we have x(z) €

o

PBext (A)[—]C, z € p(A). However, no nonzero element of A° can be orthog-
onal to all elements x(z), and hence A° NC = {0}. We conclude that

A7 = A°/C° = A°. (I1.25)
in particular, indg A; = indg A > 0. Moreover,

Pext (A1) = (Bext (A)[=]C) /C°. (IL.26)

By Lemma 2.20 the relation S is closed, symmetric, minimal, and ny (S7) < 1.
Let z € 75(S) and assume that m(hg) € ran(S; — z). Remembering (2.8) we
find x € DNran(S — z) with 7(z) = w(hy). However, kerm = C° and hence
ho € x+C° Cran(S — z). We arrived at a contradiction, conclude that m(hg) &
ran(S; — z), and hence that ny(S1) = 1. Since w(hg) € AY, we also see that
(I1.2) holds. Since S; is minimal, S; has no eigenvalues, in particular, (IL.3)
holds.

Step 2: Let hy, fi, X be given according to IL5 for S, and let ¢ be a Q-function
of § built from this data. We are going to construct data hg 1, A1, x1 according
to IL.5 for S;, such that ¢ is a @Q-function of S; built with hg 1, A1, x1. Define

hip=n(h), 1=0,...,A—-1, Ay = (m x 77)(;107)2).

By (I1.25), the elements hg1,...ha—11 form a basis of Af.  Clearly,
(w(hi),m(hi41)) € S1, 1 =0,...,A =2, and hence hg1,...ha_1,1 are an ad-
missible choice according to IL5, (Bas). Since A extends S, we obtain from
(2.7) that
(A-2)'C)CC zep(A).

From A being selfadjoint, we conclude that also (A — 2)™(Pext (A)[—]C) C
Pext (A)[~]C) and in turn (A —2)~1(C°) C C°. Now [SW16, Proposition 3.2]
applies and yields that A; is selfadjoint and satisfies p(A;) 2 p(A). Since A

extends span(S U {(0, ho)}), A; extends span(S; U {(0,ho1)}), and hence is an
admissible choice according to IL.5, (Ext).
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o

In order to define defect elements, choose zg € p(A), and set

X1(20) :==m(x(20)),
xi(z) =T+ (z— 20)(Ay — 2) xi(z0), z€ p(A1), 2z # 2.

Since x(z0) L ran(S — Zp) also x1(z0) L ran(S; — Zp), and hence actually
x1(z) L ran(S; — z) for all z € p(A;). Moreover, by isometry of 7, we have
[x1(20),ho,1] = 1. By Remark IL.6, (iv), the relation (I.12) holds. Thus the
family (Xl(z))zep(&) is an admissible choice according to I1.5, (Ext).

Since (x(z)—x(w), 2x(2)—wx(w)) € Aand x(z) L C, we also have (m(x(2))—

wl()x(w)), zm(x(2)) —wm(x(w))) € Ay. Therefore x1(z) = 7(x(2)), z € p(A). We
obtain

o

D (2) xa(w)] = x(2), x(w)], - 2,w € p(A), (IL.27)

whence ¢ is a Q-function of S7.

Step 3: Let ho,l,/nll,xl be given according to II.5 for Sp, and let ¢; be a @-
function of S; built with this data. Let h; € A° be as in IL5, (Bas), for S.
Then 7(hg),...,m(h/x_;) satisfy the requirements II.5, (Bas), for S;. Thus
there exists A € C\ {0} such that 7(h}) = Ahy,1. Set h; := A7'h], then also
ho,...,ha_1 satisfy IL5, (Bas), for S, and 7(h;) = hy 1.

Consider the relation S” := S+span{(0, ho)} € A* and choose p € (p(Stac)N
p(A1)) \ R. Then the hypothesis [SW16, (7.1),(7.2)] are fulfilled. Moreover,
since we factorise the whole space C°, also the hypothesis of item (i7) of [SW16,
Theorem 7.1] is fulfilled.

Now observe that

S1 :=span(Sy + {(0,h.1)}) = (7 x 7)(S' N D?),
and apply [SW16, Theorem 7.1] with the extending spaces (remember (11.26))
mext(A) 2 Aa mext(Al) 2 A17

and the extension A; of S1. This provides a selfadjoint extension A of ' in
Pext (A) with i .
(m x ) (AN (Bext (A)[-]C)?) = Ay

Choose an element xo € Pext(A) such that xo L ran(S — @) and [xo, ho] = 1.
Then 7(xo) L ran(Sy — @) and [7(xo0),ho1] = 1. Hence, xo — x1(p) € AS.
By (I1.25) and the fact that A° L ran(S — &), we can choose x (1) € Pext(A)
such that x(p) L ran(S — ) and w(x(u)) = x1(p). Let x(z) be defined by the
relation (IL8) using A. Again referring to Remark IL6, (iv), we obtain that
ho, /01, x qualify for the definition of a @Q-function ¢ of S. Applying Step 2 with
this data leads to the equality (I1.27), and it follows that ¢; is a @Q-function of
S. Q

Next let us show that a minimal symmetry S is, up to isomorphisms, uniquely
determined by each of its Q-function. Note that this contrasts the situation for
compressed resolvents, cf. Remark 1.12.

11.20 Proposition. Let Ay,S; and Az, So be given according to 11.2, and as-
sume that Sy and Sy are minimal. For j € {1,2} choose h)), A;, x; according to
IL5 for A;,S;, and let q; be a Q-function of S; built with this data.
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If g1 = q2 andindg Ay = indg Az, then there exists an isometric isomorphism

D of Peoxt (A1) onto Pext(Az) with
P(A1) = Az,
(@ x ®)(S1) = S2, (@ x ‘1))(1‘011) = z‘i27

O(x1(2)) = x2(2), 2 € p(A1) = p(As),
®(h})=hi 1=0,...,A—1.

Proof. Set A := dim A} = dim .A5. We claim that a linear map
© : A7+ span{x1(2): zep(A1)np(Aa)} — A5+ span{xa(2): zep(A1)np(Az) }
is well-defined by the requirements that
®(h})=h? 1=0,...,A—1,
®(x1(2)) = x2(2), 2 € p(Ar) N p(A),
To see this assume that A; and vy, are scalars such that

A—

—

thllﬁ + Z /\jX1(wj) =0.
k=0 J

Evaluating scalar products with k] and x1(z), respectively, yields

0 = [a,h}] Z)\wj, =0,...,A—1,

0=[x(2),a] = Z et + Y R AE 0] iy,
k=0 J J

Since [x2(z), h?] = 2! and ¢ = qq, it follows that

[ by + 3 Ajxa(w)) hl] ZAw_o 1=0,...,A—1,

J

>
_

>
Il
<)

>
_

A—
{ th}c+z)‘JX2 wj X2 } Z +Z)\ q2 Z:TQUQ’IUJ):O»
k=0 J

J

o
Il
<]

z € p(A1) N p(Ay).

Minimiality of So implies that

A—1
Z l/khi + Z)\jxg(wj) =0
k=0 J

cf. Remark I1.6, (vi).

The fact that ® is isometric is clear from our assumption that ¢; = ¢o and
from the fact that [x1(2), hi] = 2! = [x2(z), h?]. Moreover, by minimality of S;
and SQ,

dom® = ‘Bext (Al), m = mext (AQ)
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Thus ® can be extended to an isometric isomorphism between Py (A;) and
PBext (Az2), which we will denote again by ®. By definition it holds that ®(.A9) =

5, and passing to orthogonal complements yields ®(A4;) = A,.
In order to show that (® x ®)(A;) = As, fix w € p(A1)Np(Az), and compute

(= ) () = (s - ) () = X2 =2

= @(M) = (I)((/oh - w)*1Xl(z)>7 z € p(A) N p(Ay), 2 # w,

w—z

(A —w) 7' @y —whi_y) = (A —w) " (hf — whi_y) = hi, =

= ®(h}_1) = @((Ay = w) 7 (B —whl ), 1=1,.. A1,

(Ay — w)"10hY = (Ay —w) 12 =0 = <I>((/°11 - w)_lh})).

By continuity it follows that ® o (A, — w)~! = (/01207 w)~! o @, and hence
(P x ®)(A1) = Az. This also implies that p(A;) = p(Asa).
The fact that also (® x ®)(S1) = Sz is immediate from

Sy ={(a,b) € Ay :b—za L AS +span{x(2)},z € p(Al)}
and the corresponding representation of Ss. ]}

Finally, we determine the maximal domain of analyticity of a Q-function.

11.21 Corollary. Let A and S be given according to 11.2, let ho,fi,x be chosen
according to IL5, and let q be a Q-function of S buill with this data. If S is
minimal, then p(q) = p(A).

Proof. Set A := indg.A and consider the space Aa(g) and the relations
Sa(q), Aa(q) constructed in Theorem I1.15. Then Sa(g) is minimal, ¢ is a
Q-function of Sa(g), and indg.Aa(g) = A = indg.A. Hence, by the above
Proposition 11.20 we have, in particular, p(4) = p(Aa(q)). However, as we
observed in Remark I1.17, p(Aa(q)) = p(q). Q

II.5 Analytic model

In this section we show existence of a degenerate version of the reproducing
kernel Pontryagin space model for a minimal symmetry as discussed, e.g., in
[Dij+04]

If Q is a set, we denote by §,,, w € ), the point evaluation functionals

5 .{C“ - C
v [ = flw)

Let us recall the following notion, cf. [KWWO05, §5].

11.22 Definition. Let € be a set, and let A be an almost Pontryagin space.
We say that A is a reproducing kernel almost Pontryagin space of functions on
Q, if

)
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(rkaPs1) the elements of A are functions of €2 into C;

(rk aPs2) for each w € § the restriction of the point evaluation functional
dw to A is continuous (w.r.t. the topology of A).

We speak of a reproducing kernel almost Pontryagin space of analytic functions
on €, if Q C C is an open subset of C and all elements of A are analytic on ).

¢

11.23 Proposition. Let A and S be given according to 11.2, set A := indg A,
and assume that S is minimal. Then there exists an open and dense subset ) of
C, a reproducing kernel almost Pontryagin space K of analytic functions on 2,
and an isometric isomorphism A : A — K, such that K° = span{l,..., 2571}
and

(Ax A)(S) = {(f,9) €K?: g(=) = 2f(2), 2 € Q).

Proof. Choose hmfi,x according to IL.5, set Q := p(fol), and define a map
A:A— C9 by
Az)(z) =z, x(Z)], z€Aze

Clearly, A is linear. Let us show that A is injective. Assume that x € A with
A(z) = 0. This means that & € Pexi(A) with z L A° and & L x(2), z € p(A).
Minimality of S implies that = = 0, cf. Remark I1.6, (vi). Clearly, each function
A(z) is analytic on .

Define an inner product and a topology on K := A(A) C C® by requiring
A to be an isometric homeomorphism. Then I becomes an almost Pontryagin
space whose elements are analytic functions on 2. Since A is continuously
contained in Pext(A), the diagram

A
AT =K
Q\L A71 \LJUJ
ex C
Pext(4) [x(®@)]

yields that point evaluation functionals are continuous. This shows that I
is a reproducing kernel almost Pontryagin space of analytic functions of €.
Moreover, by (IL.9),

K° = A(A°) = A(span{ho,...,ha_1}) =span{l,..., 221}

The required description of (A x A)(S) follows from Remark I1.6, (v), and the
definition of A. a

11.24 Remark. The isomorphism A can in general not be extended to an iso-
morphism of Pey(A) onto a reproducing kernel Pontryagin space of analytic
functions, and hence the known Pontryagin space theory is in general not appli-
cable. The reason for this is that, despite the fact that S is minimal, the linear
span of {x(z) : z € p(A)}, need not be dense in Pey (A). O

In the next statement, the below Proposition I1.26, we show that the space K can
be constructed intrinsically from a @-function of S. Namely, as a completion.
Recall (cf. [Worl4b, §4]):
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11.25 Definition. Let 2 be a set and let £ be an inner product space whose
elements are functions of {2 into C. We say that K is a reproducing kernel almost
Pontryagin space completion of L, if

(i) K is a reproducing kernel almost Pontryagin space of functions on ;

(#) K contains L isometrically as a dense subspace.

O

We saw in [Worldb, Theorem 4.1] that a reproducing kernel almost Pontryagin
space completion of an inner product space is unique if it exists.

11.26 Proposition. Let A and S be given according to 11.2, set A := indg A,
and assume that S is minimal. Let q be a Q-function of S, set Q = p(q),
and denote by N, (z,w) the Nevanlinna kernel of q, cf. (11.13). Choose pairwise
different points wy,...,wa € Q, and let N\ : Q@ — C, [ = 1,...,A, be the
functions defined by

A1 (w) w) o wl Lo
= : , we
Aa(w) wlA_l wﬁ_l wA 1

For w € Q let F,, denote the function
A
Fy(z) = Ny(z,@w) — Z)\j(w)Nq(z,iTj), z€Q,
j=1

and consider the linear space
L :=span ({Fw(z) rweQuU{l,z,.. .,zAfl}) c Cc

Then the following statements hold.

(1) There exists a unique inner product [.,.]z on L with

A
[F(2), Fy(2)]z = Fu(v) — ZAi(w)Fw(@, w,v €,
(L,[.,]2)° = span{l,..., 2271}

(i1) ind_(L,[.,]z) = ind® ¢ — A.

(ii7) The reproducing kernel almost Pontryagin space K constructed in Propo-
sition 11.23 s the reproducing kernel almost Pontryagin space completion

of (L,[.,)c)-

In the proof of this result we use the following simple notice, which we state
explicitly for later reference. Its — obvious — proof is dual to the one of [KW99b,
Corollary 3].
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11.27 Lemma. Let A be an almost Pontryagin space, set A :=indg A, and let
{bo,...,ba_1} be a basis of A°. Let 7; € Pext(A), i = 1,..., A, let z; € C,
i=1,..., A, be pairwise different, and assume that

[ri, ) =2, i=1,...,A, 1=0,...,A 1.

Then
Atspan{r; : i =1,..., A} = Pexi (A).

Proof. Assume that Zf:l AiT; € A, then

A A A
0= [me,bl] =S Nt =3 Nzl 1=0,.,A-1
i=1 i=1 i=1
Thus A1 = ... = Aa = 0. Since dim Pext(A)/ A = A, the assertion follows.

Proof of Proposition 11.26. By the previous lemma we have

PBoxt (A) = A+ span{x(w1), ..., x(wa)}.

Let P be the projection of Pext (A) onto A with kernel span{x(w),..., x(wa)}.
Since A is closed, P is continuous. The action of P can be computed by ele-
mentary linear algebra. Define a map A : Pexi (A) — C2 as

w) w7 [kl
Az) = : : : , X € Pext(A).
wlA_l wﬁ_l [z, ha_1]
We claim that
Pr=x— (x(w1),...,x(wa)) - Mz). (I1.28)

First, since ker A\ = span{hg, ..., ha_1}+ = A, the right side of (I1.28) equals =
whenever z € A. Second, A(x(w)) = (A1(w), ..., Aa(w))?, in particular

Ax(w)) = (0,...,0,1,0,...,007, 1=1,... A,
T

i-th place

and hence the right side of (I1.28) vanishes for = x(w;),l =1,..., A. Together
indeed (I1.28) holds.
Consider the linear space

M := span ({X(w) s w € p(q)} Udho,. .., hA,l}) C Pext(A).

By minimality of S, this space is dense in Pex;(A). Since P maps Poxi(A)
surjectively and continuously onto A, its image P(M) is dense in A. Density
implies that ind_ P(M) = ind_ A, and referring to Proposition II.14 thus

ind_ P(M) = ind® ¢ — A. (11.29)
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Morover, P(M)° C A° by density; the reverse inclusion holds since A° C M.
Let us compute scalar products: for w,v € €2 we have

A

[Px(w), Px(v)] = [x(w) = > x(w;)A;(w), x(v)]

A
=F,([®) — Z X (0) o (7).

Now we apply the isomorphism A : A — K. The subspace A(P(M)) is a
dense linear subspace of K, viewing this the other way, K is the reproducing
kernel almost Pontryagin space completion of A(P(M)) (endowed with the inner
product inherited via A).

By the definition of A, we have A(x(w))(z) = Ng(w,Z), whence

APx(w))(2) = Fy(z), weQ.
Clearly, A(h;)(z) = 2, 1 =0,...,A — 1, and we conclude that A(P(M)) = L

and that the inner product inherited via A indeed acts as asserted in (i). The
equality in (éz) has been seen in (II.29). Q
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PART III

ho-resolvents

III.1 Definition of hy-resolvents

The notion of hg-resolvents is specific for the degenerated situation. It turns
out that it is in many ways dual to the notion of @-functions.

III.1 Definition. Let A, S, and hg, be given according to I1.2 and IL.5, (Bas).
Let Q be an open subset of C, and r an analytic function defined on 2. Then
r is called an hg-resolvent of S, if there exists a Pontryagin space P 2 A and
selfadjoint relation A in P with p(A) # 0 and A O S, such that

QD p(A) and r(2) = [(A—2)""ho,ho|, =z € p(A). (I11.1)

We speak of a minimal ho-resolvent, if the selfadjoint relation in this represen-
tation can be chosen A°-minimal, and of a canonical ho-resolvent if it can be
chosen to act in Pexi (A). O

For a function f which is analytic on an open set {2 which is dense in C there
exists a largest open subset )’ of C such that f has a continuous (equivalently,
analytic) extension to Q. We shall generically denote this largest subset by
p(f).

For the definition of hg-resolvents a similar notice applies as made in
Lemma 1.2 for the definition of compressed resolvents.

II1.2 Remark. Let A, S, and hg, be given according to I1.2 and I1.5, (Bas). Every
selfadjoint relation with nonempty resolvent set in an almost Pontryagin space
can be extended to a selfadjoint relation with nonempty resolvent set acting in
its canonical Pontryagin space extension. Hence, we could equally well allow
the representing selfadjoint relation A in Definition III.1 to act in an almost
Pontryagin space.

Things change when discussing minimality aspects. We always can find
a representing relation acting in some almost Pontryagin space which is A°-
minimal, cf. Lemma 1.2, (i¢). But it might be possible that we cannot find one
which in the same time is .A°-minimal and acts in a Pontryagin space. O

Next, let us explicitly state two properties of hg-resolvents which are immediate
consequences of their definition.

II1.8 Remark. Let r be an hg-resolvent of S. Then

(1) 7(z) = r(2), 2 € p(r).
(#4) If r vanishes on some open subset of p(r), then r vanishes identically.

Item (4) follows since A is selfadjoint. Second, observe that p(r) either is con-
nected or has two components, namely, p(r) NCT and p(r) NC~. The assertion
(7i) now follows using the symmetry property (i) and analyticity of r. %
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I11.2 Index of negativity

In the context of hg-resolvents a notion of negative index appears which is dual
to ind2 introduced in Definition II.12.

III.4 Definition. Let f be a function which is meromorphic in C \ R and
satisfies f(Z) = f(z), and denote by p(f) its domain of holomorphy. Moreover,
let A € N. Then we denote by 2ind_ f the supremum of the numbers of negative
squares of quadratic forms (Ny is the Nevanlinna kernel introduced in (I1.13))

A—-1 n

2Qs(&1 - Enimos -+ A1) Z Ny(zi, )66 + Y Y Re (2F f(2)47k),
1,j=1 k=0 i=1

where n € Ny and z1,...,2, € p(f). O

Note the — small but essential — difference between 2ind_ f and ind®: the
additional factor f(z;) in the last term.
Again it is clear that ®ind_ f > A provided f does not vanish identically.
Moreover,
Aind_ f — A <ind_ f < “ind_ f,

in particular, 2ind_ f < oo if and only if f € Newo.
Duality of 2ind_ and ind® becomes manifest in the following relation.

II1.5 Lemma. Let f be meromorphic in C\ R, f(Z) = f(z), and assume that
f does not vanish identically. Moreover, let A € N. Then we have

Aind_ f = ind® (— %)

Proof. Set Q := p(f) N p(f~'). Using the kernel relation Ny(z,w) =
F(2)N_j-1(z,w) f(W), z,w € 2, we obtain

AQf (517 s )gn;n(); e 777A71) = Qéf*l (f(zl)§17 . 7f(zn)§n77707 e 77’A71)~

Hence, the numbers of negative squares of the quadratic forms 2Q s and QA Fo1
where n € N and 24, ..., 2, € Q are equal.

Since f does not vanish identically, it does not vanish on any open set of
its domain of holomorphy. Hence, 2 is dense in both sets p(f) and p(—f~1).
Both quadratic forms 2Q ¢ and QA o1 depend continuously on z1,...,z,, and

it follows that “ind_ f and ind‘_\‘(—%) coincide. Q
The following fact is the dual to Proposition II.14.

I11.6 Proposition. Let A, S, and hg, be given according to 11.2 and I1.5,
(Bas). Let r be an hg-resolvent of S, and let A be a selfadjoint relation acting
in a Pontryagin space P which induces r. Then

Aind_r < ind_ P.
If A is A°-minimal, then equality holds.

In the proof we use the following observation.
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II1.7 Lemma. Let A, S, and hg, be given according to I1.2 and 11.5, (Bas).
Moreover, let P O A be a Pontryagin space, and A C P? a selfadjoint extension
of S with p(A) # 0. Then A is A°-minimal or A-minimal, respectively, if
and only if there exists an open subset Q of p(A) which intersects all connected
components of p(A), such that

P =cls (A U{(A~2)"ho: z€0}),

or

P =cls (Au {(A=2)"he: z € Q})v

respectively.
If A is A-minimal, then the hg-resolvent induced by A does not vanish on
any open subset of its domain of analyticity.

Proof. Since A extends S, and S contains the elements (h;, hj41),1=0,...,A—
1, we have

span (A° U (A — 2) "' A°) = span (A° U {(A — 2) 'ho}), =€ p(A).

Remembering Lemma 2.17, the assertion concerning .A°-minimality follows. By
Remark I1.6, (i),

span (AU (A —2)7"A) =span (AU {(A —2)""ho}), 2z € p(A) N p(Stac),

and the assertion on A-minimality follows.

Finally, assume that A is A-minimal, and that r vanishes on some open
subset of its domain of analyticity p(r). As we have noted in Remark I11.3, it
then vanishes identically. We obtain (A — 2)7thg L hg, z € p(A). Since in any
case A L hg, this implies that

AU{(A=2)""ho: z € p(A)} C P[-]span{ho},
which contradicts minimality. a

Proof of Proposition I11.6. Since A induces r,
[(A=2)""ho, (A—w) 'ho
[(A -2t —-A-w)!

zZ =W

o, ho| = L%(w) sowe p(A). (IIL2)

We claim that
[(A=2)""ho, ] = r(2)zt, zep(A), 1=0,...,A—1. (I11.3)
To see this use induction: The case [ = 0 is clear. Let 0 < < A — 1, then

[(A—2)"tho, ] = [(A—2) " ho, by — Zhy_1] + [(A — 2) " ho, Zhy—_1]
= [ho, (A — E)_l(hl - Ehl_l)] + Z[(A — Z)_lho, hl—l} .

Since A D S, we have (A—7%)"1(h; —zh;_1) = h;_1 and thus the first summand
vanishes. The relation (IIL.3) follows.

49



Using (II1.2) and (II1.3), we compute

A—1

[Zfz‘( - %) 1ho+z771h17253 = zj) 1h0+znkhk}:
i=1 k=0

n A—-1 n

= > [(A=2)""ho, (A= 2zj) " ho) &€ + ZZ — 2;)"Vho, hi ) &M+

i=1 k=0 i1
A—-1 n

+ Z s (A= 2zj) P holm€ = 2Qr (&1, &3 2m1, -, 20a1).
=0 j=1

The required inequality of negative indices follows.

If A is A°-minimal, then the linear span of all elements (A—z)"1hg, z € p(A),
together with hg,...,ha_1 is dense in P. Thus, in this case, negative indices
coincide. a

[T1I.3 Duality theorem and hy-resolvent representations

The theorem below shows a striking instance of the duality between Q-functions
and ho-resolvents. The idea for its proof is partially extracted from [KW99a].
This result is highly specific for the degenerated situation, as we will explain in
detail in Remark II1.14 below, and it is one of the three major ingredients for
our proof of the Krein formula given in the forthcoming paper [SW].

II1.8 Theorem. Let A, S, and hg, be given according to 11.2 and I1.5, (Bas).
Then the assignment f — —f~! is a bijection between the sets
L . q is Q-function of S }
Q= {q  constructed with ho ’ q#0
and
R = {7‘ . 1 is canonical ho-resolvent of S, r % O}.

1

Since the assignment ¢ — —g~! is involutory, it is enough to show that “—Q~! C

R” and LL_R—l g Q”.

Proof of Theorem I11.8; “~Q~' C R”. Let ¢ be a Q-function of S constructed
with hy which does not vanish identically. Denote by A, x the data according
to IL5, (Ext), from which ¢ is defined, and set r := —¢~!. We have to construct
a selfadjoint extension A of S in Pexi(A) such that r(z) = [(A — 2) " Lho, h].
Define elements 7(z) and a relation A C Pyt (A) by
1 i .
z):=——=x(2), z€p(A)Np(—q ),

n(z) ) (2) p(A) Np(=q~)

A:=cls (SU{( ), ho + 2n(2)) : zep(/i)ﬂp(qul)}).

We show that A is symmetric. First, the relation S is symmetric. Second,

_ Sl —g@) —1 _rle) =)
() = ;5 B = = TR,

[n(2), hol =7(2)[x(2), ho] = (2),
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and hence

[ho + zn(2), n(w)] = [n(2), ho + wn(w)]

i.e. the relation {(n(z), ho +2n(2)) : 2 € p(A) N p(—g~1)} is symmetric. Finally,
for (a,b) € S and z € p(A) N p(—¢g~1), we have

[b,n(2)] = [a, ho + 2n(2)] = (=) ([b, x(2)] = [a, 2x(2)]) = 0.

To show that A is actually selfadjoint we employ Lemma 2.12. Let z € p(A) N
p(—q~1). By the definition of A we have

SCA (=) ho) € A=z (n(z) —nw), (z = wn(w)) € A=z, z £ w.
Hence we obtain, for the last equality remember Lemma I1.27,

ran(A — z) D ran(S — z) + span{hg} + span {n(w) : w € p(A) N p(—¢~ 1), w # z}
= A+span {n(w) : w € p(A) N p(—q ), w # 2} = Pexe (A).

We conclude that indeed A is selfadjoint. Moreover, Lemma 2.11 yields p(A4) D

p(A) N p(—q71).
The fact that A induces r as hg-resolvent is built in the definition. Since
(n(2), ho) € A — z, we have (A — z)"1hg = n(z), and hence

[(A=2)""ho, ho] = [n(2), ho] = r(2)[x(2), ho] = r(2).

a

Instead of proving just the inclusion “—R~! C Q" we show the following more
detailed assertion. This refinement is needed in [SW].

“

I11.9 Proposition. Let A, S, and hg, be given according to 11.2 and 1.5,
(Bas). Moreover, let P be a Pontryagin space with P 2 A, and let A C P? be
an A-minimal selfadjoint relation in P with p(A) # 0 and A D S. Finally, set

A:=P[-]A°, r(z):=[(A—2)" ho, hol.

Then there exists a closed symmetric relation S in A with defect index (1, 1)
which extends S and satisfies the regularity conditions (IL.2), such that —r(z)~"
is a Q-function of S built with hy and some A C P2, x(z) € P.

Proof. Note that, by Lemma II1.7, r does not vanish on any open subset of its
domain of analyticity p(r). We proceed by reversing the argument which led to
the inclusion “—Q~1 C R”. Define elements y(z) and a relation A in P by

() :frl)m 2o, = € p(A) N p(—r), (11L.4)
= els (SU{(0, o) }U{ (%(2) = X(w), 28(2)~ww)) : 7w € p(4) A p(—1) }).
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First, let us compute [y(2), k] for z € p(A)Np(—r~!)and = 0,...,A—1. For
I = 0 we have

[%(2), ho] = %[(A — ) hg, ho] = 1.
If I > 0, then (hj—1,h;) € S and thus
[X(2),hy —Zhy_1] = % [(A—2)"tho, by —Zhy_1] = %[ho, hi_1] = 0.

Therefore [X(z), hi] = z[X(2), hi—1], and we obtain inductively that
X(2), ] =2 zepA)np(—r=1), 1=0,...,A - 1. (I1L.5)

Our second aim is to show that A is symmetric. First, the relation S is sym-
metric. Next, we have (¢ := —r~1)

. . R e )l 1
)l (A —m) L o
(O] e e L R MY e
= q(2) T(i :;(w)q(T = Q(i — qw(w) : (IIL6)
and hence the usual computation will show that
span {()Z(z) —x(w), zx(z) —wx(w)) : z,w € p(A) N p(—r_l)}
is symmetric. Next, let (a,b) € S and z € p(A) N p(—r~1). Then
[X(2).B=[() ) = [R(2).b=a] = 2 [(A=2) " ho.b—Fa] = —fho.] = 0.

Finally, since [X(z), ho] = 1, in particular, hy L dom A. Altogether, we see that
A s symmetric.

Third, we need to establish that A is in fact selfadjoint. By the definition of
A we have

ran(A — 2) 2 ran(S — 2) U {ho} U {f(w) : w € p(A) N p(—r"),w # =}
whenever z € p(A) N p(—r~1). If w € p(Stac) N p(A) N p(—r~1), we have
ran(S — w) + span{ho} = A,
(A—w) ™" A= (A—w) " ran($ — w) + span { (A — w) ko) C A+ span{i(w)}.

Hence,

ran(A—2)2A4 U | (A—w)"A 2 € p(Stae) N p(A) N p(—r71).
HJEp(Sfac)mp(A)n
Np(—r~ 1) wez

Since A is A-minimal, the linear span of the right hand side is dense in P.
Lemma 2.12 yields that A is selfadjoint and that

p(A) 2 (p(Stac) N p(A) N p(=r~ 1)) \ R.
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Now we are ready to invoke Lemma II.16, namely with the data
Pa A) p(A)mp(_r_1)7 2(2)7 A7 hUa“-ahAfl'

This provides us with a symmetry, call it S, which acts in the almost Pon-
tryagin space A. Moreover, all necessary properties are satisfied in order that
Q-functions of S can be deﬁned using ho, A, ¥. The computation (IT1.6) shows
that the function ¢ = —r~?! is one such.

In order to finish the proof, it only remains to show that S extends S.
However, if (z,y) € S, then (z,y) € AN A? and

‘ ~

[X(2),y=7a] = = [(A=2)""ho,y—Z2] = —=[ho,2] =0, 2 € p(A)Np(—r").

b
r(z)

~—

r(z
a
Theorem IIL.8; “~R~! C Q”. Let r be a canonical hg-resolvent, » # 0, and let

A be a selfadjoint extension of S in Pext(A) which induces r. The elements
X(2), 2 € p(A) N p(—r~1), defined by (I11.4) satisfy (IIL.5). Lemma IL.27 thus
gives the last equality in
Poxe(A) D cls (AU{(A—2)""ho : 2 € p(A) N p(—r71)}) D
O A+ span {X(2) : 2z € p(A) N p(—r"")} = Pexe(A),

and we see that A is A-minimal. Hence, an application of Proposition II1.9
with Pext(A) and A is justified. Since we work in the canonical Pontryagin
space extension, A= A. Since S and S both have defect index (1,1), we have
S=s. a

Let us immediately exploit Theorem III.8.

I11.10 Corollary. Let A and S be given according to 11.2. Then the following
are equivalent.

(1) S is minimal.
(i) Ewvery canonical ho-resolvent which does not vanish identically is minimal.
(#i7) There exists a minimal canonical hg-resolvent of S.

Proof. We start with one general observation. Let A be a selfadjoint extension
of S'in Pexi (A), p(A) # 0, and denote 7(2) := [(A—2)"Lhg, ho]. Then, certainly,
(A—2)"thy & A whenever z € p(A)Np(—r~1). Since (A—2)"1hy L ran(S—32),

we obtain
ran(S —z)* = A° 4 span {(A - Z)ilho}y z € p(A)Np(—r~1).

If r does not vanish identically, the set Q := p(A)Np(—r~1) is an open subset of
p(A) which intersects all components of p(A) and possesses the same property
for v4(S). Thus, assuming r # 0,

ﬂ ran(S — Z))L = ( ﬂ ran(S — Z))L =

z€7(S) 2€0

=cls (Ao U{(A—2)"tho: z € Q}) = cls (Ao U{(A—2)""ho: 2 € p(A)})
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Thus, S is minimal if and only if A is A°-minimal

The implication “(¢) = (i4)” is now clear. Remembering that minimal hg-
resolvent cannot vanish identically, also “(iii) = (¢)” follows. For “(ii) =
(#91)”, remember that there always exist @Q-functions of S which do not vanish
identically, cf. Remark I1.9, (iv). By the already proved inclusion “~Q~! C R”
of Theorem III.8 thus also nonvanishing hg-resolvents always exist. a

As another consequence, we obtain a representation theorem dual to Theo-
rem II.15.

I11.11 Corollary. Let r € N \ {0} and A € N be given. Then r is a min-
imal canonical ho-resolvent of the symmetric relation Sa(—r~1) in the almost
Pontryagin space Ax(—r71).

Proof. The function —r~! belongs to the class No,. By Theorem II.15 it is a Q-
function of the symmetry Sa(—r~!) in the almost Pontryagin space Aa(—r~1).
By Theorem II1.8, therefore, r is a canonical hg-resolvent of Sa(—r"1). Since
Sa(—=r~1) is minimal, r is a minimal hg-resolvent. Q

II1.12 Remark. Existence of hg-resolvent representations of a given function
r € N<oo was in essence established already in [KW99a, Theorem 4.2]. With
little additional effort, one could deduce from this earlier result the following
less specific version of Corollary IIL.11: Let r € Neo \ {0} and A € N be
giwen. Then there exists some almost Pontryagin space A with indg A = A and
some closed symmetric relation S in A with defect index (1,1) which satisfes
the regularity conditions (11.2), such that r is a minimal canoncial ho-resolvent
of S. However, it turns out important to explictly know the space and relation
which gives such representation. %

The following observation shows that, though in a certain duality, Q-functions
and hg-resolvents are of intrinsically different nature.

II.13 Remark. Assume that A, S, and ho are given according to IL.2 and
I1.5, (Bas). Those selfadjoint extensions A which give rise to Q-functions of S
are transversal to those selfadjoint extensions A which give rise to nontrivial
canoncial hg-resolvents. For if A satisfies 115, (Ext), then certainly [(A —

2)"1ho, ho] = 0. Moreover,

cls(.AOU U (fi—z)_le):Ao, cls(.AU U (/Ol—z)_lA)z.A,

z€p(A) zep(A)

i.e., these closed linear spans are as small as they can possibly be. On the other
hand, if A induces a canonical hg-resolvent which does not vanish identically,
then certainly

cls (AO v - z)’1A°> ¢ A
z€p(A)

Assuming that S is minimal, actually

s (AU |J (A= 2)71A7) = Poa(A),

z€p(A)

i.e., this closed linear span is as large as it possily can be. O
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Let us now explain that Theorem III.8 indeed expresses a phenomenon which
is highly specific for the degenerated situation.

II1.14 Remark.

Mi. A result from ‘nondegenerated theory’:

Let ¢ € N<oo be given. Then also the function —¢~! belongs to N, actually
ind_(—¢~!) = ind_ q. There exist Pontryagin spaces P; and P, and minimal
symmetries S; C P? and Sy C P32, such that ¢ is a Q-function of S; and —¢~*
is a @Q-function of S5. Actually, and this is the point we wish to make, one can
choose Py = Py and S; = Ss.

MNe2. An observation for ‘degenerated theory’: Let besides ¢ € N.o, a number
A € N be given. There exist almost Pontryagin spaces A; and As, indg A; =
indg A, = A, and minimal symmetries S; C A2, S C A2, such that ¢ is a
Q-function of S; and —¢~! is a @-function of S,. However, we will in general
not have the slightest chance to choose A; = Ay and S; = S, since already
equality of negative indices fails: In general

ind_ Ay = indé(—q_l) will not be equal to  ind® ¢ = ind_ A;.
This shows that an ‘exact degenerate analogue’ of )] cannot hold true.

M3, The significance of Theorem II1.8: We end up with the question what a
proper degenerate analogue of M1 could be. The relation

Aind_(—¢™ ) =ind% ¢

suggests that using hg-resolvents of Sy instead of Q-functions, there might be a
chance to achieve A1 = As and S; = S>. And, as we just saw in Corollary I11.11,
this indeed works out.

M. Observation for ‘nondegenerated theory’: The question appears whether
there is an ‘exact nondegenerate analogue’ of Theorem II1.8. The answer is no.
For example, consider a function ¢ € N, with

1
lim —q(iy) =0, limsupy|Imgq(iy)| = +oo. (IIL.7)
Yy——+oo Yy y——+00

Let P and S C P? be a Pontryagin space and a minimal symmetry such that
q is a Q-function of S. Then S is densely defined, and hence every selfadjoint
extension A C P2 of S is an operator. Thus also the function —¢~! will possess
the corresponding asymptotics (IIL.7). However, if A C P? is a selfadjoint

extension of S and u € P, then the function r(z) := [(A — 2)~tu, u] will satisfy
limy 400 yr(iy) = i[u,u]. We see that —g~! certainly cannot be represented as
a u-resolvent of S. O

III.4 More on minimality

Putting together Theorem III.8 with Proposition I1.19, we obtain that one can
often assume that S is minimal.

I11.15 Corollary. Let A and S be given according to 11.2, and let Ay and S;
be as in Proposition 11.19. Then the set of all canonical hg-resolvents of Sy is
equal to the set of all canonical hy-resolvents of S.
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Proof. By Theorem II1.8 and Proposition I1.19 the sets of all those hg-resolvents
of S and Sy, respectively, which do not vanish identically, coincide. However,
the zero function is always a hg-resolvent since [(A — z)"1hg, ho] = 0 if A is
chosen according to I1.5, (Ext). Q

Let us next show that a symmetry S is, up to isomorphisms, uniquely de-
termined by each of its minimal hg-resolvents. This is the statement dual to
Proposition I1.20.

III.16 Proposition. Let A;,S; and Az, S> be given according to 11.2. For
j € {1,2} let h be an element as is IL5, (Bas), for A;,S;, and let A; C
‘cht(Aj)Q be an A°-minimal selfadjoint extension of S;. Moreover, denote by
r; the hj-resolvent of S; induced by A;.

Ifry = ro andindg A; = indg As, then there exists an isometric isomorphism

D of Pext (A1) onto Pext (Az) with

D(A;) = As,
(@ x ®)(S1) =52, (P xP)(A;1)= Ay,
®h})=h, 1=0,...,A—1.

In particular p(A1) = p(Asg).
Proof. We show that a linear map
& : Aj+span{ (A1 — z) " hi: zep(Ar)np(As)}
—  AStspan{(Az — z)7'h§: zep(A1)np(Az) }
is well-defined by the requirements that
®(h)=h 1=0,...,A—1,

(A1 = 2)"thg) = (A2 — 2) "'y, 2 € p(Ar1) N p(Ay),
where A := dim A} = dim A5. Assume that A;, v, € C and

l>
L

ukhk+ZA )"Lhg = 0.
0

B
Il

Using (II1.2) and (II1.3), we obtain

A—

= | 2w+ > A5 (A = wy) M| = Zmle 1=0,... A,
k=0 j

—

A—1
[ vk + 37 A (A1 — ) b, (A z)—l] -
k=0 j
A—-1 (Z)
ver1 (2)Z —|—Z)\ =0, z€p(4).
k=0
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From our assumption that r; = ro we obtain

A—1
[Zukhk+ZA (Ay—w;) 1h0,h2} Zmz wjwh, 1=0,...,A-1,
k=0 7

[>
L

[ veh? +Z/\ (Ay —w;)™ h%,(Ag—z)_lhg} -
0

B
Il

A-1
= Z vera(2)2 + Z)\jw =0, ze€p(A1)Nnp(Az).
k=0 j J

Since As is A°-minimal, this implies that

ZykthrZ)\ )"th2 = 0.

The fact that ® is isometric is immediate from (III.2) and (IIL.3). By .A°-
minimality of A; and A, ® has dense domain and range and thus extends
to an isometric isomorphism between Pexi (A1) and Pext (A2). We denote this
extension again by ®. Since by definition ®(A9) = A3, we also also have

O(A;) = As.
Fix w € p(A41) N p(Az), and compute
(A2 — w)il(b(Al - Z) lho (A2 — w) 1(A2 - Z)ilhg =
_ (AQ — w)_lh% — (AQ — Z) 1h0 _ @((Al — w)_lhé — (Al — Z)_lh(l)) _

w—z

w—z

= <I><(A1 —w)" N (A - z)_lhé)7 2 € p(A1) N p(Az), 2 # w,

(A2 — w) 7 O(hy —why ) = (A —w) " (b — whi_y) = hi’; =
= ®(hf_1) = @((Ay = w) (B —whly)), I=1,., A1,

(Ay — w) "' Bh) = (Ay —w) " 'h2 =0 = <1>((A1 - w)’lh(l)).

It follows that ® o (A —w)™! = (A2 —w) ! o ®, and hence Po A} = Ay 0 P
and p(A;) = p(Az). Since

Sj={(z,y) € AjNA3: Yz €p(Aj): y—Zz L (A; —2) 'k},

we also obtain ® 0 S = S50 ®. a
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