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Abstract: We investigate the order p of the four entire functions in the Nevanlinna
matrix of an indeterminate Hamburger moment sequence. In operator theoretic
language, this is the asymptotic behaviour of the eigenvalues of the associated Jacobi
operator. We give upper and lower estimates for p which are explicit in terms of the
parameters of the canonical system associated with the moment sequence via its
three-term recurrance. Under a weak regularity assumption these estimates coincide,
and hence p becomes computable. Dropping regularity leads to examples where the
bounds do not coincide and do not coincide with the order. In particular this
provides examples that in an estimate for order due to M.S.LivSic in 1939 equality
does not always hold. Our proofs proceed via the theory of canonical systems.
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1 Introduction

Let (s5)52, be a of sequence real numbers, and assume that the Hamburger
power moment problem for this sequence is solvable and indeterminate. Then
the totality of all positive Borel measures on R with power moments (s,,)0% is
parameterised via their Cauchy-transforms with help of an entire 2 x 2-matrix
function called the Nevanlinna matriz of the moment sequence. A classical
result of M.Riesz is that the entries of this matrix are entire functions of minimal
exponential type, cf. [Rie23]. Further, all the entries of the Nevanlinna matrix
have the same order, cf. [BW06; BP94]. We denote this common number by
p((81)5% ) and call it the order of the moment sequence.

The order can be computed for several moment sequences for which the
moment problem is explicitly solvable. As for theorems rather than examples,
the only known estimate for p((s,)22) in terms of the sequence (s,)32, itself
(and — probably — the first result in this context dealing with growth properties
other than the exponential type) is due to M.S.Livsic back in 1939, cf. [Liv39].

It asserts that o]
p((8n)52 o) > limsup i nn’ (1.1)

n—00 1 Sop

the right hand side being the order of the entire function ) > o =—. The ques-
tion whether there exist moment problems for which the order is dlfferent from
its Livsic estimate appears to have remained open since then. In particular, it
is mentioned as such in [BS14]. The difficulty can be explained as follows. Let
Po(2) = Y} _obk,nz", n € Ny, be the orthonormal polynomials of the first kind
associated with the moment sequence (s,)22,. Then the order p((s,)22,) is
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expressed in terms of the coefficients by, as

. —2kInk
pllsn)ize) = lmsup (12)
—% n X_:k bi,n

cf. [BS14, Theorem 3.1]. Livsic’ estimate (1.1) is obtained when dropping all
summands but b7 . While the term by, ,, being the leading coefficient of the
orthonormal polynomial P,, is easily expressed via the Jacobi parameters of
the sequence (s,)5q, see (1.4) below, and can in turn be estimated by sa,, the
other terms by ,,, k < n, are nearly impossible to control.

Our first objective in the present paper is to establish upper and lower
bounds for the order of the functions in the monodromy matrix of a canonical
system whose Hamiltonian H has a very particular form. Namely, H has de-
terminant zero, is piecewise constant, and constancy intervals accumulate only
to its right endpoint, cf. Definition 1.1. It is well-known that such canonical
systems mimick the three-term recurrance of a Hamburger moment sequence,
see, e.g., [Kac99]. We employ the recent work [Rom] about the order of the
monodromy matrix of a canonical system to establish the upper estimate The-
orem 2.7. The lower estimate Proposition 2.15 is easy to see and follows, e.g.,
from [BS14]. Under a weak regularity assumption these bounds coincide, and
hence yield a formula for order, cf. Theorem 2.22.

The second theme in the paper is to construct examples which show that
there exist Hamburger moment sequences whose order is strictly larger than
the right hand side of (1.1). We shall provide explicit examples that the gap
between the actual order and the LivSic estimate can be arbitrarily close to 1,
cf. Corollary 3.6. Actually, such examples can be found already in the class
of symmetric moment sequences (meaning that s,, = 0 for odd n). The proof
again depends on [Rom].

Structuring of the paper is as follows. In the remaining part of this introduc-
tion we recall the connections between moment sequence and Jacobi matrices
on the one hand, and canonical systems on the other. It is vital to have this
connection on hand, since our proofs proceed via the theory of canonical sys-
tems. Section 2 is in some sense the core of the paper. We establish the upper
and lower bounds for order and discuss regularily distributed sequences. The
subject of Section 3 is the construction of examples showing that equality in
Livsic’ estimate (1.1) may fail. In fact we show — slightly stronger — that the
bound obtained from (1.2) by dropping all summands but b2 ,, can differ from
the order by any pregiven number (only taking into account that the order is
always between 0 and 1), cf. Corollary 3.6.

Moment sequences, Jacobi matrices, and canonical systems

We establish our results on order taking the viewpoint of canonical systems.
To translate to moment sequences and/or Jacobi parameters, it is necessary to
have these connections on hand explicitly.

The relation between moment sequences and Jacobi matrices is most classical
and commonly exploited. A standard reference is [Akh61]. Given a moment
sequence ($,,)22, the orthogonal polynomials P,, n € Ny, satisfy a three-term



recurrence relation
2P (2) = pnPnt1(2) + @nPr(2) + pn—1Pn-1(2), n=0,1,2,.... (1.3)

The coefficients p,, and ¢, in this recurrency are called the Jacobi parameters
associated with the sequence (s,)52,. They can be computed from the sequence
(80)22, via determinantal formulae. However, these expressions are hardly
accessible to practical computation. One connection we need frequently is that

b = (gp) (1.9

Let us now recall the — maybe less commonly used — relation with canoncial
systems. The basic idea is that the three-term recurrence is nothing but a
canonical system with a piecewise constant Hamiltonian. This idea can be
made precise: Hamburger moment problems correspond to a certain type of
canonical systems, and, under a suitable normalisation, this correspondence is
one-to-one. An explicit presentation of these matters can be found in [Kac99].

Let L € (0,00] and H: [0, L) — R?*2 be a measurable function such that for
almost every x € [0, L) the matrix H(z) is positive semidefinite with tr H(z) =
1. Then the equation

%y(m,z) = —2JH(z)y(x,2), z€]|0,L),

where J := ((1) Bl) and z is a complex parameter, is called the canonical system

with Hamiltonian H. If L < oo, we say that limit circle case takes place for H,
whereas for L = oo one speaks of limit point case.

1.1 Definition. Let | = (In)22; be a sequence of positive numbers and let
¢ = (Pn)22 ;1 be a sequence of real numbers with ¢,+1 # ¢, mod m, n € N. Set

xp =0, Ty 1= ZZ"“ n €N, Too 1= Zlk € (0, 0] (1.5)
k=1 k=1

Denote 5
cos
= R.
S (sin gb)’ ¢c
Then we call the function H : [0, 74,) — R?? defined by
H(x):=§4,65, € [rn_1,2n), n €N,

the Hamburger Hamiltonian with lengths [ and angles 5 Sometimes we refer
to the points x,, as the nodes of H.

5¢15;>1 £¢2 522 §¢3§;3




The correspondence between moment sequences, Jacobi parameters, and Ham-
burger Hamiltonians is given via the formulae (here @,, n € N, denote the
orthogonal polynomials of the second kind)

In = Pa(0)* +Qn(0)?, neN, (1.6)
pi = [sin(¢nt1 = ¢n)|VInlnt1, nEN, (1.7)
Gn = == [COt(Gns1 — dn) + cOU(dn — 6n_1)], mEN.  (18)

ln

Of course, this relation is again somewhat implicit since the above formulae
contain the off-diagonal Jacobi parameters and, by their structure, cannot easily
be inverted. However, the moment sequence (s,,)52 is indeterminate if and only
if the sequence [ = (I,)52, is summable. And if (s,)22, is indeterminate, then
its Nevanlinna matrix coincides with the monodromy matrix of the canonical
system with the corresponding Hamburger Hamiltonian, i.e., the matrix W (L, z)
where W (z, z) is the unique solution of the inital value problem

JEW (z,2) = zH(2)W (x,2), z€0,L],
W(0,z) =1.

2 Estimates for the order

We use a pointwise and an averaged measure for the decay of a sequence of
positive numbers.

2.1 Definition. Let ¥ = (y,,)52; be a bounded sequence of positive real num-
bers and let o« > 0. Then we set

A*(§) =sup {7 >0:y, = O(n" ")},
2n—1

A(Y) := sup {7’ >0: % Z Yr = O(n_T)},
k=n

n—1

(¥, ) :=liminf G(n; ¥, «) where G(n;¥,a) = _1n In (yg H yk>

n—00 a Tlhl
k=1

o

The numbers A*(y) and A(y) are understood as elements of [0, oc]. Note here
that the sets appearing in their definition are nonempty, since % is bounded.
The number 6(¥, o) is, a priori, an element of [—o0, o0].

2.2 Lemma. Let § = (y,)52, be a bounded sequence of positive real numbers
and let o« > 0. Then
A7) < A(Y) <67, o). (2.1)

Proof. The inequality A*(7) < A(Y) is clear. To show that A(y) < §(7, ),
consider 7 > 0 and ¢ > 1 with %Zii}l yr <cn” 7, neN.



For m € N, m > 2, let p(m) € Ny and r(m) € {0,...,2°(™) — 1} be the
unique numbers with m — 1 = 2P(™) 4+ r(m). The arithmetic-geometric mean
inequality gives

m—1 p(m) 291
w-T1 1 w11 u
k=1 j=1 k=2i-1 k=2p(m)
p(m) 1 29 -1 2i—1 1 m—1 r(m)+1
< . . -
- (231 Z yk) (r(m)—i—l Z yk) ’
j=1 k=2i-1 k=2r(m)
<c(29-1) <220 (gp(m))—r

and we obtain (log, denotes the logarithm to the basis 2)

m— (m)

-1 P
- a - logy Y — 1 2i-1
mlog2m ( m]-;-[ ) _mlogzm[ « Ong OgQCZ

<10gz”U” A,_/
=2p(m) —1

s (r(m)+)p(m)

=p(m)2p(m) —2p(mH1 12
pim) r(m)+1 1 op(m)

>
- Tlog2 m m  logom 082 r(m)+1

+ o(1).

The second summand is nonnegative and, since log, x < zIn2, it is o(1).

Moreover, p(m) = [logy(m — 1)], and hence lim,, ’1’1(17;? = 1. Therefore

(g, ) > . a

2.1 An upper bound for p(H)

For a Hamiltonian H in the limit circle case we denote by p(H) the order of
the entries of its monodromy matrix. The following fact is, up to using the
connection (1.6)—(1.8), nothing but [BS14, Theorem 1.2].

2.3 Proposition. Let H be a limit circle Hamburger Hamiltonian with lengths
I and angles ¢ Then the order of H does not exceed the convergence exponent
of I, [, i. e.,

p(H)Sinf{p>O:f€€p}.

In our first main result, Theorem 2.7 below, we give an upper bound for p(H)
which takes the asymptotic behaviour of the sequence of angles into considera-
tion.

To quantify the behaviour of length- and angle sequences of a Hamburger
Hamiltonian, we use the power scale and a pointwise measure for the decay of
lengths, an averaged measure for the decay of angle-differences, and a measure
for the speed of possible convergence of angles weighted with lengths, i.e., taking
into account peaks of lengths.



2.4 Definition. Let H be a Hamburger Hamiltonian with lengths [ and angles
¢. Set

A(H) = A*(1), A} (H) :==max {1,A;(H)},
A¢(H) = A((‘ Sin(¢n+1 - d)n)D%O:l)

Provided that A (H) < oo, set

A(H) := sup sup {7’ >0: le| sin(¢; — ¢)| = O(nlfAf*T)} € [0, o0].

¢€[0,m) j=n
When no confusion is possible, we drop explicit notation of H. %

2.5 Remark. A pointwise estimate for the speed of convergence of angles has an
implication on A(H). Denoting

Y A*((| sin(¢, — (b)\)j’f:l) , ¢ modm=lim, s ¢, mod 7 exists,
A*(H) = i
0 , ¢ not convergent modulo 7,
(2.2)
it holds that A*(H) > A(H). O
2.6 Lemma. The quantities Ay and A are related by
Ay —1<A (2.3)

In particular, if Ay < oo, then Af—Ad,—FA > 0 unless Af =1land Ay = A+1.

In this, and subsequent proofs, we use the following notation: Let X,Y be
functions taking nonnegative numbers as values. Then

XY — 3Fec>0 X <Y
X=xY <= X<SYandY <X

Proof. The inequality is trivial if Ay < 1. Hence, assume that Ag > 1. For
arbitrary 7 € (1, Ay) we have

2n
> Isin(¢jp1 — ¢5)| = 0(n'7),

j=n
and in turn
[e%s} oo 2itin [e%s}
> lsin(gin = 6) <D0 [sin(gin —¢;)[ S D> _(2n) T =0(n' 7).
j=n 1=0 j=2in 1=0

By adding a proper multiple of m to each ¢,, we can assume without loss of
generality that |¢,41 — ¢n| < 5. Then

D ldirr — 5l S Isin(gi1 — @) = O(n' 7)),

j=n j=n



hence ¢ has the limit ¢ := ¢1 4+ 37 | (¢ 11— bn). If A; < 1, and hence A} =1,
we get

> lilsin(g; — @) Sn'TTY 1 =0(n 7).
j=n j=n

If A; > 1, and hence A?‘ = Ay, we have for arbitrary € > 0
S Llsin(6, — ) § 30574 T = O(i-al -~y
j=n j=n

In both cases, this shows that 7 —1 < A. a
Our first theorem can now be formulated.

2.7 Theorem. Let H be a limit circle Hamburger Hamiltonian with lengths I
and angles ¢. Assume that (A7, Ay, A) # (1,1,0).

(i) Generic region: If A + Ay > 2, then

1
H < ——.
a )’Af+A¢

(#i) Critical triangle: If A?‘ + Ay <2, then

1 1-A 1A
p(H)SmaX{ * ) + ¢+2 }
Al + A¢ Al — A¢ + A
The proof of this theorem will be carried out in §2.2. Before that we discuss
several aspects.

2.8 Remark (Sharpness). We will see that for a large class of Hamburger Hamil-
tonians in the generic region the stated upper bound is equal to their order, cf.
Theorem 2.22. Contrasting this, in the critical triangle (and Ay > 0), we do
not know whether the given bound is sharp. In fact, we have no example which
lies inside the critical triangle where p(H) can be computed. In particular, it
is unknown whether the speed of possible convergence of angles measured by A
influences the order. We believe the answer is affirmative.

In the case excluded in the assumption, namely if (A;r, Ay, A) =(1,1,0), we
have only the trivial bound “p(H) < 17, and again do not know if this bound
is attained by some Hamburger Hamiltonian. O

Note that, in some vague sense, the division into generic region and critical
triangle corresponds to the cases of “order < %” or “order € (%7 1]7, respectively.
That may be an explanation for the occurrence of this case distinction. As
experience tells, it would not be a surprise to witness a fundamentally different
behaviour in these cases.

Next let us have a closer look at the two expressions whose maximum estab-
lishes the upper bound in the critical triangle. Set

D::{(a:,y,z)€R3:mz1,y20,220,y§z+1,x—y+z>0},
_1fy+%z

IR A = v I ED
o(r.p.2) = - (@y.2)



Then

1 1
P Sg(@y.2) & 02— —y)y—52) (2.4)
1
g(xay7z):§1fx+y:27 g(SC,y,Z):1<:>(I7Z):(17O), (25)

the function g(x,vy, -) is decreasing if z 4+ y < 2, increasing if z +y > 2, and the
function g(z, -, z) is monotone nonincreasing.

The relation (2.4) shows that the given bound in the critical triangle equals
m if and only if Ay < %A.

As we have already observed in Lemma 2.2 and Remark 2.5, pointwise es-
timates lead to estimates for Ay and A. From this we obtain the following
corollary where the — easier to handle — quantities

Ay = A((|sin(¢nr1 — dn))oZy),

and A* appear instead of Ay and A. Of course, this statement is weaker than
Theorem 2.7.

2.9 Corollary. Let H be a Hamburger Hamiltonian with lengths ! and angles
¢. Assume that (Af,Aj;,A*) # (1,1,0). Then

1 -+ *
m 5 Al + A¢ 2 2,
p(H) < § 1251 3a" AF 4 A% <9
Af Az A P TRy <2

Deduction of Corollary 2.9 from Theorem 2.7. We distinguish three cases.

— Case Afr + A(’; > 2: We have AZJ“ + Ay > Af + Aj;) > 2. Towards a
contradiction assume that (A;", Ag, A) = (1,1,0). Then Aj <land A1++AZ >
2 implies A} = 1. Moreover, A* < A, and hence A* = 0. This case, however, is
excluded by assumption. Thus Theorem 2.7 applies and yields

1

A;r-l-A(ls AlJr-l-Aqb

— Case A + A5 < 2,A7 + Ay > 2: If (A, A) = (1,0), then also A* = 0,
and hence g(A?‘,AZ,A*) =1, cf. (2.5). Assume that (A?‘,A) # (1,0). Then
Theorem 2.7 and the obvious fact that A* < AZS yields

p(H) < -

< < g(AF, A% A%,

@

— Case Af + A% < 2,Al+ + Ay < 2: We have

1
p(H) < max{mﬂ(A;rvAde)}
1
< ——— (A, AL A = g(AF, AL AY).
*maX{Af—i-A;’g( R )} g(A, AG, A7)



a

Comparing the nature of the quantities Ay, A and A%, A*, and having in mind
Proposition 2.3, suggests that there might be room for improvement by intro-
ducing an averaged measure for the decay of lengths. However, as examples
show, there seems to be an intrinsic obstacle.

2.2 Proof of Theorem 2.7

To start with we settle two simple cases.

— If (A, A) = (1,0) and hence Ay < 1, or if (A, Ay) = (1,0), the assertion

reduces to the trivial bound “p(H) < 17.

— The convergence exponent of ()5 is not larger than A—h. Therefore Propo-
l

sition 2.3 entails 1

pUH) < 5 (2.6)
l

In particular, the assertion of the theorem holds if Al'" = 0.

These observations justify that throughout the following we may assume
(A A) # (1,0), (A, Ay) #(1,0), A < .

Note that these assumptions imply that the right hand side in asserted bound
is strictly less than 1.

We are going to employ [Rom, Theorem 1] which provides an upper bound
for the order of a (arbitrary) Hamiltonian. This theorem is based on finding
appropriate approximations of a given Hamiltonian by simple ones.

2.10 Definition. Let N € N, let (1,,)2_; be a finite sequence of positive num-
bers, and let (¢,)Y_; be a finite sequence of real numbers with ¢, 11 # ¢,
mod m,n=1,...,N —1. Set

n

zg =0, xn::Zln,nzl,...,N.
k=1

Then we speak of the function H : [0,zx) — R*? which is defined by
H(z):=§4,85,, T€[rp1,20), n=1,...,N,

as the finite rank Hamiltonian with parameters (N, (1,)N_1, (¢n)D_1).

§¢1§;§1 §¢2£:7(>2 €<7’N£Z‘1;N
Hi -+ — =
S— N——r N——
l 1 1
zo 'z P @ -1 N N



and let H : [0,L) — R>? be a

2.11 Theorem ([Rom]). Let L € (0,00),
(0,1], and assume that there exists a

Hamiltonian with tr H = 1 a.e. Let d
family of finite rank Hamiltonians

H*(R), R>1 (parameters (N*(R), (5 (R, (63 (R)C1))
and a family of sequences of weights

N*

(an(R)Y P RS 1 with an(R) € (0,1,

such that (O-notation is understood for R — oo and ||.| denotes any matriz
norm,)
N*(R) 1 zi (R)
0 Y e | - @)= o),
k=1
@ (R)

N*(R)
(i) > ax(R)’Li(R) = O(R™™),

k=1
N*(R)—1 .
[sin (941 (R) = SRR\ _ ) pu
(#i7) ’; In (1 + o1 (R)an(R) > =O(RY),
N*(R)—1 axn(R)
(v) |Inay(R)| + [Inan(r)(R)| + ]; llnm’ =O(RY)

Then the order of the entries of the monodromy matrixz of H does not exceed d.
2.12. Notation: It turns out useful to agree on the following abbreviations.
(1) ¥ X,Y : [1,00) = [0,00), then we define

X(R)XY(R) <= Ve>03C>0YR>1: X(R)<CRY(R)

(7i) If 2,y € R with < y, and X} € C for k € [z,y] N Z, then we write

Yy
ZXk = Z Xk.

k>x kelz,y]NZ

¢

We set A/¢ = Ay if Ay < 00, and let A:b be an arbitrary number larger than 1
if Ay = oco. Next, for ¢ € [0,7), set

A(g) = sup {r > 0: > Uylsin(g; — 6)| = O(n'~2"~7) } € [0,00].
j=n
Again, set A(¢) := A(@) if A(p) < oo, and let A(¢) be an arbitrary number
larger than 1 if A(¢) = occ.

10



Consider ¢ € [0,7) such that (A, A(#)) # (1,0), and let d(¢) be any

number with

1 + ’
1> d(¢) ATHAS TR (2.7)
> > ;1 , .
1 1*A¢+’A(¢) + /
maX{AT+A’¢’Af—A;j—A(¢)’}’ A+ A <2

Given R > 1 we define an approximating Hamiltonian as a cut-off of H pro-
longed by one interval with angle ¢. The cutting point will be the node xy(g)

where
1-d(¢)

N(R) = | RAT-r22 |

Note that the value (1 —d(¢))(A;F — 1+ A(¢)'/2)~! appearing in the exponent
is positive. Now we define

N*(R) :i= N(R) + 1,
e : ni1,.*..,N(R)
Too —TN(R) > n=N (R)

¢, n=1,...,N(R)

Gu(R) = {¢ e

and let H*(R) be the finite rank Hamiltonian given by this data.
The required weights a,,(R) are defined by (here we set o := (A + AL)H

%nAl , 1<n<R°,
an(R)? = { LnzA =20 Ro < < N(R)
n \/E I —_ )
—3A(9) — N*
n-z , n=N*(R).

We need to check that a,(R) < 1. This is clear in all cases except when
n € (R°,N(R)] and A > A},. Then it amounts to showing

1 —d(¢)
Af =1+ A(0)/2

(AF - Ay <1, (2.8)
or, equivalently,
1—A) - A(9)
A - Al
We distinguish the cases that A + Al >2or Af + Ay <2.

< d(e).

— Case A?‘ + A;, > 2: We have

;<1 = &<A’+1A(¢)’
Af Ay~ AfF+Ap =702
1 20, AF - A

= 1-A, —-A(p) <1- = ,
oMo s AF+AL Af+ A

and hence

LA RMOY 1
AT A, T ATTA

().

11



— Case A + A, < 2: We have

1 1
APZLAGN 20 = A, T A@) S 1-AL T IA(g)
LMo, Ay
1— AL+ $A(0) Af = AL+ A(g)
I I
1 - A~ IA(6Y AF - A
1= A, + 3A(0) AF = AL+ A9

and hence, since A;ﬁ =Ny <1,

1-A, —IA@) 1—AL+L1A(e)
¢ 2 o "2
A A, S Ay oAy Ay O

We show that with the above approximation and d := d(¢) + ¢, where ¢ > 0
is arbitrary, the hypotheses of Theorem 2.11 are satisfied. To shorten notation,
we drop explicit notation of the argument R.

Item (4):
N+1 xx x
1 [ 1 =
Yoo [ @ - H @l de= — [ ) - ot do
k=1 k -’13'2_1 N+1 JznN
< NA@)'/2 Z ] sin(¢; — ¢)| < NAO2NI=AT—AG) < Rd(6)-1,
j=N+1
Ttem (i1):
N+1 R N
1 1 + ! ’
o _ 1N~y b (Af-ay)/2 —A@)/2(y
S aily =5 KM+ > KSR 4N (Too —2n). (2.9)
k=1 R E>1 VR k>Re

Since I, < k~2, the first term in the right hand side satisfies

RU
%kalk < R77' < RO
E>1

: AT
Since Tos — N = Y pe ny1 bk X N A7 we have

N=A®)/2(y < N-(AF-1+A9) /2) < Rd(9)-1

oo_xN)

In order to estimate the second term on the right side of (2.9), we distinguish
the cases that A" > 1 and A = 1.

12



— Case A;“ > 1: Then A; = Al+, and we obtain

1 & 1 &
Z k(Al*—Aﬁb)/Zlk < Z (A7 +AL)/2
>R >Re

VR, VRS
(R TATEAE A AL
5ﬁ In N . A AL =2
NI-ATH802 O AF F AL <2

In the first case, since ¢ < % and (A + A4)/2 > 1, it holds that
(RO)I-(AT+45)/2 = Ro-3 < RA®~3. In the second case d(¢) > 1 and hence
InN < RU® =2 To settle the third case, we have to show that

1—d(¢) A+ Ay 1
- < d(¢) — =. 2.10
Afr—1+A(¢>)'/2( 2 )* (@) =3 (2.10)
To achieve this, observe
AF4A! AF+A
1— == 1 1— 22
2.10) 2 — <d(¢)[1 2
210 = Fmes SO e

= (2-A - A+ (A -1+ A(¢)/2)
<d(¢)[2(A] — 1+ A(9)/2) + (2— A — AL)]

<d(@)[A] = A+ A(¢)].

A(g)'
2

= 1-Ay+

The last relation holds by the choice of d(¢). The inequality (2.10) now gives
N1-(Af+a)/2 < RS —5

— Case Af =1:

N
af-ayyz, o 1 [ } (1=A%)/2
A /2] < = k;,, Iy Rarg%ézvk ®

=
-

o

IN

sl 3

(R)O=29/2 Ay > 1
NU=8/2 A<

In the case A;, > 1 observe that

i <do) -3 1oy <29 Ay 6 1< 9

o —r7
g

and in the case A;) < 1 that

1—d(¢)1 -4y

A(@)/2 2

1
Sd¢) -5 & 1-Ag+

Thus, the right hand side in (2.9) is O(R®)~1) in all cases.
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Item (iii): The weights a,, are, independently of n, bounded from below by an
appropriate power of R. Hence, we have In (1 + %#M) < InR, and
obtain

R7+1 . x ik
Z In 1+M < R InR < RU®),
k>1 Ak+10k - -

In <1 + |Sin(¢7\/+1 - ¢7\/’)|> S In R S Rd(d)).
AN4+1aN

In the remaining part of the sum the second line of the definition of weights
applies to the effect that

N-1 e s N-1
Z In <1 + Sm(¢k+1¢k)|> < Z L | sin(¢rs1 — on)|

a a a a
k>Ro+1 k+1Ck k>Ro41 kLR

N-1
= D VR[(k+ DRTESTA) - [sin(n — o)
k>Ro+1
logy(N/R7)+1 ~ 27R°-1
SVR- > ( > |sin(grr — ¢k)|>
i1 k>2i-1R"
logo(N/R7)+1  29R°_1

SVE Y (X [sin(drn - )] ) (27R7)HAY

+
max k_%(AL _Afja)
ke€[2i-1R7 21 R7]

jz1 k>2i—1Re
log, (N/R7)+1 ,
< VR (R°)"2(A[=4%) Z (2j71Ra)1*A¢ 9-i3(Af-Ay)
i>1
log,(N/R7)+1
~VR- (RU)17(A,++A;,)/2 Z 9i[1=(Af +4%)/2]
j>1
(Ra)l—(A;r+A:z>)/27 A?— +A£¢ <9
<VR-{InR . A+ AL =2
NIFHA/2 AR LAY <2

By what we showed in the proof of “Item (i7)”, the last expression is in all cases
< RA&)

Item (iv): As we already observed, the weights a,, are bounded below by some
power of R. Hence, each summand appearing in “Item (iv)” is < In R. Moreover,

we have A
(akﬂ)?: (59" L 1Sk=R -
a (BL)zB0780) - pe o p < N -1,

and together it follows that

N N
|Inay| + [ Inayi| +Z]m%‘ SR+ In(1+ %) <R S RUD.
k=1 k k=1

14



We see that Theorem 2.11 is indeed applicable, and yields that p(H) < d(¢)+e.
The proof of Theorem 2.7 is completed by letting € \, 0, passing to the
infimum over all d(¢) subject to (2.7), passing to the supremum over all ¢
subject to (A, A(¢)) # (1,0), and — if necessary — letting Ay /oo and
A(g)" /7 o0.
2.18 Remark. Choosing the approximating Hamiltonian as a cut-off of H is of
course natural. The choice of the weights a; in the proof is based on term-by-
term optimization in conditions (i¢) and (¢ii) assuming that the replacement of
ajaji1 in the denominator in (iii) by a3 does not spoil the estimate too much.

¢

2.3 A lower bound for p(H)

The following limes inferior appears naturally in estimating order from below.

2.14 Definition. Let H be a Hamburger Hamiltonian with lengths [and angles
¢. Then we set

O1,6(H) i= i inf [G(m: [ 3) + G (m3 (|sin(6ns1 — 60))521,0) .

m—r o0

¢

The meaning of d; 4 is easily explained. Recall the notation b, , for the leading
coefficient of the orthogonal polynomial of the first kind of degree n. Plugging
(1.4) into (1.7) we have

m—1 —1 m—1
bm,m = ( 11 pk> = T Isin(dr11 — ¢V kb1,
k=1 k=1
from whence b
8.6 = lim inf ——mm (2.11)

m—oc  mlnm
The following fact is now nothing but [BS14, Proposition 7.1(iii)].

2.15 Proposition. Let H be a limit circle Hamburger Hamiltonian with lengths
I and angles ¢. Then

1
d1,6(H)

Proof. According to [BS14, Proposition 7.1(iii)], p(H) is greater or equal to the
order of the entire function ZZO:O bp,nz". The assertion follows from the stan-
dard formula for the order of an entire function in terms of its Taylor coefficients,
see, e.g., [Boab4, Theorem 2.2.2]. a

H) >

(2.12)

Let us provide an alternative, direct, proof of Proposition 2.15.

Alternative proof of Proposition 2.15. Without loss of generality we assume
that ¢; # 5. This is possible since cutting of one interval of the Hamiltonian
neither changes its order nor the value of §; 4.

On one indivisible interval of type ¢ the matrix function of the canonical
system is given by

1 tz 0 1
— el? —Jé _ J¢ -J¢
Wy(t,z) =e (0 1) e’ =1+tze (0 0) e 79,

15



Notice that we have e/? (§ §)e™/? = —£,¢7'J. The fundamental solution W of
H at a point z,, is therefore given as

W(xn, z) = Wy, (1, 2)We,(la, 2) ... Wy (In=1, 2).

In particular, we are interested in the leading coefficient of the polynomial z —
W(zy, 2), ie.

(=1)"aly - o b1, 65, TE0u €, T - Ep0 &0
Due to £ J¢&,, = sin(¢ — 1), it can be written as a product,
A3

(—1)”[1[2 et ln—l SiH(d)Q - ¢1) Sin(d)g - ¢2) e 'Sin(¢n_1 - ¢n_2)£¢1§£n71 J =

n—2

- (_1)"(1:[111-) ( [T sin(0e1 - 6))énnh, T (213)

We denote the first line of the fundamental solution W by ©, © := W7T(1,0)T =
(©4,0_)T. Let p(H) € [0,1] be the order of W(L, z). For all € > 0 there are
constants R, C, ¢ > 0 such that for all z with |z| > R, we have

Ce” > Im <®+(L, Z)@_(L,Z)) - Imz/L (H(1)O(t,2),0(t,2)) z» dt.
0

On each indivisible interval (2, z,41) we integrate a function which is constant
in ¢,
(H(xn)@(xn,z))T@(a:n,z) = (1,0)W(xn,Z)H(xn)W(xn,z)T(l,O)T =
= |(1, O)W(xm Z)é-d)n |2'

Since H consists only of indivisible intervals, we get

Cecl2I”™ > ImzZanl,O)W(xmz)g% 2

n=1

The polynomial z — (1,0)W(zy,2)Es, of degree n — 1 has real zeros only.
Therefore, its absolute value for z = i7, 7 > 0, can be estimated from below
by the absolute value of its leading coefficient times 77~ !. With the calculation
done in (2.13), we get

s} n—1 n—2
ce™ >3 L ] z?( I sin®(¢is1 — @-)) (1,0060,67 _ JEy, Pr2n2 =
n=1 i=1 =1

n—

e 1 n-1
- Z n H I H sin®(¢i+1 — @;) cos® (1)L
n=1 i=1 i=1

The classical result [Boab4, Theorem 2.2.2] states that the order of a power
series fozo anz™ can be obtained from its coefficients by the following limes
superior

. nlnn
msup ——————.
nvoe T (1/[an))

16



We end up with the lower bound for the order

. (2n —1)In(2n — 1)
H) > limsu
p( ) o n—)ocp In (1/|a2n71|)

i (2n —1)In(2n — 1)
= lim sup — PR .
noo —tn (1 TS B TI sin® (Gie — 6) cos2(01) )

This expression can be simplified to

. nlnn 1
lim sup = —.

n—soo _1n (\/EH?:_II I; |sin(gir1 — ¢z)|) - O

a

Sometimes it is useful to look at the lengths and angles of a Hamburger Hamil-
tonian separately. In fact, this viewpoint is vital when comparing the lower
bound (2.12) for p(H) with the upper bound established in Theorem 2.7. Also,
it helps when considering concrete examples.

2.16 Definition. Let H be a Hamburger Hamiltonian with lengths ['and angles
¢. Then we set
§(H) = liminf G(m;1, 1),

m—r o0

5¢(H) :=lim infG(m; (| Sin(¢n+1 - ¢n)‘)zo:1a 0)

m—r oo

The next statement is an immediate corollary of Proposition 2.15.

2.17 Corollary. Let H be a Hamburger Hamiltonian with lengths [ and angles
¢. Assume that at least one of 6; and d4 exists as a limit. Then

1

H)> —.
p( )_5l+5¢

Let us provide an example that the additional assumption in the corollary cannot
be dropped.

2.18 Proposition. Let a > 3 > 1 andy > 0 with f+3 < a < 427 be given.
Consider the Hamburger Hamiltonian H with lengths and angles given by

l n~, 2% <n< 2%t j N,
n =

nh, 22-1<n<2¥ jeN,

g ) 2% §n<22j+17j€N03
¢1:=0, Gnt1 — Pn =

n~Y, 2% 1<n<2¥ jeN.

Then p(H) < m.

17



Proof. By the choice of o being greater than j,

L
S(H) = lim G201y = 2T

m—r oo 3

Then "
6o(H) = lim G(2*™ (|sin(dn1 — én)])o2y,0) = .

m—» 00 3

On the other hand, if M,,(z) is the monodromy matrix corresponding to n-th
interval of the Hamiltonian, then for any € > 0

92i+1_1 92j+1 92j+1

z 1
logH H Mn(z)H <log H (1—1—7‘1—0[) < Ce‘z|1/a+e Z e

n=22j n=22j n=221

hence the product of the norms of M,, over n € 227 223+1) is estimated

1/a+e
above by eC*| . Then,

jemol

2j _1 227

. 1

og || TT Ma(e)| < Celaf /0 S
n=227—-1 n=22j—1

The proof of this fact can actually be taken verbatim from the proof of the
relevant part of Theorem 1 in [Rom] by choosing the a? as in the proof of
Theorem 2.7 above (in the case A; > 1, Aj+ Ay > 2). Adding up the obtained
estimates in j we find that the product

2% 1

1 0

n=22i-1
is estimated above by eClalt/Crmee. By the chain rule for the monodromy matrix
it follows that p(H) < max{a~!, (8+v)~'}. Now the condition on parameters
«, B and 7y in the assumption ensures that

1 1
— <0+ d — <+ 6p.
o l ¢ an B+~ 1T 0¢

2.4 Regularly distributed data

The formula for p(H) given in Theorem 2.22 below is obtained by comparing
the upper and lower bounds of Theorem 2.7 and Proposition 2.15. The decisive
property which enables to show that these bounds coincide is a certain regularity
of the distribution of the sequences of lengths and angle-differences.

2.19 Definition. We call a sequence § = (y,,)22; of positive real numbers
reqularly distributed, if

18



This notion of regularity rules out heavy oscillations but also sparse peaks where
very large or very small elements occur.

2.20 Remark. Many examples of regularly distributed sequences are provided
by the following observations.

(i) Each monotonically decreasing sequence is regularly distributed.
(¢4) If ¢ is regularly distributed and w, < y,, then @ is regularly distributed.
O

2.21 Lemma. Let § = (y,)52 be a bounded and regularly distributed sequence
of positive real numbers and let o > 0. Then

AY(G) = A(Y) = 6(7, ).

Proof. By Lemma 2.2 it remains to show that §(7, ) < A*(). If §(¢,a) = 0,
this inequality holds trivially. Assume that §(¥, «) is positive, and consider
T € [0,0(¥, «)). For all sufficiently large m we have

-, -1
™ < Gmig,a) = ———In (i, 11 o).
This implies that
mol = a=1 i = —1
m-T > (y% H yk) = Y (H yk) >bm Ym,
k=1 k=1

and we conclude that y, S<n™7. a
In the formulation of the next result the quantity A from Definition 2.4 is used.

2.22 Theorem. Let H be a limit circle Hamburger Hamiltonian with lengths I
and angles ¢. Assume that 1 is reqularly distributed, that at least one of §; and
0y exists as a limit, and that either

(A) The sequence (|sin(@n+1 — ¢n)|)o2y is regularly distributed, & + 64 > 2,
and (6la 5¢a A) # (17 17 0)7

or
(B) d5 =0.
Then i
p(H) = m

Proof. The sequence lis summable, and hence A(l_j > 1. Lemma 2.21 gives
-1
l, =

0 = 6(l,

)= Al = AF

Moreover, the overall assumptions of the theorem ensure that d;4 = & + d¢.
Assume that (A) holds. Then

3 = 0((Isin(¢n+1 — dn))721,0) = A(Isin(pn41 — n))iZ1) = Ay,
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and the further assumption in (A) just say that Theorem 2.7 is applicable and
that we are in the generic region. Thus

1 1 1 1

= :7< H <7.
AfF+A, S+ dg 5l,¢_p( )_Afr+A¢>

If (B) holds, it is enough to remember Proposition 2.3 and Proposition 2.15
which yield

a

Let us now discuss two basic examples.

2.23 Ezample (Power-like behaviour). Let H be a Hamburger Hamiltonian with
lengths [ and angles ¢, and assume that

Iy =n"% |sin(¢nir — on)| < n"",

with @ > 1 and 8 > 0. Then both sequences [ and (|sin(¢ni1 — én)])S2, are
regularly distributed, cf. Remark 2.20, J; and 4 exist as limits, and

S =AF=a, 85=04=A%=86

If « + 3 > 2, we obtain

1
H) = ,
p(H) P
if a + 8 < 2, we have the bounds
1 1-8
<p(H) < .
aJrﬂ_p( )_afﬂ

O
2.24 Ezample (jumping angles). Consider a limit circle Hamburger Hamiltonian
whose angles ¢ satisfy [sin(¢n41 — ¢n)| < 1. Then 6y = Ay = A} =0, and J
exists as a limit. Proposition 2.3 and Proposition 2.15 imply

1

— < p(H) < —,
o~ pUH) < A?’

remember here (2.6). Using the more involved Theorem 2.7 inside the criti-

cal triangle does not improve this bound. Regardless of the value of A, the

maximum in Theorem 2.7, (ii), equals ﬁ. O
L

3 Diagonal Hamiltonians with irregularly dis-
tributed lengths and the LivSic estimate

If the lengths and angle-differences of a Hamburger Hamiltonian are not regu-
larly distributed, the upper and lower bounds from Proposition 2.3, Theorem 2.7
and Proposition 2.15 need not coincide. This section is devoted to the construc-
tion of — simple and explicit — examples which show that neither of these bounds
necessarily coincides with the order.
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Such examles are already found in the class of diagonal Hamburger Hamil-
tonians, i.e., Hamburger Hamiltonian with angles ¢,, all being integer multiples
of 5. To make the connection with moment problems, by (1.8), diagonal Ham-
burger Hamiltonians correspond to moment sequences with s,, = 0 for all odd
n. In turn, these are the Hamburger moment problems which arise from sym-
metrising a Stieltjes moment problem.

Remember Example 2.24 which shows in particular that for a diagonal Ham-
burger Hamiltonian H always 64(H) = Ay(H) = A%(H) = 0 and so

1
&1 (H)

3.1 Theorem. Leta € [1,00) and € (a, 00) be arbitrarily prescribed numbers.
Let ¢ € N, ¢ > 2, and consider the Hamburger Hamiltonian H, with angles
¢n :=n5, n €N, and lengths

1
Af(H)

< p(H) <inf{p>0: [ €} < (3.1)

1 , n=1,
ln =< (nln? n)~%, n#0 modgq, n>2,
(nln’n)=#, n=0 modq.

Then

) o n 1 qg—1 1

inf{p>0:1e€ P} =A(Hy) = ~ 0(Hy) = Toz + gﬁ, AHy)=p—-«
(3.2)

and

On first sight it may seem peculiar that p(H,) is different for ¢ = 2 and ¢ = 3,
but constant for ¢ > 3. One intuitive explanation might be that the dominating
subsequence of lengths (n # 0 mod q) sees the jumps of angles if ¢ > 3 whereas
for ¢ = 2 it does not.

Proof of Theorem 3.1; the equalities (3.2). The first equality in (3.2) is obvious.
In order to compute &;(H,), consider first the sequence A defined by

n~% n#%0 mod g,
Ap 1=
n?, n=0 modyq.

Then

[T =118 (T1@)*)- (11)")
k=1 k=1 j=
= ()7 g (150" P (g

From Stirling’s formula In(n!) = nlnn + o(nlnn). Moreover,

,_.

<.
Il
-

2)w(2] 1 ql2] (2]
nlnn ¢ _n Inn ’
—— ——

—1 —1
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and alltogether

-1 1
lim G(n;X, 3= 1= a+ -B.
We have )l% =In"2*n, and hence
l 1, -1 =
G(n; ()\—i)z’;l, 5) = —alnlnn—ZQkX_:llnlnk] < - ‘nlnlnn = o(1).
Hence
, .1 -1 1
0i(Hy) = nh_)rrgo G(n;l, 5) = nh_}rglo G(n; X, ) Toz + ;6.

It remains to calculate A(H,). For ¢ # 5 mod 7 we have [sin(¢; — ¢)| 2 1, j

odd, and hence

o0 o0 o0
D lsin(g; =) 2 Y L= (GIn®5)*
j=n j=n j=n

7 odd od

Given 7 > 0, the right hand side is < n'=*~7 if and only if 7 = 0. For ¢ = T

we have - - -

S llsin(g; — )= > =Y (GI*j) ",

= J c:\/Zn J c:vZn
and the right hand side is < n'~®~7 if and only if 7 < 8 — a. We conclude that
ANH)) =8—a. a

Computing the order of H, for ¢ > 3 relies on [Rom, Theorem 2] which tells us
how to compute the order of a diagonal Hamiltonian. Let us recall this theorem.
To formulate it, one more notation is needed.

3.2 Definition. Consider a nonempty interval [a,b). We denote by Cov]a,b)
the set of all coverings Q of [a,b) by finitely many pairwise disjoint left-closed
and right-open intervals contained in [a, b). %

Moreover, we denote by A the Lebesgue-measure on R and by #F the number
of elements of a finite set F.

3.3 Theorem ([Rom]). Let L € (0,00), and let H : [0, L) — R?®? be a Hamil-
tonian with tr H =1 a.e. and

det H(x) = 0, H(z) diagonal, xz€]0,L) a.e. (3.3)

M, = {xe [0,L): H(z) = ((IJ )},

Mg:{xGMJy}H@:(g)}

Then p(H) is equal to the infimum of all numbers d € (0,1] for which there
exists a family (Q(R))r>1 of coverings Q(R) € Cov|0, L) such that

#Q(R) = O(R?), (3.5)

VAwN M) - Mwn M) = O(REY). (3.6)
> (r*)
weN(R)

Set

o oo

(3.4)

=
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Observe that, since the real and symmetric 2x2-matrix H (z) satisfies tr H (z) =
1, it holds that det H(z) = 0 and H(x) is diagonal if and only if

H(z) = ((1) 8) or H(zx)= (8 ‘1))

It is an important observation that in Theorem 3.3 it suffices to consider cover-
ings by intervals with endpoints at nodes z,,.

3.4 Definition. Let H be a diagonal Hamburger Hamiltonian, and let z,,
n=20,1,...,00 be as in (1.5). We write Q € Cov(H), if

(1) Q€ Cov|0, o),
(it) YVw € Q3In_,ny € NgU {oo} 1 w=[zn_,Tn, ).
O

3.5 Lemma. Let H be a diagonal limit circle Hamburger Hamiltonian. Then
p(H) is equal to the infimum of all numbers d € (0,1] for which there exists a
family (U(R))r>1 of coverings Q(R) € Cov(H) such that (3.5) and (3.6) hold.

Proof. Tt is enough to show that for each number d € (0,1] and family
(QUR))r>1, QUR) € Cov[xg, o), with (3.5) and (3.6), there exists a family
(Q(R))g>1, QR) € Cov(H), such that (3.5) and (3.6) still hold.

The coverings Q(R) are constructed by modifying Q(R) in the obvious way.
Let w € Q(R).

— Case 1: Assume that there exists ann € Ny such that w C [z, p+1). Then
we include the interval @y, Z,+1) into Q(R).

— Case 2: Assume that Case 1 does not take place. Then there exists an n € N
such that z,, lies in the interior of w. Set

n_ := min {n € N : x,, inner point of w},
N4 = max {n € N: z,, inner point of w}7

and include the intervals (the middle interval appears only if n_ < ny)
[:E7l7_1,xn7), [xnfvwi)a [m7z+azn++1)

into Q(R).

Then Q(R) € Cov(H) and #Q(R) < 4 - #Q(R). In particular, (3.5) holds for
(QR))r>1- )

Consider the sum in (3.6) for the covering Q(R). Then only intervals of the
form [z,,_, 2, ) constructed from some w € Q(R) contribute a possibly nonzero
summand. However, [x,_,z, +) C w and hence

M@ 2o ) VM) S Mwn M), i=1,2.

We see that
S VA@N M) A@N M) < Y /A wn M) - Mw N M),
©€Q(R) weQ(R)
and conclude that (3.6) holds. |
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Proof of Theorem 3.1; computing p(H,). The estimate (3.1) and (3.2) give

a8 <oy < 3.7
o (Hy) < - (37)
First, we consider the case that ¢ = 2. We are going to employ [BS15, Theo-
rem 1.2]. Since H is diagonal, the orthogonal polynomials P,, are even for even
n and odd for odd n, and the Q,, are odd for even n and even for odd n. Hence,

Py, (0)% = lan, Q2n-1(0)* =1la—1, nE€N,

and hence (P, (0)%)5, € ¢Y/% and (Q2,_1(0)?)22, € /. Moreover, both

n=1 n=1
sequences are monotonically decreasing and

P, (0)%*  (2n—1)In*(2n — 1) o
Q2n—1(0)2/F 2n1n”(2n) ’

Hence [BS15, Theorem 1.2] is indeed applicable, and yields p(H>) < [ (a+/3)] 7.
Together with (3.7), thus p(Hz) = QQTQ =6 (Ha)™ L.

Now assume that ¢ > 3. In view of (3.7) we have to show that p(H,) > 1.
To this end, consider the auxiliary diagonal Hamburger Hamiltonian H with

lengths

o 1 , n=1,
" (nlnzn)_a, neN, n>2,

and the same angles as H. By monotonicity, / is regularly distributed and (3.1)
gives p(H) = L

Let d > p(H,) and choose, by virtue of Theorem 3.3, a family of coverings
(QR))r>1 € Cov(H) such that (3.5) and (3.6) hold for d. We are going to
modify this family so as to obtain a family of coverings for H. First we refine
the given coverings to construct (' (R))g>1 € Cov(H) such that (3.5) and (3.6)

hold for (€'(R))g>1 and d, and such that:

If j € N and w € (R) contains [xqj—1,2q;), then

either w = [xqj_1,q;) or w D [Xgj—3,Tqj—2)- (3.8)

Indeed, since ¢ > 3, this property can be achieved by splitting the intervals
w € Q(R) in at most three smaller ones, namely by cutting off the first or the
first two intervals of H which lie in w if necessary, and adding them to €'(R).
We have #Q'(R) < 3+ #Q(R) and the sum in (3.6) for Q'(R) does not exceed
the one for Q(R). Hence (3.5) and (3.6) hold for ('(R))r>1 and d.

The property (3.8) and monotonicity of (h;)$2, implies that for each interval
w which is not equal to a single interval of H,

> ha < S b € MwN M), weQ(R), i=12,

n=0 mod ¢ n#Z0 mod g
[‘Tnfhwn)gwm]\/[i [wnflywn)g“’ﬂM’i
and hence
> he £ 2MwnM), weQ(R),i=12 (3.9)
neN

[Zn—1,Tn)CwnNM;
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Denote by #, the nodes of H, and define Q(R) € Cov(H) to be the covering

QR) := {[Zn,Tm) : n,m EN, [zy,7) € V(R)}.
Then we have #Q(R) = #Q(R) and, by (3.9),
MN[Zns Zm) N M) < 2XM([Ty T) VM), [Eny Zm) € QR), i =1,2.

We see that Q(R) satisfies (3.5) and (3.6). Referring again to Theorem 3.3, this
time for H, gives d > p(H) = 1, and the result follows. Q
Finally, let us discuss the Livsic estimate (1.1). To translate Theorem 3.1 into
this language, we recall the modern proof of (1.1) based on Proposition 2.15.

Deduction of (1.1) from Proposition 2.15. Given a sequence (s,)52, of power
moments of a measure p on the real axis, we have for the corresponding orthog-
onal polynomials P,

1= (Pna Pn)L2(M) = bn,n(zna Pn)L2(M) < bn,n ||Zn||L2(p,) ||Pn||L2(u)7
—_—

from whence

1
bn.n > . 3.10
nZ = (3.10)
Using Proposition 2.15, (2.11), and plugging (3.10), yields
1
lim sup n < lim sup " njll < p((sn)pzo)- (3.11)
n— 00 11 Sop n—oo 1N 0pn
a

From Theorem 3.1 we now obtain examples for which the second inequality in
(3.11) is strict.

3.6 Corollary. For any p € (0,1] and r € (0, p) there exists an indeterminate
moment sequence (S,)°2; such that

1
p((sn)zo:()) =p and limsup Lﬂj} = 7.
n—oo M 0Onn

The sequence can be chosen so that s, = 0 for all odd n.

Proof. Let ¢ € N, ¢ > 3, and set a := % and 3 := 2 — (¢ — 1)a. Then the
moment sequence corresponding to H, has all the required properties. a
We close the paper with formulating an open question. We have just established

that the second inequality in (3.11) may be strict. Are there moment problems
for which

. Inn . nlnn
lim sup <limsup ——~ 7
n—roo 1 Son n—oo 11 bn,n

The answer is expected to be affirmative.
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