Bounds on order of indeterminate moment
sequences
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Abstract: We investigate the order p of the four entire functions in the Nevanlinna
matrix of an indeterminate Hamburger moment sequence. We give an upper estimate
for p which is explicit in terms of the parameters of the canonical system associated
with the moment sequence via its three-term recurrence. Under a weak regularity
assumption this estimate coincides with a lower estimate, and hence p becomes
computable. Dropping the regularity assumption leads to examples where upper and
lower bounds do not coincide and differ from the order. In particular we provide
examples for which the order is different from its lower estimate due to M.S.LivSic.
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1 Introduction

Let (5,)52, be a sequence of real numbers, and assume that the Hamburger
power moment problem for this sequence is solvable and indeterminate. Then
the totality of all positive Borel measures on R with power moments (s,,)22 is
parameterised via their Cauchy-transforms with help of an entire 2 x 2-matrix
function called the Nevanlinna matriz of the moment sequence. A classical
result of M.Riesz is that the entries of this matrix are entire functions of minimal
exponential type, cf. [10]. Further, all the entries of the Nevanlinna matrix have
the same order, cf. [2, 3]. We denote this common number by p((s,)32,) and
call it the order of the moment sequence.

The order can be computed for several moment sequences for which the
moment problem is explicitly solvable. As for theorems rather than examples,
the only known estimate for p((s,)32,) in terms of the sequence (s,)22, itself
(and — probably — the first result in this context dealing with growth properties
other than the exponential type) is due to M.S.Livsic back in 1939, cf. [8]. It

asserts that
2nlnn

(1.1)

p((8n)nZo) = lim sup

7
n— oo 11 Son

0o z2n

the right hand side being the order of the entire function )~ o~ The ques-
tion whether there exist moment problems for which the order is different from
its Livsic estimate appears to have remained open since then. In particular,
it is mentioned as such in [4]. The difficulty can be explained as follows. Let
P,(z) = ZZ:O bk’nz’“, n € Np, be the orthogonal polynomials associated with
the moment sequence ()52 . Then the order p((s,)52,) is expressed in terms

¥This work was supported by a joint project of the Austrian Science Fund (FWF, 11536
N25) and the Russian Foundation for Basic Research (RFBR, 13-01-91002-ANF), and by
RFBR Grant 16-01-00443).



of the coefficients by, ,, as

. —2kInk
pllsn)iz) = lmsup (12)
—% n X_:k bi,n

cf. [4, Theorem 3.1]. Livsic’ estimate (1.1) is obtained when dropping all sum-
mands but b2 . While the term by, ,, being the leading coefficient of the or-
thonormal polynomial P, is easily expressed via the Jacobi parameters of the
sequence ($,)22, see (1.3) below, and can in turn be estimated by sa,, the
other terms by ,,, k < n, are nearly impossible to control.

In this paper we show that there exist Hamburger moment sequences whose
order is strictly larger than the right hand side of (1.1). Actually, we shall
provide examples of symmetric (meaning that s, = 0 for odd n) moment se-
quences for which the gap between the actual order and the LivSic estimate can
be arbitrarily close to 1, see Corollary 3.6.

Another objective of the present paper is to establish upper and lower bounds
for the order of the indeterminate moment problem in terms of the corresponding
canonical system. The Hamburger moment problems correspond to canonical
systems whose Hamiltonian H has a very particular form [7]. Namely, H has
determinant zero, is piecewise constant, and constancy intervals accumulate
only to its right endpoint, cf. Definition 1.1. We employ the recent work [11]
about the order of the monodromy matrix of a canonical system to establish an
upper estimate in Theorem 2.7. The lower estimate given in Proposition 2.14
is easy to see and follows, e.g., from [4]. Under a weak regularity assumption
these bounds coincide, and hence yield a formula for order, cf. Theorem 2.22.

Structuring of the paper is as follows. In the remaining part of this introduc-
tion we recall the connections between moment sequence and Jacobi matrices
on the one hand, and canonical systems on the other. It is vital to have this
connection on hand, since our proofs proceed via the theory of canonical sys-
tems. Section 2 is in some sense the core of the paper. We establish the upper
and lower bounds for order and discuss regularily distributed sequences. The
subject of Section 3 is the construction of examples showing that equality in
Livsic’ estimate (1.1) may fail. In fact we show — slightly stronger — that the
bound obtained from (1.2) by dropping all summands but b2 ,, can differ from
the order by any pregiven number (only taking into account that the order is
always between 0 and 1), cf. Corollary 3.6.

Moment sequences, Jacobi matrices, and canonical systems

We establish our results on order taking the viewpoint of canonical systems.
To translate to moment sequences and/or Jacobi parameters, it is necessary to
have these connections on hand explicitly.

The relation between moment sequences and Jacobi matrices is most classical
and commonly exploited. A standard reference is [1]. Given a moment sequence
(8n)22, the orthogonal polynomials P,, n € Ny, satisfy a three-term recurrence
relation of the form

{an(z) = pnPrt1(2) + @uPrn(2) + pn1Pn-1(2), n=0,1,2,...
= 0’

P_l(Z) Po(Z) = \/19—0



The coefficients p,, and ¢, in this recurrency are called the Jacobi parameters
associated with the sequence (s,,)22 . They can be computed from the sequence
(5n)22, via determinantal formulae. However, these expressions are hardly
accessible to practical computation. One connection we need frequently is that

bn,n = <§pk) _1. (1.3)

Let us now recall the — maybe less commonly used — relation with canoncial
systems. The basic idea is that the three-term recurrence can be viewed as a
canonical system with a piecewise constant Hamiltonian. This idea can be made
precise: Hamburger moment problems correspond to a certain type of canonical
systems, and, under a suitable normalisation, this correspondence is one-to-one.
An explicit presentation of these matters can be found in [7], and we describe
this briefly below.

Let L € (0,00] and H: [0, L) — R?*2 be a measurable function such that for
almost every x € [0, L) the matrix H(z) is positive semidefinite with tr H (z) =
1. Then the equation

%y(mz) = —zJH(z)y(z,z), x=€]0,L),

where J := ((1) _01) and z is a complex parameter, is called the canonical system

with Hamiltonian H. If L < oo, we say that limit circle case takes place for H,
whereas for L = oo one speaks of limit point case.

Definition 1.1. Let [ = (In)22; be a sequence of positive numbers and let

—

¢ = ()22, be a sequence of real numbers with ¢, 1 Z ¢, mod 7, n € N. Set
xo =0, Ty 1= Zlk, n €N, Too 1= Zlk € (0, 00]. (1.4)
k=1 k=1

Denote

sin ¢

Then we call the function H : [0, 2) — R?? defined by

€= (COW) ¢ €R.

H(I’) = €¢n§;n7 T E [zn—lyxn)7 ne Na

the Hamburger Hamiltonian with lengths [ and angles QZ Sometimes we refer
to the points x,, as the nodes of H.
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The correspondence between moment sequences, Jacobi parameters, and Ham-
burger Hamiltonians is given via the formulae (here @,, n € N, denote the
polynomials of the second kind)

In = Pa(0)* +Qn(0)?, neN, (1.5)
pi = |Sin(¢n+1 - gbn)‘ V lnln+17 n e N7 (16)
G = == [COt(Gns1 — dn) + cOU(dn — 6n_1)], mEN.  (L7)

ln

Of course, this relation is again somewhat implicit since the above formulae
contain the off-diagonal Jacobi parameters and, by their structure, cannot easily
be inverted. However, the moment sequence (s,,)52 is indeterminate if and only
if the sequence [ = (I,)52, is summable. And if (s,)22, is indeterminate, then
its Nevanlinna matrix coincides with the monodromy matrix of the canonical
system with the corresponding Hamburger Hamiltonian, i.e., the matrix W (L, z)

where W (z, z) is the unique solution of the inital value problem

JEW (z,2) = zH(2)W (x,2), z€0,L],
W(0,z) =1.

2 Estimates for the order

We use a pointwise and an averaged measure for the decay of a sequence of
positive numbers.

Definition 2.1. Let ¥ = (y,,)52; be a bounded sequence of positive real num-
bers and let o« > 0. Then we set

A*(§) =sup {7 >0:y, = O(n" ")},
2n—1

A(Y) := sup {7’ >0: % Z Yr = O(n_T)},
k=n

n—1
S o . N o
(¥, a) = hnrr_1>1oréf G(n;¥,a) where G(n;¥,a):= T In (yn kl:[lyk>

The numbers A*(y) and A(y) are understood as elements of [0, oc]. Note here
that the sets appearing in their definition are nonempty, since ¥ is bounded.
The number 6(¢, «) is, a priori, an element of [—o0, o0].

Lemma 2.2. Let § = (yn)S2, be a bounded sequence of positive real numbers
and let « > 0. Then
A*(7) < A(y) <67, a).
Proof. The inequality A*(§) < A(g) is clear. To show that A(7) < (7, ),
consider 7 > 0 and ¢ > 1 with %Zii;l yr <en”7,n €N,
For m € N, m > 2, let p(m) = |logy(m — 1)| and r(m) € {0,...,2°(™) — 1}
be defined by m — 1 = 2P("™) 4 r(m). The arithmetic-geometric mean inequality



gives

p(m) 27-1 m—1
H w=11 I w II »
j=1 k=2i—-1 k=2r(m)
p(m) 27 -1 2771 m—1 (m)+1
_H( o) (s X))
kzzafl k=2p(m)
<c(20—1)—T < Tz)(z:’(l;vir)lc(gpm))—f
and we obtain
-1 m 1 p(m)
T (0 TIw) 2 [ o o S
mlog, m 082 \Um H k) = mlog, m “ Ong 82 ¢ Z
k=1
<10g2|\y|\
p(m) ) op(m) .
+T Z 12771 —(r(m)+1)log, Ty +L + (r(m)+1)7'p(m)}
=p(m)2r(m) 40O (2r(m))
1 1 9p(m)
> 2m)  r(m)+ 0g, © 4 o(1).
log, m m  log,m r(m)+1

Estimating the logarithm by its argument, we find that the second summand

in the right hand side is o(1). Since lim,, oo 1 (m) =1 we infer that §(¢, o) >

log,

T. a

2.1 An upper bound for p(H)

For a Hamiltonian H in the limit circle case we denote by p(H) the order of
the entries of its monodromy matrix. The following fact is, up to using the
connection (1.5)—(1.7), essentially the same as [4, Theorem 1.2].

Proposition 2.3. Let H be a limit circle Hamburger Hamiltonian with lengths
[ and angles gz? Then the order of H does not exceed the convergence exponent
ofl_; i.e.,

p(H) <inf{p>0: le 7.

In our first main result, Theorem 2.7 below, we give an upper bound for p(H)
which takes the asymptotic behaviour of the sequence of angles into considera-
tion.

To quantify the behaviour of length- and angle sequences of a Hamburger
Hamiltonian, we use the power scale and a pointwise measure for the decay of
lengths, an averaged measure for the decay of angle-differences, and a measure
for the speed of possible convergence of angles weighted with lengths, i.e., taking
into account peaks of lengths.

Definition 2.4. Let H be a Hamburger Hamiltonian with lengths [ and angles
¢. Set

N(H) = AD),  Af(H):=max{1,A,(H)},
A¢(H) = A((‘ Sin(¢71+1 - ¢n)|)%o=1)



Provided that A} (H) < oo, set
A(H) := sup sup {7‘ >0: Zl |sin(¢; — @) = O(nl_Af_T)} € [0, 0]
$€[0,m) j=n
When no confusion is possible, we drop explicit notation of H.

Remark 2.5. A pointwise estimate for the speed of convergence of angles has an
implication on A(H). Denoting

A*((Isin(¢n — 9)))221), ¢ mod 7 =lim, 00 ¢, mod 7 exists,

n=1

A (H) := .
0 , ¢ not convergent modulo 7,
it holds that A*(H) > A(H).
Lemma 2.6. The quantities Ay and A are related by
Ay —1<A
In particular, if Ay < oo, then Af—A(IH—A > 0 unless A?‘ =1land Ay = A+1.

In this, and subsequent proofs, we use the following notation: Let X,Y be
functions taking nonnegative numbers as values. Then

XSY = >0 X <Y
X=xY << X<YandY <X

Proof. The inequality is trivial if Ay < 1. Hence, assume that Ay > 1. For
arbitrary 7 € (1,A,) we have

oo 2tin—1

S sintosn - o =3" 3 Jsinérn — o) £ 3@ = 0t 7).

j=n =0 j=2in =0

By adding a proper multiple of 7 to each ¢,, we can assume without loss of
generality that (¢, 41 — ¢n| < 5. Then

Z|¢J+1 ¢J|<Z|Sm¢a+1 ¢;)| =0 ( T)v

Jj=n Jj=n

hence ¢ has the limit ¢ 1= ¢, +3°0° (Pnt1—bn). IfA; < 1, and hence A =1,
we get from convergence of the series Zj’;l l; that

Zl |sin(¢; — ¢)| <n'~ TZZ =0(n —(r= 1))
j=n

If A; > 1, and hence A?‘ = Ay, we have for arbitrary € > 0

0 o0 . N
I e e ]
j=n j=n

In both cases, this shows that 7 — 1 < A. a



Qur first theorem can now be formulated.

Theorem 2.7. Let H be a limit circle Hamburger Hamiltonian with lengths I
and angles ¢. Assume that (A?‘, Ay, A) #(1,1,0).

(i) Generic region: If A + Ay > 2, then

1

H < —.
" )—Af+A¢

(ii) Critical triangle: If A + Ay < 2, then

1 1—Ag+3A

p(H)SmaX{ - 2 }
AN +Ay A=Ay +A

The proof of this theorem will be carried out in §2.2. Before that we discuss

several aspects.

Remark 2.8 (Sharpness). We will see that for a large class of Hamburger Hamil-
tonians in the generic region the stated upper bound is equal to their order, cf.
Theorem 2.22. Contrasting this, in the critical triangle (and A, > 0), we do
not know whether the given bound is sharp. In fact, we have no example which
lies inside the critical triangle where p(H) can be computed. In particular, it
is unknown whether the speed of possible convergence of angles measured by A
influences the order. We believe the answer is affirmative.

In the case excluded in the assumption, namely if (A;7, Ay, A) = (1, 1,0), we
have only the trivial bound “p(H) < 1”7, and again do not know if this bound
is attained by some Hamburger Hamiltonian.

Next let us have a closer look at the two expressions whose maximum establishes
the upper bound in the critical triangle. Set

D::{(a:,y,z)€R3:xz1,y207220,y§z+1,x—y+z>0},

1—y+%z
::7 D.
9(x,y, 2) e (2,9, 2) €
Then
L gy e 022 )y — 22) (2.1)
Ty S92 < z=y)ly - 57 :
1

the function g(z,y, -) is decreasing if x + y < 2, increasing if  +y > 2, and the
function g(z, -, z) is monotone nonincreasing.

The relation (2.1) shows that the given bound in the critical triangle equals
m if and only if Ay < %A.

As we have already observed in Lemma 2.2 and Remark 2.5, pointwise es-
timates lead to estimates for Ay and A. From this we obtain the following

corollary where the — easier to handle — quantities

A} = A((\ sin(Pp41 — ¢n)‘)20:1)7

and A* appear instead of Ay and A. Of course, this statement is weaker than
Theorem 2.7.



Corollary 2.9. Let H be a Hamburger Hamiltonian with lengths [ and angles
¢. Assume that (A?‘,A;,A*) #(1,1,0). Then

1 + *
Af+As A A¢ z 2,
p(H) < § 1251 30" A+ 4 A* <9
AT-ajtas B TRg <

Deduction of Corollary 2.9 from Theorem 2.7. We distinguish three cases.

— Case Az+ + A; > 2: We have Al"’ + Ay 2> Al‘" + A; > 2. Towards a
contradiction assume that (A", Ay, A) = (1,1,0). Then Aj <land Af—l—Az >
2 implies Ag = 1. Moreover, A* < A, and hence A* = 0. This case, however, is
excluded by assumption. Thus Theorem 2.7 applies and yields

1
< < .
SAF A, AT A

p(H)

— Case A?‘ + A < 2,Al+ + Ay > 2: If (A;F,A) = (1,0), then also A* = 0,
and hence g(Af,Az,A*) =1, cf. (2.2). Assume that (A, A) # (1,0). Then
Theorem 2.7 and the obvious fact that A* < A} yields

p(H) < : :

< < g(AF, A% A").
—Af+A¢—Al++A;;—g(l s A7)

— Case Al‘" + A < Q,AT + Ay < 2: We have

1
p(H) § max{ﬁyg(A?_vA@A)}

LA

< max { LA AL A = g(AFAGLAY).

1
A+ A
a

Comparing the nature of the quantities Ay, A and A%, A*, and having in mind
Proposition 2.3, suggests that there might be room for improvement by intro-
ducing an averaged measure for the decay of lengths. However, as examples
show, there seems to be an intrinsic obstacle.

2.2 Proof of Theorem 2.7

To start with we settle two simple cases.

— If (A, A) = (1,0) and hence Ay < 1, or if (A, Ay) = (1,0), the assertion
reduces to the trivial bound “p(H) < 17.

— The convergence exponent of ()52 is not larger than ﬁ. Therefore Propo-
sition 2.3 entails 1 L
p(H) < . (2.3)
A

In particular, the assertion of the theorem holds if Al'" = 00.



These observations justify that throughout the following we may assume
(AF,A) # (1,0), (A, A4) # (1,0), Ay < o0

Note that these assumptions imply that the right hand side in asserted bound
is strictly less than 1.

We are going to employ [11, Theorem 1] which provides an upper bound
for the order of a (arbitrary) Hamiltonian. This theorem is based on finding
appropriate approximations of a given Hamiltonian by simple ones.

Definition 2.10. Let N € N, let (,,)2_; be a finite sequence of positive num-
bers, and let (¢,)Y_; be a finite sequence of real numbers with ¢, 11 # ¢n
modm,n=1,...,N — 1. Set

n

zg =0, xn::Zln,nzl,...,N.
k=1

Then we speak of the function H : [0,7x) — R?? which is defined by
H(CC) = £¢n€:;n? (S [xn—lvxn)v nzla"'an

as the finite rank Hamiltonian with parameters (N, (I,)M_;, (¢n) ).

54’1 521 §¢2 5:52 gd’N §;§N
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Theorem 2.11 ([11]). Let L € (0,00), and let H : [0, L) — R®? be a Hamilto-
nian with tr H =1 a.e. Let d € (0,1], and assume that there exists a family of
finite rank Hamiltonians

H*(R), R>1 (parameters (N*(R), (5 (R, (63(R)C7))
and a family of sequences of weights
(an(R)N P R>1 with an(R) € (0,1],

such that (O-notation is understood for R — oo, ||.|| denotes any matriz norm,
and z3(R) is defined as in (1.4) from I} (R))

N*(R) 1 zi (R)
] * _ d—1
0 3 oy */@ |(0) ~ [ (R de = O(R5)
N*(R)
(i) Y ax(R)*Ii(R) = O(R*1),
k=1
N*(R)—1 .
i n |sin (¢7.41(R) — $1(R))] _ d
(ii7) k; 1 <1+ B a® >—O(R),



N*(R)—1 "
(iv) [mai(R)| + |may-m (B + Y ‘mL‘_ (R).
k=1

Then the order of the entries of the monodromy matriz of H does not exceed d.
The following notation will be used throughout.

(i) If X,Y : [1,00) — [0,00), then we define

X(R)=XY(R) <= Ve>03C>0VR>1: X(R)<CRY(R)

(7i) If 2,y € R with < y, and X} € C for k € [x,y] N Z, then we write

Y= Y X

k>x k€lz,y]NZ

We set A:ﬁ = Ay if Ay < 00, and let Afﬁ be an arbitrary number larger than 1
if Ay = o0o. Next, for ¢ € [0,7), set

A(¢) = sup {T >0: 3" 1y]sin(¢; — ) = o(nlfArfT)} € 0,00].

Jj=n

Again, set A(¢) = ((/)) if A(¢) < oo, and let A(¢)" be an arbitrary number
larger than 1 if A(¢) =

Consider ¢ € [0,7) such that (A, A(®)) # (1,0), and let d(¢) be any
number with

1 + /
Af+Al oAy +A¢ 22,

1 1 A/-‘r A(g)’ + ’
maX{AlﬂrA'd)’AL* A+ AG) }, A+ A, <2

1> d(¢) > (2.4)

Given R > 1 we define an approximating Hamiltonian as a cut-off of H pro-
longed by one interval with angle ¢. The cutting point will be the node xy(g)

where
1-d(#)

N(R) = | RAT- 2072 |

Note that the value (1 —d(¢))(A;F — 1+ A(¢)'/2)~! appearing in the exponent
is positive. Now we define

I, . n=1,...,N(R)
Too —TN(R) > TL:N*(R)

* ) on, n=1,...,N(R)
Gu(R) = {m o

and let H*(R) be the finite rank Hamiltonian given by this data.

10



The required weights a,,(R) are defined by (here we set o := (A + A:ﬁ)‘l)

Fn , 1<n< k7,
an(R)?:= { LpdA7-2)  Ro <n < N(R),
iAW) , n=N*R).

We need to check that a,(R) < 1. This is clear in all cases except when
n € (R°,N(R)] and A" > Al. Then it amounts to showing

1_d(¢> + A/
A TrA@ra S A=

or, equivalently,
1— Al — SA(¢)

A SO (25)

To this end, notice that
1— AL —LA(¢) I 1A(g)
Af—Aﬁb - Af—A;ﬁ—A(@”

fora/b<(a+z)/(b+x)ifa <b, £ >0,b>0. This implies (2.5) in the case
Al'" + Aib < 2. In the case A;r + A:ﬁ > 2 the inequality

1—A’¢ 1
AP — A SA* A
1~ e ;T ¢

holds, and (2.5) follows because A(¢)" > 0.

We now show that with the above approximation and d := d(¢) + €, where
€ > 0 is arbitrary, the hypotheses of Theorem 2.11 are satisfied. To shorten
notation, we drop the argument R whenever convenient.

Item (i):
N+1 1 x; 1 T oo T
S [ @ - H @ de= o [ ) - ot do
k=1 "k YTy N+1 Jay
< NA@)'/2 Z Li|sin(¢; — ¢)| < NAM@ /2 N1-A=A@) < Rd(@)-1
J=N+1
Item (i7):
w 1 RZ 1 ZN: +
o _ 1 A 1 (aF—aL)/2 A /2(,
aklk = k2 + k'S o)+ N (zoo .TN). (26)
k=1 R E>1 VR k>Re

Since [} =< k’A’, the first term in the right hand side satisfies

R
%ZkAllk < Ro-l < RUO-1,
E>1

11



Since Too — TN = ZZO:N_H I =< leAer, we have
N*A(qb)'/?(zOQ —an) = N-(A—1+A(9)'/2) < Rd(#)-1

In order to estimate the second term on the right side of (2.6), we distinguish
the cases that A" > 1 and A = 1.

— Case A;“ > 1: Then A; = Al , and we obtain

N N
— FAT=20)/2, < — Z (A7 +A%)/2
k2
\F 2k \F
k>R
. (Ra)lf(A?'JrA'd))ﬂ’ A*—i—A’ <9
<—<{InN , A++A’—2
| n-eieape Al*+A’ <2

In the first case, since ¢ < % and (A + A4)/2 > 1, it holds that
(Ro)l_(AhrAﬁb)/Q = R7"2 < RY®~3_ In the second case d(¢) > % and hence

In N < RU9)=3_ In the third case, (2.5) implies that

1—d(¢) A+ Ay 1
Af—1+A(¢)//Q(1_ 2 )Sd(@_i'

We find that N~ (A7 +46)/2 < Rd(6)-3

— Case A?‘ =1:
N ) N
Loy pareaiey, < L Z max EA—AL)/2
\/> S f{ } Ro<k<N
L faesr, as
> \/E N(I—A;)/Q , A;ﬁ <1
In the case A;ﬁ > 1 observe that
1= A 1 d(¢) d(¢)

¢

g

and in the case A’¢ < 1 that

1 d(9) 1 - A I ;A
O Tt B

<d(¢)[1 - Aj+ A¢)].
Thus, the right hand side in (2.6) is O(RU?)~1) in all cases.

Item (iii): The weights a,, are, independently of n, bounded from below by an
appropriate power of R. Hence, we have In (1 + w) < InR, and

Apt1ak

12



obtain

R41 . .
S In Lo 00k = GO o po ) B < pa)

n (1 n |sin(di,y — ¢7v)|> <R < R
AN4+1aN ~ ~

In the remaining part of the sum the second line of the definition of weights
applies to the effect that

N1 e N N1
sin — 1
Y (1 N M) < ¥ | sin(¢n1 — on)]
k>R +1 Cht10k k> Ro 41 WRH10k

N-1
= > VR-((k+ DRTEOTA)  sin(dren — ¢
k>Ro+1
logy(N/R7)+1  27R7—1
SVR- Y ( > |sin(grr — ¢k)|)
i>1 k>2i-1Re
logy(N/R7)+1 2R 1

SVR- Y ( 3 |sin(drrr — 6| ) (QjRa)*%(ATfAQs)

max 3 (AT =4%)
ke[29-1 R 23 R

j>1 k>2i—1Re
log, (N/R%)+1 ,
< VR (R%)"2(& =80 Z (2]‘7130)1*% 9k (A -ay)
Jj=21
log, (N/R™)+1
= VR-(R7)\ATHAD/2 S il L)/
Jj=1
(RO)I-(ATHA2 0 AF LAl > 2
<VR-{InR , Al++A;5=2
NI-AI+802 - AF AL <2

By what we showed in the proof of “Item (i7)”, the last expression is in all cases
< RUP)

Item (iv): As we already observed, the weights a,, are bounded below by some
power of R. Hence, each summand appearing in “Item (iv)” is < In R. Moreover,

we have
A

(ak+1)2 (54) , 1<k<R -1,
ap /| (B)EA A R cp <N -1,

and together it follows that

a

N
k+1‘<lnR+ In 1+l <InR < RU®.

N
|lna1‘ + |1naN+1| +Z’1n
k=1

We see that Theorem 2.11 is indeed applicable, and yields that p(H) < d(¢) +e.
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The proof of Theorem 2.7 is completed by letting € \, 0, passing to the
infimum over all d(¢) subject to (2.4), passing to the supremum over all ¢
subject to (A, A(¢)') # (1,0), and — if necessary — letting Ay, /oo and
A(g)" 7 o0.

Remark 2.12. Choosing the approximating Hamiltonian as a cut-off of H is of
course natural. The choice of the weights a; in the proof is based on term-by-
term optimization in conditions (é¢) and (4i7) assuming that the replacement of
ajajyq in the denominator in (4iz) by a? does not spoil the estimate too much.

2.3 A lower bound for p(H)

The following limes inferior appears naturally in estimating order from below.
Definition 2.13. Let H be a Hamburger Hamiltonian with lengths [and angles
¢. Then we set

m—ro0

01.4(H) := liminf [G(m; I, 3) + G(m; (| sin(Pn41 — dn)l)otys 0)}

The meaning of d; 4 is easily explained. Recall the notation b, , for the leading
coefficient of the orthogonal polynomial of degree n. Plugging (1.3) into (1.6)

we have . . )
binm = ( 11 Pk) = [ Isin(drr1 = &)1V ilis1,
k=1 k=1

from whence
—Inbmm

01,4 = lim inf (2.7)

m—oo minm

The following fact is now essentially the same as [4, Proposition 7.1(iii)].

Proposition 2.14. Let H be a limit circle Hamburger Hamiltonian with lengths
l and angles ¢. Then
1

>_ -
T ,e(H)

Proof. According to [4, Proposition 7.1(iii)], p(H) is greater or equal to the order
of the entire function ZZO:O bp,nz™. The assertion follows from the standard
formula for the order of an entire function in terms of its Taylor coefficients,
see, e.g., [6, Theorem 2.2.2]. Qa

p(H) (2.8)

Remark 2.15. It is possible to prove Proposition 2.14 directly, i.e., without ad-
dressing the correspondence between Hamburger Hamiltonians and orthogonal
polynomials. To this end, one has to use the multiplicative representation of the
monodromy matrix W (L, z) by monodromy matrices corresponding to intervals
(xj—1,x;), and take into account the fact that the matrix elements of W(z;, 2)
are polynomials in z with real roots and so their moduli at z = ir, 7 € R, are
estimated from below by the absolute value of the respective leading coeflicients.

The interested reader is referred to the extended preprint [9], where we
included this alternative proof of Proposition 2.14.
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Sometimes it is useful to look at the lengths and angles of a Hamburger Hamil-
tonian separately. In fact, this viewpoint is vital when comparing the lower
bound (2.8) for p(H) with the upper bound established in Theorem 2.7. Also,
it helps when considering concrete examples.

Definition 2.16. Let H be a Hamburger Hamiltonian with lengths ['and angles
¢. Then we set

1 . 7 1
0 (H) := lig?ofG(m’l’ 5)5

§p(H) == li{giélofG(m; (Isin(¢nr1 — ¢n))niy,0).

The next statement is an immediate corollary of Proposition 2.14.
Corollary 2.17. Let H be a Hamburger Hamiltonian with lengths [ and angles

(E. Assume that at least one of & and 04 exists as a limit. Then

1
H) > .
p( )_5l+5¢

Let us provide an example that the additional assumption in the corollary cannot
be dropped.

Proposition 2.18. Leta > > 1 and vy > 0 with f+3 < a < 427 be given.

Consider the Hamburger Hamiltonian H with lengths and angles given by

n~®, 2% <n<2%tl 5 c N,
l, =

n B, 22-1<n<2% jeN,

z 221 <p < 2¥H j e Ny,

¢1:=0, Ppy1 — Pn = , ,
n=v, 2%-1<p<2% jeN.
Then p(H) < ﬁ,

Proof. By the choice of a being greater than j,

- 26+«
_ 2m. 1y _
o(H) = lim G2 04) = ==
Then Y
o (H) = T G(227 5 (|sin(dn 1 — 6n))30,0) = 2.

On the other hand, if M, (z) is the monodromy matrix corresponding to n-th
interval of the Hamiltonian, then for any ¢ > 0

92i+1_q 92j+1 ‘ | 92j+1 1
z
og| T] Ma2)| <tog T (1+ ) < Celaf/ove 3 —
n=22Jj n=22Jj n=22J

hence the product of the norms of M,, over n € |J 227 2211 is estimated

1/a+e
above by eC?| . Then,

jemol

229 -1 224 1
og|| TT Ma(e)| < Culaf/e40e 3= L
n=22j-1 n=227i-1

15



The proof of this fact can actually be taken verbatim from the proof of the rele-
vant part of Theorem 1 in [11] by choosing the a2 as in the proof of Theorem 2.7
above (in the case A; > 1, A; 4+ Ay > 2). Adding up the obtained estimates in
4 we find that the product

00 220 1
[T I o
j=1 n=22i-1

is estimated above by eClalt/Hmee By the chain rule for the monodromy matrix

it follows that p(H) < max{a~!, (8+v)'}. Now the condition on parameters
«, § and 7 in the assumption ensures that

1 1
— <&+ d —— <6, +6,.
o 1T 04 an B+~ 1T 0¢

2.4 Regularly distributed data

The formula for p(H) given in Theorem 2.22 below is obtained by comparing
the upper and lower bounds of Theorem 2.7 and Proposition 2.14. The decisive
property which enables to show that these bounds coincide is a certain regularity
of the distribution of the sequences of lengths and angle-differences.

Definition 2.19. We call a sequence § = (y,,)22; of positive real numbers
reqularly distributed, if

This notion of regularity rules out heavy oscillations but also sparse peaks where
very large or very small elements occur.

Remark 2.20. Many examples of regularly distributed sequences are provided
by the following observations.

(i) Each monotonically decreasing sequence is regularly distributed.

(#4) If ¢ is regularly distributed and w, < y,, then @ is regularly distributed.

Lemma 2.21. Let § = (y,)52 be a bounded and regularly distributed sequence
of positive real numbers and let o > 0. Then

AN(G) = A(Y) = 6(7, ).

Proof. By Lemma 2.2 it remains to show that §(7,a) < A*(). If §(¢,a) = 0,
this inequality holds trivially. Assume that §(#, «) is positive, and consider
7 € [0,6(¢, «)). For all sufficiently large m we have

mlnm

m—1
r < Glmga) = —— (3 [] w).
k=1

16



This implies that

§\H

and we conclude that y,, <n™". a

In the formulation of the next result the quantity A from Definition 2.4 is used.

Theorem 2.22. Let H be a limit circle Hamburger Hamiltonian with lengths U
and angles ¢. Assume that [ is reqularly distributed, that at least one of 6 and
0y exists as a limit, and that either

(A) The sequence (|sin(¢n1 — ¢n)|)o, is regularly distributed, 6; + 5y > 2,
and (4, (5¢,A) # (1,1,0),

or
(B) 8, = 0.
Then 1
P =550

Proof. The sequence lis summable, and hence A(l_j > 1. Lemma 2.21 gives
)= A = AF.

Moreover, the overall assumptions of the theorem ensure that §; 4 = d; + .
Assume that (A) holds. Then

6(17 = 6((| Sin(¢n+l ¢n)|)n 1> ) = A((l Sin(¢n+1 - ¢n)|)$f:1) = Ad’a

and the further assumption in (A) just say that Theorem 2.7 is applicable and
that we are in the generic region. Thus

1 1 1
= = — < H< ——.
e T PR Y .y

If (B) holds, it is enough to remember Proposition 2.3 and Proposition 2.14
which yield

a

Let us now discuss two basic examples.

Ezample 2.23 (Power-like behaviour). Let H be a Hamburger Hamiltonian with
lengths [ and angles ¢, and assume that

(0%

lnxn™% [sin(¢ni1 — ¢n)| X n—ﬁ7

with @ > 1 and 8 > 0. Then both sequences [ and (|sin(¢ni1 — ¢n)])S2, are
regularly distributed, cf. Remark 2.20, §; and d4 exist as limits, and

51 Al—OL 5¢:A¢:A2:ﬂ
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If o + 8 > 2, we obtain

1
H) = :
p(H) p
if a + 8 < 2, we have the bounds
1 1-8
<pH)< .
ot SPH) = T3

Ezample 2.24 (jumping angles). Consider a limit circle Hamburger Hamiltonian
whose angles ¢ satisfy |sin(¢n+1 — ¢5)| < 1. Then 6y = Ay = A% =0, and J,
exists as a limit. Proposition 2.3 and Proposition 2.14 imply

1

=~ < p(H)

<
o 7Al+’

remember here (2.3). Using the more involved Theorem 2.7 inside the criti-
cal triangle does not improve this bound. Regardless of the value of A, the
1

maximum in Theorem 2.7, (i7), equals AT
l

3 Diagonal Hamiltonians with irregularly dis-
tributed lengths and the LivSic estimate

If the lengths and angle-differences of a Hamburger Hamiltonian are not regu-
larly distributed, the upper and lower bounds from Proposition 2.3, Theorem 2.7
and Proposition 2.14 need not coincide. This section is devoted to the construc-
tion of — simple and explicit — examples which show that neither of these bounds
necessarily coincides with the order.

Such examles are already found in the class of diagonal Hamburger Hamil-
tonians, i.e., Hamburger Hamiltonian with angles ¢,, all being integer multiples
of 5. To make the connection with moment problems, by (1.7), diagonal Ham-
burger Hamiltonians correspond to moment sequences with s, = 0 for all odd
n. In turn, these are the Hamburger moment problems which arise from sym-
metrising a Stieltjes moment problem.

Remember Example 2.24 which shows in particular that for a diagonal Ham-
burger Hamiltonian H always 64(H) = Ay(H) = A%(H) = 0 and so

1
&1(H)

Theorem 3.1. Let o € [1,00) and 8 € (o, 00) be arbitrarily prescribed numbers.
Let ¢ € N, ¢ > 2, and consider the Hamburger Hamiltonian H, with angles
¢n :=n%, n €N, and lengths

1
Af(H)

< p(H) <inf{p>0: [ €’} < (3.1)

1 , n=1,
Iy = (nlnzn)_"‘7 n#Z0 modgq, n>2,
(nln*n)~f, n=0 mod q.
Then
_g—1 1

- 1
mf{p > OZ l c EP} = a, 51(Hq) TO( + gﬁ, (32)
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and

On first sight it may seem peculiar that p(H,) is different for ¢ = 2 and ¢ = 3,
but constant for ¢ > 3. One intuitive explanation might be that the dominating
subsequence of lengths (n £ 0 mod ¢) sees the jumps of angles if ¢ > 3 whereas
for ¢ = 2 it does not.

Proof of Theorem 3.1; the equalities (3.2). The first equality in (3.2) is obvious.
In order to compute &;(H,), consider first the sequence A defined by

I n~®, m#%0 mod g,
" Inf, n=0 modq.

Then

kﬁlAk =TI ( | @)) - (T1@)~?)

k=1 j=1 j=1
- al % n @ —B2 n -
= ()¢ LqJ(LEﬂ) q BLqJ(LfJ!) )
Applying the Stirling formula we find that
- -1 1
lim G(ns X 1) =120+ 28
q q

n—oo

Q

It holds that lim, . G(n; (/l\—’;),;“;l, 1) =0, and we obtain

, 21 . -1, ¢-1 1
0i(Hy) = lim G(m;l, 5) = lim G(n;A, 5) = Toz—l— ;6.

n—oo n—oo

a

Computing the order of H, for ¢ > 3 relies on [11, Theorem 2] which tells us
how to compute the order of a diagonal Hamiltonian. Let us recall this theorem.
To formulate it, one more notation is needed.

Definition 3.2. Consider a nonempty interval [a,b). We denote by Cov]a,b)
the set of all coverings Q of [a,b) by finitely many pairwise disjoint left-closed
and right-open intervals contained in [a, b).

Moreover, we denote by A the Lebesgue-measure on R and by #F the number
of elements of a finite set F.

Theorem 3.3 ([11]). Let L € (0,00), and let H : [0, L) — R®? be a Hamilto-
nian with tr H =1 a.e. and

det H(x) = 0, H(z) diagonal, z €]0,L) a.e.

Set
velo,n): Hz) = (5 0)},

(91

=
i
—

zel0,L): H(xz)
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Then p(H) is equal to the infimum of all numbers d € (0,1] for which there
exists a family (Q(R))r>1 of coverings Q(R) € Cov|0, L) such that

#Q(R) = O(RY), (3.3)

> VAwn M) Awn Mp) = O(R*H). (3.4)
weQ(R)

Observe that, since the real and symmetric 2x2-matrix H () satisfies tr H (z) =
1, it holds that det H(z) = 0 and H(x) is diagonal if and only if

H(z) = ((1) 8) or H(z)= (8 ‘1))

It is an important observation that in Theorem 3.3 it suffices to consider cover-
ings by intervals with endpoints at nodes x,,.

Definition 3.4. Let H be a diagonal Hamburger Hamiltonian, and let z,,
n=0,1,...,00 be as in (1.4). We write Q € Cov(H), if

(1) Q€ Cov[0, T ),

(it) Yw € Q3In_,ny € NgU {oo} : w=[zn_,Tn,).

Lemma 3.5. Let H be a diagonal limit circle Hamburger Hamiltonian. Then
p(H) is equal to the infimum of all numbers d € (0,1] for which there exists a
family (U(R))r>1 of coverings Q(R) € Cov(H) such that (3.3) and (3.4) hold.

Proof. Tt is enough to show that for each number d € (0,1] and family
(QUR))r>1, QUR) € Cov[xg, T ), with (3.3) and (3.4), there exists a family

(UR))r>1, R) € Cov(H), such that (3.3) and (3.4) still hold.
The coverings Q(R) are constructed by modifying Q(R) in the obvious way.
Let w € Q(R).

— Case 1: Assume that there exists an n € Ny such that w C [z, Z,41). Then
we include the interval [z, z,4+1) into Q(R).

— Clase 2: Assume that Case 1 does not take place. Then there exists an n € N
such that z,, lies in the interior of w. Set

n_ := min {n € N: z,, inner point of w},

N4 = max {n € N : z,, inner point of w},

and include the intervals (the middle interval appears only if n_ < ny)
[t —ven ), [#n o wny)s [Eng, w0 g)

into Q(R).

Then Q(R) € Cov(H) and #Q(R) < 4 - #Q(R). In particular, (3.3) holds for
(QUR))r>1-
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Consider the sum in (3.4) for the covering Q(R). Then only intervals of the
form [z,,_,z,, ) constructed from some w € Q(R) contribute a possibly nonzero
summand. However, [z,,_,%,,) C w and hence

Mzn_ 2o, ) N M) < Mwn M), i=1,2.

We see that
ST VA@N M) A@N M) < Y V/A(wn M) - Mw N M),
5eQ(R) wEQ(R)
and conclude that (3.4) holds. Q

Proof of Theorem 3.1; computing p(H,). The estimate (3.1) and (3.2) give
-1 1 71-1 1
(e g <) < - (3.5)
q q o

First, we consider the case that ¢ = 2. We are going to employ [5, Theorem 1.2].
Since H is diagonal, the orthogonal polynomials P, are even for even n and odd
for odd n, and the @,, are odd for even n and even for odd n. Hence,

P, (0)% = lan, Qan—1(0)? =1lap1, mnEN,
and hence (Py,(0)?)%°

% € (Y8 and (Q2,-1(0)%)22, € £*/*. Moreover, both
sequences are monotonically decreasing and

Py, (0)¥  (2n—1)In*(2n — 1)
Qan-1(0)2/7 2n1n”(2n)

Hence [5, Theorem 1.2] is indeed applicable and yields p(Hyz) < [3(a+ B)] 1
Together with (3.5), thus p(H3) = a+ﬂ = §(Hy)™?
Now assume that ¢ > 3. In view of (3.5) we have to show that p(H,) > *.

(e

To this end, consider the auxiliary diagonal Hamburger Hamiltonian H with
lengths

b 1 , n=1,
"l (nln®n)"%, neN, n>2,

and the same angles as H. By monotonicity, £ is regularly distributed and (3.1)
gives p(H) = 1

Let d > p(H ) and choose, by virtue of Theorem 3.3, a family of coverings
(QR))r>1 € Cov(H) such that (3.3) and (3.4) hold for d. We are going to
modify this family so as to obtain a family of coverings for H. First we refine
the given coverings to construct (Q'(R))r>1 € Cov(H) such that (3.3) and (3.4)

hold for (€'(R))g>1 and d, and such that:

If j € N and w € QY(R) contains [xqj—1,2q;), then

either w = [xqj_1,2q;) or w D [Tgj—3,Tqj—2)- (3.6)

Indeed, since ¢ > 3, this property can be achieved by splitting the intervals
w € Q(R) in at most three smaller ones, namely by cutting off the first or the
first two intervals of H which lie in w if necessary, and adding them to €'(R).
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We have #Q'(R) < 3 - #Q(R) and the sum in (3.4) for Q'(R) does not exceed
the one for Q(R). Hence (3.3) and (3.4) hold for (¥'(R))r>1 and d.

The property (3.6) and monotonicity of (h;)32; implies that for each interval
w which is not equal to a single interval of H,

Yooy < > hy < MwnM;), weQ(R),i=12,

n=0 mod ¢ n#Z0 mod ¢q
[Zn—1,2n) CwNM; [Zn—1,2n)CwNM;
and hence
S ha < 2Mwn M), weQ(R), i=12 (3.7)
neN

[@n—1,Tn)CwNM;
Denote by &, the nodes of H, and define Q(R) € Cov(H) to be the covering
QR) :={[Zn,&m) : n,m €N, [z, ) € V(R)}.
Then we have #Q(R) = #Q(R) and, by (3.7),
M[Zn, Zm) N M;) < 2M([T0, Zm) VM), [Ep, Zm) € Q(R), i =1,2.

We see that Q(R) satisfies (3.3
time for H, gives d > p(H) =

) and (3.4). Referring again to Theorem 3.3, this
é, and the result follows. Q

Finally, let us discuss the Livsic estimate (1.1). To translate Theorem 3.1 into
this language, we recall the modern proof of (1.1) given in [4].

Deduction of (1.1) from Proposition 2.14. Given a sequence (s,)52, of power
moments of a measure p on the real axis, we have for the corresponding orthog-
onal polynomials P,

1= (Pnypn)Lz(p) = bn,n(zn»Pn)Lz(p) < bn,nHZn”L?(u) = bn,n\/ Son,

from whence

1
bnn > . 3.8
il m ( )
Using Proposition 2.14, (2.7), and plugging (3.8), yields
1 1
lim sup AR lim sup " njll < p((sn)pzo)- (3.9)
n— o0 1 Sop n—00 n n,n
a

From Theorem 3.1 we now obtain examples for which the second inequality in
(3.9) is strict.

Corollary 3.6. For any p € (0,1] and r € (0, p) there exists an indeterminate
moment sequence (s,)0>, such that

1
p((sn)nzo) =p and lirnsupm

—1
n—o0 hl bn,n

The sequence can be chosen so that s, = 0 for all odd n.
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Proof. Let ¢ € N, ¢ > 3, and set o := 1 and 3 := 4 — (¢ —1)a. Then the

moment sequence corresponding to H, has all the required properties. a

We close the paper with formulating an open question. We have just established
that the second inequality in (3.9) may be strict. Are there moment problems

for which
. Inn . nlnn
lim sup <limsup ———~ 7
n—oo 1182 n—oo 1N bn,n

The answer is expected to be affirmative.
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