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Abstract
The two-dimensional Hamiltonian system
(%) y'(z) = zJH(z)y(z), =€ (a,b),
where the Hamiltonian H takes non-negative 2 x 2-matrices as values,

and J = ((1) 701), has attracted a lot of interest over the past decades.

Special emphasis has been put on operator models and direct and inverse
spectral theorems. Weyl theory plays a prominent role in the spectral
theory of the equation, relating the class of all equations (%) to the class
No of all Nevanlinna functions via the construction of Titchmarsh—Weyl
coefficients.

In connection with the study of singular potentials, an indefinite (Pon-
tryagin space) analogue of equation (x) was proposed, where the ‘general
Hamiltonian’ is allowed to have a finite number of inner singularities. Di-
rect and inverse spectral theorems, relating the class of all general Hamil-
tonians to the class N<o of all generalized Nevanlinna functions, were
established.

In the present paper, we investigate the spectral theory of general
Hamiltonians having a particular form, namely, such which have only one
singularity and the interval to the left of this singularity is a so-called
indivisible interval. Our results can comprehensively be formulated as
follows.

— We prove direct and inverse spectral theorems for this class, i.e.
we establish an intrinsic characterization of the totality of all
Titchmarsh—-Weyl coefficients corresponding to general Hamiltoni-
ans of the considered form.

— We determine the asymptotic growth of the fundamental solution
when approaching the singularity.

— We show that each solution of the equation has ‘polynomially regu-
larized’ boundary values at the singularity.

Besides the intrinsic interest and depth of the presented results, our mo-
tivation is drawn from forthcoming applications: the present theorems
form the core for our study of Sturm-Liouville equations with two sin-
gular endpoints and our further study of the structure theory of general
Hamiltonians (both to be presented elsewhere).
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1 Introduction

In order to explain our present results and their significance, we need to re-
call the theory of positive definite and indefinite Hamiltonian systems up to
a certain extent. We thus divide this introductory section into five parts: in
the first two parts, we recall the required notions and facts, then we discuss in
detail the present theorems, our motivation, and the organisation of the present
manuscript.

Two-dimensional positive definite Hamiltonian systems.

Consider a Hamiltonian system of the form
y'(x) = 2zJH(z)y(z), x € (a,b), (1.1)

where (a,b) is some (possibly unbounded) interval, z is a complex parameter,

J = ( (1) _01) and H is a 2 x 2-matrix-valued locally integrable function defined

on (a,b) which takes real non-negative values and does not vanish on any set of
positive measure. The function H is called the Hamiltonian of the system (1.1).

Hamiltonian systems have been intensively analysed via various approaches.
Operator methods were used, e.g. in [AD], [dB], [GK], [GM], [HSW], [K1]-[K4],
[KL4], [0}, [S].

With the system (1.1) a Hilbert space L?(H) and a (maximal) differential
operator Thax(H) acting in this space are associated (actually, Tiax(H) may
be a linear relation, i.e. a multi-valued operator). This viewpoint goes back
o [K1]. Our standard reference is [HSW] where the matters are laid out in a
modern language. We recall the basic facts needed in the present paper in §2.c
below.

The spectral properties of Tinax(H) highly depend on the growth of H to-
wards the endpoints a and b. One says that Weyl’s limit circle case prevails for
H at a (or at b) if for one (and hence for all) z¢ € (a,b),

Zo

/trH(x) dr < oo <or /btrH(x) dz < oo), (1.2)

a o

and one speaks of Weyl’s limit point case at a (or at b) if the respective integral
diverges. It follows from the non-negativity of H(z) that H is in the limit circle
case at a if and only if all entries of H are integrable at a, i.e. a is a regular
endpoint. This is also equivalent to the fact that all solutions of (1.1) are in
L?(H).

Assume that a is finite and that H is in the limit circle case at a and in the
limit point case at b. Then a complex-valued function: its Titchmarsh—Weyl
coefficient ¢ is associated with H, which is constructed as follows. Let 0(x;2) =
(01(x;2),02(x;2))T and @(x;2) = (@1(x;2), 2(x; 2))T be the solutions of (1.1)

with initial values . 0
o) = (o). ot = (}):
so that the matrix function

Wy (z;2) : (1.3)
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is (the transpose of ) the fundamental solution of (1.1). The limit point condition
at b implies that, for each z € C\ R, there exists a unique number ¢y (z) € C
such that

0(-:2) — qu(2)@(-;2) € L*(H).

The function gy is called Titchmarsh—Weyl coefficient. Alternatively, it can be
obtained as the limit (for 7 € RU {o0})

4n(2) = lig 1@+ Oa(ai2)

, 1.4
/b @1(x;2)T + @2(x; 2) (1.4)

which exists locally uniformly on C \ R and does not depend on 7. The
Titchmarsh-Weyl coefficient gy belongs to the Nevanlinna class Ny, i.e. it is
analytic on C\ R, satisfies ¢i(Z) = qu(2), z € C\ R, and

Imz-Imgy(z) >0, ze€C\R. (1.5)

It plays a prominent role in the spectral theory of the system (1.1). For example,
it generates, via its Herglotz integral representation, a spectral measure p g and
a Fourier transform from L2(H) onto L?(ug). The Inverse Spectral Theorem
by L. de Branges (see, e.g. [dB] and [Wil]) states that the assignment

sets up a bijective correspondence between the set of all Hamiltonians of the
considered kind (up to reparameterization, i.e. changes of the independent vari-
able) and the Nevanlinna class Ay. In view of this fact it is an obvious task to
try to translate properties of H into properties of ¢z. However, the mentioned
Inverse Spectral Theorem is quite involved and (in general) non-constructive.
Thus it is usually far from easy to find correspondences between properties of
H and gqp. For the purpose of illustration let us give two theorems of this type.

The Titchmarsh-Weyl coefficient gy belongs to the Stieltjes class (i.e. it has
an analytic continuation to C\ [0, 00) and takes non-negative values on (—oo,0))
if and only if the Hamiltonian H is of the form (where &, := (cos o, sina)T)

H(z) = h(x) -§¢(w)£$(l.), x € (a,b) a.e., (1.7)

with real-valued functions h(x), ¢(x) such that h is non-negative, locally inte-
grable and positive a.e. on [a,b) and ¢ is non-increasing with ¢(x) € [0, 5] for
x € (a,b); see, e.g. [WW, Corollary 3.2]. This result can be seen as a direct and
inverse spectral theorem: The ‘direct part’ is that the Titchmarsh—Weyl coeffi-
cient of a Hamiltonian of the form (1.7) belongs to the Stieltjes class, and the
‘inverse part’ that the Hamiltonian corresponding to a Stieltjes class function is
indeed of the form (1.7).

A second result of this type is the following: the Hamiltonian H starts with
an indivisible interval of type 0, i.e.

h(z) 0

H(z) = h(z) - &&= ( 0 o

>, z € (a,a+e¢) ae.,

for some € > 0 and some locally integrable, non-negative function h on (a,a+¢)
if and only if limy ~o, UL > 0; see, e.g. [Wil, Lemma 3.1].



This characterization of ‘limy oo M > 0’ is a simple instance of a general

intuitive idea, namely, that the behaviour of gy at infinity corresponds to the
behaviour of H at its left endpoint. Another, more involved, instance of the
same principle can be found in [WW].

The Pontryagin space analogue.

In the theory of operators in spaces with an indefinite inner product an extension
of the class Ny appeared and has proved to be useful: the so-called generalized
Nevanlinna class Nc; see, e.g. [KL1]|, [KL2]. Thereby, instead of analytic
functions, one considers meromorphic functions on C\ R and replaces condition
(1.5) by requiring that the Nevanlinna kernel has a finite number of negative
squares, cf. Definition 2.1 below. The extension of My to N.o, on the right-
hand side of (1.6) corresponds to admitting certain Hamiltonian systems with a
finite number of singularities on the left-hand side. Very roughly speaking, we
may imagine a Hamiltonian system of this kind with a general Hamiltonian b
as follows:

blj b2j b”j
h 01 [o2 On
Hy ¢ Hy ¢ Ho Hp_1 § H,
I --- |
g0 o1 02 On On+1
PV s POV
dyj daj dnj

where H; are classical Hamiltonians which are not integrable on any side of the
singularities o1, ...,0,, i.e. they are in Weyl’s limit point case, where the data
0;, bi; describe what happens to a solution when passing through the singularity,
and the data d;; describe a ‘local interaction’ of the potential to the left and to
the right of the singularity. We say that the general Hamiltonian § is regular if
H,, is in the limit circle case at 0,,41. Otherwise, b is called singular.

For the purpose of explaining our present results we prefer to content our-
selves in this introduction with the above given imprecise and intuitive ‘defini-
tion’ of a general Hamiltonian. The reader who is seeking for logically consistent
ordering should read 2.16—Definition 2.18 before proceeding. However, the pre-
cise definition is quite long and involved!. More explanations are given in the
paragraphs below Definition 2.18.

For a general Hamiltonian h an operator model consisting of a Pontryagin
space boundary triple (P(h),T(h),T'(h)) was constructed, where P(h) is a Pon-
tryagin space, T'(h) is the maximal operator (or linear relation) and I'(h) are
boundary mappings; see [KW/IV]. Analogues wy and gy of the fundamental
solution Wy and the Titchmarsh—Weyl coefficient gy were constructed, and a
Fourier transform onto a space generated by a distribution ¢y instead of a mea-
sure pg was defined. An Inverse Spectral Theorem was proved which states
that the assignment

b — g

1Unfortunately, at present, we do not know a smoother way to introduce the notion of
general Hamiltonians.



sets up a bijective correspondence between the set of all singular general Hamil-
tonians (up to reparameterization) and the generalized Nevanlinna class N ;
see [KW/V], [KW/VI]. The ‘inverse’ part of this theorem, i.e. that for each
q € N< there exists an essentially unique general Hamiltonian b with ¢ = gy
is similarly involved and non-constructive as the corresponding result in the clas-
sical (positive definite) case. In the indefinite situation even the direct problem,
i.e. the construction of the Titchmarsh-Weyl coefficient g, for given b, is in
general non-constructive.

A different approach towards understanding Hamiltonian systems with inner
singularities was proposed in [RS1], [RS2]. There 2m x 2m-systems were studied
with the method of operator identities. This leads to constructive constructions
for certain classes of systems. In the positive definite setting, this method has
a longer history, see [S] and the references cited therein.

Main results.
We investigate the following class(es) of general Hamiltonians.

1.1 Definition. Let o € [0, 7). We say that a singular general Hamiltonian b
belongs to the class 9, if

(gHo.s.) b has exactly one singularity, i.e. is defined on a set of the form
(00,01) U (01,02);

(gH.)  Ho(z) = ho(z) - £4EL, 2 € (00,01) ace.,
where again &, = (cos a,sina)’. /

The results we are aiming for can be divided into three major themes; the below
named theorems are the main results of the present paper.

A direct and inverse spectral theorem (Theorem 3.1). We show that a general
Hamiltonian h belongs to the class $),, if and only if its Titchmarsh—Weyl coeffi-
cient gy assumes the value cot v at infinity with maximal possible multiplicity?.

This result can be viewed as a far reaching generalization of the above stated
characterization of ‘limy roo w > 0’. It is a direct and inverse spectral the-
orem: the ‘direct part’ being that the Titchmarsh-Weyl coeflicient of a general
Hamiltonian of class £, has the mentioned growth property, and the ‘inverse
part’ that the general Hamiltonian corresponding to a generalized Nevanlinna
function with this property indeed belongs to the class ).

For the proof of this Theorem 3.1 we analyse the multi-valued part of a cer-
tain self-adjoint realization and use a classical result which connects the struc-
ture of the algebraic eigenspace at oo with the growth of the Q-function.

It is interesting to notice that the class of generalized Nevanlinna functions
that appears in the present context as totality of Titchmarsh—Weyl coefficients
has already frequently appeared independently in earlier work; see, e.g. [DeHS],
[DLS], [DKuS], [DLSZ], [DLuS1], [DLuS2], [DLuS3] and the references therein.
A posteriori, this is no surprise; in our forthcoming work [LW3], we shall obtain
a structural explanation.

Asymptotic behaviour of the fundamental solution at a singularity (Theorems /.1
and 4.21). Let h € $, and consider the fundamental solution wy of the sys-
tem. We show that three of the four entries of wy (if rotated appropriately

2For the precise formulation of this terminology see Definition 2.2 and Definition 2.3.



according to the angle «) pass continuously through the singularity, and we
determine precisely the rate of growth of the fourth entry. This is Theorem 4.1,
the most involved and elaborate result of the paper. Its proof is based on an
inductive procedure to reduce the negative index and on some classical results
from complex analysis, in particular, the theory of de Branges spaces of entire
functions.

Using the knowledge about ), we can deduce a continuity result for the fun-
damental solution of an arbitrary general Hamiltonian §. Namely that, for each
singularity of b, one row of wy, (again, wy should be rotated appropriately) passes
continuously through the singularity. Also, we determine the rate of growth of
the other entries of wy. This is Theorem 4.21; the proof uses some complex
analysis and some standard methods from the theory of general Hamiltonians.

A noteworthy corollary for the classical ‘positive definite’ theory is that,
for a certain kind of Hamiltonians H, the limit (1.4) defining the Titchmarsh—
Weyl coefficient gy exists locally uniformly on the domain of analyticity of g
including intervals of the real line. The general formulation is Corollary 4.22.

Regularized boundary values (Theorems 5.1 and 5.2). Let h € H,, and let P(-; 2)
be a solution of the corresponding differential equation (1.1) to the right of the
singularity. We show that the projection of P (-;z) onto a certain direction
(depending on the value of «) attains a boundary value at the singularity and
that the projection onto the orthogonal direction can be regularized with ‘H-
polynomials’ so that it attains a boundary value, cf. Theorem 5.1. We show
that there exists a unique solution for which regularization is not necessary,
cf. Theorem 5.2. The proof of these results relies heavily on the usage of a
function space model for the boundary triple associated with § (and, of course,
the continuity result Theorem 4.1).

These results have two important corollaries which shed significant light on
the behaviour of the system and at the influence of a singularity: first, Corollary
5.7, which provides a fairly explicit way to compute the fundamental solution
and the Titchmarsh—Weyl coefficient (i.e. to solve the direct spectral problem);
second, Corollary 5.9, which shows explicitly how the data part of h concentrated
in the singularity and the respective local interaction parameters influence the
Titchmarsh—Weyl coefficient.

Motivation and forthcoming applications.

A major motivation to study general Hamiltonians of the class $),, is that exactly
this kind of general Hamiltonians appear when one investigates the spectral
theory of classical (positive definite) Hamiltonian systems with two singular
endpoints. In fact, this was the origin of our studies (where we first realized
the significance of the class 9,). Thereby the basic idea is simple. Let H be a
Hamiltonian, say, on (0,00), which is in the limit point case at both endpoints.
Assume that appropriate growth restrictions towards the endpoint 0 are satisfied
(so to enable the following construction). We identify H as a part of a general
Hamiltonian b of the class $, by setting 07 = 0, 02 = oo, H = H, and
choosing the remaining data of h arbitrary. Knowledge about h will then lead
to knowledge about H, i.e. the Pontryagin space theory built up in this paper
can be used to obtain knowledge about this positive definite situation. More
specifically, it is the basis for theorems asserting existence of singular boundary
values, existence of Fourier transforms and inverse spectral theorems. These
results will be presented in the forthcoming paper [LW3].



Examples of systems where the above described strategy works occur when
considering Sturm—Liouville equations with singular potentials. As a simple
example consider the Bessel equation. Using an appropriate Liouville transfor-
mation and rewriting the equation as a 2 x2-system one obtains a Hamiltonian
system with Hamiltonian (v is an appropriate real number > 1)

z 0

H(x)=<0 mv), z € (0,00).

One can check that this Hamiltonian satisfies the requirements needed for an
application of the above method; details will be laid out in [LW3].

Besides this application to the theory of singular differential equations, the
present results can be used to understand the structure of singularities and their
influence on the solutions of the system in more detail. Intuitively speaking, the
reason for this is that a singularity of an arbitrary general Hamiltonian behaves
like the singularity of a general Hamiltonian of class £, when approaching it
from one side (either from the left or from the right). Local interaction between
the two sides is more involved to capture but can be handled by similar methods
as used in the present manuscript. As a typical application of this principle,
one can provide a method to solve the direct spectral problem for an arbitrary
general Hamiltonian in a more constructive way (by means of integrating posi-
tive definite Hamiltonian systems). Details are not yet worked out and will be
presented elsewhere.

Finally, it must be said that we find the presented theorems deep and in-
teresting on their own right: partial continuity of the fundamental solution at
a singularity is a striking and powerful property, the explained direct and in-
verse spectral theorem is a perfect instance of the mentioned intuitive principle
that the behaviour of the Titchmarsh—Weyl coefficient at infinity is connected
with the behaviour of the Hamiltonian at its left endpoint, the formula show-
ing the influence of the parameters of the singularity on the Weyl coefficient is
beautifully explicit and simple, etc.

Organisation of the manuscript.

In Section 2 we set up some notation and recall the definitions of the generalized
Nevanlinna class, its subclasses under consideration and general Hamiltonians.
Moreover, we provide some facts about the model associated with a general
Hamiltonian and some useful tools. After this, the manuscript is naturally
divided into sections according to the above explained themes.

Table of contents

1. Introduction p-2
2. Some preliminaries and supplements p-8
3. Characterisation of Titchmarsh—Weyl coefficients p-27
4. Partial continuity of the fundamental solution p-32
5. Regularized boundary values p-59




2 Some preliminaries and supplements

Let us first fix some notation that is used throughout the paper. Set

(0 -1 __ [cos¢
r= (00 e (0). (21)

and denote by C* the open upper half-plane, i.e. C* := {z € C: Imz > 0} and
by N and Ny the set of positive and non-negative integers, respectively. For a
2 x 2-matrix M = (m;;)7 ;—; and a scalar 7 € C we define the fractional linear
transformation M % 7 as

m11T + Mi2

o T €C,

21 22

M1 = (2.2)
mi1
—_—, T = .
mai

It is easy to see that M x (N x7) = (MN) 7 if N is another 2 x 2-matrix.
The rest of this section is divided into subsections as follows. In §2.a and §2.b
we recall definitions and properties of certain classes of holomorphic functions.
In §2.c the notion of boundary triples is recalled in a form that is used in
the paper. Properties of classical (positive definite) Hamiltonian systems are
reviewed in §2.d, whereas in §2.e the definition of general Hamiltonians is given.
In §2.f a certain class of general Hamiltonians with one singularity is studied and
a function space operator model is described in detail. Finally, in §2.g rotation
isomorphism are recalled, a technical tool which is used in later proofs.

a. The generalized Nevanlinna class.

We recall the definition of the class N, of generalized Nevanlinna functions.

2.1 Definition. Let ¢ be a complex-valued function and let k € Nyg. We write
g €N, if

(N1) g is real (meaning ¢(Z) = ¢(z)) and meromorphic on C\ R;

(N2) with D denoting the domain of holomorphy of ¢, the Nevanlinna
kernel (for z = w this formula should be interpreted appropriately as
a derivative)

Ny(w, z) == M, z,w € D,
zZ—W
has x negative squares on D. The latter means that for every choice
of n € N and 21,...,2, € D the matrices (N,(2i,2;)); ;= have at
most x negative eigenvalues and for at least one choice of n and z;
the matrix has exactly x negative eigenvalues.

We agree that the constant function with value co belongs to Ny. Further, we

set
Aﬂxm:: LJ A&

KENg

and write ind_ ¢ = k to express that ¢ € N, belongs to NV,. The set N is
called the class of generalized Nevanlinna functions. /



It is a classical result that the class Ny \ {oo} consists of those functions
g that are holomorphic on C \ R, are real and satisfy Imz - Im¢(z) > 0 for
z € C\ R. This fact goes back to as far as [H] or [P].

A generalized Nevanlinna function cannot grow arbitrarily fast towards oco.
In fact, for each ¢ € N, the limit

Zl_j}rznoo ZqTi)l exists and is in [0, 00).
Here = denotes a non-tangential limit, i.e. a limit inside a sector of the form
{z € C:arg € [a,7 — o]} with a € (0,F). This fact was shown, e.g. in [L].
Even more precise knowledge about the power growth of generalized Nevanlinna
functions is available. Using the canonical factorization established in [DLLS],
one can easily deduce that, for each g € N, there exists a unique non-negative

integer n, not exceeding k, such that

im 22 c000) but lim 2EL e (Coo o)y Tim |42

2200 z2nt1 22vico z2n—1 zico | z2n—1

=

In the present paper the subclass of N, appears which consists of all functions
having, in this sense, maximal possible growth at infinity, i.e. n = k.

2.2 Definition. For x € N we denote by N,,Eoo) the set of all functions ¢ € N,
such that

im 2% (Coo0)  or  tim |42

z2rico z2R—1 z3ico| z2R—1

‘ = 0, (2.3)
where = again denotes the non-tangential limit. Moreover, we set

NG = U N

rEN

/

The class V. Sf;) previously appeared in many papers in the context of Sturm—
Liouville equations with singular endpoints or singular perturbations, see, e.g.
[DS], [FL], [KuLu] and the papers mentioned in the Introduction.

Slightly more generally, we also consider the subclasses of N, of all func-
tions which attain a certain value 7 € R at oo with maximal possible multiplicity.
Related notions were considered, e.g. in [BL, Definition 3.9].

2.3 Definition. Let 7 € R. We denote by N,S,T) the set of all functions g € N

such that
e
T—q(2)

Further, we set

Ng)o = U N,

KEN

/

Note that ¢ € N, implies that %_q € Ns.



2.4 Remark. Let x € N and 7 € R. Then a function ¢ € N, belongs to ./\/,Sf) if
and only if
lim z**7!(q(z) — 7) € [0, 0).
Z—r100

/

The class V. Sfo) admits an operator theoretic interpretation. In the language
of [KL3] and [L], the condition (2.3) means that oo is a generalized pole of non-
positive type with degree of non-positivity equal to ind_ q. Equivalently, one can
say that ¢ has a generalized pole of non-positive type at oo with maximal possible
degree of non-positivity permitted by the negative index and, consequently, no
finite generalized poles of non-positive type. More precisely, the statement in
the following lemma is true, which follows, e.g. from [L, Theorem 3.2] and which
is used in Section 3. Recall that the algebraic eigenspace at infinity of a linear
relation A in a Pontryagin space P is the set of all elements of Jordan chains
at oo, where a Jordan chain at oo is a sequence of vectors gg,..., g, € P with
go = 0 such that (g;—1;9;) € Aforalli=1,...,n.

2.5 Lemma. Let ¢ € N,. Moreover, let A be a self-adjoint relation in a
Pontryagin space (P,[-,-]) and v € P such that

a(2) = q(z0) + (2 — 20) [(I + (2 — 20)(A — 2) ") v, 0], z€p(4), (24)
where zg € p(A) is fixred and assume that this representation is minimal, i.e.
P=cls{(I+(z—2)(A—2)"")v:z€pA)}
where c.l.s. stands for ‘closed linear span’. Then
qeN™ — v (A =k

where Voo (A) is the degree of non-positivity of oo, i.e. the maximal dimension
of a non-positive A~ -invariant subspace of the algebraic eigenspace at infinity

of A.
b. Some classes of entire functions.

In this subsection we recall several classes of scalar and matrix-valued entire
functions, which are needed in the proofs in later sections. Note that an entire

function is called real if f(Z) = f(z) for all z € C. Moreover, we set f#(z) :=
f(Z). First we recall the definition of the Pdlya class; for details see, e.g. [dB,
Section 7).

2.6 Definition. An entire function f belongs to the Pdlya class if
(P1) f has no zeros in the upper half-plane C*;
(P2) f satisfies |f(z)| > |f(Z)| for z € CT;

(P3) for each fixed = € R the function y — |f(x + iy)| is non-decreasing on
(0, 00).

/

Let us next consider functions of bounded type; see, e.g. [RR, Definition 3.15
and Theorem 3.20] or [dB, Section 8].

10



2.7 Definition. A function that is analytic in the upper half-plane C¥ is said
to be of bounded type if it can be written as a quotient f(z) = p(z)/q(z) of
two analytic functions which are bounded throughout C* and where g is not
identically equal to 0. /

According to [dB, Problem 24] it is possible to choose p and ¢ such that ¢
has no zeros in C*. One can define bounded type in the lower half-plane in a
similar way:.

2.8 Remark.

(z) A function from N. is of bounded type in the upper and lower half-
planes; see, e.g. [KW/I, Proposition 2.4].

(#4) According to [dB, Problem 34] an entire function f that satisfies |f(z)| >
|f(Z)] for z € C* and is of bounded type in the upper half-plane belongs
to the Polya class. In particular, a real entire function that is of bounded
type in the upper half-plane belongs to the Pdlya class.

/

Next we recall a generalization of Hermite—Biehler functions, namely func-
tions belonging to the class HB;. When E : D — C is an analytic function
defined on some open subset D of the complex plane, we define a kernel Kg as

Kg(w,z) = % . E(Z)WZ__E;(Z)E#(U)) , zZ,w€ED.

For z = w this formula has to be interpreted appropriately as a derivative, which
is possible by analyticity. For more details see, e.g. [KW/V, §2.¢].

2.9 Definition. Let E be a complex-valued function defined on C and let
k € Ng. We write E € HB,, if

(HB1) FE is entire;
(HB2) FE and E# have no common non-real zeros;
(HB3) the kernel K has s negative squares on C.

We use the notation
HB.oo := ] MB.

kENp

and write ind_ ' = Kk to express that a function £ € HB_., belongs to HB,.
The class HB. is called the indefinite Hermite—Biehler class. /

It is a classical result that an entire function E belongs to the class HBy if
and only if either it is a constant multiple of a real entire function which has
no non-real zeros, or it satisfies |E(z)| > |E(Z)| for z € C*. For details see, e.g.
[Le, Chapter 7].

By means of the reproducing kernel K, each function £ € HB., gener-
ates a Pontryagin space (FE) which consists of entire functions. This space is
referred to as the de Branges Pontryagin space generated by E; see [ADRS] and
[KW/T].

11



The indefinite Hermite-Biehler class is related to the generalized Nevanlinna
class: let F(z) € HB<s and write E = A — iB with the real entire functions

. .
A= (BE+E*), B:= %(E— E#).

Then g = % belongs to N<o with ind_ ¢ = ind_ E. This follows from the
relation

Kp(w,2) = A(2)N,(w,2)A(w),  zw e C, A(z), A(w) # 0.

Finally in this subsection, let us define a class of matrix-valued entire func-
tions. Functions from this class appear later as fundamental solutions of general
Hamiltonians. When W is an entire 2 x 2-matrix-valued function that satisfies
W(z)JW (z)* = J for z € C, then a kernel Hy is defined by

Hy (w,z) = W(Z)JZVTi(g) -7 , z,w € C,

where J is as in (2.1). For z = w this formula has to be interpreted appropriately
as a derivative.

2.10 Definition. Let W = (wy;)7 ;_; be a 2 x 2-matrix-valued function and let
k € Ng. We write W € M, if

(M1) the entries w;; of W are real entire functions;
(M2) detW(z) =1 for z € C, and W(0) = I;
(M3) the kernel Hy has k negative squares on C.

Note that the conditions (M1) and (M2) together imply that W (z)JW (z)* = J.
Moreover, we set
M<oo = U M}-c
KENp
and write ind_ W = k to express that W € M,,.

Define a map t: Moo, — R by
(W) := tr(W'(0)J) = wi,(0) — why (0) (2.5)

for W = (wij)?ﬁjzl € M. This map t is used, e.g. to measure the growth of
the unbounded entry of the fundamental solution of an indefinite Hamiltonian.

/

Each matrix W € M, generates, by means of the kernel Hy, a repro-
ducing kernel Pontryagin space (W) whose elements are 2-vector-valued entire
functions; see, e.g. [ADRS] and [KW/V, §2.a].

If W = (wij)7 =1 € Mcoo, then the function E(z) = wi1(z) — twi2(2)
belongs to HB«, with ind_ E < ind_ W, which follows from the relation

1

Ke,2) = (1, 0/ (w,)

> z,w € C;

12



cf. [KW/V, §2.e]. Hence > belongs to Ncc.
c. Boundary triples.

Let us also recall the notion of boundary triples as introduced in [KW/IV,
Definition 2.7]. This definition is slightly different from but related to the one
in [DeM].

2.11 Definition. A triple (P,T,T) is called a boundary triple if

(i) (P,[,]) is a Pontryagin space, which carries a conjugate linear and anti-
isometric involution = : P — P;

(#4) T is a closed linear relation in P that is real, i.e.
(fi9) €T = (f;9) €T}

(iti) T C T x (C% x C?) is a closed linear relation with dom " = T, which is
compatible with the involution ~ : P — P in the sense that

((f;9);(a;0)) €T <= ((f;9); (@;b)) €T

(iv) the following abstract Green identity holds:

o= () ¢ 5))

when ((f;9); (a;)), ((u;v); (¢;d)) €T
(v) kerI' =T,
/

In applications, e.g. to differential operators, often the relation 7" in a bound-
ary triple (P,T,T) is the maximal relation, e.g. the differential operator with
no boundary conditions imposed; it is the adjoint of a symmetric relation. The
relation I' often maps the functions in the domain of T' (or more precisely, pairs
in the relation T') onto the boundary values at the left and/or right endpoint
of the interval or linear combinations of them. The abstract Green identity is
then nothing else than a classical Green or Lagrange identity, which follows from
integration by parts. In the next subsection a boundary triple associated with
a classical (positive definite) Hamiltonian system is recalled. Note that a,b,c,d
in the abstract Green identity are 2-vectors.

Two boundary triples (P, T,T), (75, T, f‘) are called isomorphic if there exists
a pair (w, ¢) (which is then called an isomorphism) such that

(1) w is an isometric isomorphism from P onto P that is compatible with the
respective involutions in the sense that w (%) = w(x) for x € P;

(i7) ¢ is an isometric isomorphism from (C? x C2, (({§ °;)-,-)) onto itself;

(ii1) (wx w)(T) =T;
(iv) To(wx w)|p=¢ol.
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2.12 Remark. For certain boundary triples one can construct a matrix function w
from the class M, and an isometric isomorphism = from P onto the reproducing
kernel space R(w) such that the symmetric operator T* corresponds to the
operator of multiplication by the independent variable in the space £(w); for
details see [KW/V, Definition 4.3 and Theorem 4.19]. This construction is
related to Krein’s representation of entire operators. /

d. More facts about Hamiltonian systems.

A function H : (a,b) — R?*2 where (a, b) is an interval with —co < a < b < oo,
is called a Hamiltonian if

the values of H are real non-negative matrices and the function H is

(2.6)

locally integrable and does not vanish on any set of positive measure.

In connection with the differential equation (1.1) one often considers also the
matrix differential equation

—W(x;2)J = 2W (x;2)H (z), x € (a,b), (2.7)

where W (x; 2) is a 2 x 2-matrix for x € (a,b), z € C. If a € R and (1.1) is in
the limit circle case at a (recall the definition from the Introduction), then the
differential equation (2.7) together with the initial condition W(a;z) = I has
a unique solution, which we denote by Wy, cf. (1.3). The rows of Wy satisfy
the differential equation (1.1) and y(x) = [(a1, a2)Wg(z;2)]T is a solution of
(1.1) satisfying the initial conditions y(a) = (a1, a2)T. Moreover, if Wy ., (z; 2)
denotes the solution of (2.7) satisfying the initial condition Wy 4, (z1;2) = I
with some z;1 € (a,b), then

W (z; 2) = Wh(z1;2) Wiz, (x5 2)

for x € [x1,b).

2.13. Properties of Wyr. Assume that (1.1) is in the limit circle case at a. For
fixed € (a,b) the matrix function Wy (z;-) belongs to the class My, where
M was defined in Definition 2.10. If one combines Theorems 38, 27 and 25 in
[dB], then it follows that the entries Wy (z;- )ij, 4,5 = 1,2, of Wy (z;-) are of
bounded type in the upper half-plane, and since the functions are real, also in
the lower half-plane. By Remark 2.8 (¢7) this implies that Wx(z;-);; belongs
to the Pdlya class. Since Wy (x;0)12 = Wg(z;0)2; = 0, it follows from [dB,
Lemma 1 in §1.7] that

Wi (z;2)12 and W (@3 2)21 (2.8)
z z
are also from the Pélya class. Moreover, the function E(z) := Wy(x;2)11 —

iWx(x; 2)12 belongs to the Hermite-Biehler class HBy. Hence E induces a
de Branges Hilbert space 3(F) of entire functions and % € Np; see §2.b
and [dB]. /

If H is in the limit point case at b, then, with the notation (2.2), the
Titchmarsh—Weyl coefficient qp for (1.1) (as defined in (1.4)) can be written as

qu(z) = h}%WH(QJ;Z)*T, z € C\R,
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for 7 € R U {oo}, where the limit exists locally uniformly in C \ R and is
independent of 7.
With t from (2.5) we have

T
t(We(ze;-)) —t(Wg(z1;-)) = /tr H(z)dx (2.9)
z1
for a < x7 < 29 < b as can easily be seen.
2.14. Indivisible intervals. An interval (o, §) C (a,b) is called H-indivisible of

type ¢ if

H(z) = h(x)ésés,  x € (a,p),
where &, is defined in (2.1) and h is a locally integrable function that is positive
almost everywhere; see, e.g. [K2]. If (o, 8) is H-indivisible, then, for o < 21 <

T2 < 57
W (21;2) " Wi (225 2) = Wip ) (2)

where

1 — Iz sin ¢ cos ¢ Iz cos? ¢ > (2.10)

—lzsin? ¢ 1+ [z sin ¢ cos ¢

l:/ h(z)dz.

The number ff h(x)dx = ff tr H(z)dx is called the length of the indivisible
interval (a, ), which is infinite exactly when H is singular at a or £. /

W(l’(b)(z) = <

and

2.15. The maximal relation Tyax(H). With a Hamiltonian H a maximal linear
relation (i.e. a multi-valued operator), Tiax, can be associated as follows (for
details see, e.g. [KW/IV, §2]). First we recall the definition of the space L?(H):
it is the space of measurable functions f defined on (a,b) with values in C?
which satisfy f; f*Hf < oo and have the property that fg f is constant on
every indivisible interval of type ¢, factorized with respect to the equivalence
relation =g where

f=mg <= H(f—-9g)=0 ae.

In the space L?(H) the mazimal relation Tyax(H) is defined as
Tinax(H) == {(f;g) € (LQ(H))Z: 3 representatives f, § of f, g such that
f is locally absolutely continuous and f' = JH§ a.e. on (a, b)}

/

Sometimes we need Green’s identity in the following form: if f and u are abso-
lutely continuous functions on [z, 23] where a < z1 < z2 < b and g, v are such
that

f'=JHg, v = JHo, a.e. on (x1,12),

then o 2
/u*Hg — /U*Hf =u(z1) " Jf(z1) —u(z2)* T f(22); (2.11)

15



see [KW/IV, Remark 2.20].

With a Hamiltonian H defined on an interval (a, ) also a boundary relation
D(H) C L*(H)? x (C?)? for Thax(H) is associated: a pair ((f;g); (¢;d)) belongs
to T'(H) if and only if there exists a representative f of f that is absolutely
continuous such that

{f(a) if H is regular at a, p {f(b) if H is regular at b,
c= =

0 if H is singular at a, 0 if H is singular at b.

For details see, e.g. [KW/IV, Theorems 2.18 and 2.19].

Let us also recall some properties of Hamiltonian systems which are con-
nected with the behaviour of H at an endpoint. They are needed in the defini-
tion of general (indefinite) Hamiltonians in §2.e.

2.16. Hilbert—Schmidt resolvents. Let H be a Hamiltonian defined on some in-
terval (a,b).

(i) We say that H satisfies the condition (HS_) if for one (and hence for all)
xg € (a,b) the resolvents of self-adjoint extensions of (Timax(H |(a,z0)))" i-e-
self-adjoint restrictions of Tinax(H |(a,z0)), are Hilbert-Schmidt operators.
Similarly, we say that (HSy) holds for H if for one (and hence for all)
xo € (a,b) the resolvents of self-adjoint extensions of (Tiax(H|(z,,5)))* are
Hilbert—Schmidt operators, cf. [KW/IV, §2.3.a].

(i4) Tt follows, with an obvious change of variable, from [KW/IV, Theorem
2.27] that these properties can be characterized explicitly in terms of H.
Namely, H satisfies (HS_) if and only if there exists a number ¢ € R such
that for one (and hence for all) zg € (a,b)

(1) N
/ THE, < o,

where ¢, is defined in (2.1);
(HS;) with M (z) := f;ﬂ H(y)dy,

xo
[ €z Mo 0| < .

If H is in the limit point case at a and satisfies (HS_), then the number
¢ € [0,m) such that (I;) and (HS;) hold is uniquely determined; in this
case we denote this unique ¢ by ¢_ (H). Clearly, ¢_(H) does not depend
on the choice of the cutting point zg.

The property (HSy) is characterized by corresponding conditions (I:;),

(HS:;) The unique angle ¢ is denoted by ¢, (H) in this case and again
does not depend on x.
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Let us explicitly consider the case ¢ = 0; the conditions (I;) and (HS;)
read as follows:
Zo
(Ia> : /hu(l‘)dl‘ < 00,
zo o
(HSy) : //hgg(t)dt hi1(z)dx < 0.

a T

For (I%), (HS%) one has to swap hq1 and hoo.

If (a,c), with some ¢ € (a,b), is an indivisible interval of type ¢ and H
is in the limit point case at a, then (IQL%) and (HS(;%) are satisfied but

(Iz), (HS,,) are not when ¢ — 5 — ¢’ ¢ wZZ.
/

2.17. Some growth condition. Let H be a Hamiltonian defined on some interval
(a,b) which satisfies (HS_) and fix a point o € (a,b). Denote by Z the operator
f— f;; JH(t)f(t) dt. Then there exist unique numbers p;, € R, k € Ny, such
that pg = 1 and

anfkl.qub_(H) € L2(H|(a,r0))v n € No;
k=0

see [KW/IV, Corollary 3.5]. If &, _ () is replaced by &;_(m)4 =, this is no longer
true for all n € Ng. We denote by A_(H) € Ny U {oo} the number

A_(H):= inf{nENO: Jwo,...,w, € C such that wy # 0 and

> wn kI ()13 € L*(H] (a,xo))}»
k=0

where the infimum of the empty set is infinity.

The number A_(H) measures in a certain sense the growth of H towards a;
for example A_(H) = 0 means that H is in the limit circle case at a because
then all constant vectors are in L?(H|(4,4,)), i.e. H is integrable at a. If (a, c)
is an indivisible interval for some ¢ € (a,b) and H is in the limit point case at
a, then A_(H) =1.

An illustrative toy example occurs in connection with the Bessel equation as
mentioned in the Introduction. One can show that

7 0
H,(x) = (O x”) , x € (0, 00),

satisfies (Iy) and (HS; ), and hence (HS_), and one has A_(H,) = | 1]
Assume that A_(H) < oo and let g € (a,b). Then there exist unique
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absolutely continuous functions wy, I € Ny, defined on (a, b) such that

o =& (H)+%-

w), , = JHry, I € Ny,
s 0 (2.12)
r;(zo) € span{€y_(my+z}t. | € No,
ml|(a,wo) € LZ(H|(<1710))’ l > A—(H)
Note that wg,...,t0A_(g)—1 do not belong to LQ(H|(G7IO)). It was shown in

[KW/IV, Lemma 3.12(7)] that A_(H) does not depend on the choice of the
cutting point xg € (a,b); the functions to; of course do depend on z¢. The func-
tions tog, ..., oA _(g) are used, e.g. to construct regularized boundary values
in Theorem 5.1.

For a Hamiltonian H that satisfies (HS;) a number A, (H) is defined in a
similar manner. /

e. General Hamiltonians in detail.

In this subsection we give the definition of a general Hamiltonian as in [KW/IV,
§8]. This definition is somewhat elaborate, and we give some explanations after
the definition.

2.18 Definition. A general Hamiltonian § is a collection of data of the following
kind:

(’L) nGNo, 00y« Ontl GRU{:EOO} with og <01 < ... < On+i,
(i1) Hamiltonians H; : (04, 0:41) — R**2 for i = 0,...,n, which satisfy (2.6),

(49¢) numbers 61,...,6, € NU{0} and b;1,...,b;5,41 € R, i =1,...,n, with
b@l 7é 0 when 07, Z ].,

(iv) numbers d; g, ...,d;an,—1 € R where A; := max{A(H,;_1),A_(H;)} for
i=1,...,n, (note that A; will be finite by condition (H3) below),

(v) a finite subset E of {00, 0n41} U Ui o(0i, 0i41),
which is assumed to be subject to the following conditions:

(H1) The Hamiltonian Hy is in the limit circle case at 0. If n > 1, then
H; is in the limit point case at o; for ¢ = 1,...,n, and at g;41 for
1=0,...,n—1.

(H2)  None of the intervals (o;,0541), i = 1,...,n — 1, is indivisible?. If
n > 1 and H,, is in the limit point case at 0,11, then also (o, 0p41)
is not indivisible.

(H3) The Hamiltonian Hy satisfies (HS;) if n > 1; H; satisfies (HS_)
and (HSy) for ¢ = 1,...,n — 1, and H, satisfies (HS_). We have
A <o, i=1,...,n.

(H4) Wehave ¢4 (H;—1) =¢_(H;),i=1,...,n.

2The interval (og, 1) may be indivisible.
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(H5) Let i € {1,...,n}. If both H;_; and H; end with an indivisible
interval towards o;, then d; = 0. If, in addition, b;; = 0, then
do < 0.

(E]_) 00,0n+1 € E, and E N (O’i,O'H_l) 7é 0 for i = 1,....,n— 1. If H,
is in the limit point case at 0,41, then also E N (o, 0041) # 0.
Moreover, E contains all endpoints of indivisible intervals of infinite
length which lie in ] (0, 05+1)-

(E2) No point of E is an inner point of an indivisible interval.

The common value of ¢ (H;_1) and ¢_(H;) is denoted by ¢;.
The general Hamiltonian b is called regular or singular if H, is in the limit
circle case or in the limit point case, respectively, at ,,+1. Moreover, we set

ind_ b := Z(Ai + BJ) +{1<i<n: 6 0odd, by >0} (2.13)
i=1

/

It is probably helpful to have a more intuitive picture of general Hamiltonians
than their precise definition. We may say that a general Hamiltonian models
a canonical system on [, 0,+1) whose Hamiltonian is allowed to have finitely
many inner singularities (these are the points o1,...,0,), and which is in the
limit circle or limit point case at 0,1 depending whether b is regular or singular.
However, H does not behave too badly at its inner singularities in the sense of
(H3).

A singularity itself contributes to the canonical system in two ways. The first
one is a contribution concentrated inside the singularity; passing the singularity
influences a solution, which is modelled by the parameters 6;,b;;. Actually,
elements in the model space in which an operator acts can be considered as
a combination of functions and distributions concentrated in the singularities.
The parameters 6; and b;; are needed for the interplay of the functions and the
distributions. The functions themselves have also a singular component, namely
a linear combination of tvg,...,t0a,—1; here the parameters d;; and condition
(H4) are used for interface conditions at the singularities.

The set E consists of points that split |J;_ (0, 0i41) into smaller pieces
each containing at most one singularity. We can picture the situation as follows
(E = {8()7 ey SN+1})I

b1j baj bnj
h . 01 02 On
Hy § Hy i Ho Hy, 1 § Hy,
L L I L - - . :
o o1 g2 On On+1
I s “ns VNS 1
Sso  S1 dj Sy S da; SN dnj SN+1
¢+ (Ho) ¢+ (Hi) ¢4+ (Hp—1)
I Il I
¢—(H1) ¢ (Hz) ¢—(Hp)

The numbers d;; depend on s, in the sense that, if the s; are moved, then the
d;; have to be changed in order to obtain an isomorphic model. Moreover, the
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number of constants d;; needed for a fixed 7 depends on the behaviour of H in
the neighbourhood of ¢;, namely one needs 2A; constants. On the other hand,
the 0; and b;; can be chosen independently of the behaviour of H and they do
not change when the s; are moved.

With a general Hamiltonian b a boundary triple (P(h),T(h),T'(h)) can be
associated, whose definition is quite involved; see [KW/IV]. The Pontryagin
space P(h), which has negative index ind_ §, is obtained as a completion and
therefore not very accessible. For a special case we shall consider a more concrete
realization of the model space and the maximal relation 7'(h). In [KW/IV,
Definition 8.5] a mapping ¥ (h) was defined that maps an element F in P(h)
onto some measurable function defined on |J_,(c;,05+1), which represents the
‘function part’ of F.

Analogously to the classical positive definite case where the fundamental
solution Wg can be associated with the Hamiltonian H one can define a ‘fun-
damental solution’ wy, for an indefinite Hamiltonian h where wy(z; 2) is a 2 X 2-
matrix for every x € [0g,01) UJ\—(04,0i4+1) and z € C. For fixed z it satisfies
the differential equation (2.7) on every interval between the singularities and
one has wy(0g;2) = I for every z € C. Moreover, for fixed z, wy(z;-) is an
entire function belonging to the class Mo such that ¢ — ind_ wy(z;-) is
non-decreasing, constant between the singularities and

max{ind_ wy(x;+) :x € [0g,01) U U(ai,aiﬂ)} =ind_b.
i=1

The definition of wy is quite involved, in particular, how one can jump over a
singularity; for details see [KW/V, Definition 5.3]. The function wy is called
maximal chain if § is singular and finite mazimal chain if b is regular.

In the case when the indefinite Hamiltonian b is singular one can define the
Titchmarsh—Weyl coefficient gy in a similar way as in the positive definite case:

qp(2) == Um wpy(z;2) %, z € C\R,

x Ont1
with 7 € R U {oo}; the limit exists locally uniformly on C \ R with respect to
the chordal metric on the Riemann sphere C, defines a meromorphic function

on C\R, and the limit is independent of 7. The Titchmarsh-Weyl coefficient gy
belongs to the class N, where k = ind_ bh; see [KW/VI, Theorem 1.4]. At the

interior singularities o1, ...,0, one can define intermediate Weyl coefficients,
dy,o;> by
Qy,0; (2) == lim wy(z; 2) * T, z€C\R, i=1,...,n, (2.14)
r—0;

again for 7 € RU {oco}. It is an essential and non-trivial fact that the limits
from both sides of the singularity coincide; see [KW /III, Theorem 5.6].

2.19. Splitting of general Hamiltonians. On working with general Hamiltonians
one often uses a splitting-and-pasting process. Let us briefly recall how a general
Hamiltonian h can be split into smaller parts. Let h be given by the data

00y.-+30n+1, H(),...,Hn, Oivbijadij7 i:l,...,n, E,
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and let s € |J!_,(0s,0i41) be not inner point of an indivisible interval. Then
a splitting of h into two general Hamiltonians, h+s and b, can be defined.
Namely, b« is given by the data (k is such that o < s < og41)

005---,0k; S, H07"',Hk|(ak,s)a
5i7bij7dij7 i=1,...,k—1, ékabkjagkp (Eﬂ [00,5]) U {S},

where the numbers dy; depend on the location of s, cf. [KW/V, Definition 3.47).
The general Hamiltonian b is given by data

Sy 0k41y+++y0n+1, Hk‘(s,ak+1)ka+1»~~aan
Ok41:brt1,jr drr1,j,  Oiybij dij, i=k+2,...,n, (EN[s,0n41]) U{s},

where again cZHLj depend on the location of s.
If s = oy, we let h«s be given by

h‘"ls: 005--+50k; HOa"wHk:fh
5’L7bij7dij7 7;:17...,]6—]., (Em[Jo,UkDU{O'k}.

These notions have been studied in detail in [KW/V]. In particular, it was
shown that splitting of general Hamiltonians gives rise to splitting of operator
models, and it is compatible with fundamental solutions. In particular, the
model space P(h) is isomorphic to P(h«,) [+] P(hsr ), where [+] denotes a direct
and orthogonal sum in the Pontryagin space P(h). Elements in T'(h) can be
identified with sums of elements from P(h«,) and P(hs) where boundary values
of the latter have to coincide at s. For details see [KW/V, §3.c/e, §5.d].

For P = P(bh+s) an ‘isomorphism Z’ as in Remark 2.12 can be constructed.
It is an isomorphism from P(h«s) onto K(wy(s)) and denoted by Zs. /

f. A boundary triple for a certain regular general Hamiltonian.

As mentioned above, the construction of the boundary triple (P(h),T(h),T(h))
is quite complicated and not easy to use. For singular general Hamiltonians
with one singularity a more explicit form of this model, i.e. a boundary triple
(%(f))%(b),f‘(h)) that is isomorphic to the original one, was constructed in
[LW2]. This form turned out to be more convenient for some purposes and
is more intuitive in the sense that P(h) is a finite-dimensional extension of a
natural function space and T'(h) is a finite-dimensional perturbation/extension
of a natural differential operator in this function space.

In the present paper we use a variant of this model for regular general Hamil-
tonians of the class Nz.

2.20. Particular form of h. Let h € = be given by the data
00,01,02, HOaHla 67bj,dja Ea

such that oy is not left endpoint of an indivisible interval, o3 < 0o, E = {09, 02},
and b5+1 =0. //

Note that ¢4 (Ho) = 0 because of (gHz) and therefore also ¢_(H;) = 0.
Since Ay (Hy) = 1, we have A := Ay = A_(H;). Further, denote by H
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the function defined as Hy on (0g,01) and as Hy on (01,02) and let L?(H) =
L?(Hy)@® L?(H;). Moreover, let vy, I € Ny, be the unique absolutely continuous
functions defined on [0g,01) U (01, 02] with the properties that

0
o = (1), ), = JHw;, [ €N, (2.15)
0
w;(09),w;(02) € span{ <1> }, 1 € Ny, (2.16)
v, € L2(H), 1> A; (2.17)

cf. (2.12). Then {wg,...,toa_1} is linearly independent modulo L?(H) by
[KW/IV, Lemma 3.6]. We define the function space

LA(H) :=L*(H)+ span{w;: k=0,...,A -1}

and the differential operator Ta max(H) (or, more precisely, its graph) by

Tamax(H) :={(f;9) € LA(H) x LA(H): 3 f absolutely continuous
representative of f s.t. f’ = JHg}.

@

Now we can define a boundary triple (P(b), T (h), f‘(b)) which will turn out to
be isomorphic to the original model (P(h), T (), T'(h)).

2.21 Definition. Let b be a general Hamiltonian of the form described in 2.20.
Then P(h), T(h) and T'(h) are defined as follows.
The base space %(h) Set

P(p) := LA(H) x C* x C?.

Elements of 7‘5(6) are generically written as F' = (f; &, &) with & = (fj)jA:_O1 and
o= (ozj)?zl or G=(g;n,p) withn = (nj)jA:_ol and B = (ﬂj)?:y Note that the
case 6 = 0 is allowed.

By the definition of L% (H) and the fact that wq,...,toa_; are linearly
independent modulo L?(H), for given f,g € L% (H), there exist unique scalars
A, g, 1=0,...,A =1, such that

A-1 A-1
Fr=f=Y Ay, gi=g—Y uw; €L*(H). (2.18)
1=0 1=0
The inner product on %(h) If 6 > 0, define numbers ¢y, ..., c; recursively by
k
aby=-1; Y b =0, k=2,...,5. (2.19)
j=1

@

On P(h) an inner product is defined by

A-1 A-1 5
[F,Gl = (92 + D NI+ D &Gk + Y, ckvi—sonB
k=0 k=0

k=1
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for F' and G as above.

The mazimal relation %(b) Let F = (f;& ), G = (g;n,P) € %(h) and Ay,
be the scalars as above. Then (F;G) € f’(b) if and only if

(Z) (fag) € TA,max(H)
(which implies that ux = Ag41, £ =0,..., A —2);

(i3) forall k=0,...,A =2,

1 1
§k = Mkt1 + spa—1dayr + §>\0dk + (Wi y1(02)),f(02)1;

2
(dii) " A1
2 o 1
a1 = . (oa)"Hg + 3 ; ANdita—1 + pa—1daa—1

ﬁlu 0>07

+ (0a(02)), f(02)1 — {0, 0=0;

(iv) if 6 > 0, then

ﬂj—‘—la ‘7:17,071,
o = pia—1bs—jp1 + (2.20)
0, j=0.

Here f(o2) denotes the value of the unique absolutely continuous representative
with f' = JHg (remember here that (o1, 02) is not indivisible).

The boundary operator f‘(h) The boundary relation is actually an operator.

Let (F;G) € %(h), write F' = (f;&, ), G = (g;m,B) and let A\j, y; be as in
(2.18). Then

1 A-1
f‘(b)(F, G) = 7o + f(JQ)l + 5 IZ:O ,Ufldl
Ao

i f(o2) ). (2.21)

/

The two components of f‘(h)(F, G) can be interpreted as boundary values at
the left and right endpoints og and o3, respectively; we denote these by m; o

f(b)(F;G’) and 7, o f(b)(F;G). The two components of m; o cID‘([))(F, G) are
denoted by 71 o ig(f))(F; G) and m 90 L(h)(F;G).

2.22 Proposition. Let § be a general Hamiltonian of the form 2.20. Then the
boundary triples (P(h),T(h),I'(h)) and (P(h),T(H),I'(h)) are isomorphic.

Proof. Let f~) be the general Hamiltonian that is given by the data

Hl(t)v te (0'1,0'2),

00,01,00, Ho:=Hy, Hy(t):=
I, t e [UQ,OO),

6,bj,dj FE = {0'0,02,00}.
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Then § is of the form considered in [LW2]. Moreover, the boundary triple
(7302 (6),%02(6),~f‘02(6)), which was defined in [LW2, Definition 2.14], is iso-

morphic to (P(h),T(h),I'(h)) by definition, and has been described explicitly
in [LW2, Theorem 2.15]. Note, however, that there is a typo in [LW2, Theo-
rem 2.15 (v)], namely, there should be a plus sign instead of a minus sign in

front of pa_1, as in (2.20). Let 7y, := iy, © Ly, be the isomorphism from P(h)

onto 7‘502 (h) where iy, and t,, were defined in [LW2, §2].
The following diagram is commutative

P(h) —== P(h) [+] L*(H](0s,50)) (2.22)

Toy l i"f [+ id

P (B) —== P(0) [+] L*(H] (1 ,00))

where w was defined in [KW/IV, Proposition 8.11], 7 := i o+ with
v: P(h) — L*(H) x C* x C* x C°
as in [KW/IV, (4.9) and (4.10)] and
i: L*(H) x CA x C* x C° - L4 (H) x CA x C?
A-1
(f,E,?\,oc) — <f+ Z )‘kmk;aa(x)a

k=0

and @ acts as

& F o (flion,on)U(01,00): 6 0) [H flosie),  F = (fi& @) € Poy(h).

The definition of %(b) and [LW2, Theorem 2.15] show that

s

(F;G) €Toy(h)
(Fﬁaz;éﬁaz) € %(b)v (f‘(oz,ooﬁm(az,oo)) € TnlaX(H‘(UQ,(X)))7 (2.23)

f continuous at g9

where F = (f;&,«), G = (§;n,B) and Fo,, := (f|((,1701)u(01,,,2);§,a). In this

case,

71 0 T(0) (Fagy; Gagy) = T 0 Loy (0)(F; ),
(2.24)

7y 0 L(0)(Fagy; Gagy) = 1 0 T(H|(03,00)) (f (03,0001 Gl(02,00)) = f(02).

Choose (f1591), (f2;92) € Timax(Hl(0s,00)) With fi(o2) = (;) and fa(o2) = (7).
Now let F' = (f;¢,a), G = (¢;1n,8) € %(f)) be given and assume that
(F;G) € T(b). Then we set

I = [X(00,00)0(01,00) T f(02)1f1 + f(02)2f2,
g = IX(00,01)U(o1,02) T f(02)191 + f((72)292,
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and R R 3
Fi=(f;& ), G:=(gn,P).
By (2.23), we have (F;G) € %02 (h). Hence
(@) x @[H id) ) (F:G) € (w x w)(T(h))
by the commutativity of the diagram in (2.22), and it follows that (¢ x
7)~1(F;G) € T(h). This shows that (7~ x 7' )T(h) C T(h). Morcover,

w1 ©

T(H) (" x 7 )(F;Q) = T(h)(F;G)

by (2.24). The reverse inclusion (771 X Tﬁl) h) D T(h) is seen in a similar

I
way. Hence the boundary triples (P(h),T'(h),I'(h)) and (”P(h),%(h),f‘(h)) are
isomorphic. O

2.28 Remark. If one defines a mapping {Z(b) by ;Z(h)F = f where ' = (f;&; o)

is as above, then it follows from the definition of ¢ (h) that {Z(h) ot = 1(h) where
7 is as in the previous proof. /

g. Rotation isomorphisms.

We consider general Hamiltonians of the class $),, on the one hand, and functions

from the class NS;’J *) for a € [0,7) on the other. A rotation isomorphism is a

tool which allows us to restrict explicit proofs to one particular value of o. Such
isomorphisms exist on all levels (Hamiltonians, functions, fundamental solutions
etc.), and the corresponding constructions are compatible with each other.

Let us now give the definitions, cf. [KW/V, Definition 2.4]. For a € R set

cosa  Sina
N, = ) .
—sina  cosa
2.24 Definition. Let o € R.

(1) If M is a 2 x 2-matrix, set

OaM = NyMN*'.

(74) Application of ‘O, to matrix functions is always understood pointwise,
e.g.
(Oa H)(2) =00 (H(@)), (Oawy)(@;2) :=0a (wy(2:2)).

(#i7) If g(2) is a scalar function, set
Oaq(z) := Na x q(2).
(iv) If b is a general Hamiltonian given by the data
oi, Hi, 04,b5,di5, F,
let Oqbh be the general Hamiltonian given by

i, OaHji, 04,bi5,di5, E.
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/

Some practical computational rules have been collected after [KW/V, Defini-
tion 2.4] and in [KW/V, (2.16), (2.24), (3.1)].
Some compatibility properties of the operations ‘O, on the different levels
are, for example,
Woah =Oawy  and  qo,n =Oa gy,

cf. [KW/V, Lemma 5.14].
2.25 Lemma. Let H be a Hamiltonian defined on an interval (a,b), let 5 € R,

and set H :=0pH. Then H satisfies (HS_) if and only if H does. In this case,

b (H) = (H) - 5. ) ]

Assume that H (and thus also H) satisfies (HS_). Then A_(H) = A_(H).
If A_(H) (and thus also A_(H)) is finite, and w;, w;, | € Ny, denote the
corresponding functions (2.12), then tvo; = Ngw;, | € Ny.

Proof. We have fTHf = (Ngf)T(0Op H)(Nsf), and hence the map f +— Ngf
is an isometric isomorphism from L2 (H|(a,z,)) onto Lz(ﬁ|(a,w0)). In particular,

(Ig) for H <+ (I, ;) for OgH.

As in the definition of the condition (HS7) let M be an anti-derivative of H
and M an anti-derivative of H. If M and M are defined by integrating from
the same reference point, then M =g M, and hence

EopzMéary = (Npbarz) (O M)(Npbarz) = Elacpyrz MEapyrz-

Thus also
(HS,) for H <= (HS_ ) for OgH

and ¢_(H) = ¢_(H)—f. Assume that H satisfies (HS_) and that A_(H) < oc.
Let to;, | € Np, be the unique functions with (2.12), and set

P = NBl‘Ol, l € Np.

Then
00 =&p_(m)+5-8 = &p_ ()43
0tl(a,0) € L*(Hl(a,m0))s 1> A_(H),
v;(xg) € span{£¢7(H)+%,5}, l € Np,
and

v, = Npwjy, = NgJHro, = JNgHN; ' (Ngw,) = J Ho,.

It follows that A_(H) < A_(H), and hence, in particular, A_(H) < co. Ap-

plying the above argument and the rotation (_g starting from H we obtain

A_(H) < A_(H). Moreover, we see that the functions v;, | € Ny, satisfy (2.12)
for H. 0
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In the present context it is important to know how the classes $, and
NS (cot ) , respectively, transform under application of a rotation isomorphism.

2.26 Lemma. Let h € §,, and let 5 € R. Then Ogh € H4_3.

Proof. It is obvious from the definition of Opg b that the property (gH,s.) is
inherited. Since b satisfies (gH, ), we can write

Ho(z) = ho(z) - éaés, @ € (00,01),
with some scalar function hg. It follows that
Op Ho(z) = ho(2) - (N5€a) (Ns&a)" = ho(2) - €a—péa_p,
and hence Og b satisfies (gHy—p). O
2.27 Lemma. Let B € R. Then q € N. (Oo) if and only if Ogq € N( cot ),
Proof. The case when € 7Z is trivial. So let us assume that 5 ¢ 7Z. We have

cosB-q(z)+sinf  cotf-q(z)+1

(Opq)(2) = —sinf-q(z) +cosB —q(z) + cot 3

and therefore

1 B —q(z) + cot 8
—cot B —(0pq)(2)  q(z)cot B — cot? B — (q(2) cot B+ 1)
1
T 1tcot?g (a(z) = cot ).
Hence
(= cot B) 1 (c0) -
O,B qc N < m S N (by deﬁl’lltlon)

1 00

T t’f (q—cot B) e N

= q ENS’;)

g

3 Characterisation of Titchmarsh—Weyl coeffi-
cients

In this section we identify the properties (gHos.), (gHa) (defined in Definition
1.1 in the introduction) as being equivalent to the fact that the Titchmarsh—
Weyl coefficient belongs to the class M. go)o where 7 = cot a. This result is a
typical instance of the intuition that the behaviour of the Hamiltonian at its
left endpoint relates to the behaviour of the Titchmarsh—Weyl coefficient at co.

3.1 Theorem. Let §) be a singular general Hamiltonian with ind_ b > 0 and
let « € [0,7). Then b € Hy if and only if its Titchmarsh—-Weyl coefficient gy
belongs to the class N(COt ),
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We first prove the statement for o = 0, in which case the class under consid-
eration is V. iﬁ) The required statement for other values of a then follows easily
by applying rotation isomorphisms. The method used for the proof is purely
operator-theoretic: the desired equivalence follows, with the help of some Q-
function theory, from the computation of the algebraic eigenspace of a certain
linear relation A at infinity, which is discussed in Lemma 3.2 below. For this
we recall some concepts and notations. Let S(h) := ker(m oI'(h)) be the closed
symmetric operator whose adjoint is 7'(h), where T'(h) is the maximal linear
relation in the boundary triple (P(h),T(h),T'(h)) associated with b, and let A
be the self-adjoint extension of S(h) defined by A := ker(m,; o I'(h)). In other
words, the self-adjoint relation A is obtained from T'(h) by imposing a boundary
condition at the regular left endpoint o¢ (formally f;(og) = 0); no boundary
condition is needed at the singular endpoint .

A given indefinite Hamiltonian can be decomposed into a finite number of
‘elementary indefinite Hamiltonians’ and positive definite Hamiltonians using
the splitting points in the set F/, where elementary indefinite Hamiltonians con-
tain exactly one singularity; see [KW/IV, §4] and 2.19. Unless dim P(h;) = 1,
the model Pontryagin space corresponding to such an elementary indefinite
Hamiltonian h; contains elements dg, . .., 0a, 144, such that the pairs (6x_1; %),
k=1,...,A;,—1+0;, are contained in the maximal relation T'(h;); see [KW/IV,
Definitions 4.5 and 4.11 and Proposition 4.17 (iv)]. If at least on one side of
the singularity H is just one indivisible interval of infinite length, then also
(0;90) € T'(h;) by [KW/IV, (4.14) in Definition 4.11].

In the following lemma a connection between the algebraic eigenspace of
A at infinity and the behaviour of H at oq is established. In particular, this
algebraic eigenspace at infinity depends on the fact whether b starts with an
indivisible interval of type 0 at oo and the length of this indivisible interval.

3.2 Lemma. Let by be a singular general Hamiltonian with x := ind_f > 0,
and let b be given by the data n,00,...,0n+1, Ho,...,Hp, 0;,bi1,...,bi5,41,
dio,..- dian,—1. Let A be as above and denote by Ea(oco) the algebraic
eigenspace of A at infinity.

(a) If b does not start with an indivisible interval of type 0, then E4(c0) = {0},
i.e. A is an operator.

(b) Assume that b starts with a mazximal indivisible interval of type 0 of finite
positive length and let sy be the right endpoint of this interval. Moreover,
decompose P(h) as P(h) = P(basy) [+] P(hser). Then Ea(c0) = P(has,)-

(¢) Assume that b starts with an indivisible interval of type O of infinite length
and that o1 is left endpoint of a mazimal indivisible interval (which also
must be of type 0) and let so be the right endpoint of this interval. Moreover,
decompose P(h) as P(h) = P(has,) [+] P(hser). Then Ea(oc) = P(has,)-

(d) Assume that by starts with an indivisible interval of type 0 with infinite length
and that o1 is not left endpoint of an indivisible interval. Choose a point
so € (01, 02) that is not inner point of an indivisible interval, and decompose

P(h) as P(h) = P(has,) [+ P(bser). Then

gA(OO) = Span{505 ey 6A1+51—1} g P(h‘"lso)-
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Moreover, in the cases (b), (¢) and (d) the algebraic eigenspace €4(00) is spanned
by one mazimal Jordan chain of A at infinity and the dimension of a maximal
A=Y invariant non-positive subspace is equal to ind_ b, .

Proof. Let us first prove the statements in (a)—(d). Assume that mul A # {0},
i.e. that there exists an element (0;9) € T(h), g # 0, with m1I'(h)(0;9) = 0.
Since S(h) is an operator, we must have m 2I'(h)(0;g9) # 0. Hence [KW/V,
Lemma 3.37] implies that b starts with an indivisible interval of type 0. This
shows that the implication in (a) is true.

Next assume that b is of the form as described in (b) or (¢) and let so be the
point specified there. Set

A(bsor) i=ker(m,1 0 D(bsor)),  S1(basy) 1= ker((m,1 x m) 0 T'(has, ),

and let P4y, and Ps,p be the orthogonal projections according to the decompo-

sition P(h) = P(has,) [+] P(hsor)-
We shall show that

Ea(o0) = | J mul S (hag,)". (3.1)

neN

First note that Si(h4s,) C A, and hence the inclusion ‘2’ holds trivially since
Ea(00) = U, eymul A”. Conversely, let go := 0 and g1,...,9, € P(h) be given
such that

(gi—1;q1) € A, 1=1,...,n. (3.2)

Then, trivially, (Posogi—1; Paseg1) € S1(has,)* and (Psgrgi—15 Psorg) € T'(Bsor)-
By the construction of the boundary relation I'(h«s,), we have m 1 0o T'(h4s,) =
7r1 0 ['(has,); see [KW/IV, Definition 4.5]. Hence

71,1 0 D(Bsor ) (Psor gi—1: Poor g1) = 71 0 T(bas ) (Pasogi—15 Paso91) = 0

for I = 1,...,n, and therefore (Psypgi—1; Psorgi) € A(bs,r). Since hg,r does
not start with an indivisible interval of type 0, this implies that Ps,rg; = 0,
Il =1,...,n. If hsp is not just one indivisible interval of infinite length, it
follows that

Ty O F(b(‘lso)(Pﬁsogl—l; Pﬁsogl) =T 0 F(hsol'))(Psol')gl—l; PsoPgl) == 0,

and hence that (Pas,gi—1; Pas,gi) € S1(b4asy). If hgor is just one indivisible
interval of type « of infinite length, then « ¢ nZ and

Ty O F(bﬁso)(Pﬁsogl—l; P‘Tsogl) € mo F(hsol")(Pegl"gl—l; Ps()l"gl) = Span{Jga}-

However, 0T (has, ) (Paso gi—1; Pasog1) € span{ ()} and o ¢ 7Z, and thus again
(Pasogi—1; Paseg) € S1(b4s,). This shows that the inclusion ‘C’ in (3.1) holds.
The Hamiltonian b, is either positive definite and consists of just one
indivisible interval (namely in case (b)), or (namely in case (c)) its rotation
Oz bes, is an elementary indefinite Hamiltonian of kind (B) or (C); see [KW/IV,
§4]. In each of these cases, inspection of the definition of I'(h4s,) shows that

U mul S1(h4s, )™ = P(bes, ).

neN
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Together with (3.1) this shows the assertions in (b) and (c).

To prove (d), assume that (og, 01) is indivisible of type 0 and o4 is not left
endpoint of an indivisible interval. Our aim is to show that, independently of
the choice of sg, relation (3.1) holds. The inclusion ‘2’ is of course again trivial.
For the converse inclusion, let go := 0 and g¢1,...,9, € P(h) be given such
that (3.2) holds. Choose s1 € (01, Sp) such that s; is not left endpoint of an
indivisible interval of type 0 and that dim &(wg (s1, ) wp (S0, )) > n, where the
reproducing kernel space (W) for a matrix function W is defined in §2.b. The
choice of 7 is possible because (01, 02) does not start with an indivisible interval
at o1. Next, choose s2 € (01,s1) such that dim £(wy(s2,-) twy(s1,-)) > n.
Since

((¢(h)gl—1) ‘(sz,so); (¢(b)gl)|(527so)) € TmaX(H1|(82,so))7

we obtain from [KW/IV, Lemma 2.23] that ¢g;_1(s;) = 0, { = 1,...,n. This
gives (Ps,rqi—1; Ps,rg1) € S(bs,r). However, S(hs,r) is an operator, and hence
Porgi =0,1=1,...,n. Wesee that (g;—1;91) € S1(h4s,) C S1(h4s,), and hence
that (3.1) holds.

In order to compute J,,cy mul S1(h«s,)", note first that

do, - - - ;6A1+6171 S U mUlSl(hﬁso)n
neN

by the properties of the dy; see the paragraphs before this lemma. Hence it
suffices to show that the dimension of | J,, .y mul S1(h«s,)" cannot exceed Ay +0;.
Let again (gi-1;91) € S1(h4sy), L =1,...,n, go =0, be given. For z € C denote
by x(z) the defect elements of Si(h4s,), i-e. x(2) € ker(Si(hes,)* — 2), with
0 D(has,) (x(2): 2x(2)) = (V). Then

[gl,X(Z)] :E[glth(z)]ﬂ l=1,....n,

and hence, by induction, ¢; L span{x(z): z € C}, I = 1,...,n. Applying the
isomorphism =, as defined at the end of §2.e, from P(bh«s,) onto K(wy(so)), we
find that Z,,¢; € ker m_, where 7_ is the projection onto the second component.
However, we know from [Wo, Lemma 6.3 (proof, subcase 3b)] that dimker7_ =
A1 + 61. As we noted above, this estimate suffices to complete the proof of
statement (d).

Let us now prove the last statements. If dimE4(c0) = 1 in (b) or (¢), these
are trivial. Otherwise, in case (b) or (c), the algebraic eigenspace E4(c0) is
spanned by the Jordan chain

1 o1+1
50, - ,(551, E (po - Z b17152+61—l);

=2

see [KW/IV, Definition 4.5]. In case (d), £4(o0) is spanned by the Jordan
chain dg,...,0A,45,—1 as we have seen above. In both cases the Gram matrix
of £4(c0) with respect to one of these Jordan chains has Hankel form, namely,
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(with ¢; ; as in (2.19))

0 0] 0 0
O PR Cl’l :
or 0 0] O 0
0 0 0 C1.1
0171 e * .
o ... 0 11 e C1,6,

in cases (b) and (c) and case (d), respectively, where the first matrix is of size
61 + 2 and second matrix of size Ay + ;. The dimension of a maximal A~1!-
invariant non-positive subspace is equal to the size of the maximal negative semi-
definite square sub-matrix of the Gram matrix located at the top left corner.
Such a maximal sub-matrix is either the zero matrix or a matrix that has zeros
apart from one negative entry at the bottom right corner. Since such an entry
at the bottom right corner is ¢; 1, in cases (b) and (c) the maximal size of such
a negative semi-definite sub-matrix is equal to

{61+2J {1 if 61 + 2 is odd and ¢11 <0}
2

0 otherwise

5 1 if 6; isodd and b; 1 >0
:{2J+1 { if 61 i nd by 1 }Zindhﬁso

0 otherwise

according to (2.13) since A; = 1 in this case. Similarly, for the case (d) the
dimension of a maximal A~ !-invariant non-positive subspace is equal to

O 1 if 67 isodd and b; 1 >0
Al"‘{OlJ { if 61 is odd and by 1

2 0 otherwise

} = ind— bﬁsu)

which finishes the proof. [l

Proof (of Theorem 3.1; Case a = 0). We use the same notation as in the above
lemma. By [KW/V, Proposition 5.19] the Titchmarsh-Weyl coefficient gy of
b is a Q-function of S(h) generated by A. Moreover, S(h) is completely non-
self-adjoint by [KW/IV, Theorem 8.6], and hence A is minimal. Thus g has a
minimal representation of the form (2.4) in terms of A and hence we can apply
Lemma 2.5, i.e. the asymptotics of gy at infinity reflects precisely the geometric
structure of £4(00).

First assume that gy € Né‘x’). If h does not start with an indivisible interval
of type 0, then lim, -0 Lgy(2) = 0 by [KW/V, Proposition 6.1], which is a
contradiction to the assumption that ¢ € N,§°°>. If b starts with an indivisible
interval of type 0 and finite (positive) length I, then lim, ;e %qh () =1 €
(0, 00), which is again a contradiction. Hence b starts with an indivisible interval
of type 0 of infinite length, i.e. (gHp) is satisfied. By Lemmas 2.5 and 3.2, we
have ind_(h) = K = Voo (A) = ind_(h4s,), where sg is as in Lemma 3.2. This
implies that o7 is the only singularity of b (since each singularity contributes at
least one negative square), i.e. (gH, 5. ) is satisfied.

Now assume that (gHp) and (gH, .) are satisfied. It follows from (gHp) that
in Lemma 3.2 either case (c) or (d) occurs. Hence voo(A) = ind_(h4s,). The
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assumption (gH,s ) implies that ind_(h4s,) = ind_(h) = k. By Lemma 2.5 it
follows that gy € N, ]

Proof (of Theorem 3.1; General values of o). Let a singular general Hamilto-
nian with ind_ § > 0 be given which satisfies (gH,..), and let a € (0, 7).

By Lemma 2.26, b satisfies (gH,,) if and only if the general Hamiltonian O b
satisfies (gHp). We have g5 5 = No * qp. By Lemma 2.27, ¢ € Ni";;t ) if and
only if gi5,5 € NQO;)

Using the already proved case ‘@ = 0’ of Theorem 3.1 we conclude that b
satisfies (gHg) if and only if ¢, € V720, 0

4 Partial continuity of the fundamental solution

Let @« € [0,7) and h € H,. Our aim in this section is to show that, after
an appropriate rotation, three entries of the (finite) maximal chain of matrices
associated with h are continuous at the singularity of b.

4.1 Theorem. Let a € [0,m) and ) € H,. Moreover, let wy be the (finite)
mazimal chain of matrices associated with Yy, and set ty(z) = t{wy(x;-)), where

t is defined in (2.5). Then the following limit relations hold locally uniformly
on C:

lim €7z wy(7;2)6a—1 = Jim. lwy(2;2)€0 =1,

(limy) \” .
wlifgl ga*%wb ({IJ; Z)SOC = 0;
T .
Gim’)  fim @z
« o ty(2)] -2
4.2 Remark.

(i) Note that the quotient on the left-hand side of (lim,) is an entire function
in z since the numerator is zero for z = 0. Expressions like this have to
be interpreted as derivatives in the following.

(#4) The limit relations in (lim,) and (lim/,) hold trivially when z approaches
o1 from the left. This follows since

1 0
wy(x;2) = Nj_= Ny—=
2 \—ty(x)z 1 2

for € 00, 01) and hence
€1 cwp(m2)ba s = Lup(@i )0 =1, € wy(z2)€a =0,

53;“}!1 (1‘; Z)fa,%

—ty(z) - 2 -

for x € [0g, 01). Therefore (lim,) indeed expresses continuity at oy.
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(#i7) By (2.9) we have

Zo

th (:C) = fh(x()) — /tI’ H(t)dt

for any x¢ € (01,02) and, since H is in limit point case at o1, thus t;(z) —
—o00 as ¢ \, o1. Hence

tl_igll|5§wh($; 2)a-z| =00

locally uniformly on C\ {0}.

(iv) For o = 7 the relations (lim,) and (lim},) read as follows:

1. us 1. : = 1. . =1 1' . —0-
(limz) x\lx‘rglwh(m,z)ll wgglwh(x,z)gg , w\lx‘rglwh(m,z)lg 0;

(lim's) lim wWol@izlan _

e Ty (@) 2

/

The proof of Theorem 4.1 is quite elaborate. We divide the remainder of this
section into several subsections according to the following plan:

a. We provide/recall some preliminary facts, among them a normal family
argument for Pdlya class functions.

b. We establish the asymptotics of the fundamental solution of positive definite
canonical systems of a particular kind.

c. We derive that (limz) already implies finer asymptotics of wy(z; 2).

d. We carry out an inductive process to establish Theorem 4.1 for o = 7.

e. We apply rotation isomorphisms to obtain the asserted limit relations for
arbitrary values of a.

f. We prove a continuity result for the fundamental solution of an arbitrary
general Hamiltonian.

a. Preliminary observations.

In order to justify a later application of [dB, Theorem 41], we need the following
elementary reformulation of (I ) and (HS; ).

4.3 Lemma. Let hi; and hao be locally integrable non-negative functions on
an interval (a,zo]. Assume that [° hi(z)de < oo, set afx) == [ h1y(t)dt,
and let v(x) be an anti-derivative of hag that is absolutely continuous on each
compact interval contained in (a,xg], e.g. yo(z) = ffa hoo(t) dt. Then

Zo

/oz(x) dy(r) < 0 <= /|’y(x)| da(z) < co. (4.1)

a

In this case, li{‘n a(x)y(r) = 0.
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Proof. The measure do is finite on (a, zg], and the measure space ((a,zo], dv)
(the o-algebra is the Borel algebra) is o-finite since hgy is locally inte-
grable. Moreover, the function X (y<z}(z,y)h11(y)h22(x) is measurable and non-
negative. Hence the application of Fubini’s theorem is justified, and we obtain

Zo

7004(33) dyo(z) = /( xhn(y) dy)hm(x) du

- 7(7@@) dac) hai(y) dy = 7( —0(y)) da(y).

a Yy a

Any anti-derivative v of hyo as in the statement of the lemma differs from ~q
only by an additive constant. The integral on the left-hand side of (4.1) does
not depend on the choice of 7. Since [ da(z) < oo and 7 is non-decreasing,
also finiteness/infiniteness of the integral on the right-hand side of (4.1) does
not depend on the choice of ~.

Assume that the integrals in (4.1) are finite. Let € (a,z). Since v and 7
are both locally absolutely continuous on (a,xg], we may integrate by parts to
obtain

xo o

/a(t) dyo(t) = —a(z)yo(z) — /’yo(t) da(t), =z € (a,zo].

x x

Passing to the limit z \, @ and remembering (4.2), we find that a(x)yo(x) tends
to 0. Again this property is inherited by any other anti-derivative . O

We shall use a normal family argument, which appeared already in the proof
of [dB, Theorem 41]. Denote by P the set of all real entire functions F' that
belong to the Pélya class. Moreover, for ¢ > 0, set

P.:={F eP: F(0)=1, |[F'(0)] <c, [F"(0)] < c}.

4.4 Lemma. For each ¢ > 0 the class P, is a normal family, i.e. every sequence
of functions from P, contains a subsequence that converges uniformly on compact

sets. Moreover,
(P = {1}.

c>0

Proof. By [dB, Problems 10 and 13] each function F' € P with F(0) = 1 satisfies
the estimate

log|F(2)] < F'(0)Rez + %(F’(O)2 — F"(0))|z]*, ze€C.

Hence each class P, is locally uniformly bounded and by Montel’s theorem
normal.

Assume that F' € (., P.; then F'(0) = F"(0) = 0. By the above estimate,
F is bounded by 1 throughout C, and hence constant. However, F(0) = 1, and
thus F must be identically equal to 1. [l
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4.5 Lemma. Let (F,)nen be a sequence of functions F,, € P with F,(0) = 1,
n € N. If, for some real number 3, we have

lim F/(0)=p3, lim F/(0)= 32

n—roo n— oo

then lim F,(z) = #* locally uniformly on C.

n— oo

Proof. Consider the functions G,,(2) := F,(2)e~?%; then
G, (0) = F,(0) = B, G(0) = F}/(0) — 2BF,(0) + §°.

Hence lim,, ;o G7,(0) = lim,,_,o. G21(0) = 0.

For some appropriate ¢ > 0 we have {G,: n € N} C P, and hence the
sequence (G, )nen has accumulation points with respect to locally uniform con-
vergence. Let G be any such accumulation point. Then G’(0) = G”(0) = 0, and
hence G € [,y Pc and, by Lemma 4.4, G is identically equal to 1. Therefore
we can conclude that lim,_,-, G, = 1 locally uniformly. 0

b. Asymptotics for a class of positive definite Hamiltonians.
In this subsection we consider the class of positive definite Hamiltonians H
satisfying the following two properties (let (a,b) be the domain of H):

(G1) the Hamiltonian H satisfies (I;) and (HS; ), and the interval (a,b) is
not indivisible;

(G3) for one (and hence for all) zg € (a,b) the limit

Zo

lim hlg (I) dx
s\a

S
exists and is finite.

Note that, if H is in the limit circle case at a and (a, b) is not indivisible, then
these conditions are trivially satisfied.
For each s € (a,b) let Wy (z) be the unique solution of

%Wst(z)J =2zWs(2)H(t), tE€ (a,b), Wes(2) =1,
and write ) )
Ast z Bst z
Wst zZ) = 4
= (o0 o) (13)
Set . .
o(z) = / hu@de 5(a) =t [ ha(0) . (4.4)

and let v be some absolutely continuous anti-derivative of hao.
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4.6 Remark.

(i) The condition (G2) implies that limy 4 3(t) = 0. To see this, let € > 0 be
given. Choose ¢ € (a,b); then there exists § > 0 such that

to

/h12(l’) d.’E — ﬂ(to)

S

<eg, s € (a,to], s—a < 4.

Let t € (a,to], t —a < ¢ and s € (a,t], then

‘/t/m(x) dx| = '7@@;) dzj)hlz(a:) I

Passing to the limit s \, a gives |8(t)] < 2e.

< 2e.

(#4) The assumption (HS; ) implies that
/|7(t)|da(t) < 0 for all = € (a,b)
a

and hence, by Lemma 4.3,

x

/ alt)dy(t) <o forall z € (a,b)

a

and
lim a(x)y(x) = 0.
R (z)y(z)

/

Denote by a4 the maximal number in [a, ) such that (a,a) is an indivisible
interval of type 5. Then

a(2) { =0, x € (a,a4],

> 0, x € (a4, b),

and in particular, lim, q, a(x) = 0. The matrix function

satisfies m(t) — m(s) = f; H(z)dz, and hence is non-decreasing and locally
absolutely continuous on (a,b).

4.7. Existence of A, and B,. By the definition of a4 the Hamiltonian H does not
start with an indivisible interval of type § at the left endpoint of the interval
(ay,b). Hence all hypotheses of [dB, Theorem 41] are satisfied (with the half-
line (0,00) replaced by the interval (a,b)). An application of this theorem
provides us with families A; and By, t € (a4,b), of real entire functions which

have the following properties:
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(a) For each t € (ay,b) the function A, — iB; has no real zeros and belongs to
the Hermite-Biehler class HBy and the Pélya class. Moreover, 4;(0) = 1
and B (0) = 0.

(b) We have

%(fit(z), Bi(2))J = 2(As(2), Be(2))H(t), te€ (ay,b).  (4.5)

(c) limy~a, A, =1 and limga, B, =0 locally uniformly on C.
(d) A = limg\ o, As and B, = limg\ q, B locally uniformly on C.

For (c) remember Remark 4.6 (i). Item (d) follows from the construction in the
proof of [dB, Theorem 41]. Moreover, the functions A; and B; are uniquely
determined by the properties (a), (b) and (c). /

4.8 Remark. If H is in the limit circle case at a4, then (At( ), By(2)) is the
unique solution of (4.5) satisfying the initial condition (A, (2), Ba, (2)) = (1,0).

/

The key steps in the present context are the next two lemmas where we
determine the asymptotics of By, Cs; and Dy;.

4.9 Lemma. Assume that H satisfies (G1), (Gz2), and let ay € [a,b) be the
mazimal number such that (a,ay) is indivisible of type 5. Then

. Bt(Z) _
tl\ui za(t) ! (46)

locally uniformly in C.

Proof. Consider the functions Ay and B defined in (4.3). By 213 the function
By, belongs to the Pélya class, and by 4.7 (d) therefore also B; belongs to the

Pélya class. By [dB, Lemma 7.1] the same is true for t(z)

In order to apply Lemma 4.5 we compute the derlvatlves of As; and By with
respect to z at 0. For s,t € (a,b), s < t, the function & — (Asz, Bsz), € [s,1],
satisfies the differential equation (1.1) with Hamiltonian H| s, and takes the
value (1,0) for z = s. Hence

1—Agu(2) = Z/Asx(z) dp(x) + Z/Bsx(z) dy(z), s<t<b. (4.8)

Note that H|(,) is in the limit circle case at both endpoints.
Dividing these equations by z, letting z tend to 0 and observing that
Wt (0) = I, we obtain

B(0) = a(t) —a(s),  Ay(0) = B(s) — B(1).
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If we divide (4.8) by z, differentiate with respect to z and evaluate at z = 0,
then we obtain

_A’S’;(O) _ (1 —Ast(2)>,(0> :/tA’M(O) dg(x)Jr/tB;w(O) dry(z)

z

t t

— [18) - 8@)] d8(2) + [ [a(e) - a(s)] dr(a)

Equation (4.7) gives

B&(0) _ (le(z)>'(0) - /tA’sx(o) da(z) +/tB;x(0) dB(x)

2

- / [8(s) - B(a)] da(z) + / [a(z) — o(s)] dB(z)

t t

— 5(E)alt) - a(s)] - [ B@)da(z) + ala) - al9] @)~ [ Bla)dao)

S S

t

= [8(s) + B(1)] - [alt) — a(s)] - 2 / B(x) da(z).

S

It follows that

ERNT R z

B ' /
im (Z45) 0 = 5(00(0) - 2 [ 5(0) dafe).
a+
and, with the Mean Value Theorem for the evaluation of the integral, that

i (o]0

Dividing (4.7) by z, differentiating twice and evaluating at z = 0, we obtain

z

(Bst(z))”(o) = /tA;’x(O) da(z) +/thx(0) dB(z).

S S

38



The first summand equals

j A%, (0) da(x)

T

- /t([g(s) — B(@)]* - Q/a(y) dy(y) + 2a(s) [y(x) - 7(8)]> da(x)

_ / [8(s)— ()] *da(z) — 2 / / a(y) dy(y)da(z) + 20(s) / (@)~ (s)] da ),

S S

the second one
t t

/BQ'I(O) dp(x) = 2/([5(5) +B(@)] - [a(x) — als)] - 2/Iﬁ(y) da(y)> dp(x)

- / [az) — a(s)] - 2[8(s) + B(x)] dB(z) — 4 / / B(y) doy) dp(x)

y / [8(t) — 8] By)daly).

S

Using the Bounded Convergence Theorem, we conclude that (note here that
[Y(2) =7(s)| < 2max{|y(t)], [y(s)[}, = € (s,1))

i (P42) 0= / ()" dox) 2 / [ ety dato

ay a4

+ B(t)2a(t) - / B(x)? da(z) — 4 / [8(t) — B(»)] Bly) da(y),

ayt

and, again using the Mean Value Theorem, we obtain

i (o i (7)) <o (10
Let .
A= 5

Since BJ(0) = limgq, B (0) = a(t) and

(P2 0=t (2] 0 (P2) 0= o (242) 0
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it follows from (4.9) and (4.10) that

FO) =1, Jim F/(0)=0. lm F/(0)=0.

By Lemma 4.5 this implies that lim;\ o, F;(2) = 1 locally uniformly on C, which
is (4.6). U

4.10 Lemma. Assume that H satisfies (G1), (Ga).
(i) The limit

lim D/, (0)

exists for every t € (a,b), and

lim lim D, (0) = 0.

tNa s\ya
(w) If liin ~v(s) # 0, then
1
lim —D” (0
SI\I‘I}I ’)/(S) st( )
exists for every t € (a,b) and
. . 1 "
lim lim ——D7,(0) = 0.

tNa s\ya ’)/(S)
(iii) Let

I:={t e (a,b): t is not right endpoint of an indivisible interval

of type 0}.
Then there exists a non-decreasing function c(t), t € I, with lim ¢(t) =0
t\inf |
such that o
22)__ cp, a<s<ttel (4.11)
(v(s) = (1)) =

Proof. For s,t € (a,b), s < t, the function x — (Csz, Ds,;) satisfies the differen-
tial equation (1.1) with Hamiltonian H| 4, and takes the value (0, 1) for z = s.
Hence

Du(z)—1= z/Csm(z) da(x) —I—z/Dsw(z) dp(x), s<t<b,

—Cy(z) = z/Csm(z) dg(z) + z/sz(z) dy(z), s<t<b.

Note that H| s is in the limit circle case at both endpoints. Dividing the first
integral equation by z and letting z — 0 we easily see that

D (0) = B(t) — B(s),  CL(0) =(s) — (D), (4.12)
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and hence that

. . / _
qh\r‘% D (O) ﬂ(t)7 }1\12 ll\% Dst (0) - Oa

which is (7). Moreover,

D;’;(O) _ (Dst(z) - 1>'(0) — jc' (0) da(z) + /D;x(O) dp(x)

Under the assumption that lims o v(s) # 0, it follows that

= z2(¢ — lim L / 2oz 2
s\ 7() 2(0) =2a(t) yl\a(v(y» lQQ/V( )da(z) + (B(t))"].

Note that the integral exists by Remark 4.6 (iz). If we now let t N\ a, we obtain

lim lim ——D”,(0) = 0.
t\a s\a ")/( ) St( )

Hence (#i) is proved.
Finally, we show (ii7). By (2.8) the function

Cst(Z)
(v(s) =~(t))=

is in the Pdlya class. To estimate Cy;, we compute

_CtT(O) - _(C‘“Z(Z))/(O) = /tch(o) dp(x) +/tD;x(0) dy(x)

Z

If t € I, then y(t) > ~(s) and hence

(o0 2) ©)
sup | \/dv <6 s 130

V(t) ze(a t] z€(a,t]

(4.13)
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Next,
t

. ( Cst<Z>)"<o> _ / CL0)dd@) + [ DLO)dr(a),

z
s s

The first summand can be written as

t

/Cé’x(o) df(z) = —2/[7(8) —(@)] - [B(z) - B(s)] dB()

_4// y) dB(z).

The first integral on the right-hand side of this relation equals

the second one
/ / W) = [15) - 8] - ) - 5:)] dr(w).

Hence, for ¢t € I, we obtain the estimate

t

]‘ 1
m /Csz(o) dp(z)

S

<8 sup |B(x).

z€(a,t]

Next we compute

t

/ D, (0) dr () = 2 / 7(8) [a() — als)] dr(z)

2 [ [2wda)dr@ + [ [5a) - 8] dr(o).

S

The first integral on the right-hand side equals

2(s) / a(z) dy(z) — 2y(s)als) / d(z)
/ a(z) dry(z) + 2yt / a(z) dy(z) — 2v(s)a(s) [y () — 7(s)].
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Hence, for t € I, (we use that « is monotonic increasing)

t

o | PO

t

< 2/a(x) dy(x) + QW /a x)+2 sup |y(z)a(z)|

z€(a,t]

e //Iv ) da(y) dvy(z) +4 sup |B(x)]?

z€(a,t]

t

<> / o) (@) + 2 s [ o)) 2 s p(e)a(e)

S S

+2/|v dafy) +4 sup [3()F

z€(a,t]
t
<2 [ a(e)dr(a) + 4 sup [2(2) |+2/w )l da(y) +4 sup |B(x)[.
z€(a,t] z€(a,t]

a

Putting these estimates together we obtain

3) - 7( z€(a,t]

’(M)N(o)' < zja(x) dy(z) +4 sup |y(x)a(z)]
(4.14)

2 / ()] day) + 12 sup |B(x)]2.

z€(a,t]

It follows from (4.12), (4.13) and (4.14) that, for t € I and s € (a, ),

Cst(Z)
(v(s) =7(1)2

for a certain function c¢(¢), which can be chosen to be non-decreasing. Let
o :=infI. If @’ > a, then (a,a’) is a maximal indivisible interval of type 0. In
this case H must be in the limit circle case at a by (G1), and we have 8(t) =0
and y(t) = 0 for ¢t € [a,a’], which implies that we can choose ¢(t) such that
c(t) > 0ast N\ a. If o/ = a, then it follows from Remark 4.6 that we can
choose ¢(t) such that ¢(t) = 0 as t \, a. O

Note that the assertion (4.11) has a different meaning depending whether
H is in the limit point or limit circle case at a. In the limit point case it limits
the growth of Cy;, whereas in the limit circle case it determines the speed of
convergence. More precisely, for the latter case the following is true.
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4.11 Corollary. Let H be a Hamiltonian on (a,b) which is in the limit circle
case at a and does not start with an indivisible interval of type 0 at a, and write

L [A(z) Bu(z)
i) = <Ct<z> Dt<z>>

Then o
lim /ti(z) —
t\a Ct(O) A

locally uniformly on C.

Proof. We may pass to the limit s \, a in (4.11), observe that C}(0) = v(a)—7(t)
and apply Lemma 4.5. O

c. Asymptotics for a class of general Hamiltonians.

Let h € $Hz and denote by H the Hamiltonian function of h on the interval
(01,02). Then H is in limit point case at o1 and it satisfies (G1) unless (o1, 02)
is indivisible (which cannot happen if § is a singular general Hamiltonian). In
order to shorten notation we write again

At z Bt z
wy(t;2) =: <C’( ) ( )> , (4.15)

and
(4.16)
Explicitly, this is

a(t) = Bi(0),  B(t) =-A4;(0) = Di(0),  ~y(t) =—C{(0) (4.17)

and ty (t) = a(t)+(t). It is easy to see that 8%0.);, (t; Z)J|z=0 is an anti-derivative
of H(t) and hence

o' = hiy, B = hia, v = hos.

Moreover, if Ag, By, Cst, Dt are as in (4.3), then

Ast z Bst z
wy(s52) Twy(t;2) = ( (2) D ( )>

It follows that
AL(0)  BL(0) AL (0)  Bg(0))  [(A4(0) Bi(0)
C5(0)  Di(0) i CL,(0) DL(0)) \Ci0) Dj0))"
4.12 Remark.

(7) It will turn out later that H also satisfies (Gg), cf. Corollary 4.20, but at
the present stage this is not known.
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(#4) If H satisfies (G2), then the functions « and § defined by (4.16) may differ
from the functions defined in (4.4) by additive constants.

(791) Since —Aj}(0) is an anti-derivative of hya, locally uniform existence of the

limit limy\ o, A¢ implies (Gg). If we assume that lims\,, A; = 1 and
limy\ », By = 0, then the functions «, 8 in (4.16) coincide with those from
(4.4).

/

First we show a geometric lemma.

4.13 Lemma. Leth € Hz. Then, fort € (01,02), the function Ay —iB; is of
bounded type in the upper half-plane and belongs to the Hermite—Biehler class
and to the Pdélya class.

Proof. Asusual the case when o7 is left endpoint of an indivisible interval can be
treated explicitly. Let o be the maximal number in (o1, 02) such that (o1,04)
is indivisible. The type of this indivisible interval is equal to 7, and hence, by
the construction of wy in [KW/V], we have

=3 9

with some polynomial p. It follows that
At:]., Bt:(), t€(0'170'+],
Ay = As,t, Bi= By, t€ oy, 02).

The functions A, ; and B, are the solutions of the positive definite Hamil-
tonian system with Hamiltonian H|, »,) satisfying the initial condition
(As, (2), By, (2)) = (1,0). Hence, for t € [04,02), the function A, ; —iB,
belongs to the Hermite—Biehler class HBy, is of bounded type and belongs to
the Pdlya class; see 2.13. For t € (01,04 ) the assertion is trivial.

Assume now that o is not left endpoint of an indivisible interval. Fix a point
to € (01,02) which is not inner point of an indivisible interval. Consider the
isomorphism Zy, : Pz, — R(wy (to;-)) as discussed at the end of §2.e. Moreover,
denote by 71 and w_ the projections from K(wy (to;-)) onto its upper and lower
components, respectively. By [Wo, Lemma 6.3 (proof, subcase 3b)] and the
construction of Z;, in [KW/V] we have

Eto(span {60, cey 5A+671}) = ker 7y,
and, as, e.g. noted in [KW/I, Lemma 8.6],
P(As, —iBy,) = (kermy ) /(ker my)°.

And application of Lemma 3.2(d) to Oz h with so = #o gives (using the same
notation as there)

Ea(oo) =span {4, ..., 0n+5-1}-

By Lemma 3.2 the space £4(00) contains a non-positive subspace with dimension
ind_ b, i.e. a maximal non-positive subspace of P«,. Applying =;, we obtain
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that (ker 7, )~ is positive semi-definite, and hence that (A, —iBy,) is positive
definite. This implies that the function A;, — iB;, belongs to the Hermite—
Biehler class; see [KW/I, Theorem 5.3].

Since ker w1 # {0}, we have kerm_ = {0}. Hence, by [KW/I, Proposition
10.3], the constant function 1 is associated with the space PB(D,, + iCy,). This
implies that D, and C, are of bounded type in the upper half-plane; see [KW /I,

§2 and §3]. Since gfo and gjﬂ belong to the generalized Nevanlinna class N,
and thus are of bouonded type, this property is inherited by A, and B;,. By
[dB, Problem 34], therefore A;, — iBy, belongs to the Pdlya class. From this
one can now also easily obtain the assertion for inner points of an indivisible

interval. [l

Next, we establish the knowledge of the asymptotics of wy (¢; - ) that is needed
in the inductive process.

4.14 Lemma. Let h € Hz and assume additionally that

lim A,(2) = 1, lim By (2) =0 4.18
Jim +(2) Jim +(2) (4.18)

locally uniformly on C. For each tg € (01,02) with y(ty) < 0 (which certainly
is the case whenever tg is sufficiently close to 01),

Cyi(2)
0t t 4.1
{'y(t)z € (le 0] ( 9)
is a normal family. Moreover,
lim Di(z) =1 (4.20)

tN\o1

locally uniformly on C. Let oy € [01,02) be the mazimal number such that
(01,04) is indivisible. Then

. Bi(z) _
t1\1r£+ () 1. (4.21)
Moreover,
w = O(a(t)v(t)) as t\ o1 (4.22)

locally uniformly in z, and hence the left-hand side of (4.22) tends to 0 as
t \ g1.

Proof. The case when o7 is left endpoint of an indivisible interval, i.e. when

o1 > o1, is again easy to settle. The type of (¢1,04) must be equal to Z, and

2 b
hence
1 0

wy(t;2) = (p(z) ) 1) , te(o1,04),

with some polynomial p and some non-decreasing function I(¢) satisfying
limg o, I(s) = —o0, cf. [KW/V, Proposition 4.31]. We have

(t) = =Ci(0) = I(t) — p'(0),
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and it follows that
) pe) =l
o1 y(t)z e (I(E) — p/(0)) 2

)

in particular, the family (4.19) is normal. Moreover, D; = 1, t € (01,04 ), and
hence the limit relation (4.20) is trivial. Relation (4.21) follows from Remark 4.8
and Lemma 4.9 since o is a regular endpoint and A,, =1, B,, = 0. Finally,
relation (4.22) is trivial since By(z) =0 for ¢t € (01,04 ).

Assume from now on that o is not left endpoint of an indivisible interval.
Fix a point tg € (01, 02) that is not inner point of an indivisible interval and let
t € (o1,to] be given. Then

wy (t 2) = wy (to; 2) [wy (t: 2) "y (t0: 2)]

At Bt o Ato Bto Dtto _Btto
Ct Dt Cto Dtg 7Ctt0 Atto

B (Atg Dyyy — B, Crry  — Ay Bity + By, Atto>

ie.

(4.23)

CioDity — DiyCrty  —Cliy Biiy + Diy Aut,
In particular,

Ci(z)  Ci(2) . Dy, (2) Cuiy (2) (ko)
vtz =z () Dy ( )(v(t) ) <1 0 ) (4.24)

As we have noted in Remark 4.12, our assumption (4.18) implies that H satisfies
(G3z). Thus the application of Lemma 4.10 is justified, which implies that the
first and second derivatives evaluated at z = 0 of the terms on the right-hand
side of (4.24) are bounded when ¢ \, o1. Moreover,

Ci(z) | _ Gi(0)

AWz =0~ D
by (4.17). Hence —Szt()zz) € P, for some positive ¢ and therefore the family in
(4.19) is normal by Lemma 4.4.

Consider the family (A¢(z), Bi(2)), t € (01,02). By Lemma 4.13, the func-
tion A; — iB; is of bounded type in the upper half-plane and belongs to the
Hermite—Biehler class HBj and to the Pdlya class. Clearly, (A, B:) is a solu-
tion of the canonical system with Hamiltonian H. We see that (A;, B;) shares
the properties (a), (b) and (c) of (A¢, By) in 4.7. By the uniqueness part of [dB,
Theorem 41] it follows that

At:fit, Bt:ét, te (01,0’2).

The limit in (4.21) is now nothing else but the limit computed in Lemma 4.9.
Moreover, using (4.21) and the local boundedness of the left-hand side of (4.24)
we find that
Bt(Z)Ct(Z) Bt(Z) Ct(Z)
AP — () (1) - . = O(a(t)y(t
= a1 SE = 0(a(tn (1)

as t \y o1. This together with Lemma 4.3 implies that B:(2)C¢(z) — 0 as
t \‘ o1. Since AtDt — BtC’t = 1, it follows that limt\ﬂl Dt =1. |:|

z
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d. The inductive process.

In the following let b be a singular general Hamiltonian that is either positive
definite or indefinite from the class 53%. As above write

With this notation the conditions (limz ) and (lim’x ) read as follows

(limz) t{rgl A(2) = t]ircrfll Di(z) =1, 1tlir(rfl1 By(z) = 0;
(lim%)  lim __Gl)
20 e at) ()] - 2

where «, § and «y are as in (4.16). If h is indefinite, then ¢y € NEBO; otherwise
qp € No.

We shall apply the same inductive process as in [KW/II]. To this end it is
necessary to investigate the transformations of chains employed in this process.
In the following four lemmas we give the necessary supplements to the results
in [KW/II, §10].

4.15 Lemma. Let h be a singular general Hamiltonian that is either positive
definite or indefinite from the class )z satisfying (lim%). Then

ind_ (z%qh(z)) =ind_ gq(2) + 1.

Let 6 be the singular general Hamiltonian with Titchmarsh-Weyl coefficient
%qy(2). Then b is indefinite, belongs to 9=z and satisfies (limz ) and (lim’g),

Proof. Set r :=ind_b. The function Z5¢y(z) is a generalized Nevanlinna func-
tion, and ind_ z%qb (z) < kK + 1. However, we have
2k+1 |

lim z
z100

an(z) = Jim 2 gy(2) € [0, 00);

z 2—+100

if b is positive definite this is trivial, otherwise it follows from Theorem 3.1

and Remark 2.4. Thus Z—IQq;, (z) has a generalized zero of non-positive type with

degree of non-positivity at least x + 1 at oo, and therefore ind Z%qh >k+ 1.
Let 6 be the singular general Hamiltonian with 45 (2) = Z%qh (z). By Theorem

3.1, we already know that 6 € $z. We compute the maximal chain wj explicitly

and then read off the required properties. Set oy := —3(t)a(t) — $B/(0) and

let sg € [01,02) (or sg € [09,01) if K = 0) be maximal such that (o1,s¢) (or

(00, 50), respectively) is indivisible of type 5. Define a function & by

1 0 0 —a(t)z
22 wy(t;z) | 4 Lo , L€ (so,02),
vl o) al)”

1
i (1)2
{limd(t;z)}~ o+ 1l—t , t€(o2,00+1)
t oo

lim ot .
0 1 i t}lzlzw(t,z) exists,
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if kK > 0, and in the same way with o5 replaced by o7 if K = 0.

It was shown in [KW/II, Lemma 10.5] that the chain (&(¢; 2))t>s, is an
end section of w;. Computing @(t; z) explicitly for t € (sg,02) (t € (s0,01),
respectively) gives

By(z) N A(z) | Bi(z) | ar Bi(2)

za(t) ®) z + 22 +a(t) z
w(t;z) =

2Dy (2)

alt) —a(t)zCi(z) + De(2) + szt(z)

Let notation involving a tilde have its obvious meaning. Differentiating C, with

respect to z, we find that F(t) = —ﬁ. Hence

th\r?o t;(t) = th\r?o (a(t) +7(t)) = —o0

since &(t) is non-decreasing, and thus (w(t; 2))¢>s, exhausts the last connected
component of the chain W Moreover,

B
lim @(t;2) * 0o = lim +(2) =0

NS0 tN\so 22Dy (2)
by the assumption (limxz ) for b, and hence the intermediate Weyl coefficient of
wp at the singularity located at the infimum of the last connected component of
its domain is equal to 0. It follows that the part of wy, to the left of its singularity
is just one indivisible interval of type 7 and infinite length.
Referring to Lemma 4.14 (or Lemma 4.9 in the case when x = 0) we obtain

~ B
lim A;(z) = lim «(2)
NS0 t\eso zat)

)

(0 (25)

) 0.
z=0

From this we get limy s, Bi(2) = 0. Using lim s, a(t)y(t) = 0 and the fact

that the family in (4.19) is a normal family, we see that

2 Ci(2)
(t)=

(e

alt)

Hence b satisfies (limz ), which by Remark 4.12 implies that lims s, &(t) = 0.
Finally,

+ Dt(Z) +

i Di(2) = Jim (~a(e(0):

th(z)> =1

ét(z)
- D
S - P
and hence
lmM: im%: lim C}(Z) =1,
£\eS0 \tﬁ )|z o |a(t) ()2 o —A(8)2
which is (lim’%) for b. N
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4.16 Lemma. Let b be a singular general Hamiltonian which is either positive
definite or indefinite from the class $)z satisfying (lim%). Then

. 1 .
ind_ (T_qu(z)) =ind_ ¢p(z) + 1.

Let 6 be the singular general Hamiltonian with Titchmarsh-Weyl coefficient
Tlﬂqh (2). Then b is indefinite, belongs to Hz and satisfies (limz) and (lim’g).

Proof. Set x := ind_§. For the same reason as in the proof of Lemma 4.15
the function ﬁqb (2) is a generalized Nevanlinna function with negative index
K+ 1, and 6 €Nz

Again let us compute the maximal chain wy explicitly. Let sg € [o1,02) (or
S0 € [00,01) if K = 0) be maximal such that (o1, so) (or (o9, S0), respectively)

is indivisible of type 5. Set R; := ( ) and J; :=Im Btglg Note that J; > 0

for t > sg since for such values of ¢ the functlon % is a non-constant positive
definite Nevanlinna function (i.e. from the class ./\/6 ) by Lemma 4.13, cf. 2.13.
Define a function @ by the following formulae: if k > 0, let

1 R R?
=7 0 11—z —2Ji(14+%
( o > wb(t; Z) It t( J?) ; te (50702);

0 1 Z 1+
w(t; z):= Je I
LI}IE (t; Z)} . W(l(t)1¢)(z), t € (09,00+1)
’ if lim @(¢; 2) exists,
t oo
where [(t) := +1 ; — 1, ¢ := — Arccot (limt s Rt) and W; 4) was defined in

(2.10); if kK = O use the same formulae with o2 replaced by o;.
We know from [KW/II, Lemma 10.8] that the chain (&(t; 2))t>s, is an end
section of wy. Let us again compute w(t; z) explicitly for ¢ € (so, 02):

R?
—zJ¢ (1 —+ T?)At(z)—‘r

21 1— 284,z + B z 21 )
(:J(t; Z) = il [( ) '@ . )} =t +(1+z%’5)Bt(z)
(1- Z )Ct( )+ J%Dt(z> —zJi (14 %)Ct(z) +(1+ z%)Dt(z)

From the assumption (limz), Lemma 4.14 (in the case when b is indefinite),
Remark 4.8 and Lemma 4.9 (in the case when b is definite) it follows that

lim 7Bt(z)
o at) A (2)

:Z’

which implies that lims ,, ﬁ(Rt +14J¢) =i and hence

lim 2t im 2t = lim 2t — . (4.25)
t\o1 a(t) tNo1 Jy

1
t{gll Oé(t)

) )

If we differentiate C; with respect to z and set z = 0, we obtain

(4.26)



Hence limy\ g, t5(t) = —oo, and we conclude that (&(;2))i>o, exhausts the
last connected component of the chain wg. The relations in (4.25) imply that

limg,o, Bi(2) = 0. We can write

D, = —zza(t)v(t)% (1 4 ?Z) 7((’;;2 4 (1 4 z};tt)Dt.

This together with Lemma 4.3, Lemma 4.14 and the relations in (4.25) implies
that limy o, D¢(2) = 1. In particular, the intermediate Weyl coefficient of wp
at oy is equal to 0. Next, we compute

~ R z
i 2 i o =
tl{(rill(l + 2%)As(2) 751\1“11011 [(1 z 7, )At(z) + 7 Bt(z)}

o Ry sa(t) Bi(2)] _ 2
= tl\lfcrrll [At(z) - ZIAt(z) +z Jtza(t)] =142z~

By analyticity, thus lims\ ., flt(z) = 1. As in the previous lemma we therefore
have limy\ », &(t) = 0 by Remark 4.12. Finally, using (4.26), (4.25), Lemma 4.3
and Lemma 4.14 we obtain

0~ g (7570 500
tli‘rirfll It; ()2 B &Iﬁ |a(t) +~(t) — J%’z Loz Ji Cil2) + Jy Di(z)
) 1 R\ Ci(2) | a(t) }
=1 y(E)| 1 — 22— —=D
O G e [OA o )( : Jt%(t)z + W p,(
=1,
which shows that (lim'y ) is valid for b. O

4.17 Lemma. Let b be a singular general Hamiltonian which is either positive
definite or indefinite from the class = satisfying (limz ), (lim’%). Moreover, let
a € R. Then ind_ ¢y(z + a) = ind_ gy (2).

Let b be the singular general Hamiltonian with Titchmarsh—Weyl coefficient
qy(z + a); then ind_ b = ind_ . If b is indefinite, then b belongs to $Hz and
satisfies (limz ), (lim’%).

Proof. The fact that ind_ ¢4 (z + a) = ind_ ¢y (2) is trivial. Hence, in the case
that b is positive definite, there is nothing to prove.

Consider the case when ind_ h > 0. The multiplicity of co as a generalized
zero of non-positive type of the function gy (z + a) is the same as its multiplicity
of qy. Thus 6 € 57,1%

We claim that on the last component of its domain the maximal chain wy 1s
(up to a reparameterization) given by

B(t;2) == wy(ti2 + a)un(t0) ™, €€ (01,00).

The facts that all matrices @(¢;-) appear in the last component of the chain
wy and that limy s, t;(t) = +00 have been shown in [KW/II, Lemma 10.2]. In
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order to see that w exhausts the last component of wy, it is sufficient to show
that the limit lim,\ o, @(¢;-) does not exist. Let v € RU {oo} be given; then

W(t;z) % v =wy(t;z +a) * (wy(t;a) " % v).
Since wy (t;a) "t xv € RU {oo},

lim @(t;z) xv =0.
tN\o1

In particular, it does not depend on the value of v; thus 6 is in the limit point
case and therefore the limit limy\ ,, @(¢;-) cannot exist. We also see that the
intermediate Weyl coefficient at o1 is equal to 0, and conclude that left of o
the chain w; comsists of just one indivisible interval of type 7.

Explicitly, @(t; z) equals

(Dt(a)At(z +a) = Ci(a)Bi(z +a) —Bi(a)Ai(z + a) + A(a)Bi(z + a))
Di(a)Ci(z+a) — Ci(a)Dy(z +a) —DBi(a)Ci(z + a) + Ai(a)Di(z + a)

for t € (01,02). Our assumption that b satisfies (limz ) immediately implies
that lim\ o, B, =0. By Lemma 4.14 applied to h, we have

lim Cy(a)Bi(z +a) =0, t{m Bi(a)Ci(z +a) =0,

N1
and hence
Jim Ai(z) = Jim Dy(z) =1.
We need to consider Cy(z). First note that limp,, S;E:)) = —1 (which
is true by the assumption (lim’%)) implies that lime s, (’;t((tz)) = —z, and

hence limgp o, C”Y{((:) = —1. Moreover, C;t((t‘;) is bounded by Lemma 4.14, and
limg,q, Di(t) = 0 because of the assumption (limz ). Hence
~ el /
im 20—y ZCO {—Dt(a) Cila) | Cila) Di(a)} =1
e y(t)  er () e V() ()

It follows that
lim _Ct(z) = lim C:t(z) = lim Ct(z)
t\o’l |t6(t)‘ t\o’l "}/(t) t\o’l ’}/(t)

L Ci(z+a)  Ci(a)
= A {Dt(a) (1) Vi et a)]
=—(z+a)+a=—z

which implies (lim'% ) for 6 O

4.18 Lemma. Let by be a singular general Hamiltonian which is either positive
definite or indefinite from the class = satisfying (limz ), (lim’%). Moreover, let
r > 0. Then ind_ gy(rz) = ind_ gy (2).

Let b be the singular general Hamiltonian with Titchmarsh—Weyl coefficient
qy(rz); then ind_bh = ind_b. If b is indefinite, then § belongs to H=z and
satisfies (limz ), (lim’%).

52



Proof. Again the fact that ind_ gy (rz) = ind_ gy (2) is trivial, and therefore we
have nothing to prove if ind_ h = 0.

Assume that ind_ h > 0. The multiplicity of co as a generalized zero of
non-positive type of the function gy(rz) is the same as its multiplicity of gp.
Thus h € H3.

The same arguments as in Lemma 4.17 show that w; is, on the last compo-
nent of its domain, given by

O(t;z) == wy(t;rz), te (01,02);

see also [KW/II, Lemma 10.1]. The required limit relations of wy are immediate
from this formula. O

Now we are ready to finish the proof of Theorem 4.1 in the case oo = 3.

Proof (of Theorem 4.1, case o = % ). By prolonging b if necessary, we may as-
sume, without loss of generality, that h is singular. Assume that it is from the
class $z. Then, by Theorem 3.1, gy has a generalized zero of non-positive type

of multiplicity x := ind_ ¢y at co. Thus, it cannot have any zeros in C \ R or
generalized zeros of non-positive type on R. By the corollary in [DLLS] we have

iv(:) = | T~ ate - an| ),

=1

where aq, ..., a, denote the poles of gy in C* and the generalized poles of non-
positive type on R (according to their multiplicities) and where g is from M.
We see that the function gy can be produced starting from gy (multiplied
by a positive constant) and applying a finite sequence of the transformations
studied above. The Hamiltonian corresponding to qg is positive definite, i.e.
it is in limit circle case at its left endpoint and hence satisfies (limz ) trivially.
By Lemmas 4.15-4.18 the properties (gHos ), (gHz) and (limz), (lim’%) are
inherited in each step of the induction process. Thus they hold for the maximal
chain associated with gy. 0

4.19 Remark. If H does not start with an indivisible interval at o;, then it
follows from (4.21) and (lim’%) that

By(2)Ci(2)

im =1
o1 22a(t)y(t)

locally uniformly on C. /

Let us return to the fact already announced in Remark 4.12 (3).

4.20 Corollary. Let H be a Hamiltonian defined on an interval (a,b) which
satisfies the conditions (Iy), (HSy) and A_(H) < co. Then (Ga) holds.

Proof. Set

H()({I?) = ((E - a)_Qé-%é-%a T e (a’ - 170’); 6:=0, by = 0, dj =0.
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Since H satisfies (I ), (HS;) and A_(H) < oo, the data

a—l,a,b, I’I(),]{7 O,bj7dj E = {a—l,b}

constitutes a general Hamiltonian h € $Hz. By Theorem 4.1 we have
limy o E wy(t;2)& = 1 locally uniformly on C. Now (Gs) follows from Re-
mark 4.12 (i4i). O

e. General values of a € [0, 7).

Let a € [0,7) and a general Hamiltonian h € $, be given. It follows from
Lemma 2.26 that the general Hamiltonian On—z b belongs to $Hz. By the
already proved case ‘a = 5’ of Theorem 4.1 we have

lim &y wo, Lp(t)6o = lim Exws, L 5(t)Ez =1,

t\o1 t\o1
. . (4.27)
tlggl € wo,_zn(H)€z = 0.
However,
Wo,_zh =Oa—z Wy = No—zwyNg_ =
and

Ng_z§ =8a—z, No_
Substituting in (4.27), gives
. T s T _ : T —
tlir}jll fa—zwy(t)€a—g = tlir?l Eawp(t)sa = 1, tlggll a—zwp(t)€a =0,
and this is (lim,). The relation (lim/)) follows in the same way. This concludes

the proof of Theorem 4.1 also for arbitrary values of a.

f. A continuity result for general Hamiltonians of arbitrary form.
We can deduce an interesting continuity result for the fundamental solution of
an arbitrary general Hamiltonian.

4.21 Theorem. Let by be a general Hamiltonian with ind_ h > 0 given by the
data

005+ 3y0n+1, HZ 6i7bij;dija E

Moreover, let wy(x;z) be the (finite) mazimal chain associated with b and set
ty(2) == t(wy(z;-)), di i =¢_(H;), i=1,...,n.

For each i = 1,...,n, there exist real polynomials p;,q; and real and entire
functions e;, f; such that the following statements hold.

(i) For eachi=1,...,n, the polynomials p; and q; satisfy p;(0) = ¢;(0) =1,
have no common zeros and no real zeros. Fach p; and q; has even degree
which does not exceed 2ind_ b4,,.

(#) For eachi=1,...,n, the functions e; and f; satisfy e;(0) =1 and f;(0) =
0 and have no common zeros. They are of bounded type in Ct and belong
to the Pdlya class (in particular, they have no non-real zeros).
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(131) The intermediate Weyl coefficient gy -, of h at the singularity o; is repre-
sented as the quotient

h,0:(2) = ——=——"

(iv) The following limit relations hold locally uniformly on C:

lim &5 4 2wy (75 2)6, 15 = pi(2)ei(2),

T—r0;

lim §g;iwh(0:;2)€¢i+g = qi(2) fi(2),

T—0;

€t zwy (23 2)&,

Ilgr;l 4 = zpi(2)ei(z),
T .
i ST )

Proof. Let i € {1,...,n} be fixed. By appropriately prolonging b if necessary,
we can achieve that f is singular. Of course, prolonging h does not influence
the limits under consideration. Moreover, using rotation isomorphisms in the
routine way we see that it is enough to consider the case that ¢; = 0. If i = 1
and the interval (og,07) is indivisible, then the assertions follow immediately
from Theorem 4.1 with p1(2) = ¢1(2) = e1(2) = 1, f1(z) = 0; note that in this
case g0, (2) = 0. Hence in the following we assume that h«,, is not just one
indivisible interval.

Step 1: existence of limits from above.
Set

o(z) == (z — Uz‘)_2§g A x € (0;—1,04),

ﬁl(x) = H;(x), r € (04,0i41),

and choose a point sy € (0y,0;+1) which is not inner point of an indivisible
interval. Then the data

0 — 17 Oy 0441, H07 Hla 6a b17 d]a E = {Ui - 1a3070i+1}

constitutes a general Hamiltonian 6 € Hz.
Choose zq € (0;,0:+1), and set

M (2) := wy(z0; 2)wp (To; 2)71, (4.28)

so that wy(wo; 2) = M(2)wg(z0; 2). Since wy and wy both satisfy the canonical
differential equation with Hamiltonian H; on the interval (o;,0;41), we have

wy (Y5 2) " twy(252) = wi (3 2) w3 2), @,y € (03, 0611).

It follows that
wy(w;2) = M(2)wg (25 2), € (04,0i41). (4.29)



Explicitly, wy(x; z) has the form
ma1(2)wi (25 2)11 +maz(2)wg (25 2)21 - M (2)wy (23 2)12+maz(2)wp (25 2) 22
mat (2)wg (5 2)11 + Moz (2)wg (25 2)21 Mar (2)wg (5 2) 12+ M2 (2)wg (5 2) 22

where M (z) = (m;;(2))? By Theorem 4.1 we have (locally uniformly on C)

ij=1-
wi (x;2)21
lim w; (252)11 = lim wg(2;2)2 = lim ————"— =1
zl\rx;iwb(x,z)n Il\(H;iwh(ZU,Z)QQ II\H; —tg,(aﬁ)z )
lim wg (23 2)12 = 0
xl\H;iwb(x’Z)m )
and hence (again locally uniformly on C)
mh\rg wp (x; 2)12 = ma2(2), xh\rg wp (T; 2)22 = Ma2(2),
4.30
_wp(@ ) . wp(m3)ar (4.30)
lim ———— = zm2(2), lim ——== = zmaa(2).
PN 7{6($) PAN 7{6($)

Since t; and t; are both anti-derivatives of tr H, they differ only by a constant,
and hence
ty ()

AV (x)

This shows the existence of the limits in (iv) from above. It follows that the
intermediate Weyl coefficient gy ,, can be computed as follows:

. miz(2)
o (2) = lim wy(z;2) %0 = . 4.31
() = Jim wn(r:2) x0 = T2 (431)

Step 2: the functions p;,q; and e;, f;.

Since the entries of wy(zo; z) and wj (x; z) are real, entire and of bounded type
in C*, also the functions mis and mao possess these properties. Moreover, since
det M (z) = 1, they cannot have common zeros. Finally, since M(0) = I, we
have m12(0) = 0 and mg2(0) = 1.

The function ¢y, belongs to the generalized Nevanlinna class Ncs, and
ind_ gy,o, = ind_ h4,,. Hence the total multiplicity of poles (or zeros) of gy o,
in C* does not exceed ind_ h«,,. Denote by 0,,,,(w) the multiplicity of w as a
zero of mya, let ,,,, (w) be defined correspondingly, and set

o= T [0-2)0-3)™" =2

q:(z) == H {(1 _ i) (1 _ é>:|a7”12(w)7 fi(2) = miz(2) '

weCt: w w % (Z)

miz(w)=0

Clearly, the polynomials p; and ¢; have all properties stated in (i), and the
functions e; and f; have the properties (i) (Pdlya class is a consequence of
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bounded type). The assertion (4i7) is just (4.31). The limits in (iv), when x
approaches o; from above, are just (4.30).

Step 3: existence of limits from below.

Set V := ((1) _01), and
Hy(z) := (z + Ui)_Qfgfg, x € (—o;—1,—0;),
Hl((E) = VHifl(—.T)‘/, x € (—Ji7—0'7;,1)7
6= 0, 51 =0, dj =0.

If ¢ > 1, choose a point sg € (0;-1,0;) which is not inner point of an indivisible
interval. For i = 1, set sg := 0g. Then the data

—0; — 17 —04, —0i—1, HO> H17 6; bla dj7 E:= {_Ui - 1; —50, _O-ifl}

constitutes a general Hamiltonian § € Hz.

The functions wy (x; 2) and Vwg (—x;2) "'V are both solutions of the canon-
ical differential equation with Hamiltonian H;. Hence, setting (with some fixed
o € (Uifl,Ji))

N (2) = wy(x0; 2) [Vwy (=05 2) V] -

we have
wy(x;2) = N(z)[VwB(—x;z)_lV], x € (04-1,04). (4.32)

Explicitly, this relation reads as
n11(2)wy (—@52)22+n12(2)wy (—252)21 naa(2)w (—32)124+n12(2)w (—32)11

wy (5 2) = :
n21(2)wp (—@52)22+n22 (2)wi (—252)21 21 (2)wh (—x32)12+n22(2)wp (—232)11

Theorem 4.1 gives

im (05 2) 1= Jim (05 2)n= im Dy i (0:2)1, 0
im wi(z;2)11= lim w;(z;2)ee= lim ——— = im wy(z;2)12=
P b ) 11 N0 b 3 22 N0 —t()(w)z ) R ] 3 12 )
and hence (note that limg o, e 1),

lim wy(z;2)12 = n12(2), lim wp(x; 2)22 = n22(2),

x o, z oy

. wh(z;z)n . wh(l";Z)zl

lim 20T 2 lim 0ATi2)21

TI/H;7 —fh(l') anQ(Z), fl/‘HC}z —th(m) ZnQQ(Z)

Step 4: equality of limits from above and below.

For the same reason as in Steps 1 and 2 above, the functions nio and nso are
real, entire, of bounded type, satisfy n12(0) = 0, n22(0) = 1, have no common
zeros, and represent the intermediate Weyl coefficient as the quotient

12 (Z)
22 (Z) ’

dy,0; (Z) =
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Hence we may factorize
noa(z) = pi(2)éi(2), ni2(2) = ¢i(2) fi(2),

where p; and ¢; are the polynomials defined in Step 2, and where the functions
¢; and f; also have the properties formulated in (i) and (iii) for e; and f;.

Because of the assumption that h«,, is not just an indivisible interval, the
functions e;, &, fi, f; are not identically equal to zero. Since they have only real
zeros, belong to the Pdlya class, are real, and are of bounded type, they can be
represented as the products

ei(z) = lim (1 — E) ) éi(z) = lim (1 — i) )
R—00 T R—o0
e;(z)=0 é;(z)=0
lz|<R lz|<R
, z\ 05, (@) . , 2 %7(®)
fe=zpm IL (=3)7 A@==gm T1 (=)
fi(@)=0 fi(2z)=0
|z|<R |z|<R
cf. [Le, Theorem V.11]. However, 2;28 = 228, and hence the absence of

common zeros implies that the functions e; and &, or f; and f;, respectively,
have the same zeros including multiplicities. Thus

e =¢, fi=1Fi
i.e. the limits in (iv) from above and below coincide. O

In (2.14) the intermediate Weyl coefficient gy », at a singularity o; was de-
fined as a limit for non-real z. In the next corollary it is shown that this limit
exists also for certain real z and coincides with the analytic continuation of

4y,0; (z)
4.22 Corollary. Let b be a general Hamiltonian and o; be one of its singulari-

ties. Further, let qy -, be the intermediate Weyl coefficient of b at o; and let P
be the set of all poles of qy,;- Then, for each 7 € RU {cc}, the relation

Qh.0,(2) = lim wpy(x;2) %7 (4.33)

Tr—0o;

holds on C\ (P U {0}) where the limit exists locally uniformly on this set (for
T = cot(¢; + 5) even on C\ P where ¢; is as in Theorem 4.21).

Proof. For z # 0 this is an immediate consequence of the fact that the limits in
Theorem 4.21 (iv) exist locally uniformly on all of C. Next we consider the case
z = 0. For z = 0 the right-hand side of (4.33) is equal to

lim wy(z;0)x7= lim Ix7 =T
>0 04

To calculate gy 4, (0), replace the part of h to the right of o; by an indivisible

interval (o, 20) of type ¢; + 5 which is regular at xo. Let us call this new

general Hamiltonian . For z € (04, ) we have

wg (73 2) = wi (203 2)Wi(2), ¢+ 3)(2)
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where I(x) is some positive function of x and W(; 4)(2) is defined in (2.10). Set
¢ = ¢; + T. Then

wy (w3 2) x cot ¢ = wg (203 2)Wi(a) ¢ (2) x cot ¢

(1 —i(z)zsin ¢’ cos ¢') cot ¢ + I(z)z cos? ¢/
—I(x)zsin? ¢/ cot ¢/ + 1 + I(x)zsin ¢/ cos ¢/

= wp (T3 2) *

= wj (203 2) x cot ¢’
Hence

Qp,0:(2) = Ih/g; wy(x;2) x cot ¢’ = Ih/g; wg (w3 2) * cot ¢’

= Lh\n;l wy (23 2) x cot ¢’ = wg (wo; 2) * cot ¢'.

For z = 0 we obtain
Gb,0,(0) = wp (205 0) * cot ¢’ = I x cot ¢ = cot (gi)i + g)
Hence the relation in (4.33) with z = 0 is valid if and only if 7 = cot(¢; +5). [J

Note that the exception of the point 0 for 7 # cot(¢; + %) in Corollary 4.22
is actually necessary as is seen from the proof.

5 Regularized boundary values

In this section we prove the existence of regularized boundary values and the
existence of a distinguished solution of (1.1) for which the limit towards the sin-
gularity exists. These results are then used to calculate the fundamental solution
for a given Hamiltonian in the class ), and to determine how the Titchmarsh—
Weyl coefficient changes when the parameters 6, b; and d; are changed. For

P(h), T'(h) and 1(h) see §2.e.

5.1 Theorem (Existence of regularized boundary values). Let ) € 9,
be given by the data

00,001,092, Ho,Hl, 5,bj,dj E:{So,...,sn},

with min(E N (01,09)) = s1. Assume that byr1 = 0 in the case when oy is not
left endpoint of an indivisible interval. Moreover, set A :== A_(H;), and denote
by wy, I € Ny, the unique absolutely continuous functions on (o1,02) with (cf.
(2.12))

o = &, ;. = JHyw;, 1€ Ny,
w;(s1) € span{&,},

ml](gl’sl) S LQ(H|(01,51)), 1> A.
Let z € C and \ be a solution of the Hamiltonian system

y'(z) = 2JHi(2)y(x), =€ (01,02). (5.1)
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Then the boundary value
rbv, P = 1\'1\511 (), (5.2)

and the reqularized boundary value

(o) = lim [il ()" (w(o) 1w, - S (o)) |

S S k=At1
2A 5
! 2A 4
+ rerll)( 2'dj—y — E 228t ba+1—z>
=1 =0

exist. Set

tbv(2)Y = rbvs(2)P - fa—z +1bv - &4

For each z € C and a € C? there exists a unique solution \ of (5.1) with
rbv(z)p = a.

Moreover, for given \ as above let F be the unique element in P(h) such
that (F;2F) € Tmax(h) and ¥(h)F =P. Then

tbv(z)b = m o T'(h)(F; 2F). (5.4)

5.2 Theorem (Existence of a distinguished solution). Let b be a general
Hamiltonian as in Theorem 5.1. Let z € C and P be a solution of (5.1). Then

lim £, (@) = & thv(2)d. (5.5)
N\ 01
For z # 0 the following are equivalent:

() hmx\al a_fr'll)( ) €.Z'Z'8t8;

(i) Tbv(zb € span{€_3);
(#it) rbvyp = 0;

(iv) w!(ghsl) € L2(H|(U1,S1))'

In this case,

M b(z) = rbv(2). (5.6)

5.8 Remark. The case ‘z = 0’ is indeed exceptional. For z = 0 all solutions of
(5.1) are constant functions. Moreover, the right-hand side of (5.3) reduces to
rbvg (0P = limg o, Egiglb(x) and hence

rbv(0)p = lim P(x).
TN\ o1
Therefore (4) is satisfied for all solutions of (5.1) but (i3)—(iv) are satisfied only
for multiples of the constant function {,—z. /

According to condition (E2) in Definition 2.18 the interval (o1, s1) is either a
maximal indivisible interval of type « or o7 is not left endpoint of an indivisible
interval. We first settle the case when a = Z and (o1, s1) is an indivisible

2
interval.
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Proof (of Theorems 5.1 and 5.2 when o = 5 and (01, s1) is indivisible).
In this case we have to consider the elementary Hamiltonian on (og, 01)U(071, s1),
which is of kind (B) or (C); see [KW/IV, Definition 4.1]. By this definition we

have d; = 0. Since a = Z

5, We can write

Hy(z) = <8 ho(zl’)) , ¢ € (00,01); Hi(z)= (8 h1(z$)> , € (01,81),

with real-valued functions hg, hy which are locally integrable on [og,01) and
(01, s1], respectively, but not integrable at 1. According to [KW/V, Corol-
lary 4.32] we have

1 0
wyl(S1;%2) = .. s
h( ! ) (Zdo + 22b5+1 + ...+ ZO+2b1 1)

and with
87(1}) I:/ ho(t)dt, x € [00,0’1), and A€+((E) 2:/ hl(t)dt, T € (0’1781]7

0 T

we therefore obtain

1 0
7(_(1.) 1 s T € [0’0701),

1 0
, x € (o1,51]

wy(z;2) =
(Z (A_(x) — do) + Z2b5+1 + e + Za+2b1 1

An arbitrary solution { of (5.1) is a linear combination of the rows of wy, i.e.
with arbitrary a = (ay, ap)? € C2,

(@) | (el
b(z) = a (wh(x;z)u) T (wb (x;z)22>
<a1 ) aﬂ(m)) ’ x € [09,01),
az

ai + as (Z (€+((E) — do) + Z Zl+2b(‘j+1fl

az

For the calculation of the regularized boundary values we need tvg, tv; and tvs;
note that A = 1 since we have indivisible intervals on both sides of o1. On the
interval (o7, s1] we have

o () = (?) o (2) = (ﬁg”), wa(z) = 0.

For rbv, 1\ we obtain
rbv. ) = li\m Va(z) = as.
x g1
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The expression in (5.3) yields

rhvs(2)P = xl{‘rgl |:m0(x)*J(ll)($) - a2z2m2(a:)) + Zm1(gp)*J1p(x)]

+az (Zdo - Z Zl+2b5+1l>

=0

5

= lim {(mo(x) + zml(x))*le(x)} + as (zdo - Z Zl+2b5+1l>

x o
o1 0

= lim (ﬂh(z) - 254—(95)11’2(93)) +az (Zdo - ZO: Zl+2b(’5+1—l)

xr o
e 1=0

o ]
+2 1+2
= a; — CL2Zd0 + as Z z + b5+1_l + as (Zd() - ZZ + b5+1_l>

=0 =0

= az.

Hence rbv(2){ = (a1, az)”, which shows that for every a € C? we have a
unique solution VP of (5.1) with rbv(z)l = a. So all assertions of Theorem
5.1 are proved (relation (5.4) follows from the very definition of wy in [KW/V,
Lemma 4.1, Definition 4.3]).

Equation (5.5) in Theorem 5.2 is valid since both sides are equal to as;
note that &, = (0, 1)T. Tt is easy to see that the statements (i) to (iv) are all
equivalent to the fact that ag = 0. Finally, if ay = 0, then both sides of (5.6)
are equal to a;. [l

Now we turn to the proof of Theorem 5.1 in the case when o7 is not left
endpoint of an indivisible interval. The core of the proof is the following lemma,
where we rewrite formula (2.21) for a defect element.

5.4 Lemma. Let h be a regular general Hamiltonian of the form 2.20. Let

2€C, F=(f;&u)c %(f]) and assume that (F;zF) € %(h) Moreover, let 1w,
be as in (2.15)—(2.17), and let A\; be the unique scalars such that

A—-1
f = f - Z )\lml S L2(H‘(a1,02))'
=0

Then the limit

L:= lim izl(ml(x))*J f(z) — X 2§fl ZFrog(z)
| ( )

E=A+1
exists, and

2A 5
L+ )\0( Saldpy - Z2A+lb5+1l>
=1

m ol (F;2F) = =1 (5.7)

Ao
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Proof. We use Proposition 2.22 and Definition 2.21 with the element (F;zF),
ie. g==zf, n = 2&, B = zay, and, consequently, p; = z ;.

Step 1: computation of P1.
It follows from Definition 2.21 (¢) that A\gy1 = pp = 2Xg, k=0,...,A — 2, and
hence

e = 28Xo, e = 2, k=0,...,A—1.

If 6 > 0, we obtain from Definition 2.21 (iv) that

ay = zA/\ob1,

a; =28 Nobs_jp1 +zaj1, k=1,...,6— 1.
By induction,

ap = Ao (ZAb{j_kJ,_l + ZA+1b5_k +...+ ZA+6_kb1), k=1,...,0,

and hence

5
At
B1 = zar = Ao ZZ Hosyir.
=1

In order to unify notation, we set 5, := 0 when 6 = 0.

Step 2: computation of ng.
We shall show by induction that, for £k =0,..., A —1,

o2 A—k—1

G = [(way i+ Y (wnsir(02)) (0
o I=
! (5.8)
= A—k-1 8
+ Ao (2 Z 2y + Z A ANy — 222A+l_k_1ba+1z>~
1=0 1=0 =1
For k = A — 1 we obtain from Definition 2.21 (4i%) that
o2 1 A-1
a1 = /(mA)*HZf t3 Z 2 Aodisa-1 + 2% Aodaa—1

1=0

o1

+ (mA(U2>)2f(02)1 - B

o2

== [ Hf + (ma(02),(02)

o1

A—1 6
1
+ Xo <2 Z "dipao1 + 2%daaq — ZZAbeH—l)a

=0 =1

which is (5.8) for k = A — 1. Let k € {0,...,A — 2} and assume that (5.8) is
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true for k replaced by k + 1. Then, by Definition 2.21 (i),

1 1
& = 281 + QZA)\OdA-&-k + iAOdk + (Wgy1(02)),f(02)1

72 A—k—2

,ZA*’“/ Z Hl mk+l+2(02))2f(572)1

1 A—1 A—k—2 o
+1 A+I+1 2A+1—k—1
+ Ao 3 E 2 g + E 22NN e — § 28T bst1-1
=0 =0 =1

1 1
+ §ZA>\OdA+k + §>\odk + (mk+1(02))2f(02)1
o2 A—k-1

k—
= zAfk/ Z I‘Ok+z+1 02))2f(02)1 + (mk+1(02))2f(02)1

A—k-1
+)\o< szk+l+ dk+*2 dayrk + Z 22 Ay
=1

5
2A+I—k—1
—ZZ + ba+1l>

=1

A—k—1
_ZAfk/ Z mk‘+l+1 0'2))2f(0'2)1

1 A—1 A—k—1
+ Ao (2 lz_; g+ 28dagy + lz_; 22 Ak

5
2A+1—k—1
*E 2287 bb’+1—l>,
=1

which is equal to the right-hand side of (5.8). Thus (5.8) holds for all k €
{0,...,A — 1}, and it follows that

no = 2&o

o2

A
zm'l/ Z " (w141(02)) , f(02)1

o1 =0

A—1 A—1
< Z zl+1dl + Z ZA+l+1dA ] — Zz A+lbo+1 l>

Step 3: first component of the left boundary value.
By (2.21) the first component of the boundary value at the left endpoint og is
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equal to

A—1
® 1
(’R’lOF(F;ZF)) —7]0+f [P 1—|—— Z ZlJrl)\Odl

=0

\}

|
N
>
z
—
=]
>
~
]

2 (wi(02)),f(o2)1

~
Il
o

(Z Zl+1dl + Z ZA-H-HdA iZQAHbaJrll)
=1

=0
A
=231 [ B+ 3 (o), (02 59

2A o
)\0 (Zzldll — Z 2A+lbo 1— l) (5.10)
=1 =1

Step 4: removing the integral term.
Take an arbitrary « € (01,02) and apply Green’s identity (2.11) to the inter-
val (z,09):

o2

241 [

A—1 A
= 2% /(mA)*H(Zf — o Z z’”lmk) + Zzl ml 02 flo2)1
=0

k=0

H(wi(02)) ,f(02)1 (5.11)

|M|>

o2 A-1
= ,’ZA [/(mA_l)*H<f — /\0 Z Zk+1mk+1>
pa k=0

A—-1

+ (mA(I))*J<f(CC) - >\0 Z Zk+1mk+1(,r)>

- (mA(:vo))*J<f( A0A212k+ Wkt1(02) )

k=0

A
+Zzl ml 0'2 0'2)1
=0

o2

A-1
= 2871 /(mA—l)*H<Zf — Ao Z Zk+2mk+1>

% k=0

A-1 A-1
+ 28 (mA(x))*J(f( — X Z zk+1mk+1 ) + 2t ml 02 flo2)1
k=0 1=0
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J k=0
A1
+ (an1(@) T (10 - 20 3 #H1a(0))
k=0
A1
(va—1(02)) ( Ao o400 )]
k=0
A1 A1
+ 28 (mA(LC)) J(f(x) — Ao Z Zk+11'0k+1 ) + Z Zl ml 02 02)
k=0 =
o2 A—1
A 2/(mA 2) (Zf _ >\O Z Zk+2mk+2>
s k=0
A—

+
IS
l>
»—\
—
3
l>
5
*
<
N\
=
8
8'
e
+
l\D
v

A-1 A2
+ ZA (mA(l'))*J<f((E) — )\0 Z z mk+1 ) Z Zl ml 02 02)
k=0 1=
Proceeding inductively, we obtain that the expression in (5.11) equals
A 2A—1
> 2 () J(f(gc) X > zkmk(x)>. (5.12)
1=0 k=A+1-1

Step 5: finishing the proof.
Since J* = —J, we have

(ml(x))*Jmk(x) + (mk(x))*Jml(:c) =0
for k,l € Ng. Hence

Z Z Y Iwp(x) = Y (wy(x)) Jrog(x)

1=0 k=A+1-1 1<k,I<A
A+1<k+I<2A

1 . .
D) Z ((ml(x)) Jrog(x) + (mk(x)) Jml(x)) =0,
1<k, I<A
A+1<k+1<2A
which, together with (5.12), implies that the expression in (5.11) is equal to

A 2A—1
>t oue) T (1) =2 3 File) )
=0

k=A+1
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Since the integral in (5.9) exists, we can take the limit as 2 \, o1, which shows
that

A 28—1
(m o f(F, zF)), = lim 2 (ml(a:))*J<f(:c) - o Z zkmk(x)>
T N\o1
1=0 k=A+1
24 5
+ o ( Z Zd_q — Z Z2A+lbb’+1z> .
=1 1=1
Together with (2.21), the assertion of the lemma follows. 0

We also use the following consequence of Theorem 4.1.

5.5 Lemma. Let b be a regular general Hamiltonian of the form 2.20. Let

2€C, F=(f;&a) € 7.5([)), and assume that (F'; zF) € %(h) Let vo; and A\; be
as i Lemma 5.4. Then
)\0 = lim f(.’I,‘)Q
TN\

Proof. Let G1 = (g1;&1, 1), G2 = (g2; &2, ®2) be the unique elements with

(G1;2Gh), (Ga; 2Ga) € T(b),

@ 1 @
Uy OF(G1;2G1) = <O>, v OF(GQ;ZGQ) = (?)

Then, by the definition of wy in [KW/V], we have
g1(@)1 g1(x)2
wy(z; 2) = .
g2(z)1 g2(7)2
By Theorem 4.1, thus

li -0, I —1.
Il\nglgl(xh ; ml\rglgz(w)z

If F' is any defect element, then F' can be written as a linear combination
F = a1G1 + a2Gs. The numbers a1, as can be obtained by means of boundary
values; in fact, we have

ay =m0 f‘(F, zF), ay =m0 i:(F, zF).
Remembering (5.7) we obtain

Ao = T2 of‘(F; zF) =ay = lim f(x)2.
:E\Ul

0

Proof (of Theorem 5.1 when o = 5 and (01, 51) is not indivisible).

Let the general Hamiltonian h be given according to the formulation of the
theorem and let z € C and { be a solution of (5.1). Consider the general
Hamiltonian b«s,, i.e. the general Hamiltonian given by the data

00,01,51, Ho, Hil(,,s,), 0,b5,d;, E ={00,51}.
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Then b+, is of the form 2.20. Let F = (f;&,«) € %(f)qsl) be the unique

element such that (F;zF) € %([’hsl) and 7, o f‘(bqsl)(F; zF) = YP(s1). Denote
the unique absolutely continuous representative of f again by f. Then f and {
are both absolutely continuous functions on (o1, s1] which satisfy the differential
equation (5.1) and take the same boundary value at s;. Thus

f|(01781] = IM(Ul,Sl] (513)

and hence :Z(f))(F) =1, where ’ZZ(I)) is as in Remark 2.23. Lemmas 5.5 and 5.4
imply that the limits (5.2) and (5.3) exist and that

rbv(z) =m0 I'(has, ) (F; 2F), (5.14)

which shows (5.4).
Next let a € C? be given. There exists (F;2F) € %(f)«,sl) with m o

f(b«,sl)(F;zF) = a. Write F' = (f; &, «); then f is a solution of (5.1) which has
the required regularized boundary value. For uniqueness, let z € C and assume
that P and 1 are two solutions of (5.1) with

by (2)P = rbv(2)) =: a.

Since the defect element (F;zF) € %(bqsl) whose boundary value at s; equals
a is unique, it follows from (5.13) that 1 =1p. O

As usual, the proof for general values of « is carried out by applying rotation
isomorphisms.

Proof (of Theorem 5.1, general values of a € [0,7)). Let h € H,, z € C and let
P be a solution of (5.1). The general Hamiltonian h :=Oq—z b is in $Hz. The
function

h(@) == Naogb(a)

is a solution of (5.1) with H; replaced by H, =0a-z Hi.
We have B
1P (x) = ENT_ 5 - Nosb(@) = E0b(a),

and hence rbv,{ = rbv,\{. Since tv; = Na,gml and N(’;_%JNQ,% = J, we

also have rbvg(2) = rbvg(2)).

The fact that {, and {,—z are linearly independent implies that, for each
given a € C2, there exists a unique solution 1 with rbv(z){ = a.

Finally, it follows from (5.14) that

o f‘(ﬁ‘, 2F) = rbv(2)) = rbvg(2)P - & + rbv, P - x.
Moreover,
m o ﬁ(F,zF) =Nz_o[mo ﬁ(ﬁ, zﬁ)} = rbvy(2) - §a—x + by - &4

and hence .
m o I'(F; zF) = rbv(2 ).

Observing Remark 2.23 we obtain (5.4). O

68



We come to the proof of Theorem 5.2. It relies mainly on Theorem 4.1.

Proof (of Theorem 5.2). By the usual rotation argument, we can restrict the
explicit proof to the case when oo = 7.
Let z € C and let a solution { be given. Set

Velaiz) = [(1 Oy 2)] a2 = [0, Dwy(a9)] . w e (o1,0).

Then P, (-; 2) and Ps(-; z) are linearly independent solutions of (5.1), and thus
each given solution \{ can be written as a linear combination P = aj,(-;2) +
asPs(-; 2). As we have already noted in the proof of Lemma 5.5,

rhv(2) = (Z;)

By Theorem 4.1 we have
lim We@iz) = (1), lim a(eiz)s =1
im P, (z;2) = , im Pg(z;2)2 =
TN\ 0 TN\ 2

and

lim YPs(x; 2)1 = 00 if 2 £0,

TN\O1
which implies (5.5). Moreover, we see that the equivalence ‘(i) < (i¢)’ holds
true since both of (i) and (i7) are equivalent to ‘az = 0’. In this case we also
have (rbv(z)1 = limg\ o, (P(x))1, which, together with (5.5), is (5.6). The
equivalence (ii) < (i4) is trivial.

In order to establish the equivalence with (iv), we have to assume that z # 0

and we distinguish the cases when z is real and when it is non-real. Assume
first that z ¢ R. Green’s identity (2.11) applied on the interval (z,s;) gives

51

20t [ b(e)" HO(O) dt = b(a)" T (o)~ bls0) (1),

x

Hence the implication ‘() = (iv)’ holds, and we conclude that P, (-; z) satisfies
(iv). However, any two solutions of (5.1) that satisfy (iv) are linearly dependent.
Thus each solution with (iv) must be a scalar multiple of {,(-;z), and hence
satisfies (7). We therefore see that also the converse implication ‘(iv) = (i)’
holds.

Consider now the case that z € R. Assume that { € L*(H|,, s,))- Since
H|(s, s, satisfies (HS_), the minimal operator in L?(H|(,, s,)) is entire. Hence
we can choose a family VP, € L?(H (1,51)) Which is defined and analytic in some
open neighbourhood U of z and solves the equation (5.1) with z replaced by w.
Let a;(w) and ag(w) be the unique functions such that

Vo = ar(w):(-;w) + az(w)ibs(-;w).
Comparing boundary values at s; we obtain that

Yo (51) = a1 (w)by(s1;w) + az(w)bs(s1;w).
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Since the boundary map is continuous, {,(s1) depends analytically on w. As
1P, and Yy are linearly independent, this implies that also a;(w) and as(w) are
analytic functions. By the already proved case ‘z ¢ R’, we have as(w) = 0 for
w € U\R. Thus also az(w) = 0 for w € UNR and therefore V is a scalar multiple
of P, (-; ), which implies that 1 satisfies (7). Hence the implication (iv) = (7)
holds. For the converse remember that the minimal operator in L*(H|, s,))
has deficiency index (1,1) and is an entire operator. Therefore we know that
there exists a non-trivial solution in L?(H l(51,51))- By the above considerations,
we know that such a solution must be a scalar multiple of ¥, (- ; z), which implies
that ,(-;2) € L*(H|(,,,s,))- This proves the implication (i) = (iv) also in the
case when z € R. 0

5.6 Remark. Let b be as in Theorem 5.1 and 6 a reparameterization of f in the
sense of [KW/V, Remark 3.38]. Then 95 = qo- Hence b again belongs to $, by
Theorem 3.1, and there exists an isomorphism of the form (w,id x id) of the

corresponding boundary triples by [KW/V, Remark 3.39]. Denote by rbv(z) the

generalized boundary value as in Theorem 5.1 for h. Then ;l\);(z) P = rbv(2)P
whenever P = ¢(h)F, v = ¢(h)F and wF = F. /

As a corollary we obtain a construction of the fundamental solution and the
Titchmarsh—-Weyl coefficient that is exactly analogous to the classical (positive
definite) case.

5.7 Corollary (Computation of the fundamental solution). Let b be a
singular general Hamiltonian as in Theorem 5.1 and let

0(z;2) = (01(x; 2), Gg(x;z))T, ¢(z;2) = (@1(z;2), (pg(x;z))T

be the unique solutions of (5.1) with

(2059 = (o). v = ().

<91(m; z)  02(xm;2)

e1(z;2)  @2(z;2)

Then

wy(x; 2) =

>7 .’EG(O’l,Og).

The Titchmarsh—Weyl coefficient gy can be obtained as the limit (which is inde-
pendent of T € RU {oo})

01(z;2)T + O2(x;
4y(2) = lim D@27+ 0a(zi2)
2o 01(@ )7+ 92(:2)

or as the unique function with
0(52) = ay(2)0(52) |, ) € L2 (Hil(s1,00)),

where s1 € (01,02).

Proof. For a solution VP of (5.1) the vector rbv(2) is exactly the boundary value
at oo of the defect element (I;zF") with f|, ) = P (Where F' = (f;§, a)).
Hence the asserted formula for wy is merely its definition. The statements about
the Titchmarsh—Weyl coeflicient are immediate. 1l
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5.8 Remark. Viewing the above formulae from a slightly different point, leads
to the following way to compute wy which may sometimes be more practical.
Let x € (01,02), and let 8(-; z) and @(-;z) be the solutions of (5.1) with

0(z;2) = (é) ¢(r;2) = <(1)>

-1

Then R
wy (x5 2)" = (1bv(2)0;1bv(2)§)

/

We close this section with answering the question how the Titchmarsh—Weyl
coefficient of a general Hamiltonian § € ), transforms when the data part
‘6,bj,d;” of h is altered but the Hamiltonian function Hy is kept fixed (note
that Hy is, up to reparameterization, the same for all general Hamiltonians in
the class 9,). This generalizes the case ‘(0¢, 01) indivisible’ of a previous result
in [LW1] to higher negative indices. In [LW1, Theorem 5.4] we answered the
corresponding question for general Hamiltonians with ind_ b = 1 (not neces-
sarily satisfying (gH,)). However, the case when (0¢,01) is indivisible already
there played a special role, cf. [LW1, Corollary 5.5].

For simplicity, we restrict our attention to the case that a = 0. As usual, the
corresponding versions for other values of a € [0, 7) can be deduced by applying

s

rotation isomorphisms. Note that in [LW1, Corollary 5.5] the case a@ = 5 was

considered; in this situation one has to replace gy by —q—lh and gy, by —ﬁ in
0

the corollary below.

5.9 Corollary. Let b be a general Hamiltonian ) € £ which is given by the
data
00,01,02, H07H13 63 bjadj7 E7

where b1 = 0 when o1 is not left endpoint of an indivisible interval, and denote
by ho the general Hamiltonian given by

00,01,02, Ho,Hy, 09:=0, by1:=0, do; =0, E.
Then

2A 5
0 (2) = gy, (2) + D 2l =Y 2 sy,
=1 =1

Proof. We use Corollary 5.7 to compute wy and wp,. Let @(-;2) and 0(-; 2)
be the solutions of (5.1) whose regularized boundary values with respect to the
general Hamiltonian h are equal to

rbv?(2)0(-: 2) = (;) rbv? (2) (- 2) = ((1))
h rbv?0(-;2) =1,  rbv?(2)8(-;2) =0,

vl @(32) =0, thvi(x)e(;2) = —1.
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Since rbv, is given as a limit of the function itself (the data 6, b;, d; do not enter
the formula), we have

rbvfrJO e(-;2) = rbv:’ e(-;2) =0, rbv]?O 0(-;2) = rbv? 0(-;2)=1.
The functions tv; also do not depend on the data 0, b;,d;, which implies that

A

rbv? (2 -;z) = lim 2! z))" z:2)| = rbv?0 (2 -5 2).
b (2)o(-:2) ml\m[l_o ()" To(e:2)| =2 (o2
Set A s
p(z) = Zzldl—l - 222A+lb5+1—1

=1 =1

and
(PO( 7Z) = (P( 72)7 90( 7Z) = e( 7Z) fp(z)(p( 7Z)

Then

rbv" (2) o (-5 2) = rbv"° (2)@(-; 2) = tbv" (2)@(-; 2) = (?),
rbv} 0(-;2) = rbv) 0 (-52) = 1bvy 0(-32) — p(z) tbv] @(-32) = 1
and

rbv?0(2)00(-; 2) = rbv?°(2)0(- ; 2) — p(2) rbv? (2) (- ; 2)

p
A 281
= lim 2 (ml(x))*J<6(x;z) - Z zkmk(m)> + p(2)
R e k=A+1
=1bv?(2)0(-;2) =0,
ie. rbv"(2)00(-;2) = (;)- Hence the fundamental solutions wy and wy, are
given by
01(z;2)  O2(z;2)
wy(@;2) = 5
Q1(x52)  @2(w;2)
01(2;2) — p(2)@1(z:2)  O2(w;2) — p(2) @2(7; 2)
wy, (T3 2) = . _ .
(pl(x,Z) (PQ(I7Z)
It follows that
. - 01(;2) — p(2) @1 (w3 2)
4y, (Z) z}‘lgz Who (‘x’ Z) * 00 II/IEQ ®1 (m; Z)
. Oi(z;2)
= 1 _— = —
ey g p(2) = q4(2) — p(2),
which implies the asserted formula. [l
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