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Abstract

We consider a boundary value problem generated by Sturm-Liouville
equations on the edges of a star-shaped graph. Thereby a continuity con-
dition and a condition depending on the spectral parameter is imposed at
the interior vertex, corresponding to the case of damping in the problem
of small transversal vibrations of a star graph of smooth inhomogeneous
strings. At the pendant vertices Dirichlet boundary conditions are im-
posed. We describe the eigenvalue asymptotics of the problem under
consideration.
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1 Introduction

Consider S-wave quantum scattering described by the Sturm-Liouville equation
and the boundary condition

—y"(x 2y(x) = N2y(z), z 00
{ y'(2) + q(z)y(z) = Ay(z), = € (0,00) 1)
y(0) =0.

In [R1, R2] T.Regge proposed this as a simple model of particle interaction
with real finite potential, i.e. considering the case that for some a > 0 we have
q(z) ¥ 0, z > a, while ql(0,0) € L2(0,a) and is a real-valued. In this case the
Jost function is an entire function of exponential type at most a. Its zeros are
located symmetrically with respect to the imaginary axis and are contained in
the open upper half-plane except, possibly, a finite number of zeros located on
the non-positive imaginary half-axis. The zeros on the negative imaginary half-
axis correspond to the bound states, and the zeros in the open upper half-plane
are resonances describing energies and time of life of unstable states. The only
possible real zero can occur at the origin.
The scattering problem (1.1) is associated with the spectral problem

{ —y" () + q(2)y(z) = Ny(2), « € (0,a)

(1.2)
¥(0) =0, y'(a)+iry(a) =0,

usually called the Regge problem. The set of zeros of the Jost function of (1.1)

is nothing but the set of zeros of the characteristic function of (1.2).
Information on the location of the spectrum of (1.2) was obtained, e.g., in

[Si, K, P3]. It was shown that the eigenvalues in the open lower half-plane

are all simple, and, if one denotes them as —ir, —i7To,..., —i7, with 0 < 71 <

To < ... < T, then each point i7; does not belong to the spectrum and each



interval (i7g,i7,41) contains an odd number of eigenvalues (counted according
to multiplicities). Asymptotics of the eigenvalues of the Regge problem were
investigated, e.g., in [Kr, Ko, Se]. Knowledge on the asymptotics, however,
could only be obtained under certain conditions: For example the potential
was assumed to be continuous with g(a) # 0, or to be n-times continuously
differentiable with g(a) = ... = ¢»"V(a) = 0 but ¢(™(a) # 0. Inverse spectral
problems have been investigated, e.g., in [K, BKW].
The generalized Regge problem is the boundary value problem

{ —y" () + q(2)y(z) = Ny(2), € (0,a)

(1.3)
y(0) =0, y'(a)+ (iaX+ B)y(a) =0,

where ¢ € L5(0,a) is real-valued, and o € (0,00), 8 € R, are param-
eters. It appears for example when applying the Liouville transformation
to investigate small transversal vibrations of a smooth inhomogeneous string
subject to damping. This problem has a long history, let us mention, e.g.,
[CH, A, KN1, KN2, Sh, P1, P2, MP].

The location of the spectrum of (1.3) was investigated, e.g., in [PvM]. There
it was shown that the eigenvalues are located according to the same rules as in
the case of the classical Regge problem. Later on, different and more general
approaches were obtained, e.g., in [PW1, PW2]. Asymptotics of the eigenvalues
and inverse problems were investigated, e.g., in [GP] (for the case that « # 1).

Considering small transversal vibrations of a star-shaped graph consisting
of smooth nonhomogeneous strings which is subject to damping at the interior
vertex, one arrives at the following boundary value problem, cf. [P4, YY]:

(@) + 42y (@) = Ny (@), 2 € (0.0), j=1...n

y;(0)=0, j=1,...,n, yi(a)=1ya(a) Yn(a) (1.4)

/

2 = ... =
yi(a) + ... +y,(a) + (iaX + B)yi(a) = 0,

where ¢; € L2(0,a), j = 1,...,n, are real-valued, and o € (0,00), 8 € R,
are parameters. Thereby the boundary conditions in the first line mean that
the string is tied at the outer vertices and continuous at the inner vertex, the
condition in the second line describes the damping at the central vertex and is
known as the Kirchhoff condition.

The location of the eigenvalues of this problem was discussed in [PW3]. It
turned out that the picture doesn’t change much in comparison to the problem
of one single string.

Our aim in the present paper is to discuss the asymptotics of the eigenvalues
of the problem (1.4) when o < n. We show that the sequence of eigenvalues
can be split into n subsequences, with n — 1 behaving like in the ‘one-string-
problem’, c¢f. Theorem 2.7. We do not touch upon inverse spectral theorems;
this will be subject of forthcoming work.

2 Eigenvalue asymptotics

For the rest of this paper let n € N, a > 0, real-valued potentials ¢; € L2(0,a),
j=1,...,n, and parameters a > 0, 3 € R, be fixed. Moreover, always denote



by s;(A, z) the unique solution of the differential equation in (1.4) which satisfies
the boundary conditions

55(A,0) =0, s5(X,0)=1.

The function s;(A, ) can be written in the form

in\r [ in At
si(\ o) = 00 /Kj(x,t)& dt, (2.1)
A A
0
with some kernel function K,(x,t), see, e.g., [M, Corollary to Theorem 1.2.1].
For further use let use recall some properties of this kernel, see, e.g., [M]. The
function K;(x,t) possesses partial derivatives of first order and these derivatives

belong to L2(0,a) as functions of each variable when the other variable is fixed.
Moreover, K;(a,0) =0 and K;(a,a) = % [ ¢;(z) dz.

2.1. Some preparatory formulae: Let us provide some formulas which will be
used to obtain representations of the characteristic function Z(X). To shorten
notation, we set

8Kj (m, t)
ot

(‘)Kj (.T, t)

Kj,t(.’ﬂ,t) = 81; 5

, Kj’w ({L‘7 t) =

and

0
Integrating by parts in (2.1) gives
sin A\x COS A\X 1 r cos A\t
0
For = = a, thus
sin Aa cos Aa r CcoS A\t
0

Differentiating (2.1) with respect to x, we obtain

e [ in At
s;‘()nx) = cos Az + Kj($7x)81n>\ x n /Kj7w<$,t)S1n it
0
For = = a, thus
mda [ in At
s}()\’a):COS)\G—FBJ'%‘*‘/Kj,m(a,t)%dt'
0

/



2.2. Notational conventions: Throughout the following we denote, for each b > 0,
by £° the Paley-Wiener space consisting of all entire functions of exponential
type at most b which are square integrable along the real axis. By the Theo-
rem of Paley-Wiener, £ is the Fourier image of all square summable functions

supported on [—b, b].

For n,l € Ny, we denote by o0, the elementary symmetric polynomial in n

variables with degree [. Explicitly, this is

On(T1, ..., Tp) 1= Z Tjy v Ty

Jisengi=1
G1<<jn
To shorten notation, we write
On,1(Tp) == oni(z1,. .., Tp)
whenever z1,...,xz, are given. Moreover, if x1,...,2, and ¢ € {1,...,n} are
given, we write
Unflyl(_' .’El) = an,u(xl, ey L1, L1y - ,.’En) .

For later use, recall that o, ; is homogeneous of degree [, i.e.
on(tzy) = tlan,l(xp) )

and that

Zan,u(ﬁmi) =n—-Dopi(zp), 1=0,...,n—1,
i=1

> wion_1i(~x) = 1+ Doniga(zy), 1=0,....n—1.
i=1

If p(z) = [[j1 (2 + x;) and p'(2) = nH;l;ll (z 4 y;), then

n—1
On—1,1(Yp) = Taml(xp)v 1=0,...,n—1.

Let a problem (1.4) be given, and consider the functions defined as

d(N) == Z s5(\, a) H sp(Na),  x(A) = H sp(\, a)
j=1 p=1 p=1
pF#j

[1]

(A) = 6(A) + (iaA + B)x ()

/

It was shown in [P4, Section 3] that = is the characteristic function of the

problem (1.4).

We start with some asymptotic formulas for y, ¢, and =. These are based

on the following general lemma.



2.3 Lemma. Letm €N, a >0, and o, €C, f,e L% p=1,...,m. Set

sin Aa cosAa  fp(A)
9N = —— p/\z ’

then _

" u m_i «_sin? Aa
H gp(A) = Zam,m,j(ap) cos™ ™ )\am + QN
p=1 7=0

where the remainder term Q(\) is of the form

sin’ Aa
AN = 3 i) (s
j=0
with some functions w; € Lm=a 5 =0,...,m—1.

Proof. We have

m

1;[1917(/\) _ ﬁ {sin}\)\a n (apco;)\a n fp)\(;\)ﬂ _

1

=
Il

(Sin)\a)jom,mﬂ'( cos Aa n fp(>\)> —

Il
_MS

Qp—— 5 2
J=0 A A g
m sin? \a

= Z Om,m—j(apcosia+ fr(N)) Ve

<
I
o

Set
wi(\) == Tmm—j (ap cos Aa + fp()\)> — Omm—j () cOS™ ™ Aa.

Then the desired representation of H;"Zl gp(A) holds. Note here that w,, = 0.

To show that w; belongs to L£(m=9a consider generally an expression of the
form

m
Ot (Tp+Yp) = Oma(Tp) = D [(% Fyi) e (@ Y) — T T,

Jiseenqi=1
J1<---<J1

Each summand on the right hand side is a sum of products of [ factors, each
of them having at least one factor y;. Applying this with =, := oy, cos Aa and
Yp = fp(A), we see that w; is a sum of products, each product having m — j
factors which are all entire functions of exponential type at most a and are
bounded on each strip around the real line. Moreover, in each product, at least
one factor belongs to £*. Altogether, it follows that w; € Lim=ia, 0

2.4 Corollary. The function x(\) can be written as

~ . sind \a
X(/\) = Z Un,n—j(in) cos"™7 Aa A2n—j + Ql(A) )
j=0

where the remainder term Q1 () is of the form

sin? \a

n—1
7=0

with some functions wy ; € L£r=e 5 =1 ... n.



Proof. The integral term fo j.¢(a,t) cos At dt occuring in (2.2) belongs to L°.
Hence, we can apply Lemma 2.3 with the functions s,(A,a), p=1,. 0

We also can deduce a representation of ¢(\).

2.5 Lemma. The function ¢p(\) can be written as

n—1 .
. ni sin? Aa
d(N) = > (F + 1)onn-1-j(—Bp) cos™ NS5~
7=0
n ) . ] )\
Z n+1—34)onnt1-;(—Bp)cos" ™’ /\ais)l\gn_? + Qa(N)
j=1

where the remainder term Qa(\) is of the form
smj Aa
Z w2’~7 >\2n j—2

with some functions wq ; € Lr=Da =1, n—1. The function Awa ,_1(\)
belongs to L®.

Proof. Let i € {1,...,n}. Applying Lemma 2.3 with the functions

si(\a), ..., si21(A a), si41(N a), ..., sn(N a)

n n—1 .4
sin’ \a

[T sn(na) =D (=1)"" o1 n1-5(= Bi) cos™ 1 Nasgr—ms + Q) (V)

st )\a 1y
Set fi(\) == Jy Kixl(a, t) sin Mt dt, then f; € £ and s()\, a) = cos Aa+B; 5‘“)‘a+

)\fz( ). Moreover, since s;()\, a) is entire, also )\fz( ) is entire and thus also
belongs to £¢. Note that, in particular, sl()\ a) is bounded along the real line.



We compute

si(A,a) H sp(A,a) = (cos)\a+ B,»Sln)\a + fi()‘)).
p=1

- A A
pFi n—1 s
n—1—j n_i—i sin? Aa
'2)(_1) "on 1 m1-j(- By)cos™ ! TAavs
j=
si(A a)Qa)(A) =
n—1 .
n—1—j i+ sin? da
= Z(—l) "o 1 m-1-4(= B;) cos j)\am
j=0
n—1 g
ne1—j o1 sin?Th g
+Z;J<_1) "I Bion-1n-1-(= Bi) cos" R vy
j:
n—1 ~ L
—1—j 1+ fi(A) sin? Aa
+ = (_1)71 ]O-nfl,’nfl—j(‘! Bq,) cos” 7 \a b\ W
eL(n—=j)a
=3 , sin? Aa
+ Z Si()‘? a)w”()\) m
— ——————
=0 e
Summing over i € {1,...,n} gives
— i e _i . sin? \a
(b()\) = Z()(_l)n J {Zlgnl,nlj(—! Bz):| cos" ™/ )\CLW‘F
j= i=
=(j+1)0'n,n717j(Bp)
n—1 n P EN|
el n_l_i SID?T7 Xa
+ JZ::O(_l) 1= [;Bian_lm_l_j(_‘ BIL)} COS 1= /\QW‘F
=(n=34)onn—;(Bp)
+ Qa(A)
and this is the desired representation. O

Putting together the representations of x and ¢, we obtain a representation
of the function =.

2.6 Lemma. The function Z(\) can be written as

n—1

— , Wi\ sind \a
E(N) = Z%(] + 1)onn-1-j(=Bp) cos"’ )\am— (2.3)
j=
- Z(n +1—j)onnt1—j(—=Bp)cos" ™’ )\as;;ln_;l (2.4)
j=1
= n—j sin? \a
+ Z B0 nn—j(—Bp)cos" ™ Aa \2n (2.5)
j=1
o s sin? Aa
+ia Y opn—j(—Bp)cos™ Mays—imr + (V) (2.6)
j=1



where the remainder term Q3(X\) is of the form
blnj Aa
Z w?”J >\2n Jj—2
with some functions ws j € L= The function Aws n—1(X) belongs to L*.
Proof. The asserted formula is immediate from the representations of x and ¢

with the remainder term 23 being equal to

Q3(X) = (taX + B)op n(—B)) cos )\a)\% + QQ()\) + (faX + B)Qu(\) =
st Aa

= (iaA + B)opn(—Bp) cos™ A )\% )

o sin’ \a Sin N\
+ZO¢ZW17J’( )\2n P} ﬂZwlj )\2n T
=0
In order to rewrite {23 appropriately, note that

sin? Aa _ o\ sin? =t Aa sin? \a __sin)a sin? ™! \a 51
A2n—j—1 = s a)\an(jfl)72’ A2n—3i )\ A\2n—(i—-1)-2° J=1

Hence, setting

sy [ Cg=n-
A wa,j(A)+iawr j11(N) sin Aa+Bw j41(A) 8822 1< j<n—2

sin Aa . 1
iy ) + (WWLO(A)X+

1 , o1 L1
+ﬂw170()\)ﬁ)+(w¢an7n(pr)cos )\ax+ﬁan77l(pr)cos )\aﬁ)

W370(/\) = (w270()\)+i04w1,1()\) sin)\a—|—ﬂw1,1()\)

we can write Q3(\) = 2?701 ng(/\)% For j > 1 the functions ws;
obviously belong to L= Once we know that ws 0 is entire, it will be clear
that this function belongs to L™, However, multiplying the equation for Z(\)
by A?"~2 shows that w3 ¢ is indeed entire. 1l

The asymptotics of the zeros of = depends on the numbers B; in a somewhat
involved way. There appear not only the constants Bj, but also the following
others: Let p be the polynomial p(z) := HJ (z—7~ B ) and let My, ..., M,_y
be the zeros of its derivative listed according to their multiplicities, ie.

n—1

p(z)=n H(Z—Ml).

=1

Since p has only real zeros, namely the values 7—!B;, also all numbers M; are
real.



2.7 Theorem. Let a problem (1.4) withn > 1 be given, and assume that o < n.
Then, outside of some sufficiently large disk, the zeros of the characteristic
function = (including multiplicities) which are located in the right half-plane
can be arranged in n sequences, namely

L T R LA i=1,...,n—1
Pjik a + k + k ’ = N0, J ) y 1V )
k-1 ; B
pn'k5:u+ilogn+a — ﬁ”’k, k> ko,
’ a 2a —a 7k k
where
- 1 — On
B:£ZB]+R2 a2’
=1
and

[T G ) € i=l.n—1  (Buren €.
keN
j'e{1,...,n—1}
s.t. J\/]j/:Mj
Proof. The proof of this theorem proceeds in five steps. In Step 1 we define a
comparison function. Then, in Steps 2-4, we establish some estimates which

allow us to invoke Rouche’s Theorem. This is then carried out in the final Step
5.

Step 1; A comparison function: Consider the sequences

pj;k::ﬂ—7+ j’ k€N7 j:]_’._"nf]_,
a k
W(k_%) 1 n+a B
b 1= 2 4 1 L ken.
Prik a +2a Ogn—a+wk <

The products

= @2(7, — V)

§J(/\) : 2k2 ’

j=1...,n—-1,

pnk+)\ pnk )\)
—-1/2)2

converge locally uniformly on C and represent entire functions of exponential
type a.

Employing suitable linear transformations, it is easy to deduce the following
asymptotic formulas for §; from [M, Lemma 3.4.2]:

Sn(A) =

I
1

B sin \a cosAa  fi(A .

5;(A) = 3 —wM; 2 J)fz)v j=1...,n—-1, (2.7)
i n+ o . sin ()\a— ’log "*“) Fa(N)
sn(/\)—cos(/\a—flg —a)+B 3 + =

n Xe .
= ——C0s \a + — 5 Sin Aa+

n? — o n? — o
n ~ sin Aa [1e" ~cosAa  fn(A)
B — B 2.8
* n? —a? A n? — a2 A + A (28)



with some functions f; € £% j = 1,...,n. Note that, in particular, §; is
bounded in each strip around the real line.
Let us now consider the function

': 2
£ \ﬁansj

Using Lemma 2.3 with the functions $1,...,8,_1, it follows that, with some
functions w; € Ln=1=d)a,

n—1

o o sin? \a smj a
:O‘) = [Z Unfl,nflfj(_ﬂ—Mp) cos" 1 Aa /\Qn j—2 ZwJ A\2n—j— 2}
j=0
naA ~ COS A A
. {ncow\a+zasm)\a+n3 a—iaBCOSTa+fn>(\ )} =
Multiplying out, and remembering that
Tn—t—1—j(=TMy) = 7" oy o1 (—My) =
n—1—j +1 B +1
= ) B S Y}
gives
o _ . sin/ Xa
E(N) = Z(J +1)opn_1-j(—Bp)cos" ™’ )\GW (2.9)
j=0
n—1 . s G41
Jj+1 , i1+ sin’ Tt Aa
+ z% n Jn,nflfj(_Bp)laCOS J IAGW (210)
=
n—1 s g41
, =i sin? ™" Aa
+ ZO(J + D)0nn-1-5(~By) Beos" I ha g - (2.11)
=
n—1 . .
j+1 = .. sin? da
— ZO " O'n7n_1_j(7Bp)ZO[B cos™ ™/ )\QW (212)
]:
n—1 . i
Jj+1 i sin’ \a
up . Tpn—1-j(=Bp) cos" 7 Xafy(N) Nen 1 (2.13)
]:
eLn—ia
sin’ \a
+Z\/ — 028, (V& () S5nys (2.14)
eLn—ia
Step 2; Preliminary estimates: Let € € (0,1] be fixed, set rj, := £, and denote

by D%, j=1,...,n, k €N, the closed disk centered at Pj:k With radius 7. We

make two observations. First, set

sin A
A

then a short computation shows that

K ;:max{’ ‘: lz2] <a(l4+ max |MJ|)}7
1<j<n-1

|Asin Aa| < K [7(1+ max. |M ) +a(l+ max. |M 3],
1<5< 1<5<

AeD5,, keN, j=0,...,n—1. (2.15)

10



Second, let I € N and f € £!*. Choose aj. With |aj.z| = 71 such that

|f(15j;k + aj;k)} = zreng;k |f(2)].

Then we can deduce from [M, Lemma 1.4.3] by using the obvious linear trans-
formation that (|f(pj:x + ajk)|)ken € €2, ie.

(nglg;k |f(2)] )keN €. (2.16)

Step 3; = as a perturbation of = Looking at the difference = — é, we see that
the sums (2.3) and (2.9) cancel. In order to estimate the other summands we
proceed differently, depending whether j # n or j = n.

Counsider first the case that j € {1,...,n — 1}. Using (2.15), and assuming
that k is sufficiently large so to ensure that p;;, — v, > 0, we can estimate the
sums in (2.4)—(2.6) and (2.10)—(2.13) as

C1

C2
QAL IR < 5, e Dy
with some constants ¢q,c2 > 0. Using (2.16), we obtain
. C3:k
|Qg m (26)|, |(214)| § W, A E ‘D;;;k7
with some sequence (c3.;)ren € £2. Together it follows that
I2(\) —2(\)| < kff;fz, ANeD5,keN, j=1,...,n—1, (2.17)

with some sequences (3;x)ken € 2.
We turn to the case that j = n. The difference = — = can be written as

sin” Aa ~

W [ﬂ — Un,l(_Bp) — TLB] +

+iacos)\aﬂ{é+o (-B )l}—i—
An ol Pn

. — n
sin” ! \a wa,j

A\n—1 + . \2n—j

+ W3 n—1 ()\)

11



where wy ; are entire functions which are bounded in each strip around the real
line, and wy,, € L. Remembering that Aws ,—1(A\) € £%, it follows that

=00 - 2] < T

s, ANE Dy, kEN, (2.18)

with some sequence (B,,.x)ken € €2

Step 4; Estimating = from below: In this step we provide a below estimate for
E on the circles Cf 1= 0D5,;. Thereby, we assume that ¢ € (0,1] is so small
that

e < min({|M; =My j,j' € {1,....,n—1} with M; # Mj,}u{2 log = ha —1).
' ' -«
Then §;/, j/ = 1,...,n, does not vanish on any punctured disk D3, \ {px},
j=1,...,n, k € N. We again distinguish the cases that j # n or j = n.
Assume first that j € {1,...,n— 1}. Let A € D5, and write A = pj;p + 7
with |7| < £. By (2.7), we have for j' € {1,...,n — 1}
sin Aa cos \a f] (A)

§j/ (A) = )\ — 7TM]/ )\2 )\2 =
1

- sm(
(7”“+A;[J+T)2[

a

—WM‘ICOS(ﬂ'k’ afj )-|-fj(%+%+7)}:

(773_1\4)4_) |:(M] — Mj/ + kT + ’Yj,k) + O(k_2):| (219)
@ TR T

where 7y, , := (_;)k fi(ZE + % + 7). Assume now that A € C%,;.. Then, by our
choice of ¢ and since (v x)ken € £2, the number M — M; + k7 +; 1 is bounded
away from zero for k sufficiently large.

We conclude that there exist 75 ;, > 0 and k5 ;, € N such that

. Vit . -
|5 ()] 2%, ANECS,, k=K, 5,7 =1,...,n—1.

By (2.8), we have

n
lim [$,(2)] = ——=—= uniformly for z € D%, .
k—o0 n2 — a2 73
In particular, [$,(A)| > 75, A € D5y, k > k5, j,=1,...,n — 1, with some
Y5 > 0 and k5, € N. Together, this gives

£
v
— k2n—2 ?

|E ANeC5y, k>k5, j=1,...,n—1,
with some 7; > 0 and k5 € N.

We turn to the case that j =n. Let A € D7, and again write A = Pjsk + T
with |[7| < £. For 7" =1,...,n — 1 we have

n

V2 — a2

lim |sin za| = uniformly for z € D,
Js
k—o0

12



1)
Yn,j!

and hence |3/ (\)| > =&, k > k5, ;. j' =1,...,n — 1, with some ~;, ;, > 0 and
k;, ;; € N. Finally, consider the function $, on the disks Df ;. We have

n4ay  =sin(Aa— flogmEe) ()
)+ B A A

= (71)k[cos(z+@+ra)(7ﬂ(k_%)+ilo n+a+é+7’>+
D\ 2 7k a 2 ®n—a 7k

$n(X) = cos ()\a - %log

n—«o

+ Bsin (g - g + m) + (—1)’€fn()\)} =
= %[—TFTIC—FO(IC_l)} (2:20)

Together, this gives

BN > Aecs, k>

= k77 ny
with some 75, > 0 and k;, € N.

Step 5; Application of Rouche’s Theorem: If € is given as in Step 4, we can
combine the estimates established in Steps 3 and 4, to obtain

2 —EW| < [EN)|, AeCip k>ke, j=1,...,n,
with some k. € N. By Rouche’s Theorem the functions = and = have the
same number of zeros (including multiplicities) inside each disk Di g k> ke,

j=1,...,n—1. However, the function = has only one zero in Dje-;k, namely
Pj:k, and the multiplicity of this zero is equal to

) #{je{l,....n—1}: My =M;}, je{l,...,n—1}
m(j) == .
77 . j=n

Fix €¢, and choose Aé;k eC, |Aé;k| <ep, I =1,...,m(j), such that

Aé’;k
k )
are all zeros of = in D;"k listed according to their multiplicities.

pé‘;}g5:p°j;k+ lzlv'-'am(j)akzkeaj:17"'an7

For each given € > 0, we know that the point pé;k lies in D5, when k is
sufficiently large. This means that

klirgoAé;k:O, I=1,....,m(5), j=1,...,n.
Let j € {1,...,n —1}. By (2.19) we have for j' € {1,...,n — 1}
(—1)

7 () = —— T | (Myr = M; + Al + 4 )7+ O(72)|
(2 + 3 4+ Sy
and hence

n—1

= Vk

Z(0h) = qancs - L1 [(My =My + Al 4 9d ) + 02|

M‘j/;:}w‘]

m(5)
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with (y%)ren having a nonzero limit. However, by (2.17),

ﬁ’;k
(pé‘;k)‘ < kzi&

[1]
[1]-

with (Bj.k)ken € €2, and we conclude that
m(j)
1 2
(1I Aj;k)keN cr.

=1

Using (2.20), we obtain that IE(p}Lk)| = %A}L;k with (v, )ken again having a
nonzero limit. Now (2.18) implies that

(Arluk)keN S

2.8 Remark. In case of a > n we have in Theorem 2.7

Tk i a+n B B
nk — —— —1 —_— 2
Prsk a+2a Ogoz—n+7rk+ k

If o = n, the situation is more complicated. In fact, then Imp,,,;, — co. We will
return to this case in forthcoming work. /

2.9 Remark. If ¢1(x) = g2(x) = ... = ¢ (x) we have
E(N) = (ns) (A, @) + (iax + B)s1 (A, a)s1 ™ (X, a)
and, therefore, the spectrum consists of

(1) (n — 1)-multiplicity real eigenvalues of the Dirichlet problem on an edge
which are independent of o and of 3, and

(2) geometrically simple eigenvalues of the Regge-type problem which depend
of a and of §.

This fact has been seen earlier, cf. [Pa, EL]. /
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