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A symmetric Nevanlinna function @ is of the form Q(z) = 2Qs(2?) where Qs and Qo(z) = 2Qs(z) are
also Nevanlinna functions. In such a situation Qs and — Q) Lare Stieltjes functions. An inverse result of L. de
Branges implies that each Nevanlinna function is the Titchmarsh-Weyl coefficient of a uniquely determined
canonical system with some nonnegative Hamiltonian matrix function H, and, according to M.G. Krein, each
Stieltjes function is the Titchmarsh-Weyl coefficient of a uniquely determined string. The Hamiltonians cor-
responding to s, Qo and @ are constructed in terms of the string corresponding to s and the dual string
corresponding to —Qy ! The relations between the associated Fourier transformations are described by com-
muting isometric isomorphisms between the considered spaces.
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1 Introduction

Recall [15] that if a function @Q;(z) belongs to the class of Stieltjes functions § then the functions Qo(z) =
2Q,(z) and Q4(z) = 2Q(2?) belong to the class N of Nevanlinna functions. Let Q(z) = —Q(z)~!. Then
Q € Nif and only if Q € N, and the function —(2Q,(z))~" belongs as well to the Stieltjes class, see [15].
A well known inverse result of L. de Branges (see [7], [8], [23]) states that each Nevanlinna function is the
Titchmarsh-Weyl coefficient of a uniquely determined 2-dimensional system of canonical differential equations
(2.26) which is characterized by a real, nonnegative and trace normed matrix funtion H, called the Hamiltonian.
Moreover, according to M.G. Krein, (see [16], [21]) each Stieltjes function is the principal Titchmarsh-Weyl
coefficient of a unique string S[L, m] which is characterized by its length L and a measure m which may be
considered as the mass distribution of a physical string.

Let a string S[L, m] with principal Titchmarsh-Weyl coefficient );(z) be given. Then the problem arises
how to express the Hamiltonians H,, H 0 and H, associated with the Nevanlinna functions ), Qg and )4, and
also the Hamiltonians corresponding to QS, Q(] and Qd, in terms of the length L and the measure m of the string
S[L, m]. Partial results concerning this question are contained in e.g. [11], [8], [20], [19], [21], [18], see also [14],
[10], and [1], [2], [3], [22] for n-dimensional canonical systems. The Stieltjes function Q;(z) = —(2Q,(z))~!
is the principal Titchmarsh-Weyl coefficient of the dual string of S[L, m], that is, roughly speaking, the string
which arises if length and mass in S[L, m] are interchanged (see, e.g., [16], [9]). It turns out that the Hamiltonian
H,, which has the same Titchmarsh-Weyl coefficient as the string S[L,m], can be expressed in terms of the
corresponding dual string.

Let o denote the spectral measure (see (2.1)) of some Nevanlinna function ). If H is the associated Hamil-
tonian, there is a Fourier transformation mapping the space L%, isometrically onto L2 such that the action of
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4 Kaltenbick, Winkler, and Woracek: strings

the selfadjoint differential operator determined by the canonical system in L%, becomes the operator of multi-
plication with the independent variable in L2, see e.g. [6], [13], [12]. An aim of this paper is to give a com-
prehensive description of all the isometric isomorphisms which connect the different Fourier transformations of
all the Hamiltonians associated with the Nevanlinna functions (), Qo and )4, and the Fourier transformations
which are determined by the string S[L, m] and its dual string. The fact that Q4(z) = —Q4(—%) implies that
the corresponding spectral measure o4 is symmetric and that the associated Hamiltonian H,; = diag (hq, ho)
is of diagonal form. The function h; is related to the length of the string, and the function hs is related to the
corresponding mass function. It turns out that the decomposition of the vector functions f = (fi, f2)7 € L%,d
into its components f; and f» corresponds via the Fourier transformation to the splitting of L2 into the subspaces
L2, of the odd, and L? , of the even functions. There are isometric isomorphisms between L7; and L2 , and
L%Is and wa, and also between the space L2, of the string S[L, m] and L?m.

The second chapter contains preliminary results from the literature about Nevanlinna and Stieltjes functions,
strings and canonical systems. The third chapter is concerned with dual strings, and a couple of partially known
results about the interaction between strings and dual strings are formulated for later use. Chapter 4 contains
explicit relations for all the Hamiltonians which are connected with the string as mentioned above, and the
isometries between the corresponding spaces are described. In chapter 5 the isometric isomorphisms which arise
between the different Fourier transformations are presented, see Theorem 5.1 below.

2 Preliminaries

2.1 Subclasses of Nevanlinna functions

A function @ is said to belong to the set of Nevanlinna functions N if it is analytic on C\ R, satisfies the symmetry
condition Q(Z) = Q(z), and maps the upper half-plane C* into C* U R. In particular, the relation Im Q(z) > 0
for z € CT holds. A Nevanlinna function () € N is said to belong to the set 8, the class of Stieltjes functions, if
additionally the function Q defined by Q(z) = zQ(z) has the property that Q € N, see [15]. Recall [17] that a
Nevanlinna function @ is is called symmetric, Q@ € N*¥™_ if @Q is odd, thatis Q(z) = —Q(—=z) for z € C\ R.
Each @ € N has a unique representation of the form

“+oo
1 t

witha € R, b > 0, and a measure o on R with the property that

“+oo

/ do(t) <
1+12

— 00

Theorem 2.1 Let Q@ € N*Y™ be given. Define functions Qs and Qq by the relations
Qo(2?)

z

2Q,(2%) = Q(2), =Q(z). (2.2)

1
Then Qs, ——— € 8. Let 0, 05 and o be the spectral measures of Q, Qs and Qq, respectively. Then the measures
0
os and oq are given by

dos(t?) = 2do(t), doo(t?) = 2t*do(t). (2.3)
Put

L2.:={heLZ: h(-t)=h(t)}, (2.4)

L2, ={keLl: k(—t)=—k(t)}. (2.5)
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Then L2 = L2 e L2 and we have the following isometric isomorphisms:

L2 —IL2,:  f(t)— h(t) = f(t?), (2.6)
Ly = L2, g(t) = k(t) = tg(t?). 2.7

Proof. As @ € N¥™ is symmetric, the functions Qo and Q) are well-defined. Note that Qo (z) = 2Qs(2).
The proposition 4.6 of [15] implies that (), and ()¢ are Nevanlinna functions, and the relations Q)5, —Q !

follow by a result also from the paper [15]. Recall the Stieltjes - Lifschitz inversion formula: Let () € N and
[a,b] C R, and let ¢ be real and analytic on [a, b]. If 0({a}) = o({b}) = 0, then

b
/d)(t)da(t) = K%w—l /Im (Bt +iy)Q(t + iy))dt. (2.8)

a

In particular, if o/(t) exists, then o’ (t) = 7! lim,~ o Im Q(¢ + iy). By (2.8), the relations (2.3) follow from
(2.2). The measure do is symmetric, that is do(t) = —do(—t). If f € L2 , define the even function h on R as
h(t) = f(t?). It follows that

£, / F(#)2dos(2) = / Ih(t) do(t) = [|A2;.

Analogously, if g € L2 , define k on R by k(t) = tg(t*). It follows that

lalizs, = [ lae)Pdoo(®) =2 [ 16) Pdote) = 2.
0 0

2.2 Strings

A string S[L, m] is given by its length L, 0 < L < oo, and a non-negative (possibly infinite) Borel measure m
on R with suppm C [0, L] such that m([0, z]) < oo for z € [0, L) and m({L}) = 0. Define

m(z) == m((—o0,z)), x € (—o0, L]. (2.9)

Then m is a non-decreasing left-continuous function defined on (—oo, L] if L < oo, or on (—o00, 00) if L = oo,
such that m(z) = 0 if x < 0. Consider the integral equation boundary value problem with complex parameter z:

y'(x) + / zy(u)dm(u) = 0, (2.10)
[0,2]

with the boundary conditions
y'(0—) =0, and y(L)y=0if L+ m(L) < 0. (2.11)

This problem arises if Fourier’s method is applied to the partial differential equation which describes the vibra-
tions of a string with free left endpoint 0 on the interval [0, L) or [0, L], where m(z) is the mass of the string on
the interval [0, z). Let [ := sup(supp m). The string S[L, m] is called singular if | + m(l) = oo, otherwise, if
I+ m(l) < oo, itis called regular.

There exists unique solutions ¢(z, z) and ¥(z, z) (see [16]) of the equation (2.10) on [0, L) which satisfy the
initial conditions

QQ(O,Z) = 17 90/(0772) = Oa 1/’(072) = 07 1/)/(0*72) =1 (212)
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6 Kaltenbick, Winkler, and Woracek: strings

Note that if y is a solution of (2.10), then ¢’ is continuous from the right. It follows easily that o and 1) are the
solutions of the following integral equations:

oz, 2) =1 — z/[o (@ 9pls,mis), 02 <L, 2.13)
Wz, ) =z — z/[(; (@)l imis), 05w <L 2.14)
Note that |
o (2) = — 2 /[0 5, 2)im(e), 0L 2.15)
(@ 2) = — z/[o Pl m(s), 05w <L, 2.16)
W) =1z [ (s 2)in), 0SE<L 217)
Vo=, z) =1 — 2 [07 s m(s), 05w <L 2.18)

In particular, ¢'(0, z) = ¢'(0—, z) = 1 and ¢/(0, 2) = —zm(0+). Asm({z}) = 0 for almost all z € [0, L) with
respect to the Lebesgue measure, the relations

p(r,z) —1= /go’(s,z)ds:/go’(s—7z)ds, (2.19)
0 0
¥(z, 2) = /W(s,z)ds:/w’(s—,z)ds, (2.20)
0 0
follow. Let b := min(supp m), thatis, m(x) = 0 if # < b and m(x) > 0if 2 > b. Note that b > 0. The limit
Y(z, 2)
= 221
as(2) = i 05, 2 e €\ [o,00) @21)

exists and admits the representation

qs(z) = b+ / dos(t). (2.22)
0

/ dos(t) _ (2.23)

that is, gg € S (see [16]). According to M.G. Krein, the measure og is called the principal spectral measure of
the string S[L, m]. We shall call the corresponding function qg the principal Titchmarsh-Weyl coefficient of the
string S[L, m]. A basic inverse result of M.G. Krein states (see [9], [21]): Any function q € 8 is the principal
Titchmarsh-Weyl coefficient of a (regular or singular) string S[L, m]; this string is uniquely determined by q.

Denote by L%,o the subset of L2 of elements which vanish identically near L if S[L, m] is singular and define
for f € L?n,o the following kind of Fourier transformation:

L
Fs(f,2) = / o, 2) f()dm(z). (2.24)
0
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It can be shown (see [16]) that the mapping Fs : f +— F(f,-) is an isometry from Lﬁw onto a dense subset of
L2 . Hence it can be continuously extended to all of L. The inverse transformation, mapping L2 onto L7 , is
given by

N

F@) = Lim.yn / o2, N Fs(f, \dos(\), @ € [0, L), (2.25)
0

where Li.m. denotes the limit in the norm of L. Note that the Parseval identity [f, g].> = [Fs(f,-), Fs(g,-)]r2 .
for f,g € L2 holds.

2.3 Canonical systems

Let H be a real, symmetric and non-negative 2 X 2-matrix function on the interval [0, [7):

(M) ha(a)
1) = (1) b)) weom,

with locally integrable functions hj, ho and hs. In this section we consider initial value problems of the form

Jy'(z) = —zH(x)y(x), x € [0,ly), 31(0)=0, (2.26)
with y(z) = (y1(x) yo(2))T, J = (1) 01) , and a complex parameter z. Here the differential equation in

(2.26) is considered to hold almost everywhere on [0, [z ). The fundamental matrix function

W(e.2) = ( wiy (x, 2) wlg(x,zg )

wor(x,z)  waa(x, 2

of a canonical system (2.26) with Hamiltonian H is the unique solution of the integral equation
z
W(x,z)J —J = z/W(s,z)H(s)dS (2.27)
0
Note that W (0, z) = I. Aty for the canonical system (2.26) Weyl’s limit point case prevails if and only if
lg
/trace H(z)dx = oo, (2.28)
0

and from now on we assume that for each Hamiltonian H the relation (2.28) holds, and that H is not identically
equal to diag (1 0) on the interval [0, c0). Then the limit point case prevails at [, and it follows that for each

weN:=NU{cc}and z € CT the limit

2) = lim w1 (z, 2)w(2) + wia(z, 2)
Q) : S wor (2, 2)w(2) + waa(x, 2)

(2.29)

exists, is independent of w, and, as a function of z, belongs to the set of Nevanlinna functions N (see, e.g., [5]).
The function @ is called the Titchmarsh-Weyl coefficient of the canonical system (2.26) or of the Hamiltonian H.
The measure o in the representation (2.1) of @ is called the spectral measure of the canonical system (2.26) or of
the Hamitonian H. In particular, if = VV7 a.e. on (I, 00) for some constant vector V = (v, v2)T # 0 then

Q(Z) — vlwu(l,z) +1}2’w12(l,2). (230)

viway (I, 2) + vawaa(l, 2)
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8 Kaltenbick, Winkler, and Woracek: strings

The following intervals play a special role in the sequel (see [13], [8]). Let &, := (cos ¢,sin$)T for some
¢ € [0, ). The open interval I, C [0,lf) is called H-indivisible of type ¢ if the relation

£, JH =0, ae. on Iy, (2.31)

holds. In particular, det H = 0 a.e. on I,. An H-indivisible interval is called maximal if it is not a proper subset
of another H-indivisible interval.

With the Hamiltonian H the following Hilbert space L%I is associated (see [13]): Itis the set of all (equivalence
classes of) 2-vector functions f(z) = (f1(z) fa(x))T on [0, 1) with the properties

G)ff@YH@ﬁ@Mx<+w7

(i) for every H-indivisible interval I, of type ¢ there is a constant ¢y, y € C such that {g [ =cr, 5 ae onlg,

equipped with the inner product

Iy
(F.9)us, = [ 9@} H@) f(a)d
0

A Hamiltonian H is called trace normed if trace H = hy + ha = 1 a.e. on [0,00). For the class of trace
normed Hamiltonians a basic inverse result in [7] can be formulated as follows (see [23], [19]): Each function
Q € N is the Titchmarsh-Weyl coefficient of a canonical system with a trace normed Hamiltonian H on [0, 00)
which is not equal to diag (1,0) a. e. on [0,00); this correspondence is bijective if two Hamiltonians which
coincide almost everywhere are identified.

We mention that in the representation (2.1) of a Titchmarsh-Weyl coefficient () the number b > 0 is positive
if and only if (0,b) is a maximal indivisible interval of the corresponding trace normed Hamiltonian H such
that H = diag(1,0) a. e. on (0,b). Let Q denote the Titchmarsh-Weyl coefficient corresponding to some
Hamiltonian H, and let

H=JHJT. (2.32)

The relation (2.29) implies that Q ; (2) = —(Qu(2))~". For f € L% the function f := J f belongs to L%, and
it is easy to see that

1fllzz, = £l ez -

Hence, the mapping

Ly—1L%: f—],
establishes an isometric isomorphism. We set
way (T, 2)
u(z, z) == .
(2, 2) (wgg(aj, z))
Denote by L7, the subset of L of elements which vanish identically near [z, and define for f € L7, the

following sort of Fourier transformation:

Iy

Fu(f,z):= /u(x,z)TH(x)f(a:)dx (2.33)
0

It can be shown (see [6]) that the mapping Fy : f — Fy(f,-) is an isometry from L?{,o onto a dense subset of
L2. Hence it can be extended by continuity to all of L?,. The inverse transformation, mapping L2 onto L%, is
given by

+N

F(2) = Lim.y_ oo / w(z, N Fy(f,\do(\), z € [0,1x), (2.34)
-N
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where 1i.m. denotes the limit in the norm of L?,. Parseval’s identity [f, 91z, = [Fu(f.), Fu(g,-)]rz holds for
g€ L%.

Lemma 2.2 If H is of diagonal form, that is H = diag (hq, ha), then Qg € N3Y™.

Proof. Let M = diag (1,—1). Clearly, M? = I and JM = —MJ,and MHM = H as H is of diagonal

form. With the last relations it follows from (2.27) that W (z,z) = MW (z,—z)M, and the relation (2.29)
implies that Qi (2) = —Qu(—2). O

3 Dual strings

Let a string S[L, m] be given. As m is non-decreasing, its inverse function exists and determines also a string,
see, e.g., [16], [9]. Define

i {m(L) if L+ m(L) = oo, G
00 if L+ m(L) < oo.
and
m(é) =inf{z >0: £ <m(x)},  £e€[0,m(D)], (3.2)

with the additional conditions that 1i2(€) = 0 for £ € (—o0, 0) and, if L + m(L) < oo then

m(€) = L for € € (m(L),0).

The function 772 is non-decreasing, and if L + m(L) = oo, it follows that (L) = [, the supremum of growth
points of m. The left continuity of 1 implies that m(L) = [ , the supremum of growth points of m. To see that m
is also left-continuous, let én e é, an = fn(én), a =lima,,b= m(é) Assume that a < b, then én <mf(t) < é
for t € (a,b), and it follows that £ < m(t) < &, a contradiction. Note that

m(é+) =sup{z < L: m(z) <&,  €el0,m(L)]. (3.3)

To see this, let &, \, &, dp, = (&), d = limd,,, ¢ = sup{z : m(x) < £}. If ¢ < d, then £ < m(t) < &, for
t € (¢, d), and it follows that £ < m(t) < &, a contradiction.

Let 1 denote the corresponding measure generated by 7i2. The string S[L, ] is called the dual string of
S[L,m], that is, roughly speaking, the string which arises if mass and length change their role in S[L, m]. Note
that (L) + L < oc if and only if the string S[L, m] is regular with L = co, in this case the relations L = m/(I+)
and 7i(L) = [ hold. Moreover, the string S[L, t] is regular with L = oo if and only if L 4+ m(L) < oo. It
follows that the string S[L, m] is regular if and only if its dual string S[L, ] is regular.

Lemma 3.1 Let S[L, m| be some string and S|L, | be its dual string. Then the relation m(£+) € supp
holds. If &€ < m(€) then (€) < & and if m(E+) < € then & < m(€). If € € suppm then m(m(é+)) = &
Moreover, if m(&£+) > m(§) then m(é) =¢forée (m(&),m(E+)]- If 0 < ¢ < L and £ & supp m, then m has
a jump at m(§) and § € (m(m(§)), m(m(§)+)).

Proof. The relation m({+) € suppm is a consequence of the other statements of the present Lemma. If
£ < m(&), the left continuity of m implies that there is some 2 < ¢ such that £ < m(z) < m(€), and () < &
follows from (3.2). Now let m({+) < £ As m(&+) is a limit from the right, there is some z > ¢ such that
m(x) < £, and the relation (3.2) implies that m(é) > x> & Let £ € suppm. Then

im(E+)) = inf{z : m(e+) < m(x)} =&
Let m(6+) > m(€). If € € (m(€), m(€+)), then also

(€)= inf{z : € <ml2)} =¢.
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10 Kaltenbick, Winkler, and Woracek: strings

Let 0 < £ # supp m, then m is constant in an open neighborhood of &, and it follows that

m(m(§)) = inf{z : m(z) =m(§)} <& <sup{z: m(z) =m()} = m(m(§)+).

O

Lemma 3.2 Each string S[L,m| is equal to the dual string of its dual string S|L, ).

Proof. Let S[L, m] be regular. If L = oo then L 4 7(L) < oo and hence L= oo Moreover, 1(00) = I:
m(oo). If L < oo then L = oo and L = rin(I4) = L by the relation (3.3). It follows that (L) = [ = m(L). 1
S[L,m] is singular, then

L =m(L) =inf{z >0: m(L) <m(z)} = L.
The Lemma 3.1 implies that
m(€) =inf{z >0: & <m(a)} =m(€), €€[0,L]. 34
O

The relation S = S implies that to each result concerning S and S a corresponding dual result exists. In
particular, the relations

m(€) =inf{& >0: € <m(2)},  €£e€l0], (3.5
m(E+) =sup{d < L: (@) <€ £€[0.1]. (3.6)

hold. The dual result of the Lemma 3.1 is

Corollary 3.3 Let S[L,m| be some string and S|L, W] be its dual string. Then the relation 1(£+) € supp m
holds. If £ < m(f) then m(€) < &, and tfm(§+) fthen{ < m(§). Letf € supp . Then m(m(é+)) = E.
Moreover, if in(E+) > () then m(&) = fforf € (m(€),m(E+)). If0 < € < L and € & supp t, then m has
a jump ati(€) and € € (m(1i(€)), m(m(€)+)).

Corollary 3.4 Let f be a measurable function. Then

F(€)dm(€) = /[ o S@)E 3.7)

[a,b]

F(€)dm(€) = /[ oy ENE (3.8)

[a;b)

Analogously, if g is a measurable function, then

/ g(6)din(é) = / g(m(€))de, (3.9)
[a,b] [m(a),m(b+)]

/ g(6)din(é) = / g(m(€))de. (3.10)
[a,b) [ (a),m(b)]

Proof. Let{ € suppm. If m(§+) > m(€), then & = 1i(§) for £ € (m(€), m(¢+)] by Lemma 3.1. It follows
that f(&)m({¢}) = f[m(g),m(g+)1 f(m(&))de. If m(E+) = m(€), Lemma 3.1 implies that ra(m(§)) = &, hence,

with € = m(€) the relations f(£) = f(m(€)) and dm(¢) = dé follow. This proves the relations (3.7) and (3.8),
and a similar argument using the Corrollary 3.3 implies the relations (3.9) and (3.10). O

Lemma 3.5 Let S[L,m] be some string and S[L,m] be its dual string. Let $(§,z) and 12(5, z) satisfy the

corresponding relations (2.14) and (2.13) for S [ 1| instead of S|L, m)] with the corresponding initial conditions
(2.12). Then
P&, 2) = ' (M(S), 2), § € supph, (3.11)
V(€ 2) = =27 (m(E),2), € € supp, (3.12)
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and

~

@&, 2) =9 (m(€), 2), £ € suppm, (3.13)
(& 2) = —27'@ (m(€),2), &€ suppm. (3.14)

Proof. The main part of the proof is to check that the functions ¥’ (1n(€), z) and —z ¢’ (M(é ), 2) satisfy
the equations (2.13) and (2.14) for ti replaced by m and £ € supp i Let £ € supp i such that 1(E4) > ().
Then m(( (€),m(£+)]) = 0 by Lemma 3.1, and the relations (2.15), (2. 16), (2.17), and (2.18) imply for { €

(M), (é+)) that ' (M(E+) =, 2) = @' (§,2) = @' (m(&), 2) and &/ (M(E+) —, 2) = /(€ 2) = ¢/ (1 (é), 2).

Note that the relation
inf{s: u<m(8)} =sup{s: m(s) <u}=m(ut), u € [0,L),
together with the Corollary 3.3 and the relation (3.8) imply

/ ~ X[0,s)(u)dm(s) = /  X(om(s)) (W)dé = € — m(ut), € € suppth.
[0,770(é+)) 3!

s

With the last relation and Corollary 3.4 it follows that

W), ) =12 /[ o, s 2)am)

=1- ,2)d
Z/[Owh(éﬂ)w(s 2am(s)

=1- z/ C Xo,s) (W) (u, 2)du dm(s)
[0,/ (§4))?

=1- z/ ) (€ — m(u+)) (u, 2)du
(0,7(§4))

—1-2 /[ (€ ), ) ).

The last equality sign is a consequence of (3.9) and the fact that m(u+t) = m(u ) on [0, L) with the exception of
a countable set. Hence, the function 1/ (1(€), z) satisfies the relation (2.13) for & € supp . For any £ € [0, L),
let & = sup{u € suppr : u < £} and define

¢, 2) = ¢/ (i (#), 2) — (€ — 2) o' ((i), z)dm(i).

[0,2)

In particular, B(€,2) = ¥ (m(€), 2) if € € supp. It is easy to see that ¢(&, ) satisfies the relation (2.13) for
all ¢ € [0, L). As the solution of the equation (2.13) is unique, one finds that ¢(&, z) = 3(€, z), and the relation
(3.11) follows as a special case. In the same way we find that

o ((E), ) = —2 / (s, 2)dm(s)

[0, (8)]

= fz/ (s, z)dm(s)
[0,m(£+))
= —z/ ) <1 +/ X0, (W) (u, z)du) dm(s)
[0,7(£+)) [0,7(£+)
—sea [ (@ mu) (. 2)du
[0,7m(£+))

— sz [ (€= @) (@), (o),
[0,¢]
and the relation (3.12) follows as above from the last relation and the relation (2.14). O
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12 Kaltenbick, Winkler, and Woracek: strings

Lemma 3.6 Let qg be the principal Titchmarsh-Weyl coefficient of some string S[L, m], and let q5 denote the
principal Titchmarsh-Weyl coefficient of the corresponding dual string S [ﬁ, w]. Then
-1

qg(z) = a5 (3.15)

Proof. If the string S[L, m] is singular, the limit point case prevails at L. Then also (see [16])

Y€ 2)
gs(z lim z € C\[0,0).
(2) = et \ [0,00)
As S|[L, ] is also singular, the last relation together with the relations (3.11), (3.12), and 7 (L) = L imply that
w é? -1
qg(z) = lim (A ): .
E~L§(Ez)  2as(2)
Let L + m(L) < oo, then L = oo and S[L, ] is regular. The relation (2.21) implies that
o
qg(z) = %(A ), z € C\ [0,00). (3.16)
¢'(l,2)

The relations | = m(L), | = r(I) and @({l}) = L— L hold. If m(l) < m(I4) = m(L), then ta((m(l), m(L)) =
0. The relations (3.11) and (3.13) imply that

N ~ A

(p/(l,Z) = ¢/(m( ),Z) = —21/1(1»2)

and
p(l,2) =P/ (m(1),2) = ' (I, 2).
z) =

As m is constant on (I, L), it follows that ¢’ (z, ¢'(l, z) for z € (I, L), and hence

(P(L7 Z) = (L - l)‘PI(lv Z) + (p(l, Z) = —21;(57 z)m({[}) + {b\/(i—, z) = 12)\/(17 Z)

In the same way using the relations (3.12) and (3.14) one finds ¢)(L,z) = —z13'(I,z). Consequently, the
relation (3.16) implies that
-1 CP(L7 Z) -1
qs(z) = —2 = .
5(2) W(L,z)  zqs(z)

If the string S[L, m] is regular with L = oo, the relation (2.21) implies that
qs(z):sai 2z € C\ [0,00). (3.17)

As above a straightforward calculation using the relations (3.11), (3.12), (3.13), and (3.14) leads to

@(L,Z) = wl(l’z)v {p\(L’z) =—z"! /(l Z)

and using (3.17) we obtain

O
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4 Relations between strings and canonical systems

Let a string S[L, m] be given. Define z(t) := t + m(t) for t € [0, L). Then the Lebesgue measure dt and dm(t)
are absolutely continuous with respect to dz(t) := dt+dm(t). Let I, := ran z(-) denote the range of the function
x, then clearly [0, 00) \ I, consists of the (at most countable) union of all intervals of the form (x(¢), z(t+)),
where z(t+) — z(t) = m(t+) — m(t). Let

b (2) = djft), vel,,  hi(2)=0, z€0,00)\L, @.1)

ho(z) == 2‘;‘((;) vel,  ho(x)=1, z€l[0,00)\ L. 4.2)
Then hy(z) + ha(z) = 1 ae. on [0, 0c), and by

Hy(z) = (hléx) h;zx)) . xe0,00). 4.3)

a trace normed and diagonal Hamiltonian is defined.

Conversely, let a trace normed Hamiltonian H; = diag (h1, h2) be given. Define l; = c if (¢,0) is a
maximal H;-indivisible interval of type 7 /2, and [; = oo otherwise, and define Iy = cif (¢, 00) is a maximal
H j-indivisible interval of type 0, and [d = oo otherwise. Let

x la
£(2) = / h(t)dt, L= / o (£)dt, (44)
0 0
z lq
£(z) = / ho(t)dt, L := / ho(t)dt. 4.5)
0 0
and
inf{a: £(x)=€}
m() = / ha(t)dt, 0 < € < L. 4.6)
0
inf{a: £(x)=£}
m) : = / ha(t)dt, 0 < & < L. 4.7
0

Then the functions m and 77 are non-decreasing and left-continuous on [0, L) and [0, L), respectively, and S[L, m]
is the string associated with H, whereas S”[ﬁ, ] is its corresponding dual string. The above indicated mappings
S[L,m] — Hgand Hy — S[L, m] are inverse to each other.

Let a string S[L, m] and its dual string S[L, 1] be given. Define

1 —m(x)

o ) ifese <L
Hy(z) := () ()> (4.8)

0 0 L
01 if L+ [m(t)%dt < oo, L <z < oc.

0
m@)® @) o< <
m(z) 1 -

Hr)i=q ) . (4.9)
0 O) if L+ [(t)2dt < oo, L <z < 0.
0
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14 Kaltenbick, Winkler, and Woracek: strings

Lemma 4.1 The fundamental matrices Wy, W4, and W corresponding to Hy, Hy, and H4 are given by

Wile:2) = (s £ i ) e ) 02 < 1

W, 2) = (Z 1/{;,(5 )2) “ﬁ((gz;))) Lxi=E4m(€), 0 E< L, @11

wite = (50 e pe ) 0e <t 12
In particular,

LGSR b et ) IR

Proof. First note that

C(2(m2) —em@)b(e, 2) — (-, 2)
Wo(, 2)J = (w,z) —m(@)p(, 2) — z-1¢'<x—,z>> !

and

_ (A (z—,2) —am(2)Y(2—,2)
2Wo(w, 2)Ho(x) = (g&’(x—,z) —m(z)¢' (z—, 2) ) .

Integration by parts and the relations (2.19) and (2.20) imply that

/[0 M) (5 2)ds = etz 2) ~ /[ s, 2Jam), (4.14)
/[O’ e (o2 =@, [ w2t (4.15)
With the relations (2.16) and (2.17) we obtain that |
- /[ m(s)e! (5, 2)ds = (ol ) =l o 2), 4.16)
- /[ s (5 s — 1 = (@l ) o 2) (4.17)

The last relations and the relations (2.19) and (2.20) imply that for W, and H the equation (2.27) holds, hence
Wy is the fundamental matrix corresponding to the Hamiltonian Hy.

Note that Ws(z, z) = JWO(JU, z)JT, where Wo(x, z) arises from Wy(z, z) if m is replaced by 7i and the
functions ¢ and ) are replaced by ¢ and 15 Thus W(z, z) is the fundamental matrix corresponding to H,. If

x € suppm, then x = m(m(x)+) by Lemma 3.1. As m(x) € suppm, it follows with the relations (3.13) and
(3.14) that

and
V(= 2) = ¢ (m(rm()+)—, 2)
=9/ (m(m(x)), 2) = p(in(x), 2).
The last relations together with (3.11), (3.12) and (4.12) imply the relation (4.13). For (4.11), note that for
z =&+ m(§)

(6 (-2
Wa(z, ) = (waz?) —2150’(5—,22)»)
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and
L Ve D) (e, ()
Walw, 2)Halw) = 2 <z—1¢'<e—,z2>h1<x> (€, 22)ha () > '

The relations (4.4) and (4.5) imply that

x g(m) - ~
/0 VEE)— A (s)ds = | W (E—, 22)dE = w(e, 22),

0

and

z £x)
—1+z/0 P(E(s) =, 2%)ha(s)ds = —1+Z/O Y(E—,2%)dm(E) = —¢' (6, 2%).

Similar relations hold for ¢ (¢, 22) and ¢’ (£—, 2?). Letx = £ +m(€) and 74 = & + m(&+). Ifm(€) < m(E+),
then Hy = diag (0, 1) a.e. on the indivisible interval (z,z ). For u € (z, x4 ) we set

1 0
Walu, z) = Wy(z, 2) (—z(u —a) 1) . (4.18)
Then Wy(u, 2)'J = zWy(x, z)diag (0,1) = 2Wy(u, z)Hy(u) ae. on (z,xy), that is, Wy(u, z) satisfies the
relation (2.27). Note that the relations (4.18) and (4.11) match, because the relations (2.15), (2.16), and (2.17),
(2.18) imply that

_ (V22 (€27 L 1 0
Wd(I-i-yZ) - (2190/(5,22) 90(5722) ) = Wd(x,z) (zm({f}) 1) .

It follows that W, defined by the relations (4.11) and (4.18) satisfies the relation (2.27) for all z € [0, L+m/(L)).
Hence, it is the fundamental matrix corresponding to the Hamiltonian H . O

Theorem 4.2 Let qg be the principal Titchmarsh-Weyl coefficient of some string S|L, m], and let Qq, Q4 and
Qs denote the Titchmarsh-Weyl coefficients corresponding to the Hamiltonians Hy, Hy and Hyg, respectively.
Then the following relations hold:

Qo(z) = zqs(2), (4.19)
Qa(2) = zqs(2%), (4.20)
Qs(2) = qs(2). 4.21)

L
Proof. Atfirst we show the relation (4.19). If L+ f m(t)zdt = 00, it follows easily from the relations (2.21),
0

L
(2.29) and (4.10). If L+ ['m(t)?dt < oo, the relation (4.8) implies that the interval (L, 00) is Ho- indivisible of

0
type /2. It follows from the relation (2.27) that the entries wi2(+, z) and waa(-, z) of Wy are constant on [L, o),
and the relations (2.21), (4.10), and (2.30) imply that

Qo(z) = Jim =

L
Analogously, if L + [ 7i1(t)?dt < oo, the relation (4.9) implies that the interval (L, 0o) is H,- indivisible of type
0

0. By relation (2.27), the entries w11 (-, z) and wa1 (-, 2) of W are constant on [ﬁ, 00), and the relations (3.15),
(4.13), and (2.30) imply that

Qu2) = lim — 1 EEE 1 g5() 7 = gs(2)
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16 Kaltenbick, Winkler, and Woracek: strings

If L + f th = 00, the relations (3.15), (2.29) and (4.13) imply the relation (4.21). To show the relation
(4.20), note that if L + m(L) < oo, the interval (L + m(L), co) is Hg-indivisible of type /2, hence the entries
wia(+, 2) and was(+, z) of Wy are constant there. Consequently, with the relations (2.21), (4.11), and (2.30) one
finds that €.22)
- (€2
z) = lim 2
Qal) = fimy p(&2?)
The case that L + m(L) = oo is plain. O

= qu(ZQ).

The following scheme describes how the principal Titchmarsh-Weyl coefficient gs of a string S[L, m] is related
to the Titchmarsh-Weyl coefficients of its dual string S [L m] and the correspondmg Hamiltonians H,4, Hy and
H, given by the relations (4.3), (4.8) and (4.9), and the Hamiltonians Hd, HO and H defined by (2.32).

S & qs(z) Hy & zq5(2%) Hy < 2qs(2) H, < qs(2)
L1 _ 1 _ 1 1

P Hy & —— Hys ——— H, o ——
2qs(2) 2qs(2?) 2qs(2) qs(z)

Let Hy; = diag (h1, he) be some given trace normed Hamiltonian of diagonal form. In the following it is
assumed that the equivalence class f € L%d is represented by an element f = (f1, f2)7 with supp f1 C supp hy
and supp fo C supp ho, and that f; and f5 are constant on the closure of any maximal Hg-indivisible interval.
Let

Ly, ={fely,: =0}, L, , :={f €Ly, : =0} (4.22)

and note that
Ly, =Ly, @ Ly, [ =(f1,f2)" = (1,007 & (0, f2)". (4.23)

Let S[L, m] be the string associated with Hy, and let S[L, ] be its dual string. Recall that L + m(L) < oo

implies that h; = 0 a.e. on (L +m(L), 0c), and if L + (L) < oo then hy = 0 a.e. on (L + (L), 00). Define
with £(z) and £(x) given by (4.4) and (4.5) the functions

r(§) =inf{u>0: &(u) =&}, £€][0,L], (4.24)
s(é) =inf{u >0: é(u) = é}, ée [O,i/], (4.25)

and note that ranr C supp h; and ran s C supp hg such that supp h; \ ranr and supp ho \ ran s are sets of
Lebesgue measure zero. Moreover, the functions r and s are injective, and satisfy the relations

r(§) s(é)
m© = [ mawd,  w@ = [ m@a (4.26)
0 0

If 7(£4) > r(€) then (r(€), r(€+)) is a maximal Hy-indivisible interval of type 7 /2, and if s(£4) > s(€) then
(s(€), s(&+)) is a maximal Hg-indivisible interval of type 0. In particular, the relations

s(m(&+) =r(E+),  r(mE+)) = s(&+),

follow. Let L2[0, L; m] be the subspace of the space of the square integrable functions L?[0, L] consisting of all
functions f with the property that if I; is an interval contained in [0, L] \ supp m then f is constant on the closure
of I;. In the same way, let L2[0, L; 722] be the subspace of L2[0, L] of all functions f with the property that if I
is an interval contained in [0, ﬁ] \ supp i then f is constant on the closure of I5.
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Let f € L3;,. Define functions

1) = A@r©), ¢eo,L], 4.27)
F2E) = f2(s(6)), €elo,L, (4.28)

and note that f' € L2[0,L;m] and f2 € L2[0,L;m]. Conversely, as r and s are injective functions, each
ft € L?[0, L; m] defines via the relation (4.27) a function f € L%,dl ,and each f2 € L?[0, L; ] defines via the
relation (4.28) a function f € L%, . Clearly, if f € L7, then

171y = 15 Bt 152 o
Let fO € L} and f* € L3, be given, and let

F1E) = &) —m) (8, €€]o,1), (4.29)
FAE =€)+ f5(6), £elo,L]. (4.30)

Then f! € L?[0, L;m] and f? € L?[0, L; 7], and the relations

T P o P [

9

Hg»

hold. Conversely, let f! € L2[0,L;m] and f2 € L2[0, L; 7] be given. Then there is a unique f© € L3,
satisfying the relation (4.29) and a unique f* € L%IS satisfying (4.30). To see this, let

FHE) = (O — m(&) (&) = (&) —m(&) 5 (£).

It follows that 0, fO e L2 ,» and that || f0 — f°llz, = 0, hence f° and f° are identical in L%, . In the same
way the uniqueness of f* in L%{S can be shown. In particular, f© may be chosen to be equal to (f*,0)7 and f*
may be chosen to be equal to (0, f2)7, as f! is constant on the Hy-indivisible intervals and f? is constant on the
H-indivisible intervals. Hence, the following mappings are isometric isomorphisms:

L0, Lim] = Ly, - f = (£,0)7, @.31)
L0, Lym] — L% = f—(0,f)". (4.32)
We are going to show that the following spaces are isometrically isomorphic:

LY =Ly, , = L20,Lym] = Ly, (4.33)
Ly =Ly, = L°0,Lim] = L3, . (4.34)

Let f € L%[d, and

9(&)

h(é)

Then g € L% and h € L2 . Conversely, let g € L2 and h € L2 be given. Putg = O on [0, L]\ suppm and h = 0

on [0, ﬁ} \ supp m, and define functions f> and f; via the relations (4.35) and (4.36), and the conditions that if

r(&) is the endpoint of an maximal H 4-indivisible interval I then fo = g(&) on the closure of I /5, and if 5(&)

is the endpoint of an maximal H4-indivisible interval I then f; = h(&) on the closure of Ij. These conditions

coincide with the general assumption that f; and f> are constant on the closure of any maximal H 4-indivisible
interval, hence f = (f1, f2) € LY.

Moreover, the relations (4.35) and (4.36) establish an isometric isomorphism between L%{d L and Lfﬁ, and

L%,“ and L2 To see this, note that (4.26) implies that m({¢}) = r(é+) — 7(£) and that dm(&) is absolutely

fQ(T(g))v f € [OvL]’ (435)

fils(€), €e€lo,L]. (4.36)
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18 Kaltenbick, Winkler, and Woracek: strings

continuous with respect to the measure dr(¢). Hence ‘(i;((g)) = ha(r(€))a.e. on [0, L], and with (L) = L+m(L)
it follows that

L L %)
/ 19(6) 2dm(¢) = / |Fa(r(€) 2dm(€) = / o) Pha(z) de
0 0 0

The relations (4.7) and (4.25) imply the isometry between L%{M and L?ﬁ in a similar way.

5 Fourier transformations

Let f € L3 have compact support. As f = (f1,0)" @ (0, f2)”, corresponding to (2.33), (4.11) and (4.23) the
Fourier transformation F, can be written as

FHd(f7Z):FHd,l(flﬂz)+FHd,2(f27z)? G.D
with
Fy, (f1,2) := /wgl(x,z)fl(x)hl(x)dx, Fu,,(f2,2) := /wQQ(x,z)fg(:E)hg(x)dx. 5.2)
0 0

The Fourier transformations of a string and its associated canonical systems are related as follows.

Theorem 5.1 Let S[L, m| be some string with related Hamiltonians Hy, Hy, and H. The interaction between
the corresponding Fourier transformations Fg, Fy,, Fr,, and Fy_ is presented in the following commutative
diagram of isometric isomorphisms.

Fp,
2 0 2
Ly, —= Lg,

L%—Id’l = Lg'd,o
Fy,
2 _ 712 2
L%{d,l @ L%{dz - L%{d = LUd o Lgd,o D Lcrd,e
2 2
LHd’2 = Lad,e
F
3, —feo g2
s ags
\ /s
L
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The following two lemmas form the core of the proof of Theorem 5.1.

Lemma 5.2 The mappings

Fu,,: Ly, — L2, (5.3)

d,1

2 2
Fr,,: Ly,, — L5, 54
establish isometric isomorphisms.

Proof. With the functions f! € L?2[0, L;m] defined in (4.27) and g € L2, defined in (4.35) the Fourier
transformations Fly, , and Fp, , can be written with the help of (4.11) as

Fr,,(f1,2) = | 271/ (€,2°) F1(£)d¢, (5.5

Fr,,(f2,2) = | @(&2%)g(&)dm(&). (5.6)

T —r Tt

It follows that Fz, , (f1,-) is an odd function and that Fiy, , (f2, -) is an even function. Conversely, as wa (, -) is
odd and was(z, -) is even, and as the measure o is symmetric, the relation (2.34) implies that the origins of L?,’e
in L% have representatives with f; = 0, and the origins of L7 , in L}, have representatives with f, = 0. O

Lemma 5.3 Let f € L%d have compact support, and let f°, f* and g satisfy the relations (4.29), (4.30) and
(4.35). Then

Fs(g,2) = Fu,(f*, 2), (5.7)
Fu,(f,2) = Fu,,(f1,2) + Fa, ,(f2, 2), (5.8)
Fp,,(f2,2) = Fu,(f%,2%), (5.9)
Fr,, (f1,2) = 2Fu, (f°, 2°). (5.10)

Proof. In (5.6) we already saw that Fiy, ,(f2,2) = Fs(g,2?). Let f° and f* be given by (4.29) and (4.30).
Corresponding to the relations (2.33) and (4.10), the Fourier transformation Fy, in L%ID reads as

Fr,(f°.2) = [ 271/ (€=, 2)(f1(€) — m(€) f3(£))de, (5.11)

Tt~

and the relations (4.29) and (5.5) imply that Fiy, , (f1,2) = 2Fn,(f°, 2%). Corresponding to the relations (2.33)
and (4.12), the Fourier transformation F', in L%IS reads as

2 / (E=,2) (€)1 ) + £3(6))dé. (5.12)

Let & € suppm, and put & = m(£+). Then @’(m(f—k)—, z) = i’(m(g), z) = p(&, z) by the relation (3.13), and
hence

w(& 2) = @’(5—72), £ € suppm.

Moreover, the relations (4.30), (4.28) and (4.35), and the assumption that the elements of L%{d are constant on
the closed maximal indivisible intervals imply that

(&) f3(E) + £5(6) = 7€) = fo(s(m(&h))) = fo(r(E4)) = falr(&) = 9(&).
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20 Kaltenbick, Winkler, and Woracek: strings

It follows from dé = dm() and the relation (5.12) that

L
n(12) = [ o(€2)9(©)m(©), 613
0
and the relation (5.6) implies that Fiy, , (f2,2) = Fu, (f*, 2%). O

All the Fourier transformations we have introduced for functions with compact support are isometries and
have dense ranges. Hence they can be extended by continuity to isometric isomorphisms defined on the whole
space. All assertions of Theorem 5.1 are proved.

In order to find an isometric isomorphism connecting the Fourier transformation F'g of the dual string S [IA/, m]
with L%d , we have to consider the dual Hamiltonian H,. As Hy = diag (h1, ha), the relation Hy = diag (he, h1)

follows. Let & be the spectral measure corresponding to the Titchmarsh-Weyl coefficient Q(z) = —Q(z)~
Hg. If Fg denotes the Fourier transformation which maps L% onto LZ, the isometry between L% and L%
d d

establishes an associated Fourier transformation F'r7, mapping L%Id onto L2 by

Fu,(f,"):=Fg (f.),  fely, (5.14)

Assume that f € L%[d has compact support. Then
FHd (f:2) /wn (z, 2) fi(x)h1(z) + wia(z, 2) f2(2) ha())d.
0
Defining

Py, (fi.2) = [ wi(z,2) fi(2)h (2)dz, (5.15)

Fiy,(for2) = [ wia(z,2) fa(x)ho(2)dz, (5.16)

m
0\8 0\8

it follows as above that the mappings Fyr, , : Ly,  — L%, and Fu,, : L%, — L%, establish isometric

isomorphisms. Let £ € supp t and assume that & = 77 (£+). Then
W (€=, 2%) = @' (M(E+)—, 2°) = ¢ ((€), 2) = B(€, 2%),

and if h and f; are related via (4.36), the last relation in combination with (4.11) and (4.7) implies that
L
Fity, (F1,2) = [ € MEanE = Fy(h, =), (5.17)
0
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