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Abstract

A canonical differential equation is a system 3y’ = zJHy with a real,
nonnegative and locally integrable 2 X 2-matrix valued function H. The
theory of a canonical system is closely related to the spectral theory of a
symmetric operator Tpn(H) which acts in a Hilbert space L*(H), and,
moreover, is closely related to the theory of positive definite Nevanlinna
functions by means of the Titchmarsh-Weyl coefficient associated to it.

In the present paper we define an indefinite analogue of canonical
systems, construct an operator model which now acts in a Pontryagin
space, and show that the spectral theory of the indefinite model is the
perfect analogue of the classical theory of Trmin(H).
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1 Introduction

A canonical system, or Hamiltonian system, of differential equations is a system
of the form
y'(z) = 2JH(z)y(x), x €[0,L), (1.1)

where H is a locally integrable, real and nonnegative 2 x 2-matrix valued func-

tion, where
0 -1
Ji= (1 0 > ’

and where z is a complex parameter. The function H is called the Hamiltonian
of the system (1.1). Canonical systems are intensively analyzed via various
approaches, see e.g. [AD], [dB], [GK], [HSW], [K1]-[K3], [KL3], [O], [S1], [S2],
for approaches by means of operator methods.

Equations of the form (1.1) frequently appear in natural sciences, for example
in Hamiltonian mechanics, cf. [Ar], [F], or as natural generalizations of Sturm-
Liouville equations, cf. [R], or in the study of a vibrating string with non-
homogeneous mass distribution, cf. [At], [KK].

In the theory of canonical systems an operator model is associated to the
equation (1.1). It consists of a Hilbert space L?(H), a linear operator Ty, q.(H)
and a boundary value map T'(H). The operator theory of the symmetry
Tonin(H) := Thao(H)* and its selfadjoint extensions governs the behaviour of
the system (1.1), and is of outstanding importance for the investigation of its
spectral theory.

Canonical systems are intimitely related to Nevanlinna functions. Assume
that in the equation (1.1) Weyl’s limit point case prevails, this means that

L
/ tr H(z) dx = oo,
0



and denote by W (x, z) = (w;;(x, 2));,j=1,2 the (transposed of the) fundamental
solution of (1.1):

%W(x,z)J =2W(x,2z)H(z), x € [0,L), W(0,z)=1. (1.2)

Then, for each 7 € RU {co}, the limit

lim w1 (z, 2)7 + wia(x, 2)
z /L woy(x, 2)T + was(z, 2)

=: qu(2)

exists locally uniformly on C \ R and does not depend on 7. The function qp
is called the Titchmarsh-Weyl coefficient associated to the Hamiltonian H. It
belongs to the Nevanlinna class Ny, which means that

qm is analyticon C\ R, ¢u(Z) =qu(z), z€ C\ R,

Imgp(z) >0 for Imz > 0.

The Inverse Spectral Theorem of L.de Branges states that to every function
q € Ny there exists (up to reparameterization) one and only one Hamiltonian
H such that ¢ = qp, cf. [dB], [W1]. This result tells us that the properties
of (1.1) must be fully reflected in properties of its Titchmarsh-Weyl coefficient.
Actually, there is a broad variety of results on the correspondence between H
and qm, see e.g. [GK], [K6], [W2], [WW].

The notion of the Nevanlinna class Ny admits a generalization to an indefi-
nite setting. Let the generalized Nevanlinna class NV, k € NU{0}, be defined as
the set of all functions ¢ which are meromorphic in C\R, satisfy ¢u (Z) = qu (2),
z € C\ R, and have the property that the kernel

K (w,z) := w

gl

has x negative squares.
It is a long standing open problem to find an indefinite generalization of

(1) the notion of a Hamiltonian,

(2) the operator theoretic interpretation of the equation (1.1),
and

(3) the Inverse Spectral Theorem.

In some situations partial answers or examples were obtained e.g. in [KL1],
[LLS], [LW], [RS2] or [RS4]. In the present paper we settle the problems (1)
and (2) in full generality, i.e. we define the notion of an indefinite Hamiltonian,
we construct an operator model associated to it, and we investigate its operator
theoretic properties. The solution of the problem (3), which is based on the
present work and on our previous work on Pontryagin spaces of entire functions
[KW2]-[KW5], will be presented in the forthcoming Part V of this series of
papers.

Our notion of indefinite Hamiltonian carries its name with full right. This is
shown by the following three facts: Firstly, the complete analogy of the spectral



theory of the model relation in comparison to the positive definite case, secondly,
the validity of the Inverse Spectral Theorem, and, finally, the coincidence with
known particular cases.

The principal motivation of our present work is the intrinsic mathematical
interest of the problems (1)—(3). Motivation for the study of these problems,
however, can also be drawn from some investigations of differential operators
with singularities appearing in mathematical physics, or from the investigation
of indefinite versions of some problems of classical analysis. In this context let
us mention
— The continuation problem for positive definite functions as treated in [KL2],
[Kal, [KW1].

— The Stieltjes- or Hamburger- Moment problem, cf. [A], [K4], [K5], [KL1],
[RS1].

— Sturm Liouville operators with discrete singularities, arising e.g. from the
study of point interactions in quantum mechanics, cf. [AlKu], [GeS], [AGHH].

— Sturm-Liouville operators with non-integrable potential, cf. [G, Ku, SS, BDL].

— Differential operators with floating singularities which depend nonlinearly on
the eigenvalue parameter, arising in magnetohydrodynamics, astrophysics, or
polymerization chemistry, cf. [Ad], [Ko], [L].

For some of the mentioned differential operators Pontryagin space models were
constructed, cf. [vDT], [P], [Sh], [DL], [DLSZ], in other contexts Pontryagin
spaces anyway appear in an immediate and natural way.

We would like to indicate our intuition which led to the present work. From
the very beginning one has a picture of an indefinite canonical system as an
equation of the form (1.1) where H has some -finitely many- singularities. These
singularities may be of different types. In the simplest situation they can be a
kind of negative point-mass or a derivation of it. In more complicated situations,
they can also be a kind of non-integrable singularity of the function H, or a
combination of both. This, very rough, picture stems from
— inspecting existing examples: [KL1] deals with the indefinite moment prob-
lem. In [LLS] one example of a Hamiltonian with an inner (non-integrable)
singularity appears. In [LW] and [KWW?2] generalized strings, a particular in-
stance of indefinite canonical systems, are studied.

— the structure theory of maximal chains of matrices, which are the indefinite
analogue of the fundamental solution (1.2) of (1.1), as provided in [KW5].

— inspecting the distributional model for selfadjoint operators in Pontryagin
spaces, and the corresponding representation of generalized Nevanlinna func-
tions, as given in [JLT].

The present construction is modelled after the construction given in the men-
tioned paper [JLT], taking into account the desired variety and structure of
singularities. The reader will maybe recognize this in our choice of notation,
for instance the appearance of elements dg,d1,... which one should think of
as Dirac-distribution and its derivatives. However, our construction is carried
out explicitly. We did not yet succeed in giving a proper interpretation of the
present model in a distributional context. This will be the task of future work.

In the remaining part of this introduction we shall describe the contents of
the present paper a bit more detailed. It is divided into several chapters:
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In Chapter 2 we deal with classical, i.e. positive definite, canonical systems. We
formulate the basic construction of L2(H) and Ta.(H) in a setting which is
sufficiently general for our later needs. For this purpose we have to introduce
an adopted version of the notion of a boundary triplet. The classical results
on the structure of T},,.(H) are recalled in Theorem 2.18 and Theorem 2.19.
We give some supplements to the classical theory, for instance we deal with the
multivalued part of powers of Ty, (H). Moreover, we are concerned with a
compactness property of T,q. (H).

In Chapter 3 we introduce and investigate the notion of H-polynomials.
These functions are buildt with help of ‘H-integration’,

f— /JlEf(t)f(t)dt7

in a similar way as polynomials can be buildt with help of normal integration.
Although on first sight a bit technical, H-polynomials are not only an indispens-
able tool for the later construction of indefinite Hamiltonians, but also reflect
a portion of the inner structure of a singularity. They will be used to measure
the growth of a Hamiltonian towards a singularity in the right way.

After these chapters of preliminary character we proceed in Chapters 4 and
5 to the definition and analysis of elementary indefinite Hamiltonians. This part
forms the core of the present paper.

In Chapter 4 we introduce elementary indefinite Hamiltonians, cf. Definition
4.1. They are composed of a Hamiltonian which has an inner singularity and is
of limited growth towards this singularity, a data-part which is concentrated at
the singularity, and a set of interface conditions. The purpose is to model the
simplest situation of an indefinite canonical system: a ‘regular indefinite system
with only one singularity’. Later on elementary indefinite Hamiltonians will be
used as building blocks for modelling the most general situation. Due to the
presence of different types of singularities which are in their nature essentially
different, we have to define three kinds of elementary indefinite Hamiltonians.

To an elementary indefinite Hamiltonian h an operator model is associated.
It consists of a Pontryagin space P(f), a linear relation T'(h), and a boundary
relation I'(f). Moreover, there is a map (h) which allows us to associate a space
of functions with P(h). Thereby (P(h),T(h),I'(h)) is the indefinite analogue of
(L?(H), Tynaz(H),T(H)). The map t(h) realizes the idea that, as long as one
stays away from the singularity, the indefinite system behaves like a positive
definite one. After the actual definition of the model we provide some basic
results on the geometry of the model.



Chapter 5 is devoted to the proof of the operator theoretic properties of
the model (P(h),T(h),I'(h)), cf. Theorem 5.1. This result already shows the
analogy to the classical theory of canonical systems as stated in Theorem 2.18.
Cornerstones on the way are the verification of the abstract Green’s identity,
Proposition 5.2, and the fact that kerI'(h) = T'(h)*, Proposition 5.4. Besides
this, we investigate reparameterizations, i.e. changes of the scale, in the setting
of elementary indefinite Hamiltonians.

The Chapters 6 and 7 are of intermediate character. In Chapter 6 we provide
a general construction of pasting of boundary value triplets, cf. Definition 6.1,
Proposition 6.2. It formalizes the, frequently appearing, idea of gluing together
boundary value problems by means of continuous boundary values, as for ex-
ample in [dSW1], [dSW2]. The machinery provided in this chapter is used later
on to paste elementary indefinite Hamiltonians; this is the way we wil obtain a
model for the general situation.

The first application of the operation of pasting can be found in Chapter
7, where we obtain a result on the further splitting up of elementary indefi-
nite Hamiltonians. This generalizes the natural splitting of a space L?(H) into
L*(Hy) ® L?*(Hs), when H is split into Hy := Hljg ) and Hy := H|, 1). Al-
though proofs are pretty technical, the results of this chapter are natural. They
play an important role in the forthcoming investigation of Titchmarsh-Weyl
coeflicients, since they will enable us to split indefinite Hamiltonians at any
point.

Finally, in Chapter 8, we come to the definition of an indefinite Hamilto-
nian and the model associated to it. An indefinite Hamiltonian consists of a
Hamiltonian which has a finite number of inner singularities and is of restricted
growth towards them, a data-part concentrated at these singularities, and a set
of interface conditions at each of them, cf. Definition 8.1, Remark 8.3. The
construction of the model is done by partitioning the Hamiltonian into finitely
many elementary indefinite Hamiltonians, and plugging together their models
with help of the operation of pasting provided in Chapter 6. In a similar way
the results Theorem 8.6 and Theorem 8.7 are deduced. These theorems settle
the operator theory of indefinite canonical systems and can be viewed as the
main results of the present work. They are the perfect indefinite analogues of
the classical Theorem 2.18 and Theorem 2.19.

The paper closes with a discussion of the dependency on the choice of par-
titioning, and a short investigation of reparameterizations.

2 Positive definite canonical systems

In this section we consider classical, i.e. positive definite, canonical systems.
We recall the notion of a Hamiltonian and the associated model space in a
sufficiently general setting and state some well known facts concerning the model
relation. Moreover, we give some supplements to these results and deal with a
compactness property of the model relation.

2.1 The model associated to a Hamiltonian

a. Definition of a Hamiltonian



Let I = (s—,s+) be an interval on the real axis where s_ < sy, s_,s4 €
RU{+0c0}. A Hamiltonian on I is a measurable function H defined on I which
takes real and nonnegative 2 x 2-matrices as values, is locally integrable on I,
and does not vanish on any set of positive measure.

An important role is played by the primitive t of tr H. It is determined
up to an additive constant. Since tr H is nonnegative, locally integrable, and
does not vanish on any set of positive measure, t is absolutely continuous and
strictly increasing. Thus t maps I bijectively onto some interval (L_, Ly). Note
that, since tr H does not vanish on any set of positive measure, also the inverse
function t=! is absolutely continuous.

Since t is determined up to an additive constant, it is meaningful to call H
regular at the endpoint s_ (at sy ), if L > —oo (L4 < oo, respectively). If H
is not regular at s_ or s, it is called singular at the respective endpoint.

Intervals where H is of a particularly simple form play a special role. For

¢ € R denote by {4 the vector
cos ¢
sin ¢

Note that £, and &y, are linearly dependent if and only if ¢1 — ¢2 € 7Z. An
interval (a—,a4) C I, a_ < ay, is called H-indivisible of type ¢ € [0, 7) if

ran H(t) = span{&,}, t € (a—,a4) a.e.

In this case we have, with an appropriate measurable, scalar and a.e. positive
function h(t),

H(t) = h(t)€sT, € (am,ay) ac.

If (o, ay) is H-indivisible, the difference t(ay) — t(a—) € (0, 0] is called the
length of this H-indivisible interval.

It is clear that, if (a—,a4) and (o ,«/;) are H-indivisible intervals with
nonempty intersection, then their types must coincide and their union is again
H-indivisible. Hence every H-indivisible interval is contained in a maximal
H-indivisible interval.

Given a Hamiltonian H, we define numbers o, (H) inductively for £ € NU{0}
by

(1) oy (H) :=s_.
and

(iiq) If oy (H) is the left endpoint of an H-indivisible interval, let o, (H) be
the right endpoint of the maximal H-indivisible interval with left endpoint
a, (H).

(itp) If o, (H) is not the left endpoint of an H-indivisible interval, put
a(H) = a; (H).

Note that no point o (H) can be contained in an H-indivisible interval.

Numbers o) (H), k € NU {0}, are defined in the same way starting from

af (H) := s and proceeding downwards.
If it is clear from the context from which Hamiltonian H the points af (H)

were constructed, we shall drop the argument H and just write af. Similarly,



if no confusion can occur, we shall just speak of indivisible intervals instead of
H-indivisible intervals.

Let us remark that the whole interval (s_,s;) is indivisible if and only if
one of the following three equivalent statements hold true: o] = sy, af =s_,
a; > af . In general, we have o, = s, if and only if o;f = s_ if and only if
the Hamiltonian consists of n maximal indivisible intervals.

b. The space L?(H)

To a Hamiltonian H an inner product space L?(H) is associated. Denote by
M(I) the set of all measurable functions on I with values in C? which possess
the property

(C) If (a—, ) is indivisible of type ¢, then §;{f is constant a.e. on
(O[,, OZ+)-

Moreover, denote by AC(I) the subset of M(I), which consists of all locally
absolutely continuous functions which satisfy (C).

Let L?(H) be the subset of M(I) containing all functions f € M(I) which
satisty

(L2) [, f*Hf < oo.
An inner product is defined on L?(H) by

(f,9)2m) = /Ig*Hf-

Here, and throughout this paper, integration is understood with respect to the
Lebesgue measure, unless explicitly indicated differently.

Let us remark that, if H is singular at s, , then for every f € L?(H) we have
(Hf)(t) =0, t€ (af,sy) a.e. The analogous statement holds for the endpoint
S_.

2.1 Remark. Our standard reference concerning the classical theory of canonical
systems will be [HSW]. But note that there the authors always assume that
tr H =1 a.e. on R. Moreover, the space L?(H) in the present work is in their
notation denoted by L2(H). What is called L?(H) in [HSW] is the space defined
by requiring (L2) but dropping the condition (C).

On M(I) we can define an equivalence relation =g by
f=mg <= H(f-g)=0ae

Clearly L?(H) C M(I) is saturated with respect to this equivalence relation.
Denote by 7 : M(I) — M(I)/=, the canonical projection. On L*(H)/—,
an inner product is well-defined by

(Wfa Wg)L2(H)/:H = (f7 g)L2(H)7 fa ge L2(H) :
We will use the following notational convention: The space L*(H)/—,, of equiv-
alence classes will again be denoted by L?(H), and its inner product again
by (.,.)z2(m)- In general, this abuse of language will not cause any confusion.
However, if the distinction between single functions and equivalence classes of



functions is essential, which will indeed be the case in several of our later dis-
cussions, we will write f € L*(H) C M(I) or f € L*(H) € M(I)/=,,. When
f e M(I)/—,, we will also use the notation H f meaning the function H f where
f is any representant of f.

It is fundamental that L?(H) C M(I)/—,, is a Hilbert space, cf. [K1], [K2]. It
is finite-dimensional if and only if I consists of finitely many maximal indivisible
intervals. In this case its dimension coincides with the number of those maximal
indivisible intervals which are of finite length.

The space L2(H) carries a conjugate linear and anti-isometric involution. In
fact, the complex conjugation

S f() = f ),

is a conjugate linear involution on M(T), and induces a conjugate linear and
anti-isometric involution on L?(H).

=13

We define a linear relation T},..(H) on L?(H) C M(I) as the set of all pairs
(f;9) € L*(H) x L?*(H) where f is locally absolutely continuous and

c. The relation T,,,.(H)
Let J be the matrix

f'=JHg, ae. onl.

Let us note at this point that, if f : I — C?2 is locally absolutely continuous
and f'(t) € ran JH(t) a.e., then f automatically satisfies (C), cf. [HSW, Lemma
3.3].

The linear relation T,q.(H) is also projected to L?(H)/—,,:

(7 X ™) Tinae(H) = {(nf;79) : (f19) € Trnaa(H)} C (L*(H)/=y)? .

Following our general abuse of language, the projected relation will again be
denoted by Thaq(H).

In many places the following statement, given in [HSW] as Lemma 3.5, is of
importance:

2.2 Remark. Assume that (s_, s;) is not indivisible. Then for each pair (f;g) €
Trnaz(H) € (M(I)/=,)? there exists a unique representant f € AC(I) of the

equivalence class f € M(I)/—, which satisfies f' = JHg.

d. Boundary values

If H is regular at the endpoint s_ and (f;g) € Tyaz(H) € M(I)?, then f
has a continuous extension to this endpoint, in fact f € AC([s_,s)), where
AC([s—,s4)) denotes the set of all locally absolutely continuous functions on
[s_,s.) with values in C? which satisfy the condition (C). Clearly, we can
consider AC([s_, s+)) as a linear subspace of M(I). The analogous statement
holds for the endpoint s.

This fact allows us to define boundary values T'(H) C Tpar(H) x (C% x
C?) where Tyua.(H) is understood as a subspace of (M(I)/=,)* A pair



((f;9); (a; b)) belongs to T'(H) by definition if and only if there exists a rep-
resentant f € AC(I), f/=, = f, with f' = JHg, such that

" f(s_) , H regular at s_ b f(sy) , H regular at s
1o , H singular at s_ o , H singular at s

2.3 Remark. Assume that (s_,s;) is not indivisible. Then by Remark 2.2 the
representant f is unique. Hence in this case mulT'(H) = {0}. Thereby mulT'(H)
denotes the multivalued part of the relation T'(H), that is

mulT'(H) := {(a;b) € Cx C: (0;(a;b)) € I'(H)},
cf. [DS2].

e. The case that (s_,s;) is indivisible

This case will often play an exceptional, though mostly trivial, role. It will
usually be given an explicit treatment based on the following considerations.

If (s—, s4) is indivisible, then for some ¢ € [0,7) and an appropriate scalar
function h we have

H(t) = h()€sED, L€ (5,54 ac.

Then f € M(I), if and only if f is measureable and gff is constant on [. If
f e M(I), we have
Hf =h&s€l f= (5 Nh-& .
We see that f =g ¢ if and only if §$f = {gg, and thus we can view M(I)/=,,
as a linear subspace of C.
Assume first that H is regular at both endpoints, i.e. that f;f h < co. Then,

as a set of functions L?(H) = M(I), and thus, if L?(H) is considered as set of
equivalence classes, dim L2(H) = 1. The relation T},q.(H) € AC(I) x M(I) is
given as

Toaa() = {(£:6) € AC() X M) Sa€ €3 f(a) = €1g-( | )Ty +a}.

It follows that Ty,q.(H), as a set of equivalence classes, is equal to L?(H) x
L?(H). In order to compute the relation I'(H ), note that for (f;g) € Trmaxz(H) C
AC(I) x M(I) we have /=, = f(s—)/=,. Hence, if (f;g9) € Tmazs(H) C
AC(I)/=, x M(I)/=, is given, the set of all possible locally absolutely contin-
uous representants f of f with f’ = JHg is equal to

{€n-cr @[ m-s&+27g: 1 ec). (21)
It follows that
D(H)(f:9) =
{(€@ Do+t €D+ b+ (o) [ HlIg) s vec).

(2.2)

We see that mulT'(H) = span{(J&,; J&s)}.



Assume now that H is regular at s_ and singular at s, i.e. fst, h < oo for
t € (s—,s4) but [7* h = oco. Then as a set of functions L*(H) = {f € M(I) :

£ f =0}, and hence as a set of equivalence classes L*(H) = {0}. Moreover, we
have

Tnax(H) = {(7€439) € AC(I) x M(I) : v € C, &5 g =0},
and hence mulT'(H) = span{(J&,;0)}.

f. Reparameterization
It is important to identify Hamiltonians which arise from each other by repa-

rameterization.

2.4 Lemma. Let H be a Hamiltonian defined on the interval (s—,s4). Let
(8-, 354) be another interval in R and let ¢ : (5_,54) — (s—, s4+) be an absolutely

continuous and increasing bijection such that also ¢~ is absolutely continuous.
Define

H(t) = H(p(t) - (1), 1€ (5-,54).
Then H is a Hamiltonian on (5_,5,). It is reqular or singular at 5_ (or 5,) if
and only if H is regular or singular at s— (or s, respectively). The map

Co:fr—=fop

induces an isometric isomorphism of L*(H) onto L?(H) which is compatible
with conjugation, i.e. _
Cof =Cuf, feL?H).

We have

(CSD ><~C<p)Tmaﬂc (H) = Tm‘m(H) (23)
I'(H)o(C,xC,)=T(H),

and

/S2 tr H(s)ds = /‘P - tr H(t)dt . (2.4)

s1 ©=1(s1)

Proof. The fact that H is a Hamiltonian is obvious. We show that C, is an
isometry from L?(H) onto L?(H):

Formula (2.4) can be verified in the same way. Let (f;¢) € Thae(H), then

(Cof) =(flop) ¢ =J(Hoyp)(goy) ¢ =JH(Cybg), ae.

Since the same argument can be applied with ¢~!, the first relation in (2.3)
follows. The second relation is clear since (Cy, f)(5+) = f(s+).

10
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By means of the above lemma an equivalence relation “equal up to reparam-
eterization” is defined on the set of all Hamiltonians: We say that H and H are
equivalent up to reparametrization, if and only if there exists an increasing bijec-
tion ¢ between the respective domains (5_,5,) and (s_,s,) of H and H, such
that ¢ and ! are absolutely continuous, and such that H(t) = H(p(t))-¢'(t).

Particular reparameterizations of a Hamiltonian are obtained by using the
primitive of tr H. If we put ¢ = t~! in Lemma 2.4, then, by (2.4), we have
trH=1ae.

2.5 Remark. A Hamiltonian with the property that tr H = 1 a.e., is called trace
normed. We see from the above consideration that every equivalence class of
Hamiltonians modulo reparameterization contains trace normed Hamiltonians.
For this reason it is common to restrict to the case that H is trace normed.
However, in our context it is necessary to work with the general notion of a
Hamiltonian.

A statement similar to Lemma 2.4 holds true if the bijection ¢ is decreasing
instead of increasing. We shall, in this case, speak of an order-reversing repa-
rameterization. However, an essential difference is that in this case the relations
Tinaz(H) and Thyan (fl ) are not anymore unitarily equivalent.

2.6 Lemma. Let H be a Hamiltonian defined on the interval (s_,s;). Let
(8-, 54) be another interval in R and let ¢ : (5_,51) — (s—, s4+) be an absolutely
continuous and decreasing bijection such that also o=t is absolutely continuous.

Define 5

H(t) = —H(p(t)) - ¢'(t), t € (5-,54).
Then H is a Hamiltonian on (5_,5.). It is regular or singular at 5_ (or 5, )
if and only if H is reqular or singular at sy (or s—, respectively). The map Cy,
induces an isometric isomorphism of L*(H) onto L*>(H). We have

(Cw X Csa)Tmaw(H) = _Tmaw(ﬁ)v
D(H) o ((—=Cp) x Cp) =4 o T(H),

where

" C*xC* — C*xC?
(a;b) — (bja)

Moreover,

s2 M s)
/ trH(s)ds:/ tr H(t) dt .

51 o~ 1(s2)

Proof. The proof of this assertion is completely similar to the one of Lemma
2.4 and will therefore not be carried out explicitly.

U

g. Restriction

We will frequently encounter the situation that a Hamiltonian H is restricted to
a smaller interval. If H is a Hamiltonian on I = (s_,s4) and L = (0_,04) C I,
then H|z, is a Hamiltonian on L. For the moment let us just note the following
statements which are immediate from the definition:

11



(i) H| is singular at oy or o_ if and only if oy = 54 (60— = s_) and H is
singular at the respective endpoint.

(4i) If o € [a; (H),ap,,(H)), then o, (H|L) = ),
holds for 0.

(iii) If f € L3(H), then f|, € L*(H|L).

(H). A similar statement

2.2 On the structure of the relation 7,,,,

First we wish to recall some classical and fundamental results on the operator
theory of Te.. We will thereby include the case that (s_, sy ) is indivisible.
In order to formulate these results in a concise way, we need to give a properly
adapted definition of boundary triplets and some of their spectral properties.

a. Boundary triplets of defect 2 and 1
The following notion turns out to be useful.
2.7 Definition. A triple (P,T,T") is called a boundary triplet, if P is a Pon-

tryagin space which carries a conjugate linear and anti-isometric involution
P —P,if T CP xPisa closed linear relation which is real, i.e.

(f;9) €T < (f;g) €T,

if I € T x (C? x C?) is a closed linear relation with domT' = T which is
compatible with the involution * in the sense that

((f:9):(as0)) €T <= ((f;9); @D)) €T, (2.5)
and if the following conditions are satisfied:

(i) The abstract Green’s identity holds:

lg,h] = [f, k] = (Z;) * (‘é —OJ> (2) ’ (2.6)

((f;9); (x1522)), (hs k); (y1;392)) € T
(i7) kerI' = T*.

There is a vast literature on the notion of boundary triplets, for more details
see e.g. [DHMS] or [D]. However, it is not the purpose of this paper to further
develop the theory of boundary triplets, and hence we content ourselves with
what is needed in the later sections of this paper.

We also give an adopted definition of the defect of a boundary triplet. The
need for this will become clear in the subsequently stated Theorem 2.18 and
Theorem 2.19, as well as in the later Section 6, cf. Remark 6.10.

2.8 Definition. Let (P,T,T) be a boundary triplet. We say that (P,T,T') has
defect 2, if the following condition holds:

(Def2) If mull' = {0}, then dim7/T* = 4. If mull’ # {0}, then
dimT/T* = 2 and mulTl is of the form span{(m;m)} for some
m € C2.
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We speak of a boundary triplet of defect 1, if the following condition
holds:

(Def1) We have ranI' € C? x {0}. If mull' = {0}, then dimT/T* =
2. If mulT # {0}, then dim7T/T* = 0 and mulT is of the form
span{(m;0)} for some m € C2.

2.9 Remark. Let (P,T,T') be a boundary triplet of defect 2 (or 1).

(i) Write mull’ = span{(m;m)} (or mull' = span{(m;0)}, respectively).
Then the element m can be choosen real, since T is invariant with respect
to ~.

(ii) Assume mull' = {0}. Then ranI' = C? x C? or ranI' = C? x {0},
respectively. This follows since in this case

T/T*=T/kerT 2ranT.

2.10 Remark. One important feature of boundary value maps is that they allow
to describe the selfadjoint extensions of the symmetry S := T*. Let (P,T,T)
be a boundary triplet of defect 2 and assume that mull’ = {0}. Then for any
linear relation A with S C A C T we have

A*=T1(T(4)*h)

where |y refers to the inner product on C? x C? defined by the Gram-matrix

~_(J 0
Ylo -7/

In particular, A is symmetric if and only if T'(A) is neutral, and A is selfadjoint
if and only if T'(A) is hypermaximal neutral. Therefore examples of selfadjoint
extensions of S are obtained by

Alp_; 1) =={(f;9) €T (& &5 )T(f;9) =0}, ¢—, 04 €[0,7).

If we deal with a boundary triplet of defect 1, mull' = {0}, the situation is
similar. Only we have to cancel the second component of I' which is anyway
always zero and use the inner product (.J.,.) on C2:

A*=T7"({(a;0) e C* x C*: a L; I'(z)1,x € A}),

where I'(z); denotes the first component of I'(z) € C% x C2, ie. I'(x) =
(T'(2)1;0). Selfadjoint extensions of S = T* are given by

A(¢) = {(fi9) € T: &T(fi9)1 =0}, o € [0,7). (2.7)

In this case actually all selfadjoint extensions are obtained in this way.

2.11 Remark. Let us provide an example. The situation mulT' # {0} will appear
in our context from blowing up an ordinary boundary map. Assume that 7" is a
closed linear relation dim 7/T* = 2 and let A : T — C? be surjective and satisfy
the Green’s identity

g, B] = [f k) = A(h; K)"TA(f3 9), (f39), (hik) €T (2.8)
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A linear relation T is now defined as (if v € C?, write v = (v1,v2)7T)
D= {((f:9): (@1;22)) € T x (C* x C?) :
r11 — 221 = A(f;9)1,712 = T22 = A(f;g)z} .

Then (P,T,T) is a boundary triplet of defect 2, and

mulF-span{(((l)); @)}.

In fact, let ((f;9); (z1;22)), ((h;k); (y1;92)) € T and write zq = (1,1, 21,2)7
etc., then

<y1> 3<x1) = (x1,1y1_,2 - x1,2y1_,1) - ($2,1y2_,2 - 332,2242_,1) =

Y2 X2

(2.9)

(w11 —w21) ARy k)2 — (11 — TJ21) A(f39)2 = A(hs k)" JA(f; 9) -
~————— — ——
A(fi9)1 A(hik)1

2.12 Definition. Let (P,T,T) and (P,T,T) be boundary triplets. A pair
(w, ¢) is called an isomorphism of (P, T,T') to (P,T,T) if:

(i) w is an isometric isomorphism of P onto P which is compatible with the
respective involutions in the sense that w(Z) = w(x), v € P. ¢ is an
isometric isomorphism of (C? x C2,(J.,.)) onto itself.

(i1) (wx w)(T)=T.
(i4i) T o (w X w)|p = pol.

Examples of isomorphisms between boundary triplets already appeared
in Lemma 2.4 when we studied reparameterizations. In this situation, and
with the notation of Lemma 2.4, the pair (C,,id) is an isomorphism of
(L?>(H), Tynar(H),T(H)) and (L*(H), Trnax(H),T(H)).

2.13 Remark.

(i) The condition (ii) of Definition 2.12 is equivalent to w o T = T o w.

(Z’L) If (wl, ¢1) is an iSOHlOI‘phiSIIl of (Pl, Tl,Fl) to (PQ, TQ,FQ), and (WQ, ¢2)
is an isomorphism of (Pa, T3, I'2) to (Ps,T5,T's), then (wq 0wy, P 0 ¢y) is
an isomorphism of (Py,T1,T1) to (Ps, T5,T'3).

(7i1) If ¢ is of the special form ¢ = ¢ x ¢ with an isometric isomorphism ¢ of

(C2,(J.,.)) satisfying ¢(T) = ¢(z), the property (Def2) as well as (Def1)
is inherited.

2.14 Remark. Using isomorphisms is also a way of constructing boundary
triplets: Assume that (P,T,T) is a boundary triplet and that P is another
Pontryagin space which carries a conjugate linear and anti-isometric involution.
Moreover, let @w be an isometric isomorphism of P onto P which is compati-
ble with the respective involutions, and that ¢ is an isometric isomorphism of
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(C?xC?,(3.,.)) onto itself. Define T := (wx w)(T) and T := poTo(w x w)|,'.
Then, as a straightforward argument show§ ( 1T I') is a boundary triplet and
(w, (;5) is an isomorphism of (P, T.T') to (P,T,T).

If ¢ is again of the special form ¢ = ¢E X ¢E as in Remark 2.13, (iii), then
(P,T,T) being of defect 1 or 2 implies (P, T,T) having the respective property.

We will deal with two spectral properties of boundary triplets.

2.15 Definition. We say that a symmetric relation S has compact resolvents,
if
(CR) Whenever S C AC S* and z € p(A), then (A — z)~! is a compact
operator.

Note that by the resolvent identity it is equivalent to require that for every
A, S C AC S* there exists z € p(A) such that (A—z)~! is compact. Moreover,
if S has finite defect index, i.e. dim S*/S < 0o, then in order to ensure (CR) it
is enough to find one extension A and one number z € p(A) such that (4 —2)~!
is compact.

2.16 Definition. For a boundary triplet (P,T,T") of defect 2 (or defect 1) we
consider the following condition:

(E) If zeC, (f;2f) €T, f #0, and ((f;2f);(a;b)) € T, then a # 0
and b # 0 (in case of defect 1: a # 0, b = 0).

Note that this condition implies that
ker(T* — z) = {0}, z € C.

In case of defect 1 it is even equivalent to this property.

2.17 Remark. Assume that (P,T,T) and (P,T,T) are boundary triplets and
that (w, ¢) is an isomorphism betweem them. Then T* satisfies (CR) if and
only if T* does.

If ¢ is again of the form ¢ = ¢E X ¢ as in Remark 2.13, (i1), then they also
together do or do not satisfy the condition (E).

b. Operator theory of canonical systems

We assume that the reader is familiar with the basic notions of operator theory
in general and the theory of symmetric and selfadjoint operators in particular,
see e.g. [GGK], [AG].

The operator theory of the relation T4 is settled by the following classical
results.

2.18 Theorem (see [GK]). Let H be a Hamiltonian on the interval I = (s_, s4)
and assume that H is reqular at both endpoints. Then (L*(H), Tyax(H),T'(H))
is a boundary triplet of defect 2 which satisfies the condition (E). The adjoint
Tonin(H) := Thmao(H)* is a completely nonselfadjoint symmetric operator. Its
defect index is (2,2) unless (s—,s4) is indivisible, in which case it is (1,1).
Moreover, the set (Tmin(H)) of regular points of Tynin(H) equals C and Tpin
possesses the property (CR).
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2.19 Theorem (see [HSW, K1]). Let H be a Hamiltonian on the interval
I = (s_,s4+) and assume that H is reqular at s_ and singular at s;. Then
(L?(H), Tynax (H),T(H)) is a boundary triplet of defect 1 which satisfies the
condition (E). The adjoint Tyin(H) = Thaex (H)* is a completely nonselfadjoint
symmetric operator. Its defect index is (1,1) unless (s—,s4) is indivisible, in
which case it is selfadjoint.

Clearly, a result similar to Theorem 2.19 holds true if H is singular at s_
and regular at sy.

2.20 Remark. In Theorem 2.18 the abstract Green’s identity (2.6) reads as
(9, h) 2y — (f k) L2y = h(s=)" T f(s=) — h(s4)* T f(s4),

whenever (f;9), (h; k) € Tonae(H), f,h € AC([s_, s4]) with f/—,, = f, h/—,, =
h, and f' = JHg, h' = JHk. In Theorem 2.19 it takes the form

(9:h) 2y = (fy )2y = h(s-)" T f(s-) . (2.10)

Let us explicitly state the following result which is a cornerstone in the proof
of Theorem 2.19.

2.21 Theorem (see [HSW]). Let H be a Hamiltonian on the interval I =
(s—,s+) and assume that H is reqular at s_ and singular at s;. Then for each
two pairs (f;g), (h; k) € Thae and respective representants f,h with f' = JHg,
k' = JHE, we have

Jim. h(t)* Jf(t) =0.

Here we also included the case that (s_,sy) is indivisible. Then the above
result is a consequence of following elementary observation: Assume that H is
a Hamiltonian on (s_, s} ), that H is singular at s, and that af < s;. Then,
for each two functions f,h € L?(H) C M(I) we have

h(t)* Jf(t) =0, t € (af ,54) ae. (2.11)

To see this note that, if ¢ is the type of the indivisible interval (o, s4), fgf(t) =
{gh(t) =0on (af,s;) a.e. Hence we have f(t),h(t) € span{J&,}. The relation
(2.11) follows from £J.J - J - J€, = 0.

2.22 Remark. Let us note that for every A € N,

domT?A, = L*(H). (2.12)

max

This follows e.g. since, by [HSW, Corollary 3.11], dom T},4, is dense and thus
Tonin has densely defined selfadjoint extensions.

c. The multivalued part of 7]}

The multivalued part of powers of T},,, can be determined explicitly, a result
which supplements [HSW, Proposition 3.10]. It will be deduced with help of
the next lemma. Before that let us note that, copying the proof of [HSW,
Lemma 3.8] word by word, we obtain the following statement: Let f be locally
absolutely continuous on I, f'(t) € ranJJH(t) a.e., and assume that f =g 0.
Then f(s) # 0 implies that s is contained in an H-indivisible interval.

The crucial step in the proof of the following lemma is taken from [HSW,
Proposition 3.10].
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2.23 Lemma. Let H be an arbitrary Hamiltonian on the interval (s_,sy), let
fos--oy fam1 € AC(I), fn, € M(I), and assume that

fo =H O, f]/C :JkaJrl, k:(),...,n—l,
almost everywhere on I. Then

fe(t)=0, t e [alzﬂ,azﬂ]ﬂ(s_,&r), k=0,....,n—1,

B (2.13)

(Hf.)(t) =0, t € (a,,,a,) a.e.
If, additionally, fo,..., fn € L>(H) and H is singular at s, then in the relations
(2.13) we can write s instead of azﬂ, af. The analogous assertion holds true
for the left endpoint.

Proof. We use induction on n. Consider the case n = 1, so that f, € AC(I),
fi € M(I) with fo =g 0, f, = JHf1. Assume that fo(s) # 0 at a point
s € (a,af). Then s is contained in an H-indivisible interval. Let (o, 3) be
the maximal H-indivisible interval containing s. Then o # s_ and [ # sy since
s € (aj,af). For t € (o, B) a.e. we have H(t) = h(t)€4ES where ¢ is the type
of (a,B) and h(t) is an appropriate scalar function. Moreover, since «, 3 are
not contained in an H-indivisible interval, we know that fo(a) = fo(8) = 0. It
follows that

B B
0= fo(B) — fola) = / JH(t) fu(t) dt = J / h()EsET F1(1) dt

[0} [0}

Since f1 € M(I), we have £] fi(t) = ¢, t € (a, ) a.e., for some constant c.
Thus

B
0= c/ h(t)dt-J&s ,
N
>0
and we conclude that ¢ = 0. Hence (Hf1)(t) = 0, t € (a,) a.e. and by
continuity fo is constant on [a, §]. Because of fo(a) = 0, we obtain fo(t) = 0,
t € [a, (], and arrive at the contradiction fo(s) = 0. We conclude that fo(s) =0,
s € (aj, a7 ), and hence by continuity on o ,af | N (s_, s;) in case a; < of.
In the case o] = af, we get fo(a;) = 0 from fo =g 0, the continuity of
fo and f) € ran JH. The fact that (Hf,)(t) = 0, t € (a],a]) a.e., follows
immediately.

Assume that the assertion has been proved for all n < ng, and let
fo,---, fno+1 be given and be subject to the hypothesis of the lemma. The
inductive hypothesis applied to the functions fo,..., fn, gives the desired re-
lations (2.13) for £k = 0,...,n9 — 1. Moreover, it implies that (H fp,)(t) = 0,
t € (o, a;t)) a.e. An application of the inductive hypothesis to the functions

no?
frol(azy sty Trotil(az, at,) a0d the Hamiltonian HY -+  yields the desired

n

relations (2.13) for k = ng and ng + 1. Note here that in case a;, > o} there
is nothing to prove.

In order to prove the additional assertion we investigate the above proof
under the additional hypothesis that fo,..., f, € L?(H) and H is singular at
si. If af = s, then also ozz = s4 and hence there is nothing to prove. Thus,
assume moreover that afL < Sy
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In the case n = 1 we had concluded that fo(t) =0, t € [a;,a]]N (s—,s4),
and (Hf1)(t) = 0, t € (aj,af) a.e. Since fi € L?*(H) we have in any case
(Hf1)(t) =0, t € (af,s4) ae., so that (Hf1)(t) =0, t € (a],s4) a.e. Thus
fo is constant on [a7,s4) N (s—,sy). If a] = s4, there is nothing to prove,
otherwise [a] ,af N (s_,sy) # () and on this set f, vanishes. It follows that f,
vanishes on [a], s4) N (s—, s4+).

In the inductive step we proceed similar as above, only applying the inductive
hypothesis with the Hamiltonian H|(a;07s+) instead of H|(a;0)a%).

The case that fo,..., f, € L?(H) and that H is singular at s_ is treated in
a similar way.

O

2.24 Proposition. Let H be a Hamiltonian on the interval (s—,s4) and let
A e N. Put

gt = ozz , H regular at sy g = on , H regular at s_
A s, , H singular at s, AT s L H singular at s_
Then the multivalued part of T4, is given by
mulT5,, = {g € L*(H) : (Hg)(t) =0,t € (Bx,B%) a.e.}. (2.14)

Proof. Assume that f € mulT?,, so that there exist fi,..., fa_1 € L?(H) C

M(T)/—,, with
(05 £1), (frs f2) - (faz1: f) € Trnae € (M(I)/=,,)?.

Let fo,...,fa_1 € AC(I) be the unique representants of 0, f1,..., fa—1 €
M(I)/=,, such that (for arbitrary representants fri1 of fr41)

ft=JHfrr, k=0,...,A—1.

We see that we can apply Lemma 2.23 to the functions fo, ..., fa_1 € L? (H)n
AC(I) and fa € L*(H) C M(I) and obtain the inclusion ‘C’ in (2.14).

We come to the proof of the converse inclusion. Assume that H is regular
at s_ and let g € L?(H) be given such that (Hg)(t) = 0, t € (ax,s+) a.e. If
ax = s, we have g =y 0 € mulT4,,, hence assume that ay > s_. Choose

Ao € N minimal with ay = a4, so that we have

We define functions gx, k =0, ..., A, recursively by

t
go =9, gk—‘,—l(t)::/ JHgk, k=0,...,A0—1.

Xng—k

Note that gx, k =1,..., A, belongs to AC(I). We use induction on k to prove
that
(Hgr)(t) =0, t € (an, _4,5+) ae, k=0,...,Ag. (2.15)
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The case k = 0 is just our assumption on g. Assume that (2.15) holds for some
k, 0 < k < Ag. Then gp41 is constant on [a£07k73+)- As gk+1(a£07k) =0,
the function gx41 and, hence, also Hgy41 vanishes on this interval. Since ggy1
satisfies (C), the function §ggk+1 is constant on [ago_k_l,ago_k] and thus,
again by gr+1(ay,_,) =0, equal to 0 on this interval. We see that (2.15) holds
for k+ 1.

In particular, (2.15) shows that ga, =g 0. Since gi, k = 1,...,Ag, belongs
to AC(I), Hgy vanishes in a neighbourghood of s;, and H is regular at s_,
certainly g, € L?*(H). Clearly also (gr;9x—1) € Tmax, and we conclude that
g €mulTAo C mulTA,

maxr — max*

The same construction can be done for the right endpoint, and thus the
inclusion ‘2’ in (2.14) follows.

U
In some future statements we will, for a relation R, denote by R(x) the set
{y: (z;9) € R}.
2.25 Corollary. Let g € mul T4, (H) and (a;b) € T(H)(0;g). Then

N span{J&s} , By (H) > s—, type of (s—, By (H))
=0 , Br (H) =s_

be € span{J&;} ﬁf(H) < Sy, type of (ﬁf(H),s+)
=0 ) ﬁf_(H):S-l‘

Proof.  This follows from the construction of mul7,,q.(H) in the proof of
the above proposition and the considerations in Section 2.1.e in the case that
(s—, s4+) is indivisible.

U

d. Formula on integration by parts

Next we give a formula which can be viewed as a supplement to the Green’s
identity (2.10).

2.26 Proposition. Let H be a Hamiltonian on I = (s_,s4) and assume that
H is regular at s_. Moreover, let A € N. Let fo,..., fa-1,90,---,9A-1 €
AC([s—,s1)) and let fa,ga € M(I) be such that

[ =JHfrs1, 9. = JHgr41, k=0,...,A—1.
Assume that one of the following conditions is satisfied:
(i) fr,gr € L2(H), k=0,...,A, and H is singular at s, .
(i) fr,gr € L*(H), k=0,...,A — 1, H is singular at s and of (H) < s4.

(i4i) There exists 8 € (s—,s+) such that (Hfo)(t) =0, t € (8,s4+) a.e., and
an(H(p,5,)) < 84, fo,--, fa € L*(H), H is singular at s

(iv) There exists B € (s—,s4) such that (Hfo)(t) = 0, t € (8,s4) a.e., and
+
Qy = S4.
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Then
A—1
/1 GA T fo = / GG H s =3 g5(5 ) T fa 1 (5). (2.16)

j=0
Proof. 1In the case (i) we have (fi; fx+1), (9k; 9k+1) € Tmaz, k=0,..., A — 1,
and hence (2.16) follows by repeated application of (2.10).
Let ¢t € (s—, s4) be fixed. Then repeated integration by parts gives

t t
/ GAH fo = / (JHga)"Jfo =
t - - t
—gh 1 Tfolt — / g5 J(THR) = gh 1 Jfols + / g Hf = ...

S

t
coo=ghJfoll 4+ gs T faalt +/ goH fa.
S_

(2.17)
Thus we have to show that under either of the assumptions (ii) — (iv),
Jim g3 (6)] faaj(t) =0, j=0..... A~ 1. (2.18)
Under the assumption (i7) this follows from (2.11). Assume that § € (s, sy)
is such that (Hfo)(t) =0, t € (8,s+) a.e. Apply Lemma 2.23 with the func-
tions fx[(g,s.), ¥ = 0,...,A and the Hamiltonian H|,). Under either of
the assumptions (ii7) and (iv) we obtain fy(t) = 0, t € [ax(H|(s,5,)),5+),
k=0,...,A—1. Since of = sy implies that oz (H|(g,s,)) < s+, we see that in
any case fj vanishes in a neighbourhood of s;. Hence, the limit relation (2.18)
holds true.

0

2.3 Compactness property of canonical systems

a. The Hilbert-Schmidt condition

Let H be a Hamiltonian on I = (s_, s4) which is regular at s_ and singular at
54. The following condition on H will play a crucial role:

(HS)  There exists a selfadjoint extension A C L2(H) x L?*(H) of the
symmetric relation Ty, and 2z € p(A) such that (4 — 2)7! is a
Hilbert-Schmidt operator.

Note that (HS) implies that for every extension A of T}, in L?>(H) and every
z € p(A), the resolvent (A — 2)~! is a Hilbert-Schmidt operator. Moreover, it
follows from Lemma 2.4 that two Hamiltonians H; and Hy which are reparam-
eterizations of each other together do or do not satisfy (HS). Finally, note that
(HS) trivially holds if (s_, sy ) is indivisible.

Let us recall that the validity of (HS) can be expressed explicitly in terms
of H. For the sake of simplicity we assume that H is trace normed and de-
fined on I = (0,00). For general Hamiltonians one has to use an appropriate
reparameterization to obtain the analogous statement.
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2.27 Theorem (see [KW6]). Let H be a trace normed Hamiltonian on I =
(0,00). Then H satisfies (HS) if and only if there exists ¢ = ¢(H) € [0,7) such
that

/I§£H§¢ < o0, (2.19)

and
/I§$+%M§¢+%§$H§¢ < +o0, (2.20)

M(z) :_/:H.

Note that for any Hamiltonian H which is singular at one endpoint there
exists at most one number ¢(H) such that (2.19) holds. We will often restrict
ourselves 'without loss of generality’ to the case that ¢(H) = 0 in the preceeding
theorem. This means that we will often assume that, besides (HS), also the
condition

where

(T The constant function ((1)) belongs to L?(H)

is satisfied.
Note that if H satisfies (I), then every constant which is linearly independent
from () does not belong to L(H).

2.28 Remark. Let us explain in more detail what it means to restrict 'without
loss of generality’ to the case that ¢(H) = 0. If we put

Na — ( COs «x Sané) : (221)

—sina  cosa
then N, is unitary and J-unitary, i.e. satisfies
N} =N! NoJN:=J.

Moreover, N = N_,.
_ If H is any Hamiltonian given on an interval (s_,s) and « € [0, 27), then
H := N,HN is again a Hamiltonian on (s_, s;). In fact, if

WSf'—’Naf, (JSZ:NQ,

and ¢ = ¢ X ¢, then (w, ¢) is an isomorphism of the boundary triplets
(L2(H), Tynax(H),T(H)) and (L2(H), Tyae(H),T(H)). Clearly, H is regular
or singular at an endpoint if and only if H has the respective property and H
and H together do or do not satisfy (HS). A straightforward argument shows
that, in the case (HS) holds,

o(H) = (H) — .

2.29 Remark. If H satisifes (HS), then, in particular, all the resolvents men-
tioned in (HS) are compact operators. The compactness of these resolvents is
equivalent to the fact that o(A) is a discrete subset of R for any selfadjoint
extension A of Ty, In L2(H ). In this case any real number belongs to the
spectrum of exactly one selfadjoint extension of T}, in L2(H).
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b. The operator B

Assume that a Hamiltonian H, such that (s_, s ) is not indivisible, satisifes
(HS) and the normalization condition (I), and consider the selfadjoint extension

A(0) = {(f;9) € Trnaz = (1,0)T1(f;9) = 0}
of Tpyin, cf. (2.7). Then 0 € p(A(0)) and
B:=A(0)"" C L*(H)/=, x L*(H)/=,, (2.22)

is a Hilbert-Schmidt operator.

Since the boundary condition defining A(0) is real, clearly B is real with
respect to the involution 7, i.e. B(f) = B(f).

We shall relate dom 7" . with ran B". To this end let us mention the

max
following elementary result.

2.30 Lemma. Let H be a linear space and let A, T be linear subspaces of H?.

Assume that there exists a sequence ag,ai,as, ... such that
ag € kerT, (ap;an—1) €A, n=1,23,..., (2.23)
T = A+ span {(a;0) }. (2.24)

Then for all A € N we have
domT? = dom A® —l—span{ao,...,aA_l}. (2.25)

Proof. We use induction on A. Consider the case A = 1. By (2.24) we
have dom T = dom A + span{ag}. Assume next that the relation (2.25) holds
true for some A € N and let 2 € dom T2+, Then there exist y,z € H such
that (x;y) € T, (y;2) € T®. By the inductive hypothesis there exist \; € C,
i=0,...A—1,y; € domA?, and by (2.24) there exists A € C, (z1;y) € A4,

such that
A—1

Y=y + Z Aiai, (73y) = (v159) + Mao; 0) .
i=0
Let 2, € H be such that (y1;21) € A®. From (2.23) we conclude that

e

(159) — Y Ail@iy1;0:) € A.

i

Il
=]

However, this expression can be rewritten as

A-1 A-1 A-1
(z—Aag— Y Naipi;y— > Miai) = (2= Xag — > Niaiya; ).
i=0 i=0 i=0
Hence (z — Aag — ZZ—A:BI Niaiy1;21) € ABTL We obtain that
A-1 A-1
xr = (.I— )\CLO — Z /\iai+1) —|—)\CLO + Z /\Z—ai+1 S dOHlAAAJrl —l—span{ao, ceey CLA} .
i=0 i=0

The inclusion 'D’ is clear.
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2.31 Lemma. Assume that H is a Hamiltonian on I = (s_,sy) which is
reqular at s_, singular at sy, and which satisfies (HS) and (I). Moreover, let
n € N. Then

1
domT},, = ran B" + span { B <0) tk=0,...,n—1}. (2.26)

If H does not start with an indivisible interval, i.e. if oy = s_, then this sum
is direct:

(1)> :k=0,...,n—1} = {0}.

If H starts with an indivisible interval of type ¢ # 0, then ((1)) € ran B. Hence,
in this case, (2.26) is for non € N a direct sum.

ran B" N span {B’C (

Proof. The relation (2.26) is immediate from the above Lemma 2.30 applied
with T = Tyqr and A = A(0) = B~ L.

Assume that H does not start with an indivisible interval. Then mul T},,q, =
{0} and thus also mul7};? ... = {0} for all n € N. Assume that for some A\ € C,

and g € L*(H),
n—1
1
> \B* (0> =y B"yg.
k=0

Since (B"g;9), (X1 AeB*(});0) € T2,,, we obtain ¢ € mulT?,, = {0},
and,hence, B"g =g 0. Thus (2.26) is a direct sum.
Assume that H starts with an indivisible interval of type ¢ # 0, so that

ay > s and H(t) = h(t)¢s€], t € (s—,ay). Consider the function

-1
—(sinqbf:il h) &y L, t<ay
0 , t>ag

g(t) =
Then certainly g € L*(H). We have for some c € span{(})},

(Bg)(t) = / JHg+c=

N
-Ji Jh(%ff)(sinsbfil h) fg+c ,t<ay
fs‘)i;JHg+C ,t>0¢;

and (t < ay)

/: Jh(§¢§£)(sin¢/sal h)71§¢ - /: h(sinqﬁ ' h)fljgd).

In particular,
" JH !
/s, - (—cot ¢)'

As Bg € L?(H) it follows that



Alltogether we obtain

t , ar \ ! B
(Bg)(t) = _1[57 h(snl(bfsf h) J§¢ + (co(t):qb) ) t < Qq 7
(0) , t > al_
and thus
_ Jh(t) - Epeosg  t<ay
H(t)(Bg)(t) = {H(t)((l)) e
Since

I\  Jh(t)-&gcosp , t<ar
H(t)<o) B {H(t)((l)) ,t>ap

Bg =g (é) and, therefore, (é) € ran B.

c. Restriction

As it is seen from Theorem 2.27, the condition (HS) is stable with respect to
restriction: Let H be a Hamiltonian on the interval I = (s_, s ) which is regular
at s_ and singular at s;. Moreover, let s € [s_,a]) and put L = (s,s;), so
that H := H|y is regular at s and singular at s,. Then

(i) H satisfies (HS) if and only if H does. In this case ¢(H) = ¢(H).
i) H satisfies (I) if and only if H does.
(i) y

(iii) Assume that H satisfies (HS) and (I), and let B and B be defined corre-
spondingly. If f € L?(H), then there exists a unique number A(f) € C
such that

B(flL) = (Bl + <>\(0f)> : (2.27)

An inductive application of (2.27) yields that for every N € NU {0},

span{f?k(fh) :k=0,...,N} Cspan{(B*f)|,: k=0,...,N}+

+span{(Bj<(1)>)‘L L j=0,... ,N—1}

and
span{ék(@}L) k=0,...,N) —span{(Bk<(1)>)’L k=0,...,N}.

3 H-polynomials

Throughout this section let H be a Hamiltonian on I = (s_, s4) which is regular
at s_.
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Define an operator Z by

I, domZ — AC([S_,S+)) C M(I)
fo= @f)) =[] JHf (3.1)
domZ:={f:[s_,s4) = C*: f measureable,Hf € Li,.([s-,s4))}

To see that Z is well-defined, note that Zf satisfies (C) because (Zf)'(z) €
ranJH (z) a.e. Moreover, note that L?(H) C domZ.

Consider the linear space C2[z] of all polynomials in the variable z with
coefficients in C? and denote by C?[z],, the linear subspace of all polynomials of
degree at most n. We shall identify C?[z] in the natural way with C[z] x C[2].

A linear map = is defined by

| { 2] — AC([s-.54)) € M)
' ZZ:oakZ’“ = ZZ:oI’“ak

Note that, since AC([s_, s4)) C domZ, the iterates of Z are well-defined. More-
over, note that ~ transforms multiplication by z into application of Z. The
following subspaces of C?[z] will be of importance:

HPol := ~~'(L*(H)), HPol, := HPolNC?[2],

We shall refer to HPol as the space of H-polynomials.

For k € Ny denote by 7 : C2[2] — C? the linear map which assigns to a
polynomial its coefficient of z¥. Then 7 (HPoly) is a linear subspace of C2, and
as such has dimension 0, 1 or 2.

3.1 Definition. Define a number A(H) € Ny U {oo} as
A(H) := inf {k € Ng : dimm;,(HPoly) = 2} .

Note that H is regular at s; if and only if A(H) = 0. There is another
instance when A(H) can be determined.

3.2 Lemma. Assume that H is singular at s and that af < s. Then we

have A(H) = 1.

Proof. Since H is singular at s, we have A(H) > 1. Let v € C? be given and
consider the polynomial

af
p(z) = vz—/ JHv € C?[2]; .

Then ~(p)(aj) = 0 and, since v(p) € AC([s_, s;) and thus satisfies (C), this
implies that H( )v(p)(z) = 0 for x € (af, s4) a.e. It follows that v(p) € L*(H),
and we see that v € 71 (HPoly).

0

We investigate these notions under some additional hypothesis on H: For
the remainder of this section assume that H is singular at s; and satisfies (HS)
and (I). Moreover, let B always denote the Hilbert-Schmidt operator (2.22).
The fact that B is everywhere defined yields the following statement, which
also has a consequence on the structure of HPol.
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3.3 Lemma. For every f € L?*(H) C M(I) there exists a unique number

A f) € C, such that
0

) €1,

g:—If+<)\

We have g/=,, = B(f/=4)-

Proof.  First assume that o] < s; and let f € L?(H) C M(I) be given.
Then the unique representant g € AC([s_,s;))NL?(H) of the equivalence class
B(f/=,) which satisfies ¢’ = JH f, can be written as

g9(x) = g(s-) + (Zf)(x) .

Since A(0) is defined by the boundary condition (1,0)T'(g; f) = 0, we have
g(s—) € span{ ((IJ)} The relation g/—,, = B(f/=,) holds by the definition of g.
The fact that the constant A(f) is unique follows since ((1)) does not belong to
L3(H).

Secondly, let us assume that o; = s, so that

H(t) = h(t) (8 g’) .

Then, as a subset of M(I),
20y — £ (1) .
L*(H) ={ E f measurable },

and it follows that L?(H) C kerZ. Since (0,1)7 ¢ L?(H), the unique choice
is A(f) = 0 so that in total g = 0. The relation g/—,, = B(f/=,) is trivially
satisfied.

U

3.4 Corollary. Let p € HPol. Then there exists a unique number \(p) € C,

such that 0
q(2) := zp(z) + (/\(p)) € HPol .

We have v(q)/=, = B(v(p)/=,,)-

Since, by (I), we have (1,0)” € HPol, an inductive application of this result
leads to the following statement:

3.5 Corollary. There exist unique numbers p1, pa, ... € C, such that

n—1
1
rn(z) = <O>z”+z < 0 )zk € HPol, n € Ny.

k=0 Pn—k

We have y(ra)/— = B((})/=4). n € No.

By virtue of this result we can often 'reduce to the lower component’ as, for
example, in the following lemma.
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3.6 Lemma. The number A(H) is given by
A(H) = inf {k € Ng : HPol, N({0}xC[z]) # {0} } .

Proof. Since, by Corollary 3.5, for every n € Ny

1
< > € m,(HPol,),
0
we have dim 7, (HPol,,) = 2 if and only if there exists a H-polynomial of the
form .
z)= z"+ z7.
= (1) 2 ()

If HPol,, N({0}xCJz]) # {0}, then there exists a H-polynomial of this form.
Conversely, if p € HPol is of this form, then

0#p(z) — Z agrk(z) € HPol, N({0}xClz]).
k=0

U
Assume that A := A(H) < oco. Then Lemma 3.6 implies that there exist
unique numbers wy, ...,wa € C, such that
wa(z) == 0 22 4 g 0 2¥ € HPol
-\ k=0 \WA-k '

An inductive application of Corollary 3.4 yields, moreover, that there exist
unique numbers WA +1,wWA+2, ... € C, such that

-1
_ (0. 0\ &
wi(z) = <1>z + kE:O <wl_k>z € HPol, I > A.

Thereby we have y(w;41) = By(w;), | > A. We use the same formula to define
wy for [ < A:

wi(z) = 0 zl—l—l_zl 0 2Pl = A-1
i : 1 W , ey .

Clearly, w; ¢ HPol for [ < A. It is now obvious that

{0} , <A
HPol,, N({0}xC[z]) = ,
spanf{w; : [=A,....,n} ,n>A

and
span{rl:l:O,...,n} ,n<A

HPol,, = .
span({m:l=0,...,n}U{wk:k:A,...,n}) ,n>A
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3.7 Definition. Assume that A := A(H) < oo. Define functions w; €
AC([s=,s4)), ! € No, by
1, = v(wl), l€Ng.
Note that, by Lemma 3.6, the set {tog,...,toa_1} is linearly independent
modulo L2(H).

3.8 Remark. Let us explicitly consider the case that a; = s;. Then we have

(D)= oo 1) ()= (57

Zk<(1)> =0, k=23,...

and therefore wy =0, k =1,2,.... It follows that

wo(x) = (?), wi(z) = (_fzh), we=to3=...=0.

0

3.9 Lemma. For alll € N we have w; € R and the functions w;, [ = 0,1,...
are real valued.

Proof. If af = s, this is obvious from Remark 3.8. Thus assume that
a; < s4. We use induction on [ > A.

Consider first the case [ = A. Since v(p) € L?(H) if and only if v(p) €
L?(H), where ~ is understood to act on polynomials by coefficientwise conjuga-
tion, we see that wa —wa € HPol. However, the degree of wa — WA is less than
A, and hence wa — wa = 0. It follows that wx € R for k =1,..., A.

Assume it is readily proved that wy € R, k < [. We have ;1 = Bro;. We
use (2.10) with (r;41;w;) and (((1));0) to obtain

0

i1 (s_)2 = (roy, (é)) = /:+ m?H<(1))

and this number belongs by our inductive hypothesis to R.  However,
i 41(5-)2 = wig1-

(w11.0) - or () = () o (s) = —rora(s_ ).

It follows that

U
It is important to note that the functions tv; are unique.
3.10 Lemma. Assume that A := A(H) < co. The functions (wg)ken, satisfy
w, =0, w), = JHwy_1, k€N,
1y (s—) € span { (?) }, k € No, (3.2)
vy € L*(H), k> A.

Conversely, if for some n > A functions fo,..., fn € AC([s—,s+)) are given
which satisfy the formulas (3.2) for k < n, then there exists § € C such that
fi = Py for all k=0,...,n.
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Proof. The fact that the functions oy, satisfy (3.2) is clear from their definition.
Let n > A and f1, ..., f, be given such that (3.2) holds. Reading the differential
equations in (3.2) backwards, we obtain

fa=fals )+ Tfa1(s_)+...+ T2 (s )+ T2 0. (3.3)
Write fi(s—) = (ﬁok), k=1,....A, fo = ([?0), then

2./ 0
k
= 2").
=y (50,)%
Since fa € L?(H), we conclude that Ba_x = Bowa—k, k = 0,...,A — 1, and
hence that fa = Gptoa.
The same argument that led us to (3.3) shows that for every l =0,..., A—1,

fi=fs)+Thials)+.. 4T fi(so)+ T fo =

1 0 .
7(;0(@1)2 ) = Botoy .
We show inductively that f; = Bgto; for all [ > A. Assume that f;_1 = Goto;_1,
then by (3.2) we have f/ = Bow), and hence f; — fotv; = a € C2. Since
fi(s2),ro(s2) € span{(?)}, we must have a = (2), and since fi, 10, € L2(H), it
follows that a = 0. Thus f; = Boto;.

U
3.11 Lemma. The following assertions hold true:
(i) Assume that A := A(H) < oo and that of = si. Then
Ay € domT! . \domThL 1=0,1,2,... (3.4)
In particular, the set {toa4;: 1 =0,...,n} is linearly independent modulo
domTHL

(1) Assume that ozi" < sy so that, in particular, A = 1. Then oy € dom Tpq-

Proof.

ad(i): By (3.2) we have (vai;t0a) € T, and hence toay; € dom T, .

Assume that oay; € domThEL | so that there exist go,...,q € AC(I),
gi+1 € M(I), with

9o, - - -5 91+1 €L2(H)7
go =H WAL, gl/c = ']Hgk+17 k:()avl

Apply Lemma 2.23 with
fr =gk — WAk, k=0,...,1+1.

Since we assume that o = s, it follows that H(giy1 — toa_1)(t) = 0, t €
(41,5+) a.e. Again since af = s;, we surely have a1 < S4, e A is
H-equal to g;41 € L? (H) in a neighbourhood of s;. Since a_1 is continuous,
it follows that toa_1 € L?(H), a contradiction.
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ad (i1): First note that, since H satisfies (I), the type of the indivisible interval
(o, 54) must be equal to 3. We have o (t) = f;ﬁ JH((I)) + (“?1). Put

) = {ml(t) ,te (s—,af)

B 1'01(041’_) ,tE(OzT,S.,.)'

Then, for t € (o], s4), we have

wi(t) — f(t) = /; JH<(1)) € span{ (é)}

Thus H(tq — f)(t) =0, t € (o] ,s4), and it follows that w1 =5 f.
We have f' = JHg where

Q) . te(sof)

9(t) = {O ,te(af,sy)’

and this function belongs to L?(H). We see that to; € dom T}qq-

O

Let us investigate how the functions tv; transform when the Hamiltonian is
restricted. Let s € [s_,a] ) and put L = (s, s;), so that H := H|p, is regular at

s, singular at sy, satisfies a] (H) < sy and (HS) and (I). In the following let
7 be the integral operator defined as in (3.1) with s_ replaced by s. Let B be
defined similarly (see (2.27)).

3.12 Lemma. The following assertions hold true:

(i) For every f € domZ there exist unique constants by(f) € C%, k € Ny,
such that

n—1

I"(fle) = @ Pl + Y (T bas(H))lz -

k=0
(i5) A(H) = A(H).

Assume that A(H) < oo and let functions 10; be defined correspondingly. Then
there exist unique constants A\, A\, k € No, such that

-1 -1
1= v s ())], =, - s ()

Proof.  The first assertion follows by a straightforward inductive argument. We
come to the proof of (ii). Assume that p(z) = ({)2" + ZZ;& arz* € HPol(H).
Then

n—1
A(p) =1 (?) + kaak e L*(H).
k=0

By (i) we have for appropriate constants ¢, € C2,

A(p) = (" <(1)> + :z:ézkck)

L7
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and we see that ({)2" + ZZ;& crz® € HPol(H). Tt follows that A(H) > A(H).
The converse inequality is seen similarly.

Let us establish the first equality sign in the remaining assertion. To this
end note that there is a unique choice of numbers )\, € C, k € N, such that

(ml - ;z_;)\lkBk <(1)))(s) € span{ <(1)>}, leN.

We apply Lemma 3.10 with the functions

(o — Z)\z »B* () "

and obtain the desired assertion.
The proof of the second equality sign is similar, and is therefore omitted.

O

We will need the following corollary of the formula in Proposition 2.26 on
integration by parts.

3.13 Corollary. Assume that A(H) < co. If Ao,...,Aa—1 € C and g € L*(H)

are such that
A—

1
MBk<>—4fBAm
k=0

then for all n € Ny,

0
(9, W0ntA)L2(H) = Z et 1yk(s-)” <1> . (3.5)

Proof. Let us first settle the case that a] = s;. Then L?(H) consists just of
the zero element, and hence on the left hand side of (3.5) we always have 0. By
Remark 3.8 also the right hand side of (3.5) is always equal to 0.

Assume now that oy < s;. Consider the functions

A—-1-1

fi= Z Nei B () 1=0,...,A,

g i=Warat, 1=0,.., A

Then f; € L?(H) for alll = 0,...,A and (Hfo)(t) = 0 for t € (s_,s4) a.e.
Moreover, f; = JH fry1 and g, = JHgr1. If af = si, then certainly a <
sy. If af < si, then A(H) =1 (see Lemma 3.2), and again ay < s;. Hence
we can apply Proposition 2.26, (iii), and obtain

OZ/QAHfo—(QaanrA L2(H) — ZanrA j(s) I fac1-5(s-).
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We have

fais(s2) = (B™g)(s ) - ;AM_H (8 (o )6 -Aa1ms o)

€span{ ((1))}

Since 10, 4a—;(s-) € span{ ((1))}, we obtain

Wnpa—j(s-)"Jfar1-j(s-) = —npa—j(s-)"JAa-1-; ((1)) '

Formula (3.5) follows.
U

Let z € C be fixed and consider the differential equation f’(t) = zJH (t) f(¢),
t € (s—,s4) a.e. For each ¢ € C? the initial value problem f(s_) = c,

ft) =2JH(t)f (1), (3.6)
has a unique solution in AC([s_, s4)), see e.g. [HSW]. Hence the space
N.:={f€AC([s_,s4)): ['=2JHf}

has dimension 2.

Assume that oy (H) < s;. By Theorem 2.19 the defect index of T,ip is
(1,1). Since Ty is completely nonselfadjoint and has compact resolvents by
the validity of (HS), we have r(T,i,) = C. It follows that for all z € C

dim (N, N L*(H)) = 1.

3.14 Lemma. Assume that A = A(H) < oo and o] < s4. Let z € C
and choose g1 € AC([s_,s;)) such that span{gi} = N, N L*(H). Let ¢ €
[0,7) satisfy {Egl"(gl;zgl) # 0, so that we have z € p(A(¢)). Finally, let h €
AC([s_, s+)) be the unique representant of the equivalence class (A(¢)—z) 'roa
with

W = JH(voa + 2h),

which exists because of ((A(¢) —z) twoa;roa + 2(A(@) — 2)"twa) € Thnas, and

define
A

g2 = Z Moy, 4 251 h. (3.7)
k=0
Then
N. = span{g1, g2} .
Proof. Since {mg,...,twa_1} is linearly independent modulo L?(H), we have

g2 & L?(H) and thus, in particular, {g1, g2} is linearly independent. Thus it is
enough to show that go € N,. This, however, follows since

A A
gh = 2Fwj 4+ 22T =Y 2P Hw g + 2T T H (toa + 2h) =
k=0 k=0
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-1
:zJH( zkmk—l-zAmA—l—zAHh) =2z2JHg,.
0

el
Il

4

3.15 Corollary. If, in the situation of the above lemma, (1,0)g1(s—) # 0,
then with the choice ¢ = 0 we have (1,0)g2(s—) = 0. On the other hand, if
(1,0)g1(s—) = 0, then for every solution f of (3.6) with f & L*(H), we have
(1,0)f(s-) # 0.

Proof. We have h € dom A(¢) and thus {gh(s,) = 0. If ¢ = 0, this means
that (1,0)h(s—) = 0. The functions wj anyway have this property, so that
alltogether (1,0)g2(s—) = 0.

If (1,0)g1(s—) = 0, then by the uniqueness of the solution of (3.6) any solu-
tion f with (1,0)f(s—) = 0 is linearly dependent with ¢g; and, thus, contained
in L2(H).

U

3.16 Remark. In order to cover all cases note that if ] = s; we have
N, :span{ 1 ,mo+zm1},
0

and therefore N, N L?(H) = span{(1,0)T}.
This follows by explicit computation, cf. Remark 3.8: We have

() ()

Thus (é) and tog + ztv; are linearly independent and

(rog + zt01)" = —zh((l)) = th(tl)) = zJH(?) = zJH(rog + 2t0y) .

Finally we are going to prove a lemma which will be of importance later on.
Assume that A = A(H) < co. Then, by Corollary 3.13, a linear functional ¢
is well-defined on the linear space

L= ranBA—l—span{Bi((l)) : z’:O,...,A—l}

by the requirements that

(bO(BAf) = (fva)v

ool () = wieate (7).

Note that in case a (H) = s4 we have £ = {0} and thus also ¢ = 0.

3.17 Lemma. Assume that A = A(H) < oo. Let z € C and let g1 €
AC([s—,s4+)) be such that span{gi} = N, N L*(H). Then ¢1 € L and

z¢o(g1) # (1,0)g1(s-).
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Proof. The case that aj (H) = s is clear since then g; = («,0)”. The same
argument applies if o] (H) < sy and z = 0. Hence assume that o) (H) < s+
and z # 0.

Consider first the case that (1,0)g1(s—) = 0, so that (g1;291) € A(0). It
follows that z € 0(A(0)) € R and that g; = 22 B®g;. This shows that g; € £
and ¢o(g1) = 2°(g1,104). Assume now on the contrary to our assertion that
z¢o(g91) = 0. Then wa L g1, and hence wa € ran(T}p;, — 2z). Choose ¢ € [0, 7)
as in Lemma 3.14. Then (A(¢) — z) 'toa € dom T}y, and we obtain (with h
also as in Lemma 3.14) that h(s_) = 0. Now it follows that (1,0)g2(s—) =0, a
contradiction to the second part of Corollary 3.15. The assertion follows.

Next consider the case that (1,0)g1(s—) # 0, so that z € p(A(0)). Without
loss of generality let us assume that (1,0)g1(s—) = 1. In order to compute
¢0(g1), note that since 0,z € p(A(0)) the operator

I+ 2(A0)—2)" ' =I+2B(I—-2B)"!

maps ker(T,q.) bijectively onto ker(T 4. — 2), and thus

g1 = (I +2B(I—2zB)™Y) (g‘) .

Comparing the boundary values at s_ yields a = 1. We obtain by an inductive
application of (I — zB)™* = I + zB(I — zB)~! that

1
gi=(+zB+- -+ 227 'BA 1 4 :ABAI - 2B)™Y) <0) :

This shows that g1 € £. As the tv; are real valued, the definition of ¢ gives

dul1) = ~(0. Dpwn(5-) = .. = 270, (s + 2317 — 28 ) )

Since conjugation commutes with B, the inner product in the last summand is
equal to ((I — 2B) Mwa, (1,0)7), and hence by the Green’s identity applied
with

(B(I —zB) 'va, (I —2B) 'roa), (((1)) 10) € Trnas ,

equal to (1,0)Jh(s—) = (0,1)h(s—), where h is as in Lemma 3.14. Note that
B(I — zB)™! = (A(0) — 2)~ L.

By the first part of Corollary 3.15 and the uniqueness of the solution of the
inital value problem (3.6), we have (0,1)g1(s—) # 0. However,

A—1

(0,1)ga(s—) = 14 Y 25(0, Do (s )+221(0, Dh(s-) = (1,0)g1(s-)—2¢o(g1)
k=1

and the assertion of the lemma follows also in the present case.

U

We will often have to apply the results of the present section to a Hamiltonian
which is regular at s; and singular at s_. To this end let us state the following
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3.18 Remark. If H is a Hamiltonian on I = (s_,sy) which is regular at s,
singular at s_, satisfies (HS) and (I), similar considerations can be carried out.
These, corresponding, results can be obtained either by repeating the above
given proofs or by using an order-reversing reparameterization, cf. Lemma 2.6.

For future reference let us, as an example, state that in this case formula
(3.5) will change to

A—1
/0
(9:nia)r2(m = O Mniik(sy) (1> (3.8)
k=0

Finally note that the introduced concepts are compatible with reparameter-
izations:

3.19 Remark. Let H be a Hamiltonian on I = (s_,s;) which is regular at
s_, singular at sy and satisfies (HS) and (I). Consider a reparameterization
H := (Hoy)-¢ of H. Then H is regular at 5_, singular at 5, and satisfies
(HS) and (I). We have (cf. Lemma 2.4)

w; = Aywj, j € NU{0}, A(H) = A(H).

The operators B and B are unitarily equivalent via A,.

4 Elementary indefinite Hamiltonians: The
model

In this section we introduce the notion of elementary indefinite Hamiltonians.
They model the simplest situation of indefinite canonical systems; in fact they
can be viewed as “regular indefinite Hamiltonians with only one singularity”.
Later on, in Chapter 8, we will use them as building blocks for general indefinite
canonical systems. Roughly speaking, an elementary indefinite Hamiltonian b
will consist of a Hamiltonian Hy which has a singularity s and is of not too fast
growth towards this singularity, some interface conditions at s, and a data part
which is concentrated at s.

To an elementary indefinite Hamiltonian h we will associate a model. This
model consists of a Pontryagin space P(h) together with a conjugate linear
and anti-isometric involution - : P(h) — P(h), a linear map ¥ (h) : P(h) —
M(I)/=,, a linear relation T'(h) C P(h) x P(h) and a linear relation I'(h) C
T(h) x (C? x C?). Moreover, we will distinguish a closed subspace C(h) and a
finite dimensional subspace X° of P(h).

The space P(h), the relation T'(h) and the relation I'(h) are the indefinite
analogues of the space L?(H) and the relations T,q.(H) and I'(H) in the pos-
itive definite case. The map ¥ (h) allows us to associate P(h) with a space of
functions. It formalizes the tight connection of P(h) with the Hilbert space
L?(Hy) and clarifies the meaning of the distinguished space C(h), in fact we will
see that 1(h)(Ch) = L?(Hy). The space X° models the part of the space P(h)
which is concentrated at the singularity.

4.1 Definition of elementary indefinite Hamiltonians

We will introduce three kinds of elementary indefinite Hamiltonians, which
model different types of singularities. Each of them will involve the following
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data:

(i) Hamiltonians H_ and H, defined on intervals I = (s_,s) and I, =
(s, 84 ), respectively, which satisfy

H, (z) is regular at sy and singular at s,
(HS) and (I) hold for H_(z) and Hy (—zx), (4.1)
A = max{A(H_(z)), A(H;(—2))} < oc.

71) A number 6 € NU {0}, and numbers b; ¢ R, j=1,...,6+ 1 with by #0
j
in the case that 6 > 1.

(#47) Numbers dp,...,daa—1 € R.

4.1 Definition. An elementary indefinite Hamiltonian b of kind (A) ((B) or
(C), respectively) is the collection of data Hy, H_, 6,by,...,bs41, do, - - ., dan—1
as in (i)-(447), which satisfies the respective of the following additional condi-
tions:

(A) of (H-)=soraj (Hy) =s.

(B) of (Hy)=sand aj (H-) = s, d; = 0, and by # 0.

(©) of (Hy)=sand a] (H_) =s,d; =0,dy <0, and 6 = 0,b; = 0.
4.2 Remark. We see that the kinds (A), (B) and (C) exclude each other.

e If b is of kind (A) it may happen that one of o (H}) = sand o (H_) = s
holds, however, not both of these equalities can hold at the same time since
this would certainly violate our extra condition in (A).

e The condition “aj (H_) = s or a; (Hy) = s” in (A) says that at least one
of H_ and H; does not end with an indivisible interval of infinite length
towards the singularity s. On the other hand, the condition “af (Hy) = s
and a; (H_) = s” in (B) and (C) says that both of H; and H_ are just
one indivisible interval of infinite length.

e The case that af (H_) < s, aj (Hy) > s, and either of (Hy) > s or
aj (H-) < s, is not covered in the above definition. However, this case
will be reduced to a combination of the cases (A), (B) and (C) by pasting
together the respective model spaces, cf. Sections 6, 8.

e If b is of kind (B) or (C) we have A = 1. If b is of kind (A), A can take
any value > 1.

With the data (i) of Definition 4.1 we have associated spaces M (I ), equiva-
lence relations =, , spaces L?(Hy ), the correspondingly defined linear relations
Traz,+s Tmin,+, operators B4 and elements wy, 4. Put I :==1_UIy,

H(t) = {H_(t) JTE(ss)

H+(t) s te (Sver)



([ f+) =n (9-39+) <= f-=n_9g-,f+ =H, 9+,
L3(H) = TX(H_) & L*(H,),
Traz = Tmaz,— @ Tmaz,+; Tmin = Tmin,— © Tmin,+,
B:=B_®By.
We identify an element (f_; f+) of M(I) with the function

In particular

4.2 Definition of the model

We come to the actual definition of the model associated with an elementary
indefinite Hamiltonian. This construction is quite elaborate and involved for
Hamiltonians of kind (A). Therefore, we first settle the more elementary cases
of an elementary indefinite Hamiltonian of kind (B) or (C). Before doing this

we define in the case 6 > 1 numbers ¢y, ..., c; uniquely by the equation
by -+ by
(c1,..hes) |+ - | =(=1,0,...,0). (4.2)
0 b1

Note that ¢; # 0.

4.3 Definition. Assume that ) is an elementary indefinite Hamiltonian of kind
(C). Let the model space P(h) be a one-dimensional linear space spanned by an
element denoted by pg and equipped with an inner product defined by

[P0, po] := do .
Define ¢ : P(h) — M(I)/=,, by po — W/, and linearity, and - : P(h) — P(h)
by po — po and conjugate linearity. The model relation is defined as T'(h) :=

P(h) x P(h). The linear relation I'(h) is defined by applying the construction
of Remark 2.11 with the linear map A : T'(h) — C? given by

0 )
(po; 0) = (1)7 (05 po) — <[p00p0]> : (4.3)
Explicitly, that means

L(h) := {((f;9); (z1522)) € T(h) x (C* x C?) ;
T1,1 —T21 = A(f;g)l, T1,2 = T2,2 = A(f;g)2} .

Moreover, put C(h) := {0} and X?° := {0}.
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4.4 Remark. If in the above definition we would choose dy > 0, we would end
up with the space L?(H) for the Hamiltonian

H(t) = (8 ?) t € (0,do).

This is seen by comparing the notions introduced in Definition 4.3 and Section
2.1.e. We can therefore think of an elementary indefinite Hamiltonian of kind
(C) as an ‘indivisible interval of negative length’.

4.5 Definition. Let h be an elementary indefinite Hamiltonian of kind (B). Let
P. be a two-dimensional linear space spanned by elements denoted by dg and
Do, equipped with an inner product defined by

[607 50] = 07 [.pO?pO] = d07 [607]90] =—1.

Let X% be an o¢-dimensional linear space spanned by elements 61, ...,0ds,
equipped with an inner product defined by (¢; := 0 for i < 0)

[0k, 1] = Chri—s, kyl=1,...,0.

Define the model space P(h) as the direct and orthogonal sum
P(h) = Pe[+HX°.
Let ¢ : P(h) — M(I)/=, be given by
po— 10o/=y, 0, —0,7=0,1,...,6

and linearity, and let = : P(h) — P(h) be defined by

Po — Po, 0 — 05,7 =0,1,...,0
and conjugate linearity. The model relation T'(h) C P(h) x P(h) is defined as

T(b) := span {(0;d0) } + span {(po; 0)} + span { (6x—1;6k) : k=1,...,6}+

+span { (b; po + [po, poldo) } ,
(4.4)

where b := Z?:ll bid14+5—1- By the definition of case (B) we always have b # 0.
We define a linear map A : T'(h) — C? by

030 (). Geris = (), k=1t 0 (7).

(4.5)
(b:po + [0, poldo) — (0>

0

The relation I'(h) is now again defined by applying the construction of Remark
2.11. Finally, put C(h) := span{do}.

4.6 Remark. Note that the choice of b is made such that

[bvéj]: .
0 ,7=0,2,...,0



This is seen by computation: Trivially [b,dp] = 0. If j > 1 we have

o+1 o
[b,0;] = [Zbl51+6—l75j] = Zblc(ler'fl)Jrjfb’ =
=1 =1

-1 7j:

:b10j+b20j_1+...+bjcl :{ ] B
0 , J=2,...,0

Throughout the remainder of this subsection assume that b is an elementary
indefinite Hamiltonian of kind (A).
We denote by X, and X", respectively, the spaces

X, :=span{wg,...,wa_1}, X :=span{toa,...,02a_1},

where X, is understood as a subspace of M(I)/=, and X* as a subspace of
L*(H) C M(I)/=,,. Moreover,

X, :=ranB® C L*(H),

1 1
X5 := span { B¥x_ <0),ka+ (0) tk=0,...,A—1} C L*(H).

By Lemma 3.6 the set {tvg,...,wa_1} is linearly independent modulo L2(H).
In particular,
(dom T2, + X¥)N X, = {0}.

max

Since either af (H_) = s or aj (H;) = s, we know from Lemma 3.11, (i), that
{vwA,...,aa_1} is linearly independent modulo dom 7’4, ., and thus

domT?%,. N XY ={0}. (4.6)

Finally, by Lemma 2.31, dom T4, = X; + X5. Let us put

max

don+rk = (mA,mAM), ke NU {0},

so that a number d; is defined for all | € NU{0}. Note that, by the selfadjointness
of B, these numbers d; are all real.

We shall define linear functionals ¢;, j =0,...,A — 1, on the linear space
Xy :=domT5, + XY =X+ Xy, + X% C L*H).

4.7 Proposition. Let j € {0,...,A —1}. By the requirements

BAf'_’ (famAJrj) ) fELQ(H)
b : BZle((l)) ==t (s)*(]) L i=0,...,A-1
’ BZX_;,_((l)) D—>mi+j+1(8+)*((1)) s Z:O,,A—l
mil—>d/i+]‘ ,i=A...,2A -1

a linear functional ¢; : X1 — C is well-defined. No nontrivial linear combina-
tion of ¢o,...,pa—1 is continuous with respect to the norm ||.|| 12 -
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Proof. Assume that

A—-1 1 1 2A—1
BAf + Z ()\kﬁkaf <0> + )\k,JerXJr <O>) + Z et =0.
k=0 k=A

It follows from (4.6) that ur =0, k = A,...,2A — 1, and hence

A—1 1
Béf = - Z )\k,—BEX— (0>7
k=0

and
A-1

1
Bﬁf = — Z )\k7+BiX+ <0> .

k=0
From Corollary 3.13 and Remark 3.18 it follows that

A—1

(fiwat) + > (= Ne—tpyji1(s—) <1> + A+ kg1 (54) <1)) =0,
k=0

and thus ¢; is well-defined.
Assume that

>

-1

(b: Aj(bj:XL—)C;

<
I
o

is continuous with respect to ||.||2(z). Then there exists g € L*(H) such that
Let f € L?>(H). By the definition of ¢;,

A—-1

S(BAf) = (£, > Njwat)

=0
On the other hand, by (4.7),
#(B2f) = (B2f,9) = (f,B%g).
We conclude that

A-1
Z Njtway; = BAg € dom Ty

max
Jj=

and hence, by (4.6), \; =0,5=0,...,A -1
4.8 Remark. If o (Hy) = s, then by Remark 3.8 we have
i 1 .
¢J(B X+ 0 ):Ov Za.]:()a"'vA_l'

The analogous assertion holds for H_.
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Denote by (C(h),[.,.],O) the almost Pontryagin space completion of
(Xr, (s )2, (@)f;ol), cf. [KWW1]. That is the completion of X; with re-
spect to the norm defined by ||.||Z = ||.||%2(H) + ZJ-A:_OI |65 ()]

Note that, by (2.12), X1 is a dense subspace of (L*(H),||.|[r2(m)). Recall
from [KWW1] that the completion (C(h),][.,.],O) can be viewed as the space
(L*(H) © CA,[.,.],7) where

[(@;6), (y;n)] = (=, y)L2(m)

and 7 is the Hilbert space topology induced by the inner product
((z;6), (ysm) = (x,9)2(a) + n*E. The required embedding of X, into this
space is given by

v (@5 (65 (@)55) (48)
We will think of C(h) as an abstract object containing X, as a dense subspace,
and of L?(H) ® C? as the realization of this completion which contains X, via
the embedding (4.8).

Moreover, recall from [KWW1] that dimC(h)° = A, and C(h)/C(h)° is
isometrically isomorphic to L?(H). In fact the canonical embedding f
F+C(h)° of Xz into C(h)/C(h)° extends to an isometric isomorphism of L?(H)
onto C(h)/C(h)°. By composition of its inverse with the canonical projection
7w : C(h) — C(h)/C(h)°, we obtain an isometric and continuous surjection
Yo : C(h) — L*(H). Note that the topology of L?(H) coincides with the fi-
nal topology with respect to 1. Since dimC(h)° < oo, it follows that ¥y maps
closed subspaces onto closed subspaces. Note that in the realization L?(H)®C»
of C(h) the map vy is nothing else but the projection onto the first component.
This follows from the continuity of 1) since it holds by the form of (4.8) on the
dense subset X7j,.

Let P, be a Pontryagin space which contains C(h) as a closed subspace of
codimension A. The map (4.8) can be extended to an isometric isomorphism

v P — L*(H)[+](C*+C*) (4.9)
where the inner product on C2*-+C? is defined such that each of the two copies

of C# is neutral and that, if {eg,...,ea_1} and {fo,..., fa_1} denote the re-
spective canonical bases,
0 ,i#y
[eiu f]] = {

1 ,i=j

Thereby C(h) corresponds to L?(H)[+]span{eo,...,ea—1} and C(h)° to
span{eg,...,ea_1}.

We wish to extend the functionals ¢; to P.. First note that, since ¢; :
C(h) — C is continuous, there exist continuous extensions ¢; : P, — C.

If (qu)f:—Ol is an extension of (@)f;ol, i.e. ¢; : P. — C are continuous and
bjlc = b;, we assign to it a matrix G[(éj)f:_ol] as follows: Let p; € P. be such
that qzj(x) = [z,pj], j=0,...,A =1, and define

Gl(6)25" = (Ipinpi]) 5y -

We need the following elementary observation:
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4.9 Lemma. There is a bijective correspondence between the set of all exten-
sions (qﬁj)jA:_Ol of (@)f;ol and the set of all A x A-matrices M. Thereby we

have G[(éj)f:}}] =2ReM.
Proof. Consider the space P, in its realization (4.9) as L?(H) @ (CA+C4) and

again let {eg,...,ea_1} and {fo,..., fa_1} be the respective canonical bases.
We have

C()HPe = spanfeq,...,ea_1}.
Hence, the extensions qgj of ¢; bijectively correspond to the elements p; =
£+ 207 Aker, A € C. We compute

A—1 A—1
lpi,pi] = [fi + Z Aikek, fi + Z Ajker] = Nji + Nij -

k=0 k=0
If we set M = (Aij)fj_:lo, we have G[(éj)f:_ol] =2ReM.
U
Note that the elements p; € P, representing qzj as qzj = [.,p;] are linearly

independent, satisfy

C(h)_i_spa’n{p()a o 7pA71} = 7367

and span(C(h)° U {po,...,pa—1}) is nondegenerated. Moreover, if we set d; :
—7Yej), 7=0,...,A—1, then {do,...,0a_1} is a basis of C(h)® and by (4.8)

0 L, k#j
O, pi| = .
[kvpj] {_1 7 k:j

Let (¢ )J-A:_Ol be the extension of (@)f;ol which corresponds to M =
%(di+k)f,€_:10, so that

Gl(65)7220"] = (disn)ins -
We are now ready for the definition of the model space P(h), the map 1 (h), and
conjugation.

4.10 Definition. Let h be an elementary indefinite Hamiltonian of kind (A).
Let X? be an 6-dimensional linear space spanned by elements {0, ...,da15-1},
equipped with an inner product defined by (¢; := 0 for i < 0)

[0k, 01] := Cryir2—2a—5, K, I=A,...,A+6—-1.
Define P(h) as the direct and orthogonal sum
P(h) := P[H]X?.

The canonical extension of the isomorphism (4.9) to all of P(h) by means of
dj — 65,5 =A,...A 46— 1, yields an isomorphism (again be denoted by ¢):

v P(h) — L2(H)[+](CAHC) [+ X°. (4.10)
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Let ¥(h) : P(h) — M(I)/=, be the extension of ¢y to all of P(h) which is given
by linearity and the requirements that

Dj '—’t‘Oj/:H,j:O,...,A—l, ok— 0 k=A ..., A+6—-1.
Moreover, let ~: P(h) — P(h) be defined by
. { LAH)H(COFCA) X — () (COHC8) X0
toTol T

(xué-an?ZjA:-’_Aé_l O‘jéj) = (Eaguﬁa ZJ’A:+A6_1a_j j)
(4.11)

Note that in the realization (4.10) of P(f) the map () can be described
as follows:

L2(H)[+](CAHCA) [H X — M(1)/=,

A+o—1 A—1 —
(2, &m0 06y) = m+ S s /= = ()55
(4.12)

d(h)ou {

Let us come to the definition of the model relation.

4.11 Definition. Let h be an elementary indefinite Hamiltonian of kind (A).
Then we define T'(h) C P(h) x P(h) as

T(b) := span {(Bh; h + [h,po]do) : h € XL }+ (4.13)
+span {(x- ((1)) s —00), (xX+ (é) ;60) }+ (4.14)

+ span { (po; 0) }+
+span { (pr: pre—1 + [Pr—1,p0)00) : k=1,...,A = 1}+ (4.15)
+span { (va + b;pa—1 + [Pa—1,p0]d0) } +

—l—span{(ék,l;dk): k:A,...,A—I—b—l}, (4.16)
where b := Z?;rll bl5A+b’fl-

In order to increase the readability we use ‘(4.13)" - ‘(4.16)’ not just as
references, but also as variables standing for the expressions in the corresponding
lines. Note that, similar as in Remark 4.6, it is seen that the choice of b is made
to ensure that

[bvéj]: . ..
0 ,j=0,....,A—1,A+1..., A+6-1

In order to introduce the relation I'(h) note that, if the map ¥ := ¢ x 9 is
restricted to T'(h), it can be factorized. Let us define ¥*¢ : T'(h) — AC(I) x
M(I)/=,, by linearity,

(P03 0) = (00;0),  (pripr—1 + [Pr—1,P0ld0) = (Writk—1), k=1,...,A—1,

(wa +b;pa-1+ [pPa-1,p0]00) = (Wa;0A-1),
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(5}’@—1;61@)'_)(0;0)7 k:A, A+5—1

o (D=0 (0 (oo

and the following procedure: If (f;g) belongs to (4.13), then W(f;g) € B !
and, hence, there exists a unique function f e AC(I) with f(s_); = f( 1)1 =
such that f =y f and f' = JHg. Note that the condition f( )1 =0 h
to be added only if o] (H_) = s, and f(sy), = 0 only if of (H,) = s. Set

ee(f;g) = (f; 9).

It is immediate from this definition that the following diagram commutes:

T(h) v (MI)/ =)

o / (4.17)

AC(I) x M)/ =y
where the right lower map is the canonical one. Moreover, we have

ve(T(h)) € {(f19) € AC(I) x M(I)/=; = f' = JHg}. (4.18)

4.12 Definition. Let h be an elementary indefinite Hamiltonian of kind (A).
Define I'(h) C T'(h) x (C% x C?) by

L(h) = {((f59); (W*(f59)1(s-): 0 (f19)1(54))) = (f19) €T (D)},
where U%¢(f; g); denotes the first component of ¥*¢(f;g) € AC(I) x M(I)/=,

4.3 Geometry of P, T and I’

In this subsection we will establish some basic properties of the introduced
notions. First we discuss the geometry of P(h). In order to shorten notation
we will, if no confusion can occur, frequently drop the argument b from P(h),

¥(h), ete.

4.13 Proposition. Let §h be an elementary indefinite Hamiltonian. Then
(7) P(b) is a Pontryagin space with negative index

1, 6€{1,3,5.. .} e <0

0 , otherwise

ind_P(h) = A+ [g] + {

(1) The map  is a conjugate linear and anti-isometric involution of P(bh). All
elements 0; and p; are real, i.e. §; = 6;,D; = pj.

If b is of kind (A) the involution - acts as complex conjugation on the
subset Xy, .

(i4i) The map 1 is real with respect to -, i.e. w(f) = (f), f € P(h). We have
ker¢p = C°+ X°, o1 (L*(H)) = C + ker1). (4.19)

Moreover, ¥|c : (C,[.,.]) — (L*(H), (.,.)r2(a)) is isometric.
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Proof. We establish the formula for the negative index of P(f). In the case that
h is of kind (C), trivially ind— P(h) = 1. Since in this case A = 1 and 6 = 1, the
desired formula holds. Assume that h is of kind (B). Then ind_ P, =1 = A.
Consider the space X°. With respect to the basis {d1,..., 85} the inner product
is given by the Gram-matrix

Hence ind_ X° = [] + 1 or [£] depending whether 6 is odd and ¢; < 0 or
not. We see that also in this case the desired formula holds true. In order to
compute ind_ P(h) in the case that h is of kind (A), we consider the realization
(4.10). The first summand is positive definite, the second one has A negative
squares, and the last one has by the above argument negative index [%] +1or
[¢] depending whether ¢ is odd and ¢; < 0 or not.

The fact that in any case - is a conjugate linear involution is obvious. More-
over, it follows immediately from the definitions that all elements J; are real. If
b is of kind (C) or (B), by definition all elements p, are real. If § is of kind (A)
this follows on inspecting the construction in Lemma 4.9 from the fact that all
numbers d; are real.

Assume that b is of kind (A). Denote by -" the canonical conjugation in
the realization (4.10) which was used for the definition of 7, i.e. to” =T o
Moreover, denote by - complex conjugation on X;. By Lemma 3.9 and their
definition, the functionals ¢; satisfy

o;(h°) = ¢;(h), he Xy.

Hence, since ¢ extends (4.8), we have 1(h") = WT for all h € Xr. We conclude
that 2° = h.

The fact that ¢ is real with respect to ~ follows in case of kinds (C),(B)
immediately from the definitions, in case of kind (A) it is a consequence of the
description of ¢ in the realization (4.10).

In order to establish the relation (4.19) assume first that b is of kind (C).
Then kertp = {0} since wgy/—, # 0, and we have C = C° = X° = {0}
and L?(H) = {0}. Next assume that b is of kind (B). Then, again since
wo/=, # 0, we have ker ¢ = span{do,...,05}. Moreover, C = C° = span{dp},
X% = span{6y,...,65} and L?(H) = {0}. Finally assume that b is of kind
(A). From the description of ¢ in the realization (4.10) we obtain that ker¢ =
span{do, ...,0a_1}+X% = C°+X°. Moreover, from the same source, we see that
certainly 1 (C + X°) = 1 (C + kert)) = L?(H). Since the elements tg, ..., 0a 1
are linearly independent modulo L?(H), also ' (L?(H)) = C + X°.

If b is of kind (A) the isometry property of ¢ holds by definition, since then
¥|e = o. If b is of kind (B) or (C) this is trivial.

O

Next we will take a closer look at the relation between P(h) and L?(H). If
b is of kind (B) or (C) this question is not too intriguing, since then anyway
L?(H) = {0}. Thus let us consider the case that b is of kind (A).
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The map 9 projects C isometrically and continuously onto L?(H). On the
other hand it is in general not possible to embed L?(H) into P(h) in a proper
way. Note in this place that the embedding which is immediate from the realiza-
tion (4.10) is not properly adopted to the situation, since it does not take care of
the second components of (4.8). However, if we only consider elements of L?(H )
whose support stays away from the singularity s, we can find an appropriate
embedding.

For s~ € [s_,s) and sT € (s, s+]| which are not inner points of indivisible
intervals put

Ji=(s_,57)U(sT,s4), (4.20)

L*(H|y) := L*(H_|(s_ s-)) & L*(Hy|(s+ 5,)) -

4.14 Proposition. Let ) be an elementary indefinite Hamiltonian of kind (A).
For every set J of the form (4.20) there exists an isometric and bicontinuous
embedding vy of L>(H|y) into C C P(b). It satisfies

Lyl = / (by)* He, © € L2(H|;),y € P(b), (4.21)

and is compatible with conjugation in the sense that
Ly (@) = 1y(x), v € L*(H|j). (4.22)

Moreover, whenever J and J' are of the form (4.20) and J C J', then the
following diagram commutes:

c L?(H)

Ly Lyt
c

L*(H|;) L*(H|)

Proof. For any set J of the form (4.20) denote by p; the restriction map

J L*(H) — L*(H|))
PJ.{ o fly d

This map is surjective and a contraction, in particular, continuous. The map
¥|c maps C continuously onto L2(H ), hence pji|c maps C continuously onto
L*(H|;). Since ¢(p;) = w;/=y € AC(I)/=y, j=0,...,A =1, and 9(d;) = 0,
ji=A,...,A+06—1, since

P(h) =C+span{p; : j=0,...,A—1}+span{d; : j=A,...,A+5—1},

and since C is a closed subspace of P(h), it follows that p ;i) maps P(h) contin-
uously onto L?(H|;). Define

vy o= (ps)* : L*(H| ;) — P(b).

Then ¢y is continuous, injective, and satisfies (4.21). By the closed range theo-
rem ran¢y is a closed subspace of P(h). Hence, by the open mapping theorem,
1y is bicontinuous. Since C° + X°® = kert) C ker p 4, it follows that

ranty C (C°+ X°)t =C.
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We compute ¢; in the realization (4.9) of C. Let = € L*(H|;) and write
v = (& (§)5750") -

By (4.21) we have

é—j:[LJ.’I],pj]p(h):/Jm;HfE, j=0,....,A—1.

Moreover, since in the realization (4.10) the action of ¢ on C is just projecting
onto the first component, we have for every y € L?(H)

(E)szn = (@562, 00, Oy = [ 7 Ha = (@)
It follows that & = x. Alltogether we see that
vz = (z; (/J m;Hx)jA:*Ol) :
We conclude that (1 o v)(x) = x, x € L?(H| ), that ¢; is isometric, and that

tyr=1px, v € L*(H|;), JC J'.

Moreover, the relation (4.22) follows, since the functions w; are real-valued.

U

JFrom the fact that 1ot acts as the identity on L?(H|;) and that ¢; is an
embedding, we obtain the following

4.15 Corollary. We have ¢(v;(L*(H|;))) < L*(H|s) and the map
1/)|LJ(L2(H‘J)) c17(L2(H|y)) — L*(H|;) is the inverse of v.

Note that if, say, s~ := of (H|(s_5)) < s, then L*(H|(s_ &) = L*(H|(s_ 5-))-
Hence, in this case, L?(H|(s_s)) is properly embedded in P(h).

Our next task is to establish some properties of the linear relation T'(f). For
this we need another lemma.

4.16 Lemma. Let ) be of kind (A). Then we have ¢;0B = ¢j11,j=0,...,A—
2, and da—1 0B = (., 10A).

Proof. First of all note that B(X) C X. We shall formulate the proof of the
present assertion for the case that o (H_) < s and of (H,) > s. If in one of
these relations equality holds, then in those steps marked by a star one has to
employ Remark 3.8 instead of the mentioned argument.

Let j € {0,...,A —2}. We have
¢;(B(B2f)) = ¢;(B*(Bf)) = (Bf,way;) =

= (f,Boat;) = (f,w0asj41) = dj1(BAS).
Let i € {0,...,A — 2}, then

¢j(B(B' x4+ (é))) = ¢ (B xs (é)) = Wipjp2(st)” (2) = ¢j41(B'x+ (é)) :
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Moreover, an application of (2.10) with (x— (g

Trmaz,— yields
B> () = B (o) = 0 (§) wans) £

= —mA+j+1,—(S—)*J((1)) = ¢ (B Ix- (é))

The case of x4+ (é) is treated similarly (cf. Remark 3.18).
Let : € {A,...,2A — 2}, then

¢;(Bw;) = ¢j(Wi1) = djrit1 = ¢jr1(10;) .
Moreover,

dj(Brga_1) = ¢j(B21wa) = (a,0a ;) = doatj = ¢jp1(0aa_1).

Next consider the functional ¢a_;. We have
¢a-1(B(B2[)) = ¢a-1(B2(Bf)) = (Bf,w2a-1) = (B f,wa).
Let i € {0,...,A — 2}, then
¢a—1(B(B'x= (3))) =+w;pa41(s4)" <(1)> :

On the other hand, by (2.10),

(B"x= (é) sa) = (X ((1)) 0A4) = Eoatis1(54)” (?) :

Moreover,

$a-1(B(B* 'xa ((1)))) = ¢a-1(Bxx ((1))) = (x+ (é) ,W02A-1) =

= (B2 1yy <(1)> ,T0A) .
Let i € {A,...,2A — 2}, then
pa-1(Bw;) = ¢a-1(Wiy1) = dati = (0;,104) .
Finally,

da—1(Brosa_1) = pa—1(B21oa) = (A, w2a 1) = (02A_1,104).

4.17 Proposition. Let ) be an elementary indefinite Hamiltonian. Then

(i) T(h) is closed.
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(i) T(h) is real with respect to =, i.e. we have (f;g) € T(h) if and only if
(f;9) € T(h).

(iii) Put W =1 x 1 : P(h)2 — (M(I)/=,)?. Then V(T () NC?) = Trau(H).
(iv) We have (0x—1;9x) € T(h), ke {1,...,A—1}.

(v) We have domT(h) = P(bh).
Two somewhat technical properties are:

(vi) All sums in the definition of T'(h) are direct sums. The set of generators
written in (4.14)-(4.16) or (4.4), respectively, is linearly independent.

(vii) Assume that b is of kind (A). Then T N C? =(4.13)+ (4.14) and
U((4.13)) =B~ L

Proof.

ad(i): The cases of kind (C), (B) are trivial since all spaces involved are finite-
dimensional. If b is of kind (A) the fact that T'(h) is closed follows since the
span of (4.14)-(4.16) is finite dimensional.

ad(ii): If b is of kind (C), this is trivial. If b is of kind (B) it is enough to note
that each of the generators written in (4.4) is real. Assume that § is of kind
(A). Each of the generators written in (4.14)-(4.16) is real. Moreover, since -
acts as complex conjugation on X, with h also h belongs to X and we have
Bh = Bh. Thus

(Bh; h + ¢o(h)do) = (Bhs; b + ¢o(R)d0) € T(h).

By the continuity of °, the assertion follows.

ad(zit): If b is of kind (C) this is trivial, if it is of kind (B) it follows from
C = span{dp} C ker1.

Assume that b is of kind (A). First of all note that the product topology on
(L?(H))? is the final topology with respect to the map W|e2. Since the kernel
of ¥|c2 is finite-dimensional, ¥|c2 maps closed subspaces onto closed subspaces.
We have

U(Bh; h + [h,poldo) = (Bh;h) € B~

As W|ee is continuous W( (4.13)) € B~. Since X, is dense in L?(H), cf. (2.12),
and B x id is a continuous map of L?(H) onto B~!, it follows that in this
inclusion equality holds.

To see the desired assertion it suffices to recall that

B + span{(x- <(1)> :0), O+ ((1)) ;0)} = Trnaa

and

(x+ <(1)> ;0) = W (x+ <(1)> ;+60) -

Note that on the way we also proved the second assertion of (vii).
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ad (iv): This assertion is only nonvoid if A > 1. Thus we may assume without
loss of generality that h is of kind (A). Fix k € {1,...,A — 1} and choose
h,, € X, such that h,, — & in C. It follows that

(hn,hn) — 0, ¢j(hpn) — {O IS

With h,, also hy, + [hn, poldo — k. Since ||| z2(ay — 0, also || Bhy||z2(ay — 0.
By Lemma 4.16 we have

-1 ,j=k-1

: L j=0,..,A—1.

¢j(Bhy) — {

Hence, (Bhp)nen is a Cauchy-sequence in (X, ||.|l¢) and thus convergent to
some element = € C in the norm of P(h). Since [z — dx—1,2 — d—1] = 0 and
¢j(x) = ¢j(dk—1), it follows that z = d,_1. We see that (dx_1;dx) € (4.13).

ad(v): If h is of kind (C) or (B), we have by the definition of T'(h) that
domT'(h) = P(h). Hence assume that b is of kind (A).

Let f € P(bh), f L domT(h), be given. Our first aim is to show that f 1 C°.
If 6 > 0, then we have

5r €domT(h), k=0,...A+5—2.

Since A+6—2> A —1, we see that f L C°.
Consider the case that 6 = 0. Then we have

0r € domT(h), k=0,...,A—2.

We show that da_1 € domT'(). To this end consider the functional (see Propo-
sition 4.7)
¢A—l |ran BA+1 lran BA+1 - (Cu

and assume that it were continuous in the norm of L?(H). Then there exists
g € L2(H) with

dpa_1(B ) = (B2 a,g), x € L*(H).
We obtain from Lemma 4.16 and from the selfadjointness of B that
(I,mQA) = (x,BAmA) = (BA:Z?,K’OA) = d)A,l(BAJrlx) =

= (B8 g, g) = (x, BATy), v € L*(H).
Hence won = BAtlg € ran BAt!, a contradiction to Lemma 3.11, since b
satisfies (A).
We conclude that there exists a sequence h,, € L?(H) such that

L*(H)
(

BAth, 0, ¢a_1(B>h,) — —1.

Put y, := B(B%h,,). Since B2h,, € X1, we have y, € domT'(h) and [y, y,] =
lynll2cmy — 0, pa—1(yn) — —1 = ¢a—1(6a—1). By adding appropriate linear
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combinations of dg, . .., da—_2 to y,, we can produce a sequence z,, € CNdom 7T'(h)
with
[Znu Zn] - 07 ¢0(2n)7 sy ¢A—2(2n) = 07 ¢A—1(2n) — —1.

It follows that [2,,2] — [0a_1, ] for every = € P(b), i.e. that z, — da_1. We
conclude that dao_1 € domT. Thus f L C°.

Since, in any case f L C°, we can write f = f; + ZkAjAo_l a0 with some
f1 € C. If 6 > 0, then we get from f L da,...,0a15-2 that apts-1 = ... =
an+1 = 0. Moreover, f L woa + b, ie.

0=[f1 +aada,va +b] = [fi,0a] + aa [0a,b],
——

=—1

and it follows that aa = [f1,wA].
We have f | dom(7 NC?). Thus also f; has this property and hence

Yfi L dom (T NC?) = dom Tpras -

Thus ¢ f1 = 0, and it follows that f; € keryy N C = C°. It readily follows that

aa = 0. Moreover, we know that f L pg,...,pa—1, and this now implies that
f=0.
ad (vii): Clearly, the span of (4.13) and (4.14) is contained in C?. Assume that

A-1

ao(po; 0) + Z ak (Pr; Pk—1 + [Pr—1,P0]d0) +
k=1
A+s-1
+aa(wa +b;pa1+ [pPa-1,00000) + Y Be(dk—130x) €C.
k=A

Looking at the second component, we obtain 8y, =0, k=A,...,A+6—1, and
arp =0,k =1,...,A. The first component now reads as agpg € C, and hence
ap = 0. We see that the set of generators written in (4.15) and (4.16) is linearly
independent modulo C2. In particular, T'NC? = (4.13) + (4.14).

The second assertion was already proved, cf. proof of (ii7).

ad(vi): In case of kind (C) there is nothing to prove. In case of kind (B) assume
that

a(0;80) + B(Po; 0) + > Me(Gk—130) + (b5 po + [po, poldo) = 0.
k=1

Looking at the second component of this equation yields v = 0 and then o = 0.
Now looking at the first component gives us =0 and A\ = 0 for all k.

Assume that b is of kind (A). Note that at least one of the functions x_ (é)
and X+ ((1)) is not equal to 0 in L?(Hy). In fact, these functions are zero only if
oy (H-) = s or of (H}) = s, respectively, and these equalities cannot hold at
the same time.

We conclude that the pairs (x+ ((1)) ; +0p) are linearly independent. Together
with the facts already established in the proof of (vi), we conclude that the set
of generators written in (4.14)-(4.16) is linearly independent.
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It remains to show that (4.13) N (4.14) = {0}. Assume that

G- () + v (o) (02 = 5360
belongs to (4.13). Then
(5 x- ((1)) T Bixs ((1)) (B — B)d0) € BV,
If a; (H-) < s and of (Hy) > s, then x+(}) #n 0 and, hence we get B =

By = 0. If, say oy (H-) = s, then o (Hy) > s, and we conclude 34 = 0. Since
[9,p0] = 0 for all (f;g) which belong to (4.13), we also get 3_ = 0.

U
Finally we state some elementary properties of ¢ and I'(h).
4.18 Lemma. Ifaj (H_) < s and of (Hy) > s, then
ker U = ker W|ryy (= T(h) N(C°+X%)?). (4.23)
If of (Hy) = s, then
ker U*°+ span (x4 (é) ;4-00) = ker W|pp) . (4.24)

The similar assertion holds with ‘—’ instead of 4.

Proof. The respective inclusions ‘C’ are immediate from (4.17), and, in the case
of (Hy) = s, from x4 (1 0)T =p 0. To establish the converse inclusion assume
that (f;g) € ker ¥U|p). This means that W°(f;g) = (f;0) where f =g 0.
Write

A-1
(f19) = (f1591) + a0(po; 0) + ) a(pripr—1 + [Pr—1,P0]d0)+
k=1

Ati—1
+aa(oa +b;pa1+ [pa-1,p0l60) + > B(8-1:6))
J=A

where (f1;91) € T'(h) NC2. Since the last sum is anyway contained in ker ¥2°,
we can assume without loss of generality that 8; =0, j = A,...,A+06— 1.
Hence

A
0=p f=Ffi+> arws,

k=0
where fi € AC(I) is the unique representant of f; with f| = JH(gy). It
follows from Lemma 3.6 and Lemma 3.11 that ax = 0, K = 0,...,A. Hence
f=/fi=n0. Ifa; (H_) <sand af (Hy) > s, then the continuity of f implies
f=0. )
_ If oy (H-) = s, then af (Hy) > s, and we conclude from f =g 0 that
f1, = 0. From the definition of ¥ we see that f|;_ is collinear with y_(1 0)T.
Thus

(f;9) — alx—(1 0)T; =8p) € ker T,
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for a properly chosen a € C. The case af (Hy) = s is treated similarly.

4.19 Lemma. The relation T'(h) is closed and domT'(h) = T(h). We have

{0} , b of kind (A)
span{((}); (1))} . b of kind (B),(C)

Moreover, T'(h) is compatible with the involution - in the sense of (2.5).
If b is of kind (A), the map T'(b) is surjective.

Proof. To shorten notation we write P(h) =P, I'(h) =T and T'(h) =T.

The assertions that domI' = T and that mulI" has the desired form are
immediate from the respective definitions.

We show that I' is closed. If § is of kind (B) or (C) this is trivial by finite-
dimensionality, hence assume that b is of kind (A). In this case we can consider
T" as the map

mul'(h) = {

L (fi9) — (¥°(f;9)1(s=); ¥(f3 9)1(s4))

where U°(f; g)1 denotes the first component of U°(f;g) € AC(I) x M(I)/=,.
We show that this map I' is continuous.

If a] (H_) < s and af (Hy) > s, the restriction W|pne2 is by its definition
compatible with boundary values: We have

L(fig9) =Tr2m) 0 U(fsg), (f;9) €T NC. (4.25)

This relation implies that I is continuous. In fact, because I'p2 (g is continuous
on L?(H), T' is continuous as a mapping of TNC? into C? x C2. However, TNC?
is a closed subspace of T" with finite codimension. Thus I' is continuous as a
mapping from T into C2 x C2.

If oif (Hy) = s, then let R be the span of (4.13) and (x+(1 0)7;Fdp). The
restriction I'| g coincides with I'z2() o ¥|r. As in the previous step we see also
here that I' is continuous as a mapping from 7" into C? x C2.

We show that I' is compatible with conjugation. Assume that § is of kind
(A), then we have

I'(f;9)=T(f;9), (f;9) €T.
This follows since I'p2() has this property and since the generators written in
(4.14), (4.15) and (4.16) are real and mapped by I" to real vectors. In the cases
that b is of kind (B) or (C), the desired relation is immediate from the fact that
A maps real elements of T' to real vectors.
We come to the proof of the last assertion. From the definition of T'(h) it is

clear that
((?); (?))7 (((1));0), (0; (é)) eranl(h).

Since b is of kind (A), one of (s_, s) and (s, s4) is not indivisible. Let us assume
that (s_,s) is not indivisible, then by the definition of T'(h) its first component
can be obtained as

L(0)1(f59) = PH-)((x- x x-)¥*(f;9)), (f;9) € T(H)NC?.
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By Proposition 4.17, (iii), (x— x x—)¥ maps T'(h) NC? onto Tya.(H_). Since
I'(H_) is surjective, it follows from Proposition 4.17, (vii), that there exist
(f-39-) € BZ' such that T(H_)(f-;9-) = (}). Set fi = g4 = 0, then
(f— + fr;9- +g+) € B~ From the definition of I'(h) we obtain

e (80 h + i pnlsn) = ()0

5 Operator theory of elementary indefinite sys-
tems

In this section we build up the operator theory for the model associated with
an elementary indefinite Hamiltonian. It is our aim to prove the following
result, which is the indefinite analogue of Theorem 2.18 for elementary indefinite
Hamiltonians.

5.1 Theorem. Let b be an elementary indefinite Hamiltonian. Then
(P(h),T(H),T'(h)) is a boundary triplet of defect 2 which has the property (E).
The adjoint

S(h) = T(H)"

is a completely nonselfadjoint symmetric operator. Its defect index is (2,2)
if b is of kind (A), and (1,1) otherwise. It satisfies the condition (CR) and
r(5(h)) = C.

5.1 The abstract Green’s identity

The proof of the following proposition requires some elementary but tedious
work.

5.2 Proposition. Let b be an elementary indefinite Hamiltonian. Then T'(h)
is a boundary relation for T'(h), i.e. satisfies the identity (2.6).

Proof. We write P := P(h), ' :=T(h) and T := T'(h). First let us settle the case
that b is of kind (C). By Remark 2.11 we have to show that the map A defined

by (4.3) satisfies (2.8). If (f;g) = (hik) = (0;po) or (f;9) = (hik) = (po;0),
both sides of (2.8) vanish. Let (f;g) = (0;p0) and (h; k) = (po;0). Then

[gvh] - [ka] = [Poapo]

and

1

Assume next that  is of kind (B). We have to show that the map A defined by
(4.5) satisfies (2.8).

Case (f;9) = (0;0):

sty atzia) = (1) 5 (") <
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) (hik) = (0;00), (hik) = (65-1365),5 = 1,...,0, (hik) = (b;po + [po, po]do):
Both sides of (2.8) vanish.

) (h; k) = (po;0): We have [g,h] — [f, k] = —1 and

A(h; k)*JA(f;9) = <(1))J<_01> =-1.

Case (f;9) = (6;-1;9;),7 =1,...,06: The right hand side of (2.8) is equal to
Z€ro.
Y(hyk) = (8_1;6,),1 = 1,...,6: By the definition of the inner product on X?
we have

l9,h] = [f. k] = ¢jra-1)-5 — ¢(j—1)+1-5 = 0.

) (h; k) = (po;0): We have [g,h] — [f, k] = [5l,p0] =0.
) (h; k) = (b;po + [P0, po]do): If = 1, then by the choice of b

l9,h] = [f, k] = [01, 6] = [d0, po + dodo] = (—1) — (1) = 0.
If j > 1, we have [g,h] — [f, k] =0

Case (f;9) = (po;0): In both cases (h;k) = (po;0) and (h;k) = (b;po +
[po, o]do) both sides of (2.8) vanish.

Case (f;g) = (b;po + [po, po]do), (h; k) = (b;p0 + [P0, Po]do): The right side of
(2.8) is zero. On the other hand

lg,h] = [f, k] = (=bs41) — (—bs41) =0.

In all cases the relation (2.8) holds.
Let us now assume that b is of kind (A). Then mulT' = {0}, and thus (2.6)
writes as

= 110 =1 (3 0, ) Es0) = -1l

(f;9),(h;k) €T,

where we use the notational convention I'(f;g) = (f(s ); f(sy)), T(h k) =
(h(s-);h(s4)). In the case that oy (H_) < s and of (Hy) > s, if (f;g) and
(h; k) both belong to T'N C?, the relation (5.1) follows from (4.25) and (2.10).

In the case that oy (Hy) = s let R be the span of (4.13) and (x+(1 0)7; F).
For (f;g),(h;k) € R the relation (5.1) follows from (2.10) and the fact I'|p =
Drzcgy o U If (f39) € R and (hik) = A(xx(1 0)7;£00), A € C, then (5.1)
holds true, because both the left and the right hand side of the equality sign
are zero. The same reasoning verifies (5.1) if both (f;g) and (h; k) are scalar
multiples of (xx(1 0)T;+4).

We have proved in any case that (5.1) holds true for (f; g), (h; k) € TNC%. By
the continuity of I' it is enough to check the remaining cases for the generators
written in (4.13)-(4.16).

Case (f;9) = (Bz;z + [z, po]do); x € X1

V(h;k) = (8;-1;95),7 = A, ..., A+ 06— 1: Both sides of (5.1) are equal to zero.

) (hik) = (po;0): [f, k] — [ 9.h] = —[x + [2,po]do,po] = 0 and h*Jf|S" =
rosJBz|st = 0 since tg(s+), (Bz)(sx) € span{(0 1)7}.

(5.1)
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J(hi k) = (pj;pj—1 + [pj=1,p0)00), 5 =1,...,A —1: Write z as

A—1 2A—-1

1
x =B+ Z (\,—B'x— (0) + )\z,+BlX+< ) Z Hit0; -

1=0
Then

2A—-1

A—1
1
Bz = BABy + Z (Al,_Bl“x_ (0> + )\l7+Bl+1X+< ) Z Hit0i41 -
1=0

We compute (see Proposition 4.7 and Lemma 4.16)

[f, k] = [Bx,pj—1] = (By,watj—1)r2(m)+

A1 1 1 2A—1
Z -[B"x <0)’pj1]+>\l,+[Bl+1X+ <0>’pﬂ'1])+ > talwisypia] =

=

i=A
A—-1 1
= i + X Ou B () p 2t (o) o)+
=
2A—-1
+ Z 253 mzapj 7h]7

so that the left hand side of (5.1) is equal to 0. On the other hand h*J f|st =
w?JBx|s" = 0 since w;(s+), (Bx)(s+) € span{(0 1)}
) (hyk) = (wa + b;pa—1 + [pa—1,p0]do): Since [g,b] = 0 and I'(h;k) =

(oa(s_);wa(s4))T the same computation as in the previous case gives the
desired result.

Case (f;9) = (x-(o); —00):
Vhsk) = (8;-150;),5 =1,...,A 46— 1:

[f k] —[g,h] =0=h"Jf[ST.
)(hi k) = (po; 0): [f, k] = [g,h] = —[—d0,po] = —1,

B4 F(s4) = s (5-) = —woa(s- )" () (5-) = 1.

)(h7 k) = (p_]vp]—l + [Pj—lap0]50)a j = 17"'7A -1

= k] = - () pioa] = =m0 (1)
wafle = s () =it (7).

) (h; k) = (0a + b;pa—1 + [pa—1,p0]d):

= 0 = 0= (o) opacal = —mate)* (),

waflze =wat) (o) = —watey ().

S =

1
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Case (f;9) = (x+ ((1));50): Treated similar as the case (f;g) = (x— ((1)); —00).
Case (f;9) = (0;-1;6,),4 =A,...,A+6—1:

(k) = (81-1501),l = A, ..., A+ 06— 1: By the definition of the inner product
on X? we have

[f k] = [g,h] = [6j-1,01] = [6j,01-1] =0

and by the definition of " surely h*.J f|s" = 0.

)(h; k) = (po;0): Both sides of (5.1) are equal to 0.

)(h7k) = (pl§pl71 + [plflapo]ao)v l = 17 o 'aA —1: We have [fa k] = [gah] = 07
and again both sides of (5.1) are equal to 0.

J(h; k) = (wa + b;pa—1 + [Pa—1,P0]d0): The right hand side of (5.1) is clearly
equal to 0. We compute

0 ,j#A
[f7 ] [J 1,PA— 1] {_1 ,]ZA )
and from the definition of b
o+1 o+1

l9,h] = [6;,b] = Zb [05,0A+5-i] ZbiC—A—H—j-i-Q =

JH1-A 0 ,ji<A
Z bicjro-n—i=4—-1 ,j=A
= 0 ,j>A

Case (f;9) = (po; 0):
)(h; k) = (po; 0): The left hand side of (5.1) is clearly equal to 0, the right hand
side is equal to 0 since tog(s+) € span{(0 1)7}.

)(h7 k) = (p_]vp]—l + [pj—17p0]50)7 j = 17 .. '7A -1
[f, k] = [g,h] = [po,Pj—1 + [Pj—1,P0]d0] =0,
R JfI3t = wojJwo|it =

since (s ), wo(sx) € span{(0 1)T}.
J(h; k) = (A +b;pa—1 + [pPa—1,P0]d0): The same argument as in the previous
case applies.

Case (f;9) = (pjipj—1 + [Pj—1,P0)00), j = 1,...,A = 1:
)(h7 k) = (pl;pl—l + [pl—lap0]50)7 = 17 .. '7A -1

[f, k]l = [pj.pi—1 + [P1—1,p0)00] = dj11—1 =

= [pj—1 + [Pj—1, 000, 1) = [9, P,
R*JfI5t = roj Jwslst = 0.
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)(hyk) = (wa + b;pa—1 + [Pa—1,P0]d0): As [pj_1,b] =0,
[f. k] = [pj,pa—1+ [pa—1,p0)00] = djyn_1 =
= [pj—1 + [pj—1,p0]do, A + b] = [g,R]
R JfI5F = A Jw;[t =0.
Case (f;9) = (wa + b;pa—1 + [Pa—1,P0)00):
)(h; k) = (wa 4+ b;pa—1 + [PAa—1,P0]d0): Since [pa—1,b] =0,
[f, k] = [oa +b,pa—1 + [pa—1,P0]00) = don—1 — bs41 =
= [pa—1+ [pa—1,Pp0]d0, oA + b] = [g, h]

h*JfI$ = o Jwalt = 0.

In all cases the relation (5.1) holds.

U
5.3 Corollary. If a; (H_) < s and af (Hy) > s, then we have
T(h) N (C°+X°)? =span {(Sp—1;05) : k=1,...,A+5—1}. (5.2)
Ifaf (Hy) =s oray (H-) = s, then
T(h) N (C°+ X°)* =
()0 e+ X7) 5

span { (6x—1;0k) : k=1,...,A+ 06— 1}+span{(0; )} .

In any case the kernel of W coincides with the space on the right hand side of
(5.2).

Proof. The inclusions ‘2’ in (5.2) and (5.3) follow from Proposition 4.17 and the
fact that, if e.g. af (Hy) = s we have x4 (1,0)” =g 0 and thus (0;d0) € T'(h).
Conversely, let (f;g) € T(h)N(C°+ X?)? be given. In order to prove that (f;g)
belongs to the right side of (5.2) or (5.3), respectively, we can by the already
established inclusion ‘O’ assume without loss of generality that

A+o6—1

(f;9)= > ar(6k;0) + (0;60),

k=0

where o = 0 if af (Hy) = s or aj (H_) = s. Of course, it is sufficient to show
that any element of this form which belongs to 7" must be equal to 0.

We will use Proposition 5.2. To this end we need to know T'(f;g). If
a; (H-) < s and of (H}y) > s, Lemma 4.18 implies I'(f;g) = 0. Assume
that e.g. af (H;) = s. By Lemma 4.18 we can write

(f;9) = (f1:91) + Bx+ <(1)>;50)
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with some (f1;91) € ker U%¢ and 8 € C. We apply Proposition 5.2 with (f;g)
and (po;0). Since g = 0, the left side of (5.1) is zero. However, I'(f1;91) = 0
and thus I'(f;g) = £(0;(1,0)T). Hence the right side of (5.1) equals —3. We
conclude that 5 = 0 and hence I'(f;g) = 0.

In case that o (H,) = soraj (H_) = s, wehave « = 0. If o] (H_) < s and
af (Hy) > s this follows from an application of (5.1) with (f;g) and (po;0).
Using (pk; pr—1 + [Pr—1,P0]d0), & = 1,...,A — 1, we obtain that a = 0 for
kE=0,...,A—2. With (wa + b;pa—1 + [pa—1,DP0]d0) it follows that aa_; = 0.
Finally, using (0g—1;0k), k = A,...,A 4+ 6 — 1 and the fact that ¢; # 0, we
obtain that also a, =0, k=A,...,A+6—1.

The assertion that

ker U*¢ :span{(ék,l;ék) ck=1,...,A4+06— 1}

is a consequence of (5.2) and (5.3), since we know that ker ¥%¢ C ker¥ =
(C°+ X?)2.
U

5.2 The adjoint of T

The second powerful condition in the definition of a boundary triplet besides the
Green’s identity is that kerI' = T*. The first step in our study of S(h) = T'(h)*
is to establish this condition.

5.4 Proposition. We have kerI'(h) = T'(h)*.

Proof.  Assume first that h is of kind (C). Then T = P(h) x P(h), and thus
T* = {0}. Assume that (Apo; upo) € kerI'(h). Then, by the definition of I'(h),
we have A(f;9)1 = A(f; g)2 = 0, where A is defined as in (4.3). It follows that
A = 0. Since [pg,po] = do # 0, also p = 0.

The case that b is of kind (B) is also treated explicitly. First of all note that,
by Proposition 5.2 and the definition of T'(h),

span {(6x—1;0k) : k=1,...,6} +span {(b;po + [po, poldo) } €

kerT(h) € T(h)" G4

Let (f;g) € T(h)*. Our aim is to show that (f; g) belongs to the left linear span
in (5.4). Write f = apo + 37 89, 9 = Apo + Do #1;0;. In order to reach
our aim, we can without loss of generality assume that A = u; = ... = us = 0.
Applying the Green’s identity with (f;g) and (po;0), we obtain po = 0, i.e.
g = 0. An application with (f;g) and (0;d¢) yields a = 0. Since we already
have shown that g = 0, an application with (f;g) and (dx—_1;dx) yields

[f,06] =0, k=1,...,6.

Thus 81 = ... = 85 = 0. Finally, an application with (f; g) and (b; po—+[po, Po]do)
yields By = 0. It follows that in both inclusions in (5.4) the equality sign must
hold.

We come to the case that b is of kind (A). Let S be the linear relation
ker'(h). By the continuity of T' the relation S is closed. Hence it is sufficient
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to show that S* = T. Since I' is a boundary relation, certainly 7" C S*. In
particular, S is symmetric. Moreover, ¥(SNC?) = Ty, Finally, let us remark
that S is real with respect to the involution .

In the first step we show that S* N (C°)? C T. Let (f;g) € S* N (C°)?, and

write f = EkAz_Ol apli, g = EkAz_Ol Brék. Forl =1,..., A, choose h; € X, such
that

I'(pi; pi—1 + [Pi—1,po)do) Ll=1,...,A—1

r Bhy; by) =
v (Bl ) {F(mA+b;pA1+[pA17P0]50> i=A

Note that this is always possible, because, if af (Hy) # s, then Cr2my is sur-
jective. If af(Hy) = s, we also have no difficulties, since then 1;(s1) = 0 for
i=1,...,A.

Since, by this choice, (p;— Bhy; pi—1—hi+[pi—1—hi, poldo) € S, 1=1,...,A—
1, we obtain

0=1[f,pi—1— P+ [pi—1 — hi,poldo] — [g,p1 — Bhi] = —cy_1 + (1.
Similarly, (wa + b — Bha;pa—1 — ha + [pa—1 — ha, poldo) € S yields
0=[f,pa—1—ha+[pa-1—ha,poldo] — [g,0A + b — Bhal = —an_1.

It follows that (f;g) = Z?;OQ k(0k; Opg1) 4 Bo(0;00). If ai (Hy) = s, we are
done since then (f;g) € T.

Otherwise let hg € X be such that I'r>(g)(Bho;ho) = T'(po;0). From
(po — Bho; —ho — [ho, poldo) € S we conclude

0 = [f, —ho — [ho, Po]do] — [9,p0 — Bho] = —[g,po] = o ,
and, hence, (f;g) € T.
In the next step we show that S*NC2 C T. Let (f;g) € S* NC2. Then
U(f;9) € W(SNCH* =T = Trna -

Hence, there exists (f;§) € T NC? with U(f;§) = ¥(f;g). Since T C S* we
have (f — f;G— g) € S*. Moreover, since ker U = (C°)?, this pair belongs to
(C°)%. By the first step of this proof it, therefore, belongs to 7. We conclude
that also (f;g) € T.

In the last step let (f;g) € S* be given. Write

Ati-1 A1
f=J+ Z aj5j+25ipi,
J=A i=0

Ats-1 A-1
g=4go+ Z 'Yj5j+zfipiv
j=A i=0

with fo, g0 € C. Since (6;—1;0,) € S, k=1,...,A — 1, we see that

0= [f,dk]—[g,dk,l] =—Fr+e_1, k=1,...,A—1.

The element
A-1

(f1391) == Bo(po; 0) + > Brpki Pk—1 + [Pr—1,p0]d0)+
k=1
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+ea—1(oa + b;pa—1 + [Pa—1,P0]d0)

belongs to T. Hence it is enough to show that (f — fi1;9 — ¢1) € T. This
element, however, belongs to S* and has the property that in its decomposition
(5.5) all 8; and €; vanish. Therefore we can assume without loss of generality
that (f;g) € S* is given such that in (5.5) all §; and ¢; vanish. Moreover, since
Zf;ﬁfl v;(6j-1;0;) € T, we can also assume without loss of generality that
v=0,j=A... A+5—1.

Since (dx—1;0x) € S, k=A,...,A+ 06— 1, we obtain

A+o—1
0=1[f,0] = [g:0k1] = > a;l0;,68), k=A,... . A+5-1,
j=A
ie.

aa

A+6—1 .
([5J’75k])j,k:A : =0.
OA+5-1

Since the matrix on the left hand side of this equation is invertible, we must
have a;j = 0, j = A,...,A+ 6 — 1. We see that (f;g) € C?, and hence have
reduced the problem to what was already proved in the previous step.

0

The above proposition has a couple of corollaries:

5.5 Corollary. The relation S has defect index (2,2) or (1,1) dependig whether
b is of kind (A) or (B),(C).

Proof. In case that b is of kind (B) or (C), it follows from our explict compu-
tation of kerI'(h) in the proof of Proposition 5.4 that dim T/T* = 2.

Assume that b is of kind (A). Since in this case I'(h) is a map and maps T'
onto C? x C?, we have dim T/ ker I'(h) = 4.

0

5.6 Corollary. For every pair (¢p_;¢y) € [0,7)? the relation
Alp_i91) ={(f;9) €T: (& &5, )T(f;9) =0}
is a selfadjoint extension of S(§), c¢f. Remark 2.10. We have
U(A(p—504) NC?) = A (¢-) ® A4 (04) - (5.6)

Proof. That the left hand side of (5.6) is contained in the right hand side follows
from ¢ (C) = L?(H) and from (4.18). The converse direction is a consequence
of Proposition 4.17.

U

5.7 Corollary. We have mul S(h) = {0}.
Proof. Since mul S(h) = dom T'(h), this follows from Proposition 4.17.
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5.8 Corollary. We have
S(H) N (C°+ X%)* = span {(Gp_130%) : k=1,...,A+5—1}.

Proof. This follows from Corollary 5.3.

Our second aim in the study of S(h) is to show the validity of (CR).

5.9 Proposition. Put C := A(0, %)_1. Then C is a compact operator defined
on all of P.

Proof. 1f b is of kind (B) or (C), this is trivial. Hence assume that § is of kind
(A).

In the first step we show that ranA(0,7) contains the set X +
span{po,...,pa_1} + X?. Note that ran A(0, 5) 2 C°, since

1
(X+ (O);5o)7(5k1;5k) € A(0, g), k=1,...,A—1.

Next, let h € X, be given. Then, for some A1, A2 € C we have
T(Bh; h + [h,po]do) = (0, 1,0, X2)T .

It follows that (Bh — A2po; h+ [h, po]do) € A(0, §). Hence h+ [h, po]do, and with
it also h, belongs to ran A(0, 5 ). Since

0 0
1 0
F(pk;pk—l+[pk—lap0]50) espan{ 0 o }7 kZlu 7A_17
0 1
0 0
1 0
[(roa +b;pa—1+ [pa-1,po]do) € Spaﬂ{ ol 1o } ;
0 1

the same argument will show that span{po,...,pa—1} C ranA(0,%). Since
(Ok—1;0x) € A0, %), k=A,...,A+6—1, we also have X9 C A(0, Z).

Our next objective is to show that ran A(0, §) is closed. Since C* has finite
codimension in P(h), also A(0, F) NC? has this property in A(0, 5). Thus also
ran(A(0, ) NC?) has finite codimension in ran A(0, Z). As we saw in the proof
of the first step we have

ran (A(0, g) NC?) = ran (A(0, g) NC?) +C° = ¢~ "y (ran(A(0, g) nc?)) =
=~ ! (ran (U(A(0, g) NC?)) =+ "' (ran(A_(0) ® A+(g))) .

Since A(0) ® A(F) is selfadjoint and has compact resolvents, its range is closed.
Hence ran(A(0, ) N C?) and with it also ran A(0, §) is closed.
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We have proved in the previous paragraphs that ran A(0,%) = P, and,
therefore, that 0 € p(A(0, 5)). Hence C := A(0,%)~! is an everywhere defined
bounded operator. We come to the proof of compactness. Consider the set

D:={heXy: ¢o(h)=...= pa_1(h) = (h,ra) =0} .

Then D is a linear subspace of finite codimension in X. Since B is an operator,
also {(Bh;h) : h € D} is a subspace of finite codimension in {(Bh; h+ [k, po]do :
h € X1}. Hence Ty := {(Bh;h) : h € D} has finite codimension in (4.13) and
thus also in 7. Hence there exists a continuous projection P of T', regarded as
a Banach space with the graph norm, onto T;.

Let (zn)nen be a sequence in the unit ball of P. Then we have

(I = P)(Can;zn)|| < [ = PI(IC +1), n €N,

Since ran(I — P) is finite dimensional, we may extract a convergent subsequence
(I — P)(Cxy;xy). For notational convenience we will again denote this subse-
quence by (z,)nen. We have

[P(Can;an)l < [IPI(IC]| +1), n €N.
Choose h,, € D, such that
1
|P(Cxpn;xn) — (Bhpihy)|| < —, n€N.
n
Certainly,

[Pnll < IPIICIC] +1) + 1, n € N.

By the compactness of B there exists a subsequence (hy, )reny such that
(Bhy,, )ken is a Cauchy-sequence in L?(H). However, since all h,, belong to D,
we obtain from Lemma 4.16

||Bhnk _ma” = “Bh"k - ma”L2(H)v k,leN.

Thus the Bh,, , and with them also the first components of P(Cx,;zy), form a
Cauchy-sequence in P. Alltogether we see that (Cxy, )ren is convergent in P.
Thus C is compact.

0

Let us determine the set of regular points of S(b).

5.10 Lemma. For all z € C the subspace ran(S(h) — z) is closed and we have
ker(S(h) - =) = {0}.

Proof. Assume that (f;zf) € S. Consider the element (f;§) := U*(f;zf).
Then, by (4.17), .

g=mnzf
and hence, by (4.18), the function f is a solution of the differential equation

fl=zJHf, tel,

with the initial conditions f(s_) = 0, f(s;) = 0. By the uniqueness of the
solution of this initial value problem we must have f = 0. We see that (f;zf) €
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ker ¥?¢ and, with the help of Corollary 5.3 we conclude that (f;zf) can be

written as
A+6—-1

(f;2f) = Z o (Or—1;0k) -

k=1

This gives the equations

A+6—-1 A+o—1

f= Z adp—1, 2f = Z gl -

k=1 k=1
Comparing coefficients yields
ap =zagr1, k=1,...,A+6—2, aass3-1=0.

Hence all o, must vanish, and we have f = 0. Thus ker(S(h) — z) = {0}.
The fact that 0 € p(A(0, §)) implies that ran S is closed. Again let C' denote
the compact and selfadjoint extension A(0; 5)~* of S~'. We have

(I-2C)-S=85-=z.

Hence ran(S—z) = (I —zC)ran S. Since C is compact it follows that ran(S —z)
is closed.

4

The fact that the relation S is completely nonselfadjoint will follow from the
next general observation.

5.11 Lemma. Let S be a closed symmetric operator in a Pontryagin space P
which satisfies (CR) and has no eigenvalues. Then S is completely nonselfad-
joint.

Proof. Choose a selfadjoint extension A of S and put C' := A7l Let X :=
N.ccran(S — z), then

X+ =cls{ran(S — 2)* : 271 € p(C)} .

Since I + (z — w)(A — 2z)~! maps ran(S — )~ bijectively onto ran(S — )+ the
space X is invariant under C.

Assume that X # {0}. If we had X° # {0}, then it would be a finite
dimensional invariant subspace of C' and, hence, would contain an eigenvector
of C. If X were indefinite and nondegenerated, there would exist a maximal
nonpositive subspace of X which is invariant under C, cf. [IKL]. Thus, also in
this case we would find an eigenvector of C' in X. Finally, if X were a Hilbert
space, then C|x would be a compact and selfadjoint operator in the Hilbert
space X, and hence would have an eigenvector.

Since C N X2 C S, we have reached a contradiction.

5.12 Corollary. The relation S(h) is completely nonselfadjoint.
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Proof. By virtue of Corollary 5.7, Proposition 5.9 and Lemma 5.10 we may
apply Lemma 5.11 to S(h).

U
Finally, we shall establish the condition (E). For this we need another lemma.

5.13 Lemma. Let (f;zf) € T(h) be a nonzero defect element, and let (f;h) =
Wee(f:zf). Moreover, write f as

Ats-1 A-1
f=Ffo+ D aidi+ Y Bimi, (5.7)
i=A i=0

where fo € C. Then, f|[5775) € L*(H-) if and only if f|(575+] € L*(Hy).

In this case By = -+ = fa—1 = 0. Moreover, o; =0, j=A,...,A+6—1.
Proof. Clearly,
) A-1
f=uv(fo)+ > Biri.
i=0
Assume that f|, ) € L?(H_). Then by (4.18) we can apply Lemma 3.14
or Remark 3.16 to [s_, s), and we obtain from the fact that tog,...,toa__1 are
linearly independent modulo L?(H_) that By = --- = Ba__1 = 0. Again by
Lemma 3.14 (or Remark 3.16), but this time applied to (s, s4], we obtain from
Bo = 0 that f|s.,] € L?(Hy), and hence By = -+ = Ba_1 = 0. The converse

is proved in the same way.
By (5.1) we have

[f, 0] = 2[f, 0], K=A, ..., A+56—1.

Since B; =0, i=0,...,A—1, for k = A the previous relation yields c;aa 51 =
0. Hence ap45-1 = 0. For Kk = A 4+ 1 we now obtain ciaa4s-2 = 0, and so on.
Finally, for K = A+ 6 — 1 we get ciaan = 0.

g

5.14 Proposition. The condition (E) holds for T(b).

Proof. Let z € C, (f;zf) € T(h), f # 0, be given and assume that that
((f;2f); (a;0)) € T'(h). We shall derive a contradiction. If a = 0, we would have
(f;2f) € S(h), which contradicts Lemma 5.10. Thus assume that a # 0.

The cases that b is of kind (B) or (C) are treated by explicit inspection.
Consider now the case that b is of kind (A). Put (f;g) := Wo(f;zf), then
f+ = f~|(s,s+] is a solution of

y'(t) = 2JH(t)y(t), y(s4) =0, t € (s,54],

and thus f; = 0. By Lemma 5.13 it follows that f € C.
Since the function f_ := f[[,_ ,) is a solution of

y/(t) = ZJH(t)y(t)v y(S_) =a, te [S—a 3)7
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we have (a =: (a1,a2))

f-=aix- <(1)> +azx— <(1)> +zBf-.

Since f_ € L?(H) we conclude that ay = 0.
By the definition of T'(h), we have

(f=s2f- + z[f-,po)do — a1do) € T(h).

Hence

(hi k) :=(f;2f) — (f_;zf_ + (z[f=, po] — al)éo) € ker 0?¢,
and Corollary 5.3 implies that

A+o—1

(hyk) = Z ar(8i-1;6;) .

=1

Since both, f and f_, belong to C, also (h; k) € C2. Thus ap = ... = aats-1 =
0, and we obtain

A—1
(fi2f) = (f=;2f= + (z[f=,po] — a1)do) +Zaz 01-1;01) .
=1

Hence

A-1 A-1

z(f- + Z di-1) = zf— + (2[f-,po] — a1)do + Z dy,

1=1 1=1
and thus

A2 A1

Q410 = (2[f=,po] = a1)do + Y cudi.

1=0 1=1

We conclude inductively that aa—1 = 0,...,a17 = 0, z[f—,po] = a1. Since

a1 = (1,0)f—(s-), the last relation contradicts Lemma 3.17
U

As the reader has certainly recognized, we have by the time collected proofs
of all the assertions of Theorem 5.1. For completeness let us state this explicitly.
Proof. (of Theorem 5.1) The relation T'(h) is closed by Proposition 4.17. The
relation I'(h) is a boundary relation by Proposition 5.2. By Lemma 4.19 it is
closed, defined on all of T'() and compatible with 7. Proposition 5.4 states that
ker I(h) = T(n)".

If b is of kind (A), by Lemma 4.19 T'(h) is an operator and by Corollary 5.5
we have dimT'(h) /T (h)* = 4. If b is of kind (B) or (C) the same sources show
that mulT'(h) = span{(m;m)} with m = (1,0)T and dimT'(h)/T(h)* = 2. We
see that (P(h),T(h),T'(h)) is a boundary triplet of defect 2.

The relation S(h) is a completely nonselfajoint operator by Corollary 5.12
and Corollary 5.7. Tt satisfies (CR) and (E) by Proposition 5.9 and Proposition
5.14. Finally, an application of the closed graph theorem yields in view of
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Lemma 5.10 that r(S(h)) = C.
[

We close this subsection with determining the multivalued part of T'(h) ex-
plicitly. This follows from a result which deals with the embeddings of spaces
L?(H|y), cf. Proposition 4.14.

5.15 Lemma. Let h be an elementary indefinite Hamiltonian of kind (A). Let
sT € (s—,s) and assume that s~ is not inner point of an H-indivisible interval.
Put J = (s_,s7), and let v; be the embedding of L*(H|;) into P(h) as in
Proposition 4.14.

Let (f;g) € AC(J) x M(J) with f' = JHg be given, so that (f;g) €
Tonae(Hly). Assume that f(s~) = 0, then (vyf;ts9) € T(h). Moreover,
T(6)(esf;er9) = (f(5-);0). More abstractly expressed this says that

(tg x ty)(kerT'(H|s)2) CkerI'(h)sa .

Proof. Define functions f1, g1 by

_ ) s ted ety ,ted
fl(t)'_{o ,teI\J’gl(t)'_{O L tel\J

Note that, since H|; is regular at s_ and s, the function f is in fact absolutely
continuous on [s_,s~|. Since we assume that f(s~) = 0, we have f1 € AC(I).

Moreover,
f1(t) = JHg(t), t € I ae.

and, clearly, fi,g1 € L2(H). Thus (f1;91) € Tynae(H), and we conclude from
Proposition 4.17 that there exists a pair (h; k) € T'(h) N C? with yh = f1, vk =
g1. Since 1 o 1y is the identity, it follows that

Y(egf—h)=1(sg—k)=0,

and hence
tif —h,tyg —k € span{do,...,0n_1}.

By adding an appropriate linear combination of (dp;d1),...,(0a—2;0a-1) to
(h; k), we can assume without loss of generality that

A—1

(Lyf —hjey—g) = Z a;(050) + a(0; o) .

J=0

We obtain
—a = [1;9 — k,po] = [t19,po] — [k, po] -
Since ¥*¢(h; k) = (f1; 1), we have

L(h)(h; k) = (f(s-);0),

and hence by Proposition 5.2

[k po] = [k; po] — [, 0] = wo(s-)"J f(s-).
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On the other hand
[t19,p0] = / rogHg = (gamO)L2(H|J)'
J

Since (0g]s;0) € Taa(H|s) it follows from the Green’s identity and our as-
sumption f(s~) =0 that

(9,100)2(H,) = (9,0)2(H|,) — (h;0) L2 a1,y = Wwo(s-) T f(s-).
We conclude that o = 0.
Let j € {1,...,A —1}. Then
aj = [tyg —k,pj] = [taf —h,pj—1 + [pj—1,po]do] =
= ([t2g,ps] = i fpi-1]) — (K, ps] = [hypj—1 + [Pj—1.Pod0])
The respective Green’s identities yield ((w;]s;10;-1]s) € Timaz(H|J))
[k, p;] — [P, pj—1 + [Pj—1,P0]d0] = 10;(s-)" T f(s-)

[t19,pi] = s fspi—1] = (g:00;) L2,y — (hy 1) p2(m1,) = W;(s-)" T f(s-)
and it follows that o;_; = 0. The same argument applied with the element
(oA +b;pa—1 + [Pa—1,P0]00) € T(h) yields an—_1 = 0. It follows that

(tifierg) = (hik) € T(h).

5.16 Proposition. Let b be an elementary indefinite Hamiltonian. Then
Kind (A): We have

0, oy (H-)=s_,0f (Hy) = sy
dimmul T'(h) =< 1 oy (H-)>s_,af (Hy)=s4 (5.8)

?oray (H-)=s_,af (Hi)<st
2 Loy (Ho)>s_,of (Hy) < sy

= 0 ) al_ (H—) =5-
T'(0;9)1 ol (H_)>s
S(H_)>s_
espan{Jls} o 4o e (mY) (5.9)
-0 , of (Hy) = sy
I'(0; 9)2 of (Hy)<sy

€span{Jeo}l sy e or (af (He).52)
Kind (B): We have mulT' () = span{dp} and

rosan) = ()i (V5 )i re ey

Kind (C): We have mulT(h) = span{po} and

rom) = {((“3 ) () v
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Proof. If b is of kind (C) this is trivial. Let h be of kind (B). Assume that
(0;9) € T(h). Write (0;¢g) as a sum according to the definition of T'(h):

(05.9) = (03 60) + A(po; 0) + > _ pr(Sk—1,0k) + v/(b; po + [po, Po]do) -
k=1

We see that

0=XApo+ »_ pbe—1+v(b). (5.10)
k=1
It follows that A = 0. Since by # 0 the relation (5.10) implies that v = 0 and,
in turn, that also pu; = ... = pus = 0.
Assume throughout the following that b is of kind (A). First of all note that,
since mul S(h) = 0 by Corollary 5.7, the map

L(5) | (p) : mulT(h) — C* x C?
is injective.
Let (0;k) € T(h) be given and put (f;g) := ¥*(0;k). Then, by (4.17),
f =g 0 and by (4.18) we have f' = JHg.
Assume that s_ < a7 (H-) < s. Then Lemma 2.23 implies that
fla7 (H-)) =0. Thus

¢

0= [ h@IgElo(), te (s-ai (o)
oy (H-)

and we obtain f(s_) € span{J&y}. If s- = a7 (H_) < s, then Lemma 2.23

implies that f(t) =0, t € (s_,a (H_)) # 0, and thus f(s_) = 0.

Assume that o (H_) = s. Due to the condition (I) the interval (s_,s) is
H-indivisible of type 5. Write (0;k) as a sum according to Definition 4.11.
Inspecting the first component we see that from the summands (4.15) only a
multiple of (roa + b;pa—1 + [pa—1,po]dp) may occur. By Remark 3.8 we have
(0,1)va = 0. For the summand (x;y) €(4.13) we have ¢z € L%*(H) and
thus (0,1)T%(z;y); = 0. For the summand (4.14) the same relation holds
by definition, and ¥%°((4.16)) = 0. We conclude that (0,1)¥*¢(0;k); = 0, in
particular ¥¢(0; k), € span{(1,0)7}.

We have established the first relation in (5.9). The second relation is seen
in the same manner. It readily follows from the injectivity of I'(h)|mur(s) that
in (5.8) the inequality ‘<’ holds.

Assume that o] (H_-) > s_. Then, by Proposition 2.24 we know that
mulT(H|(L)a;(Hi))) # {0}. By Lemma 5.15 and the explicit construction

of mU1T(H|(s,,a;(H,))) in the proof of Proposition 2.24 it follows that

sy () MU Tmaa (B, o () € mulT(h),

and we see that dimmulT'(h) > 1 in this case. The same argument works if
of (Hy) < sy. If H starts with indivisible intervals on both ends, it is enough
to note that the correspondingly constructed elements of mulT(h) cannot be
linearly dependent, since they have disjoint support (if ¢ is applied to them).
Hence, in this case, the dimension of mulT'(h) is at least 2.

U
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5.3 Reparameterization

Similarly as in the positive definite case, also in the indefinite setting the concept
of reparameterization of Hamiltonians is of importance. In the following we shall
discuss this topic for elementary indefinite Hamiltonians.

5.17 Proposition. Let ) = (Hx,06,b5,d;) be an elementary indefinite Hamil-
tonian given on I = (s—,s) U (s,84), let 5_,51 € R, §_ < §4, and let ¢ be an
absolutely continuous and increasing bijection of [$_, 5] onto [s_, sy| such that
also ¢~ is absolutely continuous. Put §:= ¢~ 1(s).

Ifh = (Hs,0, l;j,czj) is an elementary indefinite Hamiltonian on I :=
(§-,8) U (8,54) such that

He=(Hiop) @3 6=06,b1 =by,...,bs=bs (5.11)

do = do, ..., don—o = dan_2;don—1 — bsy1 = don—1 — bsy1 -

then there exists an isometric isomorphism w : P(h) — P(h) such that

() (w,id) is an isomorphism of the boundary triplets (P(h),T(h),T'(h)) and

(P(h), T(h),T(H))-
(¢3) For all z € P(h) we have

¥(h)(w(x)) = ¥(h)(x) 0.

Proof. Clearly, b is an elementary indefinite Hamiltonian of the same kind
as b. Let us first deal with the case that b is of kind (A). We define a map

@ : P(h) — P(h) in terms of the respective realizations (4.10). To this end note
that, by the definition of Hy and Lemma 2.4, the map

Co:f—=fop

induces an isometric isomorphism of L2(H) onto L?(H). Moreover, by Remark
3.19, we have A(H) = A(H) =: Aand w; = w;op, j € NU{0}. Now we define

@ : P(h) — P(h) by
6j|—>5j, i=A .., A+06-1, fHC¢(f), fe X1+ Xo,

WA—14j + bs410a—j = WA_14j + Ds110a—j, j = 1,..., A
pi =B j =0, A—1.

It is elementary to check, that by our assumption this assignment operates
isometrically and that it has dense domain and dense range. ~

Hence it can be continued to the unitary mapping @ : P(h) — P(h) such
that

o [ PUDEICACAHXS — LA RC RS
(557577772:?;2)71 ajéj) = (wavgﬂ%ZjA:JrAOil ajéj)

Clearly it is compatible with the respective conjugations. Moreover, by (4.11),
(4.12) and Remark 3.19, condition (i) is satisfied.
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Regarding to the summands of T'(h) and T'(h), respectively, in (4.13) and
(4.14)-(4.16) w x w acts as (j =1,...,A —1)

(A4 0A—145 + [0A—145,P0]00) + Ds11(da—j—150A—;5) —

(WA4ji0A—14j + [I’BA—1+J‘,I50]50) + Bb‘-ﬁ-l(gA—j—l; 5A—j)7
(2a;02A—1 + [l02a—1, Poldo) = (T02a;0aA—1 + bs4100 + (dea—1 — bs41)d0) —
(2a;02A—1 + 54100 + (dea—1 — bs1)00) = (W2a;02A—1 + [W2a—1, H0]d0)-

and
(oA + b;pa—1 + [pa—1,P0]d0) =

(wa + bsp10a—1 + Z bida+s—1;Pa—1+ [Pa—1,D0)00) —
=1

(WA + bs10a_1 + 2515A+571;Z~7A71 + [Pa—1,P0ld0) =
=1

(WA + 0;pa—1 + [Pa—1,P0)d0)-

All other summands in the definition of T'() are mapped to the corresponding

elements in the definition of T'(h). Thus,

(w x @)T(h) = T(h).

It remains to show that w x w is compatible with boundary values. This,
however, is immediate since

W o (w X @)|pep) = (Cp x Cp) 0 WC.

Next let us deal with the case that § is of kind (B), where doa—1 =0 = JQA_l.

Then the last condition in (5.11) implies bs41 = bs+1. We define @ : P(h) —

P(h) by linearity and
@(6;) =04, § =0,...,6, w(po) = Po.

Since dy = dy and ¢j =c¢j, j =1,...,0, this defines an isometric isomorphism.
Here the ¢; and & are to be obtained from the data b; and b; according to
(4.2). Clearly it is compatible with the respective conjugations. The condition
(#4) follows from Remark 3.19. The fact that (w x @)T'(h) = T'(h) follows from
the definition (4.4) of T'(h), since b; = bj, j =1,...,6+ 1.

Compatibility with boundary values follows since, by (4.5),

A(h) o (w X @)|r) = A(b).

Thus also the condition (¢) holds.
Finally let us settle the case that b is of kind (C). We define w : P(h) —

P(h) by linearity and @(pg) := Po. In the same manner as above the desired
properties of w are verified.

U

It is interesting to note that a converse of Proposition 5.17 holds.
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5.18 Proposition. Leth = (Hy,06,b;,d;) and b = (f[i, 0, I;j, JJ) be elementary
indefinite Hamiltonians given on I = (s_,s)U (s,s¢) and I := (5_,3)U(5,5,),
respectively. Assume that there exists an isometric isomorphism w : P(h) —
P(b) and an absolutely continuous and increasing bijection o of [5_,54] onto
[s_,s.] with the property that also ¢~ is absolutely continuous, and such that

() and (ii) of Proposition 5.17 hold. Then the relations (5.11) hold.
Proof. Let 6 be the elementary indefinite Hamiltonian given by the data

Hy = (Hio(p™") (¢, 6:=5,b; :=b;,dj = d;.
By Proposition 5.17 there exists an isomorphism @’ of P(f)) onto ’P(ﬁ) which
satisfies (7) and (i¢) of Proposition 5.17. In order to establish the present asser-
tion, we may therefore assume without loss of generality that ¢ = id.

The relation (4¢) implies that w(ker¢(h)) = ker ¢(h). It follows that A+6 =
A+6. Passing to the orthogonal complements, we conclude that w(C(h)) = C(h).
Since v(h) maps C(h) isometrically onto L?(h) and 1/)(6) has the respective
property, it follows that id maps L?(H) isometrically onto L?(H). Thus H = H.
This implies A = A and, hence, 6 = 6.

The condition (i) implies that (w x @)S(h) = S(h) and thus that

(@ x @)(S(h) N (C(H)*+X°)%) = (S(B) N (C(H)°+X?)%) . (5.12)

By Corollary 5.8 the relation S(h) N (C(h)°+X?%)? is just the shift operator given
by
50 — 51, ceey 5A+572 — 5A+5,1 . (513)

The same holds for S(h) N (C(h)°+X?)2. Since

A+o—-1

dom (S(h) N (C(H)°+X?)?) = span{do} ,

we see that wdy = Ay for some A € C\ {0}. R ~
We have (x4 (5);60) € T(h) and thus (wx(§); Ado) € T(h). By (i)

1 . (1 5
X+ (0> = X+ (O) +x,

for some Z € ker (). It follows that

(550 D) = (e () i00) = (e () s6o) € 7).
By (i)
(30 € T (o) mto) nTB G g ).
and thus

(5: 00— 1)) € 5(6).
If A £ 1, this would contradict the fact that

ran (S(h) N (C(h)°+X?)?) = span{dy,...,a 5.1} -
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Thus A = 1, i.e. @wdy = . From (5.12) and (5.13) it now follows that also
wd; = 0;, _7 =1,...,A+6—1. We conclude that & = ¢; and hence b; = b;,

j= 1 .., 0
(z) we have w(kerT(h)) = kerT(h). Thus wpy € kerT(h) (=
span{po, ( )} in case (A) and = span{po} in case (B) and (C)) Using once more

(z) we get ((wpo —Dpo; 0); (0)) € I'(h). As in any case (kerT( h) x {0})NkerI'(h) =

{(0,0)} it follows that wpy = fo, and in turn do = dy. We proceed inductively.
Assume that k € {0,...,A — 2} and that

ij:ﬁjv‘]:O??k’ dZ:Jl;Z:0552k
We have s
@ (px + drdo) = pr + dido
and thus

(@pkt1 — Pr4130) = (@ X @) (Phs1; P + dibo) — (Brs1; Pr + dido) € T(h) .
Since H = H, also to; = 10, 7 € NU{0}. Therefore, and by (i),

- 0 ~
((@pr+1 — Pr+1;0); (0)) el'(h)
As above it follows that wpgi1 = Prr1. This implies

dor1 = [Pr+1,Pr] = [@Pr+1, wpk] = dors1

and, similarly, cingrg = daj42.
Thus wp; =p;j, 7=0,...,A -1, andd—d],j—O 20— 2.
Since we already know that wi; = 5 and b =b,j= 1 ., 0, we also have

(recall b := S0 b16145)
(w(r0a+bsr10a—1) —10A+bs410a-1;0) = (wx @) (WA +b;pa_1+da—10a-1)—

—(v0a + b;pa1 +da—16a-1) € T(h),
and the same argument as above allows us to conclude that w(roa +bo+15A 1) =
wa + b0+15A 1. Scalar multiplication with pa_1 (Pa—1) yields doa—1 — bs11 =
don—1 — bsy1.
Finally let us remark that repeating the above arguments we also see that
(j=1,...,4) w(toa—14; + ba+15A—j) =1oA + bsr10A_1.
0

Similar as in the definite situation also order-reversing reparameterizations
can be studied.

5.19 Lemma. Let h = (Hy,06,b;,d;) be an elementary indefinite Hamiltonian
given on I = (s_,s)U(s,s1), let 5,5 € R, §_ < 54, and let ¢ be an absolutely
continuous and decreasing bijection of [5_, 5] onto [s_,s4] such that also p~*
is absolutely continuous. Put §:= ¢~ (s).

Ifh = (Hi,o b d) is an elementary indefinite Hamiltonian on I :=
(5-,5) U (5,54) such that
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dj = (=1)7dj, j=0,...,28 —2;—don—1 — bss1 = daa—1 — bsi1,

then there exists an isometric isomorphism w : P(h) — P(h) which is compatible
with the respective involutions, such that

(1) We have
(wx@)T(h) =-T(h),
and
I'(h) o ((—@) x @)|r) = ¥ o T'(h),
where

(¢3) For all z € P(h) we have
¥(h)(@ (@) = $(h)(z) o .

Proof. The proof is in essence the same as that of Proposition 5.17. The
necessary changes, cf. the appearance of different signs in the correspondence of
h and b, origins in the fact that in the present situation

w; = (1)1, and C,o B= —BoC,.

We leave the details to the reader.

6 Pasting of boundary value spaces

The idea of gluing together boundary value problems by means of “continuous
boundary values” appeared in various places, see e.g. [HSW]. We will use this
idea to glue together elementary indefinite Hamiltonians. For this reason we
need a formal definition of this proceedure in sufficient generality and we have
to establish some properties of it. We do not state results in their most general
form; we content ourselves with what is needed in the sequel.

6.1 Definition. Let (P;,71,I'1) be a boundary triplet of defect 2 and
(P2, T,T'2) a boundary triplet of defect 2 or 1. Consider the Pontryagin space
P1 @ P2, whose elements will be written as f1 + fo, f1 € P1, fo € Pa, and define
T 6Ty = {(fi + f2i01 + g2) € (PL®P2)?: (f1301) € Tn, (f23 92) € T,
Ja,b,c € C*: ((fi;01); (a;0)) € T, ((f2392); (bic)) € T2}
Tyl = {((fi + foi g1 + g2); (a;¢)) € (T1 W T3) x (C* x C?):
b e C*: ((fr:g1); (as0)) € T1, ((f2592); (bsc)) € o}

We will use the notation

(6.1)

(6.2)

(P1,T1,T1) W (P2, T2,T3) 1= (P1 ® P2, Ty & T, Iy W)

Note that, by definition, dom(T'; WT's) = T1 W T5. This choice of notation is
justified by the following result.
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6.2 Proposition. Let (Py,T1,T1) be a boundary triplet of defect 2 and
(P2, T2,T3) a boundary triplet of defect 2 (or of defect 1). Write mull'; =
span{(mi;m1)} and mulTy = span{(ma;ms)} (or mulT'y = span{(ma;0)}, re-
spectively) with some (possibly vanishing) real elements my and ma. Assume
that:

(LI) If mulTy # {0} and mulTy # {0}, then my and my are linearly

independent.

Then (Pl,Tl,Fl) W (PQ,TQ,FQ) is a boundary triplet of defect 2 (or 1, respec-
tively). Moreover, mul(I'y W T'y) = {0}.

The proof of Proposition 6.2 will be carried out in several steps.

Step 1: The fact that dom(I'; W I's) = T1 W T5 holds by definition. The com-
patibility of T4 WT5 and I'y WT'y with the (componentwise defined) involution  is
also immediate from the definition. We show that I'; W I'y satisfies the Green’s
identity (2.6). Let

((fr + f2:91 + 92); (13 32)), (h1 + hos by + k2); (y1592)) € T1 Wy

be given, and let b, ¢ € C? be such that
((f1;91); (x130)) € T1, ((f2: 92); (b;22)) € T2,

((hask1); (y1;0)) € T, ((haika); (ciy2)) €T

Then
[91 + g2, b1 + halpiep, — [f1 + f2, k1 + kalp, P, =

([917h1]7>1 - [flakl]Pl) + ([927h2]7>2 - [f2,k2]7>2) =
= (y{Jz1 — *Jb) + (" Jb— ys Jxs) = yi Joy — ysJ s .
Step 2: We show that I'y W'y is closed. Consider the map

Q: { (P2 x (C?2 x C%)) x (P3 x (C?x C?)) — (P1xP2)?x(C?xC?
| ((@1391): (a30), (22592), (1)) = (((w1522), (y1592)), (a5 d))

Then @ is continuous, surjective and ker () is finite-dimensional. Hence @ maps
closed subspaces to closed subspaces. However, we have

I'wly = Q((Fl o T2) N {((z1;01), (a;b), (z2;92), (¢;d)) : b= C}) .
In order to see that T W T3 is closed we consider the map

R { (P1 x P2)? x (C2x C?) — (Py x Pa)?
U (((@1522), (n1392)), (asd)) = ((z1522), (y1392))

Again this map is continuous, surjective, has a finite-dimensional kernel, and
thus maps closed subspaces onto closed subspaces. However,

Ty WTy =R wy).
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Step 3: Next we show that 'y WT's is an operator. Assume that ((0;0); (a;¢)) €
I't Ty and let b € C? such that

((0;0); (a;0)) € T'1, ((0;0); (bsc)) €2

It follows that (a;b) = A(myi;mq) and (b;¢) = p(me;ma) (or (b;c) = p(ms;0)
in case of defect 1, respectively). If m; = 0 then a = b =0 and thus ms = 0 or
= 0. We obtain ¢ = 0. If my = 0 the same argument applies. If m; and ms
are both nonzero, and thus linearly independent, we conclude from Am; = ums
that A = p = 0. Again it follows that a =b=c=0.

To complete the proof of Proposition 6.2 it remains to establish two as-
sertions: Firstly, that ran(I'; & I'y) = C2? x C? or, in case of defect 1,
ran(l'; W) = C2 x {0}, respectively. Secondly, that (T3 WTs)* = ker(T'y WI'y).
In order to show these assertions, we need the following two statements which
deal, in essence, with the case that mulT" # {0}.

6.3 Lemma. Let (P,T,T) be a boundary triplet of defect 2. Then
(i) For all z € C? there exists y € C? such that (z;y) € ranT.
(ii) For all y € C? there exists x € C? such that (x;y) € ranT.

(i4i) Write mulT’ = span{(m;m)} with a real element m. Then we have

span{m} x span{m} CranT. (6.3)

Let (P,T,T) be a boundary triplet of defect 1 and assume that mull' =
span{(m;0)} # {0}. Then ranT = span{(m;0)}.

Proof. Assume first that (P, T,T) is of defect 2. If mulTl’ = {0} the assertions
(¢)-(479) immediately follow from Remark 2.9, (i¢). Hence assume moreover, that
mul T # {0}, and write mulT" = span{(m;m)} with a real and nonzero element
m.

Certainly, for £ = m there exists y, namely y = m. Assume that ranI’ C
span{m} x C2. Since (m;m) € mulT, we obtain from (2.6) that for all (x;y) €
ranl’

0=m*Jr —m*"Jy=—-m"Jy,

and thus that y € span{m}. Therefore we would have ranT' C span{m} x
span{m}. This, however, implies by (2.6) that T C T*, a contradiction. The
second assertion follows in the same way. To see (6.3) choose (f1;61), (f2;92) € T
which are linearly independent modulo T*, and let (a;b), (c;d) € C2 x C2? be
such that

((f1591); (D)), ((f23 92); (¢;d)) €T .

We show that (a;b), (¢;d) and (m;m) are linearly independent: If A, p,v € C
are such that
Aa;b) + ple;d) +v(m;m) =0,

then
(A(f1391) + 1(f23 92): Ma; b) + p(c; d) + v(m;m)) € T

and thus A(f1;91) + 1(f2;92) € kerT' = T*. This implies that A = 4 = 0 and
thus also that ¥ = 0. We can therefore choose a nonvanishing linear combination
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of these three elements which is of the form (z;0). By (2.6) it follows that
0 = m*Jz — m*JO = m*Jz and hence that « € span{m}. Since certainly
(m;m) € ranT, the relation (6.3) follows.

Assume now that (P,T,T") is of defect 1. Certainly

{0} # span{(m;0)} CranT C C? x {0} .

Since in the present case 7' = T*, ranI’ must be neutral (with respect to the
J-inner product on C? x {0}, cf. the second half of Remark 2.10). Therefore,
it is not possible that ranI' = C? x {0}. We conclude that ranT’ = mull' =
span{ (m; 0) .

U

6.4 Corollary. Let (P,T,T') be a boundary triplet of defect 2. Write mull’ =
span{(m;m)} with a (possibly vanishing) real element m. Let y,a € C? and
a € C be given and assume that a ¢ span{m}. Then there exist x,z € C? such
that (z;y) € ranT, (y;z) € ranT', and

' Ja=a, 2¥Ja = .

Proof. If mulT' = {0}, choose any x € C? with 2*Ja = a. Then, by Remark
2.9, (4i), we have (z;y) € ranT" and the assertion is proved. Consider the case
that mull' # {0}. Choose z € C? such that (z;y) € ranT. Since by our
assumption m*Ja # 0, we can choose A € C such that (z + Am)*Ja = a. By
(6.3) we have (z + Am;y) € ranT'. The existence of z is established in the same
way.

U

Step 4: We come to the proof that, in case that (P, T2, ') is of defect 2, the
relation I'; W'y is surjective. The case that (Pq, T, I's) is of defect 1 is treated
similar and we will omit the details.

Let a,c € C? be given. Assume first that mull; = {0}. Choose b € C?
such that (b;c¢) € ranT', cf. Lemma 6.3. By Remark 2.9, (i), the element (a;b)
belongs to ranT'y. It follows that (a;c) € ran(T'; WI'y). If mulT's = {0}, we can
argue in the same way.

Assume now that

mul Ty = span{(my;m1)} # {0}, mulT's = span{(mq;m2)} # {0}.

Choose x,y € C? such that (a;x) € ranT'; and (y;c) € ranT3. Then, by our
assumption (LI), there exist A, u € C such that y —x = Amq — pume. It follows
from (6.3) that

(a;z + Amq) € ranTy, (y + pme;c) € ranT'y.

Since x + Amy = y + pma, we conclude that (a;c¢) € ran(I'y W y).

Step 5: Our final task is to prove that (77 W T2)* = ker(I'y & T'g). By the
Green’s identity (2.6) clearly

ker(I‘l () 1—‘2) - (Tl () Tz)* .
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Conversely, let (f1 + f2;91 + g2) € (Th WT)* be given. For all (hy;k1) € Ty =
ker 'y we have (hy + 0; k1 + 0) € Th W Ty, and hence

0= [g1 + g2,k1 +0] = [f1 + f2, h1 + 0] = [g1, k1] — [f1, ha].

It follows that (fi;91) € Ty* = T1. The same argument will show that (fz; g2) €
T5, and we conclude that (f1 + fo; 91 + g2) € Th & To.

Next we show that in fact (f1+ f2; 91 +g2) € T1 WTs. Again, we will restrict
explicit proof to the case that (P2, T2, I'2) is of defect 2. Choose (a;b), (V';¢) €
C? x C? such that

((f1;91); (a;b)) € T1, ((f2592); ('5¢)) € T2

Since mulT'; = span{(m;;m;)}, we can assume that a € span{m;} or a = 0 and
similarly that ¢ & span{ms} or ¢ = 0.

Let y € C? be given. If a = ¢ = 0, choose any , z € C? with (x;y) € ranT;
and (y;z) € ranTg, cf. Lemma 6.3, and let (h1; k1) € Th, (ho; ko) € To be such
that

((h;k1); (23y)) € T1, ((hask); (y32)) € Ta.

Then we compute

0=[g1+go,h1 +ho] = [f1 + fo, k1 + ko] =

= (lg1, ] = [f1, k1) + ([g2, ha] = [f2, ka]) = (6.4)
= (z"Ja —y*Jb) + (y*JV — 2" Jc) = y*J(V' = b).

If one of @ and c is not zero, say, a # 0, choose z € C? with (y;z) € ranT5. By
Corollary 6.4 there exists x € C2, with (z;y) € ranT; and z*Ja = z*Je. Again
the computation (6.4) can be carried out. Since y was arbitrary, it follows that
b’ = b, and thus that

(it fo;01+92) e WTy.

Since I'; W'y is surjective (or, in case of defect 1 satisfies ranT' = C? x {0}),
we conclude from the (by the previous paragraph applicable) Green’s identity
(26) that in fact (fl + fg;gl + 92) S ker(I‘1 (] FQ)

As an immediate consequence we obtain that

d1m(T1 [ Tg)/(Tl [ Tg)* = d1m(T1 [ Tg)/ker(l"l [ 1—‘2) =4

or, in case of defect 1, that dim(T1WT5)/(Th1WT2)* = dim(Th1wTs)/ ker(I'1wl'y) =
2. This finishes the proof of Proposition 6.2.
U

6.5 Remark. Let us note explicitly that (77 WTs)* is a finite-dimensional exten-
sion of T} & T

TreTy C(Wh) CTiWwT, CTy ®T,. (6.5)

6.6 Remark. The operation of pasting boundary triplets is associative: Let
(P1,T1,T1), (P2, T2,T3) be boundary triplets of defect 2 and let (Ps,T5,T'3) be
of either defect 2 or 1. Then

(Pl PP, T1WT5, T L‘UFQ) L‘U(Pg, T3, 1—‘3) = (’Pl, Ty, Fl)L'U (Pz@Pg, ToWwWTs, FQL‘UFg) .
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In fact

TiW... o {ij7zg] (Pro...oP)

Jag,...,a, € C?: ((fj,gj) (aj— 1,a]))€l"j, jzl,...,n}

and

I‘1L+J...Edl"n={ (Zf],Zg]> ao,an (P1®...@Pn)2:

Jai,...,an_1 € C%: ((f],g]) (aj— 1,a])) erly, jzl,...,n}.

Note here that forn > 1, ' W...w I, is an operator and by Step 3 of the proof
of Proposition 6.2 it follows that, in fact, (3_7_; f; > 5, 95) = (ao;...;as) is
a proper linear mapping.

Next we show that some spectral properties of boundary triplets are inherited
by pastings.

6.7 Lemma. Let (P1,T1,T'1) be a boundary triplet of defect 2 and (P2, T2,T2)
be of either defect 2 or 1.

(1) If z € C and both ran(T} — z) and ran(Ty — z) are closed, so is ran((T1 W
Tg)* — Z)
(i1) If both T and Ty have the property (CR), so has (T1 W T2)*.

(#43) If both (P1,T1,T1) and (P2,T2,T2) satisfy (E), so does (P1 ® Po,T1 W
Tp,T1 WTy).

Proof. The assertions (i) and (i¢) are immediate since, by (6.5), we deal with
finite dimensional extensions and perturbations, respectively.

We come to the proof of (iii). Let ((f1 + f2;2(f1 + f2)); (a;¢)) € I't W,
Then there exists b € C? such that

((f1;2f1); (a,0)) € T, ((f2; 2f2); (b)) € Ta.

Assume that a = 0. Since (E) holds for I'y, we conclude that f; = 0 and hence
that (a;b) € mull'; = span{(mq;m1)}. Since a = 0, it follows that also b = 0.
The condition (E) for I's now implies that fa = 0.

0
6.8 Remark. Let (P;,T;,T';) and (P}, T},1), j = 1,2, be boundary triplets, and
assume that (w;, ¢;), j = 1,2, is an isomorphism of (P;, Tj,T';) and (P}, T}, T7),

cf. Definition 2.12. Assume that ¢; and ¢y are of the particular form
$1=h1 X b, 2 =0 X 2.

Then the pair (w, ¢), where

w = w1 D wo, ¢:=¢21><¢227
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is an isomorphism of
(P1,T1,T1) & (P2, T2, ')

and
(P, T1,T1) @ (P3, T5,T%) .

We shall write (o, ¢) =: (w1, 1) W (w2, P2). Clearly, this construction can
iteratively be applied to any finite number of summands, and is associative.

b. An example

An instructive example of the introduced notion of pasting is found in the theory
of positive definite canonical systems.

6.9 Lemma. Let H be a Hamiltonian on I = (s_,sy) which is regqular at s_,
and let sop € (s—,s4). Assume that sg is not inner point of an H-indivisible
interval. Put Jy := (s—,s0), J2 := (0, 8+), and Hy := H|;,, Hy := H|;,. Then

(L*(H), Tyax(H),T(H)) =
- (L2(H1)7Tmaw(H1)7F(Hl)) W (L2(H2)7Tmam(H2),F(H2)) '

Proof. We consider M(J1) and M(J2) as subsets of M(I). Since s¢ is not
contained in an indivisible interval, we have

M(I) = M(J)+M(J2) (6.6)

Clearly, L?(H) = L*(H,) ® L?(H>).

Let f € AC(I),g € M(I) be such that (f;g) € Timae(H). Write f =
fi+ f2,9 = g1 + g2 according to the decomposition (6.6). Then (f1;91) €
Trnae(H1), (f2;92) € Tnae(Ha), and, since f1(s0) = f(s0) = f2(s0), we have

(f7g) € Tmaw(Hl) W Tmaw(HZ) .

Moreover, if H is regular at s,

L(H)(f59) = (f(s-): f(s+)) € (C(H1) WT(H2))(f3 9)-

If H is singular at s, the pair I'(H)(f;¢9) = (f(s—);0) has the corresponding
property.

Conversely, if (f1 + f2;91 + 92) € Trmaw(H1) W T (H2), then there exist
representants f1, f2 of f1, f2 with f{ = JHgy, fy = JHgs and fi(s¢) = Fa(s0).
Thus fi+f> € AC(I) and we conclude that (f1+ f2; 91+92) € Timaz(H). Assume
that H is regular at s. If (a;b) € T'(H1)(f1;91) and (b;¢) € T'(Hz2)(f2;92),
the choice of fi, f» can be made such that fl(s_) = aq, fl(so) =0b= fz(so),
fa(sy) = c. Tt follows that (a;¢) € T(H)(f1 + fo; g1 + g2). The case that H is
singular at s is treated similarly.

U

6.10 Remark. This example for the appearance of pasting of boundary triplets
also explains the need to give the unusual definition of ‘defect 2’ and ‘defect
1’, when the defect of the boundary triplet (P, T,T") does not coincide with the
defect of the relation T*. Consider e.g. the case that J; is indivisible.
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Moreover, it shows that the conditions of Proposition 6.2 are natural. For if
mul'(Hy) # {0} and mulT'(Hs) # {0}, then J; and J> must end (start) with
indivisible intervals, however, their types must be different since we assumed
that sg is not inner point of an indivisible interval. Thus the assumption of
Proposition 6.2 is satisfied. The assumption that sg is not contained in an indi-
visible interval is however necessary. In fact, if sg is contained in an indivisible
interval, then L?(H) is not equal to L?(H;) ® L?(H,).

6.11 Corollary. Assume that H is singular at sy, that so = of (H), and let
¢ be the type of (o) (H),s.). Then, with the notation of Lemma 6.9, L?>(H) =
L?(Hy) and

Tnaw(H) = {(f;9) € Tinaz(H1) : 3(a;b) € T(H1)(f39) 1 €56 =0} (6.7)

If (f;9) € Tmaz(H), then the element a appearing on the right side of this
formula is unique and T'(H)(f;9) = (a;0).

Proof. Since in the present case L?(Hz) = {0}, we have L?(H) = L?(H;). The
description (6.7) of Tya.(H) follows since Tpar(Hz2) = {(0;0)} and T'(Hz) =
span{(J&;;0)}. For every element a appearing on the right side of (6.7), we
have (a;0) € T(H)(f;g). Since af (H) = s¢ € (s_,s1), mul['(H) = {0}. Thus

a is unique.

0

7 Splitting of the model space

Let h be an elementary indefinite Hamiltonian of kind (A), let s= € (s_,s)
be not inner point of an H-indivisible interval, put J := (s_,s™), and let ¢;
be the embedding of the Hilbert space L?(H|;) into P(h) as in Proposition
4.14. Denote by P; the orthogonal projection of P(h) onto ¢;(L?(H|)), and
set P:= 1 — P;. Then, cf. Proposition 4.14, the space P(h) splits as

P(h) = vs(L*(H|;)) & PP(b).

The present section is devoted to a detailed investigation of this splitting. In
fact, our aim is to give an appropriate analogue of Lemma 6.9.

First of all let us determine the action of Py and P in the realization (4.10)
of P(b).

7.1 Lemma. Consider P(h) as L*(H) @ (CA x C2) @ X?, cf. (4.10), and let

f=(@&ma) € P(h), € = (&) n = )iy a = X0 ;. be given.
Then

A-1 A-1
Pyf=(z|ls+ Z 0105 73 (/Jm;fH(:c + Z nimi))?:_ol;o?o) ’
i=0 i=0
X A-1 A-l A1
i=0 ¢ =0
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Proof. For f = (x;&;n;«) € P(h) denote the respective expression on the right
side of our asserted equalities by fo and f .

First we show that for each two elements f = (x;&;m;a),9 = (y;0;7;0) €
P(h) we have [fo, §] = 0. This, however, is immediate from the definition of the
inner product:

A-1 A-1
[fo,9] = (=] + ; nivil 7yl — Z; Timi|J)L2(H)+
A-1 A-1
+ZT—j/m;H<x+ S miog) = 0.
=0 J i=0

Next note that, clearly, fo + f = f. Moreover,

A—-1

fo=1s(z|ls+ Z niv;|s) € vy (L*(H| ) = PyP(h).
=0

Finally, by the explicit form of +; obtained in the proof of Proposition 4.14, we
see that fo = f whenever f = 1 x for some z € L*(H|;)

O

We obtain a formula for the action of ¢»P; and 1/1]5.

7.2 Corollary. Denote by xs and xp\; the characteristic functions of J and
I\ J, respectively. Then

G(Prf) = xs0f, Y(Pf)=xnsvf, fePH).

Proof. Let the notation be as in Lemma 7.1. Then

A—-1

bf=x+ ;.

=0

By the above formulas for Py, P we have

A-1
G(Prf) =+ Y niwils = xs0f,
=0
) A-1 A-1
G(PF)=zlpg — Y mivils + D mitwi = xp v f -
i=0 =0

0

Our next task is to show that the relation 7'(h) also splits according to the
decomposition P(h) = P;P(h)[+]PP(h). To this end define

Po := PyP(h), To == (Py x P;)T'(h),
Lo = {((fo; 90): (w13 22)) € To x (C* x C*) : I(f;9) € T(h) :
(Py x Py)(f;9) = (fo;90), w1 = U*°(f;9)1(s=), x2 = U*(f;9)1(s7)}
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and

Pi=PP(h), T= (P x P)T(h),
={(<f;g>;<x1;x2>)eT><<<c2x<cz> Afr9) €T(b) -
(P x P)(f;9) = (f:9), 21 = U f;90(s7), 22 = U f; 90 (54) }

We do not yet know that I'g and I are boundary maps. However, we have the
following

7.3 Proposition. Let b be an elementary indefinite Hamiltonian of kind (A),
let s € (s—,s) be not inner point of an H-indivisible interval, and let PJ,P
etc. be defined as above. Then T(h) = TowT and T(h) = ToWT in the sense of
the formulas (6.1) and (6.2).

Proof.  Let (f;9) € T(h), and put (fo;go) = (Py x PJ)( 9),(f;9) == (P x
P)(f1g9). Then (fo; g0) € To, (f:9) € T and (fo; go) + (f:§) = (f: ) Since

((foi90); (T(f19)1(s=); U*(f39)1(s7))) € Lo,

((F:9); (T(F39)1(s7); U°(f19)1(s4))) € T,
we obtain
(f19) € ToWT, ((f59); (T*(f;9)1(s-); U°(f;9)1(s4+)) € TowT.

Thus T'(h) € To & T and, since mulT'(h) = {0}, also I'(h) C Ty w T
Conversely, let ((fo; 90); (a;b)) € To, ((f;9); (b;¢)) € T be given. Then there
exist (f1;01), (f2;92) € T(h) with

(Ps % Pr)(fii91) = (for90), (P x P)(f2392) = (f:9)

and

Ve fr;1)(s-) = a, ¥*(fi;01)(s7) = b,
U fa392)(s7) = b, ¥*(fas92)(s4) = c.
Let functions h, k be defined by
(hs k) := ®((f1;01) — (f2392)) »

then b/ = JHEk on I. It follows that (h|; k|s) € Thnas(H|s). Moreover, we have
h(s™) = 0. Thus, by Lemma 5.15, (tyh|s;tsk|s) € T(h). Put

(fi9) == (tshls; skl s) + (f2592)

then (f;g) € T(h) and, clearly, (P x P)(fig) = (P x P)(f2192) = (f;§). We
have

0 , onJ
Y(fa—f1) , onl\J

and thus, by Corollary 7.2, ¥(P;(f — f1)) = 0. By Corollary 4.15 the map ¢
acts injectively on ¢;(L?(H|;)) and we conclude that P;f = P;f; = fo. The

U(f = f1) = (hls+ fa=f1) =hls+0(fa— fi) = {
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same argument applies to the second component and yields that also Pyg = go.
We see that (fo;90) + (f;6) = (f;9) € T(h). We have shown T'(h) =To W T.
Let us compute I'(h)(f; g). By Lemma 5.15 we have

L(h)(f;9)1 =T () (eahls;esk| )1 +T(h)(fo;92)1 = h(s—) +T(h)(f2;92)1 =

= U((f1;01) — (fas 92)),(52) + ¥*°(fa; 92)1(s5-) = ¥*(f1;91)1(s-) = a,

and

L(H)(f;9)2 = T(b)(eshlss ikl )2 + T(0)(f2; 92)2 = T(D)(f2;92)2 = ¢

It follows that ((f;9); (a;¢)) € T'(h).
U

It is no surprise that (Py,Tp,[p) can be identified with
(L2(H|J)aTmaw(HlJ)ar(HlJ))'

7.4 Proposition. The triple (Po,To,T0) is a boundary triplet of de-
fect 2. The pair (ty;id) is an isomorphism of the boundary triplets
(L?(H| ), Tyaz(H|s), T(H|;)) and (Po,To,To). The isomorphism vy is com-
patible with the map v in the sense that

(xs-¥(0)) ovy =idrzp,) - (7.1)

Proof. First of all note that, once we have proved that (7,id) has the properties
(1), (i4), (4i%) in the definition of an isomorphism of boundary triplets, it follows
that (Po, To, o) is a boundary triplet of defect 2, cf. Remark 2.14.

The fact that ¢ is an isometric isomorphism compatible with © was shown
in Proposition 4.14. The relation (7.1) is nothing else but Corollary 4.15; we
restated this property in this place just to point out the structural similarity
with the situation in the below Proposition 7.8.

We prove that (17 X t7)Tmas(H|s) = To. Assume first that (fo;90) € To,
and define

(hs k) := (¥ x ¥)(fo; 90) -

By Corollary 4.15 it follows that (h; k) € L*(H|;) and (v % t.7)(h; k) = (fo; go)-
Let (f;9) € T(h) be such that (P; x P;)(f;9) = (fo; 90), and write

(f:9) = (f1;91) + (f2592) + (f3: 93)

with (f1;91) € T(h) N C?, (f2;92) €(4.15) and (f3;g3) €(4.16). Then
(Y f1;%91) € Tinax(H) and hence (p f1;05%91) € Tmaz(H|s). By the defi-
nition of 1 and the fact that p;¢ maps P(h) onto L2(H|;) we find that also
(P f2; pg092) € Trnax (H| ). Finally, f3, g3 € ker pjip. Alltogether we see that
(ps0f;psvg) € Tinas(H|s). However, by Corollary 7.2, pyopf = ¢ P;f =1 fo =
h and pyihg =Y Prg = 1pgo = k.

Conversely, let (h;k) € Tmax(H|s) be given and choose (o;3)T €
F(HL})(h, k)g Put

(has ) o= (hs ) —a((é) ,;0) —6((?>\J;o).
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Then (h1;k1) € Timae(H|s) and 0 € T'(H|s)(h1;k1)2. It follows from Lemma
5.15 that (v X ¢ty)(h1; k1) € T(b). Since vyhy, 5k € Py, it follows that (v; x
LJ)(hl;kl) € Ty. Since

(LJ<(1)>‘J§O):(PJXPJ)(<(1)>§O)= (U(?)b; 0) = (P x Py)(po;0),

we see that also (v x ty)(h; k) € Tp.

Finally we have to show that Ty o (v;j X ¢tj) = T'(H|s). Let (hjk) €
Tnaz(L*(H| ) be given. We use the same notation as in the previous para-
graph. Choose h; € AC(J) with b} = JHk; and hl( -) = 0. By
the proof of Lemma 5.15, we have \II“C(LJhl,LJkl) = (XJhl,XJkl). Hence
((sh1;esk1); (ha(s-);0)) € Tg. Since U2¢((1;0)7;0) = (1;0)T and ¥(py;0) =
(0;1)T, the assertion follows.

O

It is a more subtle topic to establish that the triplet (’P T I‘) is isomorphic
to a triplet (P(h),T(h),T(h)) for a certain elementary indefinite Hamiltonian b
of kind (A).

Assume that b consists of the data H, ()5, ", 6, (b;)217. Let v; be defined
relative to the Hamiltonian H | nJ, and let A\x be the unique real numbers such

that
k—1 1
t’~0k = (mk — Z)\k_jka_ (O>)‘I\J7 ke NU {O},
j=0

cf. Lemma 3.12. Here x_ denotes the indicator function of the interval (s_, s).

Set
k-1

. 1
0 1= Z)\ijJX<O) € Xy, kGNU{O}

=0
Note that (1,0)0x(s-) = A and that (1,0)0x(s™) = (1,0)r(s™). Define num-
bers dy, for k € NU {0} by
dy, := dy, — [0k, po] + Akt -

Then the data H|p s, (d )kAO 16, (bz)‘;;“ll represents an elementary indefinite

Hamiltonian b of kind (A). Define a linear map w : P(h) — P by

@ ((2;60;0)) := (2;€ + ((xaaj)Lz(H\I\J))jA:_Ol;0;04) ; (72)
w(ﬁk) ::P(pk—ak), k=0,...,A—1.

The first formula has to be understood with respect to the respective realizations
(4.10) of P(h) and P(h). Moreover, we consider M (I \ J) naturally as a subset
of M(I).

7.5 Remark. It is useful to know that in the realizations (4.10) the following set
of correspondences hold. Hereby d;; denotes the Kronecker-Delta.

1- -
Pk = (0? (Qdkﬂ); 0 7(6kJ)JA 0170) € P(bh),
1
Pr = (O§ (EkoFJ)] 0 ’(5kﬂ>_]A 01’0) € P(h),
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0 = (003 ([ow, ) 5255 0; 0) € P(h)

. 1 A-1 _
Ppr = (—wls; (§dk+j - (mkamj)L2(H|J))j:0 ; (0k) 720" 0)

Py, = (ks ([Pk, ps) — (Dkvmj)w(m]))f:;l;o;o) ;
g = (1043 (dkr ) 520" 050), 0x = (W45 (digs) 70" 0;0)
Proj, = (wg| g3 (disj — (mkamj)L2(H|J>)jA:_01;0;0) ,
@(01) = (Wi (i + (B 05)220111) g 050)
Moreover, note that wd; =6;, j=0,...,A+0—1.

We need the following technical lemmata, whose proofs are carried out by
persistent application of the Green’s identity in various spaces.

7.6 Lemma. Setpy =ty € Xy fork > A, so that py, is a well-defined element
of P(h) for all k € NU{0}. Then

[P(p — k), P(pr — )] = diys, byl € NU{0}. (7.3)

Proof. Consider first the case that k € NU {0} and [ = 0. Then the asserted
equality has the form R R ~

[P(pr — &), Ppo)| = di .
We compute

[P(pk — ), Ppo] = [p — Ok, po] — [Py(pr — 1), Pypo] =

= di — [0k, po] — (Wx — 0, 100) L2(H|,) -

The last summand can be computed with the help of Green’s identity in the
space L?(H| ). Applied with the pairs (tog41;10x), (10g;0) € T(H| ) we get

(ks W0)r2(m|,) = Wo(s-)"Jwgy1(s—) —wo(s™) " Jrogy1(s™) =
= —(1,0)wp41(s7).
Applied with the pairs (9541; W), (00;0) € T(H| ;) we get
(O, 100) £2(#11,) = Wo(s-)"JOk41(s-) — 10 (s7 )" JOp41(s™) =
(1,0)0p41(s=) = (1,0)00k41(s7) = A1 — (1,0)10p41(s7) -

Hence

[P(pr— k), Ppo] = di — [0k, po] + (1, 0)00k 41 (™) + N1 — (1, 0) 1041 (s7) = d -
Next we show that for all k € NU {0} and [ > 1,
[P(pk - Dk),P(pl - 01)} = [P(pk+1 - 0k+1),15(p171 - 0171)} . (7.4)

The relation (7.3) then follows from this relation. Assume that k¥ < A —2. We
apply the Green’s identity in P(h). To this end note that

1
01 = B(Ok) + Meg1x— <0) ;
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and hence, remember 0, € Xy, that

(k413 0k + [0k, Po]d0 — Akt100) € T'(h) .

We now use the pairs

((Prt1 — Dk413 Pk — Ok + So(di — [0, po] + Ai+1)) € T'(b

~—

((pr — 0i3p0-1 — D=1 + So(di—1 — [01—1,p0] + X)) € T(h),
and obtain, remember [ > 1, that
Pk — Vs 1 — 0] — [Prt1 — Vg1, Pi—1 — 0i—1] =

= (o — o) (5-)"J (g1 — V1) (5-) — (0 — ) (84) " (Wp1 — Vp1)(54) -

=0

An application with the pairs
(k41 — D13 Wk — k), (0 — D5 t0p—1 — 0p—1) € T(H| )

gives

(o — g, 10 — 0y) — (W1 — Vg1, 01 — 1) =

= (r0; = 0)(s-) " J(Wp41 — 1) (=) — (wg — ) (57 )" (g1 — V1) (s7)
Since (ro; —9;)(s7), (W41 — 0k41)(s7) € span{(0,1)T}, the second summand
vanishes. We obtain that
[P(pr, — o), P(pr — )] — [Pprsr — Vet1), P(pr—1 — 0-1)] =
= ([pk — 0k, Pt — 01] = [Prt1 — Vg1, D11 — 0171])—

—([R](pk — ), Pr(pr — )] — [Pr(prs1 — Oks1), Pr(pi—1 — 0171)}) =0.
The relation (7.4) follows. If k = A—1, we use the pair (wa+b;pa—_1+da_100) €
T(h),if k> A+ 1, we use (r0g41;105) € T(h) in a similar computation.

U

7.7 Lemma. Put pj, := Wy € Xg for k > A, so that py, is a well-defined
element of P(h) for all k € NU{0}. Analogously, let again py = wi, k > A.
Then .

@(pr) = P(px — o), k€ NU{0}.
Proof. If k < A this holds by definition. Thus let kK > A. We see from Remark
7.5 that in the realization (4.10)

@(pr) — P(pr — 0k) = (05 (dij + (05, 05) L2(r11 1) — iy + (W00, 105) L2 )+

A—1
+[ok, pj] — (akamj)LQ(HL]))j:O ;0;0).

Inductive applications of the Green’s identity yields

J
[0k, pj] = [Ok+;,po] + Z oy (s— )" JOppjr1-1(s-),
1=1
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i i
(O, 10) 2a1,) = Y wu(s—) Toppa-i(s—) = Y wi(s™) Joppja-1(s™),
=0 1=0

(W, 105) L2(m ) Zmz ) Tkgjiai(s—) = Y wi(s) Jwpgjpai(sT),
=0

=0

(k05 L2(H | ) = Zal ) Ik jp1-i(s™) .

The very last expression can be further rewritten. If we keep in mind that
Wy4j+1-1(s7) € span{(0,1)T} and (1,0)0;(s~) = (1,0)r;(s7), it follows that

j j
Z ) Ty jp1—i( :Z ) I jr1—i(sT) =

i
= woi(sT) Tk g1 Zmz J(ppj1-1(57) = ppjr1-a(s7)) -
=0

If we keep in mind that Apyj41 = (1, 0)0%4j+1(s=) = 10g(s—)*J0p4;+1(s-), and
plug all these expressions together, it follows that w(px) — P(pk —0%) =0.
1l

7.8 Proposition. The triple (75, T, f‘) is a boundary triplet of defect 2. The pair
(w;id), where w 1is given by E? 2) s an isomorphism of the boundary triplets
,I'). It is compatible with the respective maps v in

(P(b). T(h),T(h)) and (P, T

the sense that ~
(XI\J : w(h)) ow =1(h).

Moreover, we have

Proof.

Step 1: Our first task is to show that w is an isometry of ’P(F)) onto P with
the desired compatibilities. Let f,g € P(h) be given. If f,g both belong to
C + X9, so that the first formula of our definition of w has to be applied, the
validity of [wf,wg] = [f, g]~ is clear. If f = (z;¢;0; ) and g = pg, we have

[ (z; & 0; ), wpy | = [(%5 + ((xaaj)Lz(H\I\J))JA 01,0704), (—rrly —ln s

1 A—1
(gkorj — (w05, 105) L2 (ar1,) — [0k 23]+ Ok, 105) 20011)) g 3 (Ohs) 5 olvo)}

— (@, 05]7) L2 () — (T, %) L2(m | ) T Sk + (2, 06) L2 (a0 ) = &k = [f Prl~
~—_————
=0
Finally assume that f = pp and g = p;. By virtue of Lemma 7.6 and the
definition of w we have

[Pk, D]~ = diy1 = [P, wh1] -
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To show that @ is surjective, let f = (z;&;m; ) € P(h) be given. Then

A—1 A—1

Pf— @ ((zng + Z 759513 0;0; ) + Z nipi) € span{do,...,0a_1}.
=0 i=0

Since wd; = d;, the assertion follows. The fact that w is compatible with ©
follows since all numbers \; are real, and thus 9, = 0. Let f = (2;£;0;a),
then (h)f = x. On the other hand,

A—1

¢(b)(wf) = ¢(h)(za§+ ((fEaDJ’)H(H\I\J))j:o ;O;O‘) =
If f = pi, then w(f})f = Wy, and, by our choice of v, also

Y(h)(wf) = »(h)(P(px — ) = X1\ (W0k — p) = Wi -

Since, by its definition, w(d;) = d; for all j, we certainly have w|ys = idys.
The inclusion w(C) C C is also immediate from the definition. Assume that
w(zﬁz_ol NkPr) € C. Since w is compatible with 4, this implies

A-1 A- A-1 A-1
(P mepr — Z MOK) = X1\J D, MWk — Xr\s Y Mdk € L2(H|p ).
- k=0 k=0 k=0

It follows that n; = 0 for all k.

Step 2: We show that (= x @)(T'(h) NC(h)%) = T'NC(h)2. Let (f;§) € T(h) N
C(h)? be given, and put (h;g) := ¥*°(f;g). Then h,g € L*(H|p ) and b/ =
JHg. Define
)y s terNJ k@) ter\J
ht) := {B(s) L tedJ k() = {0 ,teJ

Then h € AC(I), k € M)/, h,k € L*(H), and h' = JHE, ie. (h;k) €
Trmax(H). Thus there exists (f;g) € T(h) N C(h)? such that ¢ f = h,9vg = k
and, in fact U2(f;g) = (h; k). We obtain

YPf = XnJvf =

VPg=xp 09 =k=1j=

>

<

=
Il

and hence o R
wf — Pf,wg— Pg € span{do,...,0a_1}.

Since Pd; = §;, we can assume without loss of generality that
A-1

(@f - Pfiwj—Pg) = ar(6x:0) + (0; ) -
k=0

Our first task is to compute o = —[wg — Pg,po]. Note that, since g € C and
¥gl; = 0, we have Pg = g. Moreover,

9, po] = wo(s-)"Jh(s—) —wo(sy)"Jh(sy) = (1,0)h(s-) — (1,0)h(sy) =
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= (170)h(‘9—) - (170)h(8+) = [guﬁO]N = [W§,w]50] :
If we write g = (l;;f; 0;0), we get

wj = (k€ + ((7;?703‘)L2(H|,\‘,))]4A;01; 0;0).

Since )
_ A1 _
wpo = (— 100l 73 (Edj - (mOamj)L2(H|J))j:0 ;(50j)g‘A:01§0)
we see that ~
[wg, @wpo| = &o + (k,00)L2(m),\ ;) = [@F; Po] -

Hence a = 0, and thus wg = Pg. o R ~
Let k € {0,...,A—2}. We have ay = —[wf — Pf,pi] = [Pf, px] — [@f, pr]-
Write f = (h;~;0;0), then

wf = (h;y+ ((ﬁvaj>L2(H\1\,7))]‘AZBI;O;O) ’

and hence ~
[wf,pk] =Tk + (hvak)LQ(Hh\J) :
On the other hand

[Pf.pe] = [f.px] — (hytok)r2(s1,) -
As g = Pg=wj,
(9, Prs1] = [@F, Presa] = Ersr + (B, Okg1) 221, ) =
= &1 + (k) L2(a) ) + Okgr (s7) " Th(s ™).
Since h|; is constant, we have
—(h, mk)Lz(H|J) = I'O]H_l(s_)*Jh(S_) — mk+1(8_)*Jh(S_) .
Moreover,
(9, Pe41] — [f, pr] = w1 (=) Th(s—) — wip1(s4)" Jh(sy) =
=1pp1(s7)"Jh(s™) = (hywr)r2(a),) — We1(s4)" Th(sy) =
= t'~0k+1(8_)*Jh(S_) +0k+1(8_)*Jh(8_) — (h, mk)Lz(H|J) — t'~0k+1(8+)*Jh(S+) =
=[G, Prs1]~ — [ Prl~ + 01 (s7) " Th(s™) = (B, ) £2(11],) =
= &1 — Ve + 1 (87 )" Th(sT) = (hyvor) L2y -
We obtain
[f,pk] = v + (B 0k) L2y ) + (hook) L2 )
and thus .
[Pf,pk] = vk + (h, k) L2(m ) -

It follows that ay = 0. Finally, let k = A —1. If we keep in mind that g,toa € C
and g,wa € C, it follows that

[9,00a] = (k,v0a) L2y = (K, 0A) L2(H) )
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and

[§,00a]~ = (b, 0A) L2(H1, ) = (l;%mA)N(H\I\,,) - (7;?7°A)L2(H|,\J) =

= (/NC, mA)Lz(Hh\J) — (;L, DA—I)L2(H|I\J) — DA(S_)*Jh(S_) .
Hence the same computation as above using the pair (toa + b; pa—1 + da—10¢)
yields aa_1 = 0. Alltogether it follows that

(@fiwg) = (PfiPg)eT.
We have shown the inclusion (ww x @)(T(h) N C2) crT C - Conversely, let
(f;§) € TNC? and choose (f;g) € T(h) with f = Pf,§ . Since ker P C C,
it follows that (f;g) € T(h) NC2. Thus
(U’JE; Yg) = (Xn\ sV fi xn\sv9) € Trmaz(H|p\ 1),

and hence there exists (f;§) € T(h) NC% with ¥ f = ¢ f, G = 1. We have
therefore

(£9) — (wfi@g) € T Nker(y x v).
Since Pd; = 6; and wd; = d;, it follows that (f;§) € (w x @)(T(h) N C?).
Step 3: We deduce that (@ x @)T'(h) = T. Certainly

(@ x @)(T(H) N (XP)2) = T (X2, (7.5)
Since wpy = Ppo, we have (w x @)(Po;0) € T. Let k € {1,...,A — 1}, then

(@ x @) (Pr; Pr—1 + dk—180) — (P x P)(pr; pr—1 + djp—100)+
+(P x P)(®k;0%—1 + [0h—1,P0]60 — Mido) = (0500(dk—1 — dyp—1+
+[or—1,p0] — M) =

Consider the case k = A. Note that, since the numbers b; are the same for b
and b, also the respective vectors b coincide. We obtain

(w x @) (WA + b;pa—1 +da—180) — (P x P)(wa + b;pa_1 + da—150)+

+(P x P)(da;0a-1 + [0a—1,P0]d0 — Aado) =
= (whoa — Proa + Poa; do(di—1 — di—1 + [0k—1,po] — M) =

We have proved the inclusion ‘C’. If conversely, (f;§) € T is given, choose
(f:9) € T(h) with Pf = f, Pg = g, and write (f;9) = (f1;01) + (f2: g2) where
(f1; 1) is the component in (4.15). By the above computations, we can realize
(f1:91) as (@ x @)(f;3), (f;§) € T(h), up to a summand in 7' NC2. By Step 2
and (7.5), thus also (f;§) € (@ x @)T'(h).

Step 4: It remains to show that w is compatible with boundary values. This,
however, is done with similar arguments as used in the previous discussion, and
we will not carry out the details.

O

7.9 Remark. Let b be an elementary indefinite Hamiltonian of kind (A), and let
st € (s,54) be not inner point of an H-indivisible interval. Then the results
analogous to Proposition 7.3, Proposition 7.4 and Proposition 7.8 hold true.
This can be seen for example by applying an order reversing reparameterization,
cf. Lemma 5.19.
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8 Indefinite canonical systems

Let H be a Hamiltonian defined on the interval (s_,s;) which is singular at
both endpoints. Fix so € (s—,sy). We say that H satisfies the condition (HS})
or (HS_), if H|(s,,s,) or H|(s_ sy)(—7), respectively, satisfies (HS). Moreover,
we define (for the definition of ¢(.) see Theorem 2.27)

A-l—(H) = A(H|(50,8+))7 A—(H) = A(Hl(sf,SO)(_x)) )
¢4 (H) == ¢(H|(s9,5,)), O—(H) = ¢(H|(s_ 5)(—7))-

By Section 2.3.c. and Lemma 3.12 these notions are well-defined, i.e. do not
depend on the choice of sg € (s_,s4).

8.1 Definition. A general Hamiltonian § is a collection of data of the following
kind:

(i) ne NU{0}, 00,...,0n4+1 € RU{Foo} with g <01 < ... < opt1-

(i) Hamiltonians H;, ¢ = 0,...,n, defined on the respective intervals
(04,0i41),

(#4) numbers 61,...,0, € NU{0} and b;1,...,b;5,41 € R, i =1,...,n, with
bi1 # 0 in case 6; > 1,

(iv) numbers d,o,...,di2n,—1 € R, ¢ = 1,...,n, where A; :=
max{A+(Hi_1),A_(Hi)},

(v) a finite subset E of {00, 0n41} U U\ o(0i, 0i41),
which is assumed to be subject to the following conditions

(H1)  Hj is regular at o¢ and, if n > 1, singular at o1. H; is singular at
both endpoints o; and 041,79 =1,...,n—1. If n > 1, then H, is
singular at oy.

(H2) We have af(HZ—) >o; fori=1,...,n—1. If H, is singular at o,11,
then also of (H,,) > op.

(H3) We have A; < o0, i = 1,...,n. Moreover, Hy satisfies (HS ), H;
satisfies (HS_) and (HSy),i=1,...,n—1, and H,, satisfies (HS_).

(H4) We have (bJr(Hi,l) :(b,(Hl), 1= 1,...,71.

(H5) Letic{l,...,n}. Ifaf (H;—1) < 0; and o (H;) > 0y, then d; = 0.
If additionally b; ;1 = 0, then also dy < 0.

(E1) 00,0n+1 € F, and EN(0;,0i41) # O fori =1,...,n— 1. If H,
is singular at 0,41, then also E N (op,0,41) # 0. Moreover, E
contains all endpoints of indivisible intervals of infinite length.

(E2)  No point of E is an inner point of an indivisible interval.

The general Hamiltonian § is called definite if n = 0, and indefinite otherwise.
It is called regular or singular, if H,, is regular or singular, respectively, at oy,1.
The common value of ¢ (H;_1) and ¢_ (H;) will be denoted by ¢;. The subset
F is called an admissible partition.
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In order to shorten notation we shall write a Hamiltonian h which is given
by the data n, 0gy...,0n+1, Hl, N 7‘E[n, 51, .. .,57“ bi)j, di)j, FE as

b = (H7 c, D)
where

e H represents the Hamiltonians H;, including their number n and their
domains of definition (o, oy41),

e ¢ represents the numbers 6; and b, ;,
e 0 represents the numbers d; ; and the subset F.

Moreover, we set I :=J!_ (0, 0it1).

8.2 Remark. If just the data H and ¢ are given, then it is elementary to check,
that one always can construct a finite subset £ and numbers d; ;, such that we
obtain an in general indefinite Hamiltonian.

8.3 Remark. Let us give an intuitive explanation of the definition of this notion.
Its purpose is to model an indefinite canonical system. So we deal with the
differential equation f’ = JH f given on an interval (og,0,+1) which involves
some kind of singularities. These singularities are the points o;, i = 1,...,n.
The condition (H1) says that we deal with an initial value problem at op and
that o1,...,0, actually are singularities. Moreover, and this is the condition
(H2), no two singularities o; and o;11 may lump together. The meaning of (H3)
is that the growth of H; towards a singularity is, if measured appropriately, not
too fast. Moreover, (H4) is an interface condition at o;.

The numbers 6; € NU {0} and b;1,...,b; 5,41 model the part of the sin-
gularity o; which is concentrated at o;, whereas the numbers d; o, ..., d;2a,-1
model the part of this singularity which is in interaction with the local behaviour
around o;. The elements of F in the vicinity of o; determine what local here
means. The freedom of this interaction is, by (H5), restricted if af (H;—1) < o;
and oq (H;) > o;.

Finally, the possibility that of (H;_1) < o4, o] (H;) > o; and b;; = 0
occurs only in the case of ’indivisible intervals of negative length’; i.e. elementary
indefinite Hamiltonians of kind (C).

In the following we will associate to a general Hamiltonian h a model which
consists of a space P(h) together with a conjugate linear involution, a linear
relation T'(h) C P(h) x P(h) together with a boundary relation I'(h), and a map
¥(h) of P(h) onto spaces of functions on I. To do so, we shall split up b into
simpler pieces by cutting I at the points of F.

The next statement follows immediately on inspecting the definition of a
general Hamiltonian and of an elementary indefinite Hamiltonian. Therefore
we will not formulate its proof.

8.4 Lemma. Let § be a general Hamiltonian defined on I = \J;_o(01,0141).
We write the corresponding admissible partition of I as E = {so,...,SN+1},
S0 < 81 < ... < $ny1. Then, for every l € {0,...,N}, exactly one of the
following cases takes place:

(def)  There exists i(l) € {0,...,n} such that (si,s141) € (Tiqy, Ti)+1);
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(indef) There exists i(l) € {1,...,n} such that o,y € (s1,5141) and o5 &
(s158141), @ # i(1).

If for some 1 € {0,..., N} we are in the case (def), then

b = H,)l(s1,5000)

is a Hamiltonian which is reqular at s;. It is also regular at s;y1, unless by is
singular and | = N.
If b is singular and | = N, then we are in the case (def) and h” is singular

at SN+1-
If we are in the case (indef), then the data (for the definition of N, see

(2.21)) . .
No,oy Higy—1 |(Sz vgi(l))N¢i(1) s Nowoy Hiqr) |(U¢(z) 75L+1)N¢¢<z> )

Oi(1)s biry, 10 -+ bir) 6,0y +10 di1),05 - -+ di(1) 28,1 5

constitutes an elementary indefinite Hamiltonian b'. Thereby b' is of kind (B)
or (C) if and only if s; = of (Hi—1), si41 = o (H;). If this happens we are in
case (C) if and only if by = 0.

Otherwise it is of kind (A).
8.5 Definition. Let h be a general Hamiltonian defined on I = (J;__, (01, 0141).
Let the (definite or indefinite) Hamiltonians h' be defined with as in Lemma
8.4.

If I € {0,...,N} is in the case (indef), we define a boundary triplet
(PL,T!,T!) as (for the definition of N, see (2.21))

Pl= PO, T = T(h)), T = (Nabi(z) N(li(l)) ().
If 1 € {0,..., N} is in the case (def) put
(PLT',TY) = (L2(5), Tmax(8'), T(H'))
The boundary triplet associated to b is defined as

N

(P(h),T(h).T(h)) := 4 (P, T",T). (8.1)

=0

Moreover, on P(h) = P° @ ... ® PN we define a conjugate linear involution
~ by componentwise application of the respective involutions 7 of Pl Also, a
linear map ¥ (h) : P(h) — M(I)/=, can be defined, if we canonically identify

M(I) /=y with [T)2 M(I 0 (51, 5141))/=:
f = (f|[m(5[),51)7 ct fl]ﬂ(SN,SN+1)) Y

by componentwise application of 1 := id : P! — M(I N (s1,8141))/=,, for [ in
the case (def), and

N—%(z)wl : Pl - M(I N (Slv Sl-‘rl))/:z

for [ in the case (indef).
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We are now in the position to formulate the main results of this paper, which
show the complete analogy of the operator theory of the model of a general
Hamiltonian in comparison to the classical (positive definite) case. They are
easily obtained by putting together what we have established so far. Let us first
deal with the regular case.

8.6 Theorem. Let h be a regular general Hamiltonian. Then B(h) is a Pon-
tryagin space with negative index

ind_P(h) = > (Ai+ [g]) +{1<i<n: 6 odd ciy <0}

i=1

and - is a conjugate linear isometric involution of P(h). The map ¥ (h) is real
with respect to ~ and maps P(h) onto a subspace of M(I)/=, which contains
L%(H) with codimension Y, A,;.

The triple (P(h), T(h),T(h)) is a boundary triplet of defect 2 which satisfies
the condition (E). The adjoint

is a completely nonselfadjoint symmetric operator, satisfies the condition (CR)
and has the property that r(S(h)) = C. Its defect indezx is (2,2) and mul(T'(h)) =
{0} unless b consists of just one elementary indefinite Hamiltonian of kind (B)
or (C) or is positive definite and consists of just one indivisible interval. In

these cases the defect index of S(h) s (1,1) and mul(T'(h)) # {0}.

Proof. The asserted formula for the negative index of P(h) is immediate from
Proposition 4.13. The fact that * is a conjugate linear isometric involution and
is compatible with boundary values is obvious from the definition and the fact
that Ny is real. The assertion concerning ¢ (h) follows from Proposition 4.13.

We show that (P(h),T(h),I'(h)) is a boundary triplet of defect 2. By The-
orem 2.18 and Theorem 5.1 each summand (P!, T!,T'!) has this property. If
N =0, we are done. Hence assume that N > 1. In order to apply Proposition
6.2, we have to show that mulT'y and mull'; do not coincide unless both equal
{0}. However, by Lemma 4.19, we have

mull’; = span{(J§¢j,J§¢j)}, j=0,1,

where ¢ is the type of the indivisible interval ending at s; and ¢; is the type of
the indivisible interval beginning at s;. Since, by our choice, s; is not contained
in an indivisible interval, we must have ¢g # ¢1 mod 7. It now follows from
Proposition 6.2 that
(P%,T%,1%) W (P, T, T)

is a boundary triplet of defect 2 with mul(T° wT'!) = {0}. Thus we may step by
step add the remaining summands (P!, 7%, T"), and, finally, obtain a boundary
triplet of defect 2.

Note that we have mulT'(h) = {0} unless N = 0 and mulT® # {0}. This is
the case if and only if h = h° is either elementary indefinite of kind (B), (C), or

is positive definite and consists of just one indivisible interval. Our assertion on
the defect index of S(h) follows.
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Our next task is to show that mul S(h) = {0}. If N = 0, this is granted by
Corollary 5.7. Assume that N > 1. Let (0;9) € S(h) and write g = go+...+gn
according to P(h) = Po @ ... ® Pn. Then (0;g;) € T(h') and there exist
ai,...,ay € C? with

((0:90): (0;a1)) € T, ((0:91); (arsa2)) € T, (03 9n); (an; 0)) € TV
It follows from Corollary 2.25, Proposition 5.16 and our definition of I'! that

o (Hl(sg,51)) <51,

T R I e O
{O} ) O‘T(H|(So751)) =51
Ozi(H‘(S \s ))>51>
J = 1 1,52
oy e dPITETY e ot s ()
{O} ; 0q (H|(S1752)) =51

Since s; is not contained in an indivisible interval, we have gba“ # ¢ mod T,
and thus a; = 0. We see that (0; go) € S(ho) and thus that go = 0 (see Theorem
5.1). We now proceed inductively, to obtain g = ... = gy = 0.

By Theorem 2.18 and Theorem 5.1 each summand in (8.1) satisfies (CR) and
(E). By Lemma 6.7 these properties transfer to their sum. The same sources
imply that ran(S(h) — z) is closed for all z € C. Due to the property (E) we
have ker(S(h) — z) = {0}, z € C, and thus conclude that 7(S(§)) = C. An
application of Lemma 5.11 shows that S(h) is completely nonselfadjoint.

0

In the case that h is singular we obtain:

8.7 Theorem. Let h be a singular general Hamiltonian. Then PB(h) is a Pon-
tryagin space with negative index

ind_P(h) = > (Ai+ [g]) +{1<i<n:é odd ciy <0}
i=1

and ~ is a conjugate linear isometric involution of P(h). The map ¥ (h) is real
with respect to ~ and maps P(h) onto a subspace of M(I)/=,, which contains
L%(H) with codimension Y 1 A,;.

The triple (P(h), T(h),T'(h)) is a boundary triplet of defect 1 which satisfies
(E). The adjoint S(h) := T (h)* is a symmetric operator with defect index (1,1)
unless by is positive and consists of just one indivisible interval, in which case

S(h) is selfadjoint.

Proof. This result is established similar as Theorem 8.6, by putting together
our previous results. Only minor changes are necessary in the proof that the
pasting is well-defined and that mul S(h) = {0}, however, we will not carry this
out in detail.

U

8.8 Remark. The operator S(h) is also completely nonselfadjoint. This, however,
will be seen only later.
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8.9 Remark. In the case that h does not consist of just one indivisible intervall -
by this we mean either a definite indivisible intervall or an elementary indefinite
Hamiltonian of kind (B) or (C) - we are going to define a mapping ¥%¢ : T'(h) —
AC(I) x M(I)/_ on all of I. We will also write U?¢(f) if we want to emphasize
the underlaying Hamiltonian.

To do so, let (f;9) = ((fo+ -+ fn);(90 +--- + gn)) € T(h). By our
assumption I'(h) is a function. So let

ap = T(H)((f;9))1(e C?), and let ay,...,ans+1 € C? be such that
((fi;90); (ar;a141)) €T 1 =0,...,N. We define ¥ on (s, s;41) inductively for
l=0,...,N. Note that by Remark 6.6 the numbers aqg,...,an+1 are uniquely
determined by (f;g).

If bt is positive and no indivisible interval, then according to Remark 2.2
there is a unique fl € AC(si, si14+1) such that fl = JH;yg1 a.e. on (s1,5:41).
We define U§¢((f;g)) := (fi;g1). By the definition of boundary values for the
definite situation we have a;41 = U¢((f;g))1(si+1) in case of a regular h'.

If b' is indefinite of kind (A), then we set Wi°((f;9)) = ((N_g,,") ¥
(N_g,0,)) 0 ¥(0")((f1;91)), where ®¢(h!) is the function definied as in (4.17)
for the elementary indefinite Hamiltonian h' and where N_4,, - maps a two-
vector function f to N_4,,, f. Again by definition a;1 = Vi“((f;9))1(s141)-

For a positive h! being an indivisible interval of type ¢, i.e. Hip)(t) =
h(t)EgES, t € (s1,5141), e set

ViC(f:9)) (@) = (&5 fi) - o + (&fgl)(/z h) - J& + 7845 91(x)),

S1

where v € C is chosen so that a; = ¥¢((f;g))1(s;). By (2.2) this is possible
and, in case of a regular ', we have a;41 = ¥&((f;9))1(s1+1). Moreover, by

(2.1) W ((f39))i = JH, 0 ¥Ye((f;9))2-
If h! is indefinite of kind (B) or (C), we have

0 0
N¢i(z)Hi(l)fl(t)NtZ;(z) = (0 h(t)) , tE (Sl70i(l))

and
0 0
N(bi(L)Hi(l)(t)Nd{;(l) = (O h(t)) s te (Ui(l)asl—i-l)'

Moreover, using the notation from Definition 4.3 and Definition 4.5 we write f;
as A\po + r and g; as upo + s, where A\, u € C and r, s are zero (case (C)) or are
sums of certain J; (case (B)). Note that (Ng,, a1)2 = (Ng,,,a1+1)2 = A.

For t € (s;,0,)) we set

V(U 0)0) 1= (N-) % (Vg ) o (Moot =) (0,

and for t € (o, s141)

\I/?c((f;g))(t) — ((N_¢i(l) ) (N—Gﬁl(z) )) (((Nti’iu)al-‘rl)l)\_ M(szl h)) : (2))
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One easily sees that W°((f;9))1 = JH;q-197°((f;9))2 on (s;,0:0))
and ¥P°((f;9)1 = JH,q)¥i°((f;9))2 on (o0),s141) and that a;1 =
(3 )1 (5121)-

Setting U°(f; g)(t) = Ui(f;g)(t) for ¢t € I N (s;,5141) we have defined
e : T(ly) — AC(T) x M(I)/_ such that We((f; )i = JHU*((f;9))s.

Moreover, a; = ¥((f;g))1(s;) for I = 0,..., N and, in the regular case,
also for [ = N + 1. In particular, ¥*¢((f;¢9))1(s0) = I'(h)(f;¢)1 and, in case of
a regular general Hamiltonian, U2°((f; g))1(sy+1) = T(0)(f; 9)2.

Finally, it is easy to verify that ¥*¢ is linear and commutes with conjugation.

The above construction of (P(h),T(h),I'(h)) one first sight essentially de-
pends on the points E, which, in particular, determine the number of pieces,
into which one cuts the general Hamiltonian . But if one choses different points
E and one changes the numbers d; ; accordingly, we will see that we end up with
an isomorphic copy of the originally boundary triplet. Moreover, it is possible
to get an isomorphic copy of the originally boundary triplet if we reparametrize
the orginal Hamiltonian. Therefore, we define

8.10 Definition. Two general Hamiltonians h = (H,¢,0) and h = (H,¢,9)
having the same number of singularities are called equivalent, if there exists an
absolutely continuous and increasing bijection ¢ from [G¢, 6p41] onto [og, opnt1]
such that ¢~! is absolutely continuous and ¢(&;) = oy, and if there exists an
isometric isomorphism @ : P(h) — P(h), such that

(i) (w,id) is an isomorphism of the boundary triplets (P(h),T'(h),T'(h)) and
(P(b), T(h),T'(B)).

(#7) For all z € P(h) we have
D ()(w () = Y(b)(z) 0 . (8.2)

Clearly, this defines an equivalence relation on the set of all general Hamil-
tonians.

8.11 Proposition. Let h = (H,¢,0) be a general Hamiltonian with the admis-
sible partitions E of I. Moreover, let E be another admissible partition of I.
Then there exist numbers d; ; such that

6: (H,C,ﬁ),

is equivalent to by, where 0 stands for the data Ji,j and E. The corresponding
mapping ¢ (see Definition 8.10), hereby, is the identity on [0g,0n+1], and the
isomorphism w satisfies ((f;g) € T(h))

V()(f:9) = V(0) (@ (f); w(9))- (8.3)

Proof. With E and E also E U E is an admissible partition of I. Since being
equivalent is an equivalence relation, it is enough to prove the present statement
for the case that £ C E. Since an admissible partition is a finite set, it is for
this task enough to consider the case that £ = E U {s}, s ¢ E.

Write E = {s0,...,8N+1}, So < 81 < ... < Sn41, and assume that E =
FU{s} and that [ € {0,..., N} with s; < s < s;41.
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Case 1, (def): Assume that [ is in the case (def). Then the obvious iden-
tification @; of P! = L*(H|(s, s, ,) With L2(Hi|(s,.s)) ® L*(Hi(s,s,,,)) is an
isomorphism which satisfies (¢) and (i4), cf. Lemma 6.9. Let

=2

(P(b)vT(h)a F(h)) =+ (Pllea Fl) .
0

If we put d; j := d; ;, we have

(P(h),7(h),T(h)) = (P°,7°, 1) w...w (P!, T T )y
W |:(L2(Hl|(sl,s))7 Trnaz(Hil(s,,5)), T(Hi(s,,5)))¥

LJ'J(L2 (Hl|(s,sl+1))= Tmaw(Hl|(S,Sz+1))= F(Hl|(5,81+1))) Y

(P TH I Yy w (P T T e e (PN, TV, TY)
It follows that (cf. Remark 6.8)

(w,1d) := (idpo,id) W... W (idpi-1,id) W (oo, id) W (idpi+1,id) W ... W (idpw,id)

is an isomorphism of (P (), T(h),T(h)) and (P(h),T(h),I'(h)) which satisfies
the requirements in Definition 8.10.

Finally, relation (8.3) follows from the corresponding property of the map-
ping w; which, in turn, is verified in an obvious way.

Case 2, (indef): Assume that [ is in the case (indef). Note that, since s is not
inner point of an indivisible interval, the elementary indefinite Hamiltonian b
must be of kind (A). Let us first consider the case that s < o(i(l)). By Proposi-
tion 7.4 and Proposition 7.8 there exists an elementary indefinite Hamiltonian

h! which consists of data of the form

Hil(s,0,0))s Hit 1l (o00y,5101)> 0i1)s i), 10+ - -5 biga) 6,0y +15
di(1),05 - - di1), 28,0y —1 »

and an isomorphism w; of P! onto L?(Hi|,,s) @ P(h') which satisfies the
requirements in Definition 8.10. Moreover, in view of the definition of ¥?¢
(see Remark 8.9) (8.3) follows in a straight forward way from Proposition 7.4
and Proposition 7.8.

If s € (i), 5141), we refer to Remark 7.9 to obtain the same conclusion.
The proof is finished similar as in Case 1.

O

Inspecting the previous proof, we obtain without extra work the following
corollary.

8.12 Corollary. Let h = (H,c,0) be a general Hamiltonian. Let s € I be not
an inner point of an indivisible interval, and let i be such that o; < s < 0j41.
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If we set

1._ _ C 2 _ ; 1 .. 2.
op =0k, k=0,...,0, 0 :=0kyi, k=1,...,n—i+1, 0,1 :=5=:00;

Hp:=Hy, k=0,...,i—1,H} = Hy| (5, 5),
HP :=Hypi, k=1,....,n—i, H} = H;|(5.0,,,);

Or =0k, k=1,...,0, 63 :=0kri, k=1,...,n— i
bpji=brj, k=1,...,0, b :=bppij, k=1,....,n—1;
E':=(EN|[og,5)) U{s}, E* := (EN (s,0n41]) U {5}

1 : 2 .
ko = dk)j, kzl,...,l—l, ko = dk+i,j7 k=2,...,n—z;

then there exist numbers dz{j and dij, such that building with these data the
general Hamiltonians b' and % on [0o,s] and [s,0,41], respectively, there
exists an isomorphism (w,id) of the boundary triplet (P(h),T(h),T(h)) onto
(P(6Y), T(Y), T(bY)) W (P(62),T(62),T(h?)) such that for all z € P(h) we have

((51) x $(8%))(= () = ¥ (b)(x),
and such that ((f;9) € T(h))

T(b)(f19) = (T*(h') x ©(b%))(w(f); w(9))-

At the end of this section we consider another situation when two general
Hamiltonians are equivalent.

8.13 Proposition. Let h = (H,¢,0) and h = (H,%,0) be two general Hamilto-
nians having the same number of singularities.

If there is an absolutely continuous and increasing bijection ¢ of [5¢, 0pnt1]
onto [0, 0n+1] such that also ¢~ is absolutely continuous, ¢(6;) = o; and

Hi=(Hiop) ¢, 6; =06i;bi1 =bin,- bis = bis;
©(E) = E and

dio=4di0,...,dian,—2 = dian,—2;di2n,—1 — bis,4+1 = dion,—1 — bis,+1,

then b and 6 are equivalent. Moreover, if these Hamiltonians do mot consist of
only one indivisible intervall, then ((f;g) € T(h))

v(h)(f;9) o (v x @) = ¥*(h)(@(f); =(g))- (8.4)
Proof. Assume that there is a bijection ¢ of [5¢, ,+1] onto [og, 0,,41] such that
©(6;) = o; with the indicated properties.

Both boundary triplets, (P(h),T(h),T(h)) and (P(h), T(h),T(h)), are ob-
tained as pasting of elementary indefinite Hamiltonians. As we have QD(E) =F
these building blocks have their counterpart. By our assumptions we can apply
Proposition 5.17 to each of the building blocks, and obtain for each of them an
isomorphism which has the desired properties. Putting together these isomor-
phisms by means of Remark 6.8 yields the equivalence of h and 6

The relation (8.4) is also shown by the corresponding property for the build-
ing blocks, which is elementary but a bit lengthy. We will not work out the
details.

g
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