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Abstract. We investigate the structure of a maximal chain of matrix functions
whose Weyl coefficient belongs to N,J. It is shown that its singularities must
be of a very particular type. As an application we obtain detailed results on
the structure of the singularities of a generalized string which are explicitly
stated in terms of the mass function and the dipole function. The main tool
is a transformation of matrices, the construction of which is based on the
theory of symmetric and semibounded de Branges spaces of entire functions.
As byproducts we obtain inverse spectral results for the classes of symmetric
and essentially positive generalized Nevanlinna functions.
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1. Introduction

A vibrating string S[L, m] with inhomogeneous mass distribution is given by its
length L > 0 and a function m : [0,L) — [0,00) which is nondecreasing and
continuous from the left. The function m measures the total mass of the part of
the string between 0 and x. In the description of the motion of the string the
following boundary value problem appears:

y'(z) + 2/01 y(t)dm(t) =0,

y'(0)=0, y(L)=0if L+m(L) < oo.
Thereby z is a complex parameter. The concept of the principal Titchmarsh-Weyl
coefficient ¢g of a string .S was introduced by I.S.Kac and M.G.Krein, cf. [KaK1].
It turned out to be of fundamental importance. The principal Titchmarsh-Weyl
coeflicient belongs to the Stieltjes class S, i.e. it is analytic in the open upper half
plane CT and satisfies

Imgs(z) > 0,Im zqs(2) >0, z€ CT.
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A basic inverse result states that to each function ¢ € S there exists a unique
string S[L, m], such that ¢ is the principal Titchmarsh-Weyl coefficient of S[L, m)].

A canonical system of differential equations, or 1-dimensional Hamiltonian
system, is a 2 x 2-system of differential equations of the form

y'(z) = zJH (x)y(x), z €[0,lg), (1.1)

where H is a locally integrable 2 x 2-matrix valued function on [0, ;) whose values
are real and nonnegative matrices. Moreover, J is the matrix

1= (1 )

If x is interpreted as time parameter, it models the motion of a particle under the
influence of a time-dependent potential. The function H is called the Hamiltonian
of the system under consideration and describes its total energy. To a canonical
system there is associated its Weyl coefficient gz, which is a function belonging to
the Nevanlinna class N, i.e. is analytic in CT and satisifes Im gy (2) > 0, z € C*.
A basic inverse result of L.de Branges, cf. [dB1] (a proper formulation can be found
e.g. in [W1]), states that to each function ¢ € A there exists an essentially unique
Hamiltonian which has g as its Weyl coefficient.

The notions of strings and canonical systems are closely related. In fact, in
view of the above inverse results, we know that to each string S[L, m| there exists
a unique Hamiltonian H, such that ¢s = gg., and that the behavior of the string is
completely determined by the behavior of the canonical system with Hamiltonian
Hy.

There are also other ways to relate strings and canonical systems. Since gg €
S we know that also zqs(z) € NV, and therefore that there exists a Hamiltonian Hy
such that gg, = 2qs(z). Moreover, it is known that, if ¢ € S, then also zq(2?%) € N.
Thus we have naturally associated yet another Hamiltonian H,;, namely such that
qu, = 2qs(2?). Each of the Hamiltonians Hy, Hy and Hy fully describes the string,
the most natural choice is H,. Each of Hs, Hy and H; can be determined explicitly
in terms of the string S[L,m]. A detailed exposition of these topics is given in
[KWW3].

During the last decades a theory was developed which deals with generaliza-
tions of the notions and theorems mentioned above to an indefinite setting. The
class N< of generalized Nevanlinna functions is defined by substituting the pos-
itivity condition in the definition of A’ by the requirement that a certain kernel
function has only a finite number of negative squares. For the exact definition see
§2.3. This class of functions was intensively studied, for the basic results we refer
to [KL1]. Moreover, a function ¢ is said to belong to the class NI, if ¢ € Ncoo
and zq(z) € N. This can be viewed as a generalization of the Stieltjes class. For
example it is known that, if ¢ € NZ, then 2¢(2?) € Newo.

The theory of canonical systems and the inverse spectral theorem of
L.de Branges was generalized to an indefinite setting in [KW1, KW2, KW3].
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Thereby the differential equation y'(z) = zJH(z)y is substituted by the fam-
ily of its fundamental matrices w(x), which form a so-called chain of matrices.
The notion of chains of matrices can be axiomatically accessed and generalized to
the indefinite situation. It is then proved that to each chain of matrices a func-
tion goo (w) € N<oo is associated, which is called the Weyl coefficient of the chain,
and that conversely to each ¢ € N, there exists an essentially unique chain of
matrices such that ¢ is its Weyl coefficient. We will recall these notions and re-
sults in more detail in §4. The interpretation of an indefinite chain of matrices as
the family of fundamental matrices of an indefinite canonical system is work in
progress, cf. [KW4]. In contrast to the classical situation, a chain of matrices in
the indefinite case has singularities. The peculiarities of indefiniteness are reflected
in the structure of these singularities.

A generalization of the notion of a string to the indefinite setting was proposed
n [LW]. A generalized string is a triple S[L,m, D] where L > 0, m is a locally
square integrable function defined on [0, L) which is nondecreasing and continuous
from the left with possible exception of a finite number of points, and where D is a
stepfunction defined on [0, L) which has only a finite number of points of increase,
is nondecreasing and continuous from the left. A point z, € [0, L) is called critical,
if either D(zc+) — D(ze) > 0, m(xe+) — m(x.) < 0 or limsup, ., |m(z)| = oco.
The relation

fl@)+z | flz)dm(z) +2° f(z)dD(xz) =0, f(0-)=0.
[0,2] [0,z]

is called the differential equation of the generalized string. Of course, this equation
requires an appropriate interpretation. Also to a generalized string S[L,m, D] a
function gg is associated and again called the principal Titchmarsh-Weyl coefficient
of S[L, m, D]. It belongs to the class N2 .. An inverse theorem is established which
states that this notion induces a bijective correspondence between the set of all
generalized strings and N .

By the above inverse results we know that, given a generalized string
S[L,m, D], there exist chains of matrices ws,wp and wy, such that ¢ (ws)(z) =
q5(2), goo(wo)(2) = 2qs(2) and goo(wa)(2) = 2qs(2?). Thereby wy will be positive
definite, since zqs(z) € N, whereas ws and wy will in general be indefinite. The
behavior of the generalized string is fully determined by each of these chains.

It is the aim of this paper to describe the chain wy, in particular the structure
of its singularities, in terms of the generalized string S[L, m, D]. It turns out that
the singularities of w, correspond exactly to the critical points of S[L,m, D], and
that their structure can be explicitly read off from the behavior of the mass function
m and the possible presence of dipoles. We obtain a noteworthy inverse result,
which states that the singularities of a chain whose Weyl coefficient belongs to
NZ are of a very special kind. In fact, there are just five different types which
can occur.
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We will obtain these results by explicit construction. Assume that ¢ € N.o
such that also zq(2), 2q(2?) € N<so. Let ws,wp,wq be the chains of matrices with

0o (ws)(2) = (2), Goo(w0)(2) = 2q(2), doo(wa)(2) = 2q(2?).

We will give a method how to construct all three of the chains ws, wg,wq, once one
of them is known. From this we deduce results on the structure of singularities of
either of these chains. In the situation that S[L,m, D] is a generalized string and
q = qs we can apply this knowledge to obtain what we were aiming for.

We are also led to the conclusion that indeed the principal Titchmarsh-Weyl
coefficient ¢g, whose definition in [LW] might seem to be a bit ‘ad hoc’, is the
most natural object to describe the structure of a generalized string S[L,m, D].
Although, of course, S[L,m, D] is also determined by either of zqs(z) or zqs(z?).
However, looking at the chains wp and wq, we see that wy does not have any
singularities and it will be apparent from our results that the singularities of wy
can be of a much more complicated type as those of ws. Hence the information on
S[L, m, D] in wy is somewhat hidden and wy is simply to big to describe S[L, m, D]
in a neat way.

The present work is divided into three parts. The first part consists of Sections
2 and 3. In Section 2 we introduce some classes of functions which are of importance
in our investigations, study the relationship between those classes as well as the
reproducing kernel spaces generated by such type of functions. These are first of all
the M-classes of 2 x 2-matrix functions, in particular the subclasses of symmetric
and essentially positive matrix functions, cf. Definition 2.1,Definition 2.2. Secondly
we recall the notions of generalized Nevanlinna functions and of Hermite-Biehler
functions, and the appropriate analogues of symmetry and essential positivity
on the level of these functions. Moreover, we recall the definition of a de Branges
space of entire functions, cf. Definition 2.12, and the relation of those spaces to the
introduced classes of functions. Some of these results are well known, however, we
wish to set up these notations in sufficient generality and to collect what is needed
in the sequel. In Section 3 we deal with a transformation of matrix functions and its
converse. This transformation relates the M-classes of symmetric and essentially
positive matrix functions, cf. Theorem 3.2. Although the methods employed in
these investigations are mostly elementary, they lead to two striking results on the
structure of de Branges spaces, Proposition 3.12 and Proposition 3.14.

The second part of this paper consists of Sections 4, 5 and 6. In this part we
lift the above mentioned transformations to the level of chains of matrices and in-
vestigate the evolution of singularities. In Section 4 we give the definition of a chain
of matrices, cf. Definition 4.1, and of symmetric and essentially positive chains of
matrices, cf. Definition 4.3. Moreover, we recall some basic facts concerning these
notions. A noteworthy inverse result, which is proved in this section, states that a
chain of matrices is symmetric if and only if its Weyl coefficient is symmetric, cf.
Proposition 4.4. Section 5 deals with the proper lifting of the transformations of
matrix functions to whole chains of matrices. It contains Theorem 5.1 which can be
viewed as the core of our present work. It shows explicitly how we can obtain the
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chain @ whose Weyl coefficient is ¢(z) from the chain w whose Weyl coefficient is
2q(2?%). As a corollary we obtain another inverse result which states that a chain of
matrices is essentially positive if and only if its Weyl coefficient has this property,
cf. Proposition 5.6. Also a first result on the structure of essentially positive chains
is deduced, cf. Corollary 5.8. Moreover, we consider the inverse transformation, cf.
Theorem 5.10 where we give an explicit construction of the chain whose Weyl
coefficient is zq(z?) assuming that the chain with Weyl coefficient ¢(z) is known.
These results also lead to a construction of the chain with Weyl coefficient zq(z)
out of the one with Weyl coeflicient ¢ as indicated in Remark 5.11. The statement
of Remark 5.11 is of fundamental importance, since it tells us how to proceed in
order to reach our aim stated above. In Section 6 we recall the classification of
singularities of a chain of matrices and investigate how singularities appear and
transform when switching from the chain with Weyl coefficient ¢ to those whose
Weyl coefficients are 2q(22) and —(zq(z))~!, respectively. In view of our needs in
the discussion of generalized strings we restrict ourselves to the case that ¢ € V.
However, it is obvious how a more general discussion can be carried out (and how
tedious this might be).

Finally, in the third part, Section 7, we prove the results on generalized strings
we were aiming for, cf. Theorem 7.3. Following the idea which was made explicit
in Remark 5.11, they are deduced from the results of Sections 5 and 6.

2. Some classes of functions and their interrelation

In this preliminary we set up our notation and collect some results on various
classes of functions and their interrelation. Only some of these results are new,
some are well known, some are taken from previous work. However, we feel that
it is a benefit for the reader to have this collection of preliminaries at hand.

2.1. The class M of matrix functions
Main objects of our studies in the present paper are 2 x 2-matrix valued entire

functions of a particular kind. For a function f : C — C we denote by f# the
function

f7(2):=f). (2.1)
If f = f#, we call f real.

2.1. Definition. Let M be the set of all 2 x 2-matrix valued functions
W = (wij)i,_; : C — C*>*?

i,j=1
such that the entries w;; are real and entire functions, det W =1 and W (0) = I.
Denote by M?®¥™ the subset of M which consists of those functions W such that
w11, Wes are even and wio, wo1 are odd. Let M€P be the set of all functions W € M
which have the property that each of their entries has only finitely many zeros off
the positive real axis.
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0 -1
()
2.2. Definition. Let x € NU {0}. We write W € M,,, if W belongs to M and if
the 2 x 2-matrix valued kernel

Let J be the matrix

W (z)JW (w)* —J

Z—w

Hy (w, z) :=

has k negative squares on C.

Throughout this paper we will use the notation

Mew:= | My, Meoo = | M.,

0<v<k veNU{0}
and write ind_ W = & to express the fact that W € M belongs to M. Moreover,
M = MV AM, MP = MTPNM,,

and MZ", M0, MZ,, MZ,, are defined correspondingly.
Similarly we can define classes "M,, +szm etc., by imposing a restriction
on the numbers of positive squares, instead of negative squares, of the kernel Hyy .
For later reference let us explicitly state the following elementary and mostly

well known results. Put
Vo 0 1
=17 o)-

2.3. Lemma. The classes M, M*¥™ M_, MY, M, +Ms<y£ are closed
with respect to multiplication. Each of the following transformations ¢; is an invo-
lution of M. The subclasses M*V™  ME®P remain invariant (symbolized by a O) or
not and the class M, remains invariant or is mapped to the class "M, according
to the following scheme:

Transformation MV M| M,
G W S W | O .
by : W(2) = W(=2) 0 ™,
¢3: W(z) — W(z) ! O O | M,
ba: W(z) = —JW(2)J o | o| o
b5 W(z) = VW (2)"V 0 O 0
b6 : W(z) — W(z)T O O | ™M,

Proof. The fact that M and M?®Y™ are closed with respect to multiplication is
obvious. The kernel relation
(W1W2)(Z)J(W1W2)*(w) —J
zZ—w
Wa(z)JWs -J
2(2) 2_(’[1}) Wl(w)* +

zZ—w zZ—w

= W1 (Z)
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shows that also M., and "M ., have this property.

Each of the transformations ¢; is an involution on M. The facts that M®¥™
is mapped into itself by all ¢; and that M® is invariant under ¢s, ..., ¢ is seen
by explicitly writing down the matrix ¢;(W).

The fact that ¢1, ¢4 and ¢5 map M, into itself follows from the kernel rela-
tions

W(=2)"YIW(—w)=* = J

— = W) T e W)
(CIWEDIIW )y =T WEIW W) =
and o o
W VAIVW VY 0 =T _ s WY 0) =Ty oy

Moreover, ¢o(M,) = M, since
Hy(—.)(w,z) = —Hw (—w, —2) .
Since ¢3 = ¢1 0 g9 and ¢g = @3 0 ¢4, we find that also ¢3(M,) = ™M, and

¢6 (MH) = +Mn-
U

2.4. Remark. The simplest examples of matrices in M, besides the constant I,
are linear polynomials. An elementary argument shows that a nonconstant linear
polynomial W belongs to M if and only it is of the form

_lzsi 2
W (=) = Wi (=) = (1 lzsin ¢ cos ¢ lzcos® ¢ )

—lzsin? ¢ 1+ lzsin¢cos ¢

for some [ € R\ {0} and ¢ € [0, 7). The numbers | and ¢ are uniquely determined
by W.

Note that for all [ € R\ {0} and ¢ € [0,7) we have W 4 € M, that
W,¢) € M*¥™ if and only if ¢ =0 or ¢ = 7, and that

MonN +./\/11 , 1>0

Wi, € +
MinNn "My ,1<0

Any function W € M,; generates a Pontryagin space R(W) by means of the
reproducing kernel Hyy. Recall that this space is obtain as completion of the linear

space
span{HW(w, 2 (5) :w e C, (;j) eC? } ,

equipped with the inner product

[Hw (w1, .) <Zi) s Hw (w2, ) <zi>} = (Z§>*Hw(w1,w2) (;i) ,

see for example [ADRS].

(2.2)
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Let W € Mc. It follows from the fact that the entries of W are real, i.e.
satisfy wﬁ = w;j, that the mapping

()= ()= (%)

is an anti-isometry of £(W) onto itself. Moreover, cf. [KW1, Proposition 8.3], the
space (W) is invariant under the difference quotient operator (w € C)

f 1(z)=1 (w)
R (9>H 9(z)—g(w) | -

R_(W) = cls {Hw (w, 2) (g) tweCh ,

We put

and, similarly, R4 (W) := cls{ Hw (w, z) (é) cw e C}.

2.2. A Characterization of MY

The fact that W € MS¥™ is reflected in a symmetry property of K(W).
Denote by O(C) the set of all entire functions and consider the map

- (50)- (255)
This map is an involution of O(C)2.

2.5. Proposition. Let W € M. Then W € MP™ if and only if M|gmw is an
isometry of K(W) onto itself.

Proof. Assume that W € M2¥™. Then
-1 0 -1 0
W(-z) = ( 0 1) W(z) ( 0 1)

and hence B (_01 (1)> e <_01 (1)> |
Since
u(6@) = (0 ) (62)-
we obtain
M Hy (w, 2) (g - (‘01 ?) Hy (0, —2) <§) -
= Hy (—w, 2) (}f‘) c/RMW).
Moreover,

ot (1) 0 (5) v -
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- o) (5 v (5 o
() e (57) = () vt (31) -

= [Hw (w1, 2) (gi) s Hw (wa, 2) (gi) }ﬁ(W)'
Let

L= span{HW(w,z) (g) s w, a0 € (C} .

Then £ is a dense linear subspace of K(W) and M|, maps £ isometrically onto
itself. Hence there exists an isometric continuation of M|z to K(W) which must
be given by (2.3), since point evaluation is continuous.

Conversely, assume that (2.3) is an isometry of (W) onto itself. As M? = id,
we obtain

[ (28) M Hy (w,2) (g) aw) = [M (28) Hw (w,2) (g) Jaow) =
-(3) (af)= () (6C)-
= 1(6) Hwt=w2) (5 D
It follows that
(3 1)t 5) e 3

e () w3 1))

Since a, 0 were arbitrary, we conclude that

<_01 (1)> Hw (w, —z) = Hw (~w, 2) <_01 (1)> '

Substituting w = 0 in this relation yields

(—01 (1)> W(—i)ZJ— J_ W(z)j—J <_01 (1)> 7

and since

it follows that

i.e. that W € M%¥™,
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This result puts us in position to apply [KWW2, Lemma 2.1], and to obtain
a splitting of the space &(W).
2.6. Corollary. Define
F
G

AW, = ker(I + M) = { (g

Then R(W)e and R(W), are closed subspaces of &(W) and K(W) =
AW)e[+]R(W),. The reproducing kernels of R(W)e and K(W), are given by
(I + M)Hw (w,z) and 3(I — M)Hw (w, z), respectively.

Of particular interest is the situation when R_ (W) = &(W).
2.7. Lemma. Let W € M7, (F,G)T € AW), and assume that R_(W) = &K(W).

<00
Then (F,G)T € &(W), if and only if G is even, and (F,G)T € &W), if and only
if G is odd. The analogous assertion holds when £+ (W) = &(W) and G is replaced
by F.

Proof. Assume that &_ (W) = &(W) and that (F,G)T € &(W) is such that G is

even. Then
1) (g) _ (F(z) +OF(_Z)>

and hence (I — M)(F,G)T = 0. The other assertions follow similarly.

KAW)e :==%ker(I — M) = { < > € RAW) : F odd, G even},

> € RW) : F even,G odd}.

2.3. The class N, of generalized Nevanlinna functions

Let us recall the notion of matrix valued gemeralized Nevanlinna functions: A
n x n-matrix valued function @ is said to belong to N*" if it is defined and
meromorphic on C \ R, satisfies Q(Z) = Q(z)*, and has the property that the
n X n-matrix valued kernel
_ Q) - Q)"
Lo(w, z) = po——
has k negative squares.
The following subclasses of Nevanlinna functions were investigated in
[KWW2]. A function Q € N**™ is said to be
(1) symmetric, if Q(—z) = —Q(z), i.e. if Q is odd.
(ii) essentially positive, if @ is analytic on C \ [0, 00) with possible exception of
finitely many poles.
The subset of N**™ which consists of all symmetric (essentially positive) functions
will be denoted by N> "-svm (NX™eP regpectively). If we deal with scalar valued
functions, i.e. n = 1, then the upper index n x n will be suppressed. Moreover, the
scalar function ¢(z) = oo will be regarded as an element of Ny. We will freely use
selfexplanatory notation like N& NZ2"Y™ etc.

K



Singularities of generalized strings 11

The M-classes of matrix functions are related to the generalized Nevanlinna
classes in several ways, two of them are of importance in the present context.

The first one we deal with is the Potapov-Ginzburg transform. If W is a 2 x 2-
matrix function whose entries are real analytic functions such that det W =1 and
wa1 # 0, then the Potapov-Ginzburg transform (W) is defined as (cf. e.g. [Br])

rrolbe

N EEIOETE

\IJ(W)(Z) L 1 w22( )
’IJJ21(Z) wgl(z)

2.8. Lemma. We have W € M, if and only if (W) € N2*2. Moreover, W €

MEY™ (W e M) if and only if W(W) € N5V™ (U(W) € NP, respectively).

Proof. The assertion follows from the kernel relation

e )

g

Secondly, matrix functions of the class M, operate on N, via fractional
linear transformations: If W € M and 7 : Q C C — C is an analytic function such
that wa (2)7(2) + w22 (z) # 0, then we define

w11 (2)7(2) + wia(
wWa1 (Z)T(Z) =+ ’wgg(

Then W x 7 is a meromorphic function on Q. If wey(2)7(2) + waz(z) = 0 we set
W x 7 = 0o. Moreover,

z

(W*71)(2) := p

)
) .
wll(z)

w21 (Z) ’

2.9. Lemma. If W € M,, and 7 € N,,, then W 7 € N<yy. If W € "M, and
T € RU{oc}, then —(W x7) € N<y.

(W % 0)(2) :=

Proof. This assertion follows from the kernel relation
(W*1)(2) — (W *T1) (W)

(w21(2)7(2) + w22 (2)) P (w21 (W) (W) + waz(W)) =
VW) JVW VY (w) = J (—7(w 7(2) — (W
(ot 2y LYW VY () 2 (), o)1)
0
2.10. Corollary.
(i) If W € M,, then each of the functions
wii(z) wiz(z)  wn(z)  wa(?)

wa1 (Z) ’ w2 (Z) ’ ’LU12(Z) ' w2 (Z) (24)

belongs to N<y.
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(i1) A function W € Moo belongs to MZ_ if and only if one of its entries has
the property to have only finitely many zeros in C\ [0, 00). In fact, if W € M,
and one entry has n zeros in C\ [0,00), then each other entry has at most
4dn 4 6 4 3k zeros in this region.

Proof. For the first two functions in (2.4) use the first part of Lemma 2.9 with
the matrix W and the parameters 7 = co and 7 = 0, respectively. For the second
pair of functions use the second part of Lemma 2.9 with the matrix W7 and the
parameters 7 = 0, c0.

The second assertion follows from (2.4) by employing [KWW2, Lemma 4.5].
An inspection of its proof shows the explicit estimate.

g

The estimate in Corollary 2.10, (ii), is very rough, but sufficient for our
purposes.

2.4. deBranges spaces of entire functions. The class HB. ., of Hermite-Biehler
functions

Let us recall the notion of dB-spaces and their connection to the class of Hermite-

Biehler functions. To make the present work more self-contained, let us recall the

notion of an almost Pontryagin space, [KWW1].

2.11. Definition. Let £ be a linear space, [.,.] an inner product on £ and O a Hilbert
space topology on £. The triplet (£, [.,.], Q) is called an almost Pontryagin space,
if
(aPS1)  [.,.] is O-continuous.
(aPS2)  There exists a O-closed linear subspace M of £ with finite codimen-
sion such that (90, [.,.]) is a Hilbert space.

2.12. Definition. An inner product space (B, [.,.]) is called a de Branges space (dB-
space, for short), if the following axioms hold true:

(dB1) (B, [.,.]) is a reproducing kernel almost Pontryagin space on C whose
elements are entire functions.
(dB2) If F € B, then also F# € 3. Moreover,

[F#,G#] =[G, F], F,GeB.
(dB3) If F €*P and zp € C\ R with F(z9) =0, then
S F(z)eP.
zZ— 20
Moreover, if additionally G € 9B with G(z9) = 0, then
Z—Zo

F(z), G(2)] = [F.G].

zZ— 20 zZ— 20

(==

We will assume throughout this paper that also
(2) For every t € R there exists F' € P with F'(t) # 0.
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Let B be a dB-space. We define the set of associated functions as

AssocP := 2P+ PB.
A function S belongs to Assoc®P if and only if P is closed with respect to the
difference quotient operator (w € C)
F(z)S(w) = F(w)S(z)
z—w '
The Hermite-Biehler class HB,, with negative index x € N U {0} is defined

as the set of all entire functions E, such that F and E# have no common nonreal
zeros, E-1E# is not constant, and the kernel

#(2 # (w
1= EE((Z)) (EE(EU)))

zZ—w

F(z)—

Spe (w,2) =1
E

has x negative squares on CT.

The Hermite-Biehler class is related to the notion of dB-Pontryagin spaces,
i.e. nondegenerated dB-spaces, by the fact that, if 8 is a dB-Pontryagin space,
then its reproducing kernel K is of the form

2)E(w) — E#(z w
K, 2) — i ZCIEW) — B () B@)

27(z — W)
for a (not necessarily unique) Hermite-Biehler function E. Conversely, every
Hermite-Biehler F function generates in this way a dB-Pontryagin space which
we will denote by P(F), cf. [KW1]

The class of Hermite-Biehler functions is also connected with generalized
Nevanlinna functions. Let E be an entire function and write ¥ = A — iB with
A, B real entire functions. Then

A
E € HB,, < EENna

A A
E € HBY™ «— Ee/\/,jym, E € HB® — EeN:P.

The following two special classes of dB-spaces were investigated in [KWW4].
Let M : O(C) — O(C) be defined as

. J o) — 0@
M{ F(z) — F(-=2)

The map M is a linear involution of O(C). A dB-space (B, [., .]) is called symmetric,
if M induces an isometric involution of 9B, i.e. if M(P) C P and

[MF,MG] = [F,G], F,G €.

Let (3, [.,.]) be a dB-space, and denote by S the operator of multiplication with
the independent variable in 3. Then B is called semibounded if the inner product

[F,G)s := [SF,G], F,G € dom S,

has a finite number of negative squares on dom S.
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The sets of Hermite-Biehler functions which correspond to these classes of
dB-Pontryagin spaces are the following: Define HBZY™ to be the subset of HB,,
consisting of all functions E which have the property that E#(z) = E(—z). Then
B is a symmetric dB-Pontryagin space if and only P = P(F) for some E € HB.
Moreover, we denote by HB2? the set of all functions F = A — iB € HB, such
that B has only finitely many zeros in C \ [0,00). Then 9§ is a semibounded dB-
Pontryagin space if and only P = P(E) for some E € HB .

We will need the following result which supplements our discussion of sym-
metric dB-spaces in [KWW4].

A subspace Q of a dB-space B is called a dB-subspace of B, if it is with the
topology and inner product inherited from 8 a dB-space. This is the case if and
only if F' € 9 implies F# € Q and if F € Q, F(w) = 0, implies (z —w) " 1F(z) € Q.
A main result in the theory of dB-spaces, cf. [dB1], [KW1], is the ordering theorem
for subspaces of 3. It states that the set of all dB-subspaces of a given dB-space
P is totally ordered with respect to inclusion.

2.13. Lemma. Let P be a symmetric a dB-space and let Q be a dB-subspace of B.
Then 9 is symmetric.

Proof. Put 9 := 9, we have to show that Q C Q. Tt is straightforward to check
that 9 is a dB-subspace of B. By the ordering theorem for subspaces of P we
have either Q C  or Q C Q. In the first case we are already done. In the second
case we have MQ = Q C Q. Since M is an involution, this implies MQ = Q.

0
Matrices of the class M« give rise to Hermite-Biehler functions. If W &
M, then the function Ew := waa + iwg; belongs to HB<,. It was shown in

[KW1] that the projection 7_ : (F,G)T +— G is an isometric isomorphism of
R_(W)/R-(W)° onto P(Ew ).

Similarly, if we put Ew = wi; — iwi2, then Ew € HB<,, and the projection
7y : (F,G)T — F is an isometric isomorphism of &, (W)/&, (W) onto P(Fw ).

It is an important result, cf. [KW1], that for a nondegenerated dB-space 8 we
have 1 € Assoc’ if and only if there exists a matrix W € M., &— (W) = K(W)
such that P = P(Ew).

If 9 is a dB-subspace of B, then trivially AssocQ C AssocP. It follows from
[dB1] that, if 1 € Assoc’B, then also 1 € Assoc Q.

The dB-subspaces of a P(FEw ) can be obtained from certain subspaces of
K(W). Note that, if we assume that K_ (W) = &(W), then the projection 7_ onto
the second component is an isometry of K(W) onto P(Ew ).

2.14. Lemma. Let W € M and assume that R_ (W) = R(W). Then the projec-
tion m_ induces an order-preserving bijection of the set of all closed subspaces L
of R(W) which are invariant under the mappings .# (cf. (2.1)) and Ry, w € C,
and the set of all dB-subspaces of P(Ew). Thereby ind_w_(L) = ind_ L and
dim7_(£)° = dim L°.
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Under the assumption that R4 (W) = R(W) the same assertion holds with
7+ and P(Ew).

Proof. Since K_ (W) = K(W), the mapping m_ is an isometric isomorphism of
K(W) onto P(Ew). Hence it induces an order preserving bijection of the set of
all closed subspaces of K(WW) onto the set of all closed subspaces of P(Ew ), and
hence leaves negative indices and degree of degeneracy invariant.
Assume that £ is a closed subspace of R(W) which is closed with respect to
# and R,,. Since 7_o .# = #on_ and m_ o Ry, = Ry o m_, also (L) has this
property. We see that F' € w_ (L) implies F# € n_ (L) and that, if F € 7_(L) and
F(w) =0, then (z —w) 1 F(z) € 7_(L). Thus 7_ (L) is a dB-subspace of P(Ew ).
Conversely, let Q be a dB-subspace of P(Ew) and put £ := 7-'(Q). Then
F € Q implies F# € Q. Assume that F = 7_(G,F)T, F# = n_(H,F*)T. It
follows that (G# — H,0)T € &(W) and thus that G# = H. Thus also £ is closed
under .#. As 1 € AssocP(Ew), also 1 € Assoc £, i.e. Q is invariant under R,,.
Again using that £_ (W) = &(W), we see that also £ has this property.
d

3. The square root transformation

In this section we investigate a transformation 7, which assigns to each matrix
W € M*¥™ an element of M and its converse transformations 75 ~. These results
have consequences on the structure of symmetric and semibounded dB-spaces.
Moreover, they are the basic tool for the subsequent sections.

3.1. The transformations 7, and 7 ,

3.1. Definition. Define a transformation 7, : M*¥™ — M by

w1 (2 wiz(z) wi1(z
%mmf%_< () 22wy (0) <>>.

zwa1(z)  waz(2) — wip(0)zwa (2)
Let v € R. Define a transformation 75, : M — M?*Y™ by
w1 (%) 2(wi2(2?) +ywin(2?))
TQW(W)(Z) T w2 2 2
- w22(2 )+ Ywa1 (Z )

The facts that 7 (W) is well-defined and belongs to M, and that 75 , (W) €
MFY™ follow on inspecting the defining formulas.

3.2. Theorem. The transformation I, maps M*¥™ surjectively onto M. For each
W e M we have

T\;l({W}) ={T2,(W): v eR}.
By T, the class MZ is mapped onto MZ,. In fact, ind_ T (W) < ind_ W,

Moreover, the map ,
¢:@8>H<ﬁ§0
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is an isometry of R(T(W)) onto KW )..

The proof of this theorem needs some preparation. First we list some elemen-
tary properties of 7, and 73, and show that these transformations are in a way
inverse to each other.

3.3. Lemma.

(i) Let W € M*¥™, then

e = (5 Hwa (5 96 ) e

W)(=2) - T, 0V)(=2) =
(3 VG Y wrewe (50 (5 TRO). P

Moreover,

tr (7, (W) (0)J) = —wh, (0) +

and we have

(13) Let W € M, then

nme = (5 )wen (s 1) (G Y 5)

If additionally W € M, then
Tory (W) (2) T2 (W)(2) =

GOE v (NG
o tr (T2, (W)'(0)J) =7 — w5, (0). (3.7)
(iii) We have
(T, 0Tn)(W)=W, WeM,

(Bougo0) 0 T,) (W) = W W e M.
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Proof. The formulas (3.1), (3.5) and (3.7) are verified by straightforward com-
putation. The relation (3.3) is proved by comparison of the Taylor coefficients
in

s why (2) w12 _ w125 i, (0)wf (2) )
T W yA -22 = z z
AN (wm(z) +2why(2)  Why(2) — wiay(0)war (2) — why(0)zuwh ()

The relation (3.2) is established by substituting the expression (3.1) for 7_(W)(z?)
and ’Z:/(W)(z2), respectively. The relation (3.6) follows from (3.5). Finally, (3.4)
follows from the definition of 7 .(W).

The second relation in (iéi) follows from (3.5) and (3.1). Since
T2,(W)i5(0) = -, the same source implies the validity of the first relation
in (i44).

0
The kernel of the map 7, can be determined explicitly.
3.4. Lemma. Let W,W € M®¥"™. Then (W)= 'Z\'/(W) if and only if
W=WWguy,
for some | € R, where W o) is as in (2.2).
Proof. Assume that W = WW(,0)- Then
- 1 Iz ) ,
W(z) =Wi(z) 0o 1) W19(0) = wi,(0) + 1,
and hence, by (3.2),
(W) ()T (W)(=%) =
(1 wiy(0)) (L 0\ (1 12\ [z 0\ [1 —wiy(0)-1) _
—\0 1 0 1/\0 1 0 1 0 1 o
1 w12 —wiy(0) =1\ (1 0
1 —\0 1)°
Conversely, assume that 7 -7 ( ) = I. Then we obtain from (3.2) that
_ wi5(0) —wiy(0)) (£ O _
W) () = ( DG =T ) -
( (@12 (0 w12(0))z) '
O

The relationship between the spaces &(W) and (7 (W)) is expressed by the
following kernel relation.
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3.5. Lemma. For each W € M3Y™ we have

z 0 w 0
2 (0 1) Hr, ) (w*, 2°) (0 1) =

-1 0

(3.8)
= Hw(w, z) + < 0 1) Hy(w,—z) = (I + M)Hwy (w, 2).

Proof. Since w}5(0) € R we have

o))

and hence we obtain, using (3.1),

(z 0) T,(W)(z*)J T, (W)(w?)* —J (w 0)
J

0 1 22_m2

=~ (5 9) 7 (5 1) wer - (5 Y)
- _1# ® <% _OZ> W(w)* — @ _02)

We compute the expression on the right hand side of (3.8).
-1 0
Hy (w,z) + ( 0 1) Hy (w,—2) =

W (z)JW (w)* — J -1 0\ W(=2)JW(w)*—J
- + ( 0 1)

Z—w

—Z—Ww

S (W) (G +m)7 — (o ~m) <‘01 (1)) JYW ()~

— ~(ermr-c-m (3 1))

cror-G-m (3 )= (m o).

the equality (3.8) follows.

Since

0
We are now in position to prove Theorem 3.2.
Proof. (of Theorem 3.2) By the first relation in Lemma 3.3, (ii7), it follows that
T,: M*¥™ — M is surjective. Moreover, for each W € M and all v € R, we have
Ton(W) € 7\'/_1({W}) The relation (3.6) shows that

To4(W) = Ton(W)Wi5—4.0)

and hence we conclude from Lemma 3.4 that the matrices 7., (W) exhaust

(W),
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Let W € M;?™. Then, by the kernel relation (3.8), we have 7 (W) € M<.
Corollary 2.6 together with (3.8) yields that the map ® is an isometry of &(7 (1))
onto R(W)e..

By (3.4) and Corollary 2.10, (i), the function ¢(2) = 7,(W) % co has the
property that zg(z?) belongs to N<. It follows from [KWW2, Theorem 4.1] that
q € N2 Since the entries of the first column of 7 (W) cannot have common
zeros, we see that the entry 7 .(W)a; has only finitely many zeros in C \ [0, 00).
Thus, by Corollary 2.10, (ii), we have T (W) € MZ,.

Conversely, assume that W € MZ_. We show that 75 (W) € M2 Since
Ty (W) = To0(W)W(, 0y, it suffices to consider the particular case v = 0. In this

Too(W)(z) = (121152)) zwiz(2 )) |

L wp(2?)

Hence the Potapov-Ginzburg transform computes as

Zw11(Zz) z >

z z
’IJJ21(22) wgl(zz)

= 2T (W)(2?).
Since W € M%._ we have U(W) € N252? and hence, by [KWW?2, Theorem 4.1],
U (Ta0(W))(2) € N2Z2™.
This shows T3 o(W) € M2,
u

The subject of the next proposition is to clarify how linear polynomials are
transformed when either of 7, or 73 , is performed. This result is an important
tool for our later investigation of transformations of matrix chains.

3.6. Proposition.
(i) Let W, W € M*¥™ and assume that W—1W = Wi,a)y- Then a € {0, 5}, If

a =0, we have ’Z:/(W)_l’l\'/(W) =1.Ifa= 7, then

T,(W) T (W) = W g)
where
' =1(1+wj,(0)?), ¢ = Arccot w),(0).

(ii) Let W, W e M, v, 4 € R. If WiW = Wi,y for somel € R, ¢ € [0,7), cf.
(2.2), then

T (W) (2)To s (W)(2) = (3.9)
- 1 — 2%Isin ¢(COS ¢ -7 sin ¢) +231(cos ¢—j(s?117¢’>y))(ios ¢—4 sin ¢)
—zlsin? ¢ 1 + 2%sin ¢(cos ¢ — 4 sin @)
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We have Ty (W) To5(W) = Wiy if and only if W'W = W 4 and

either
=0, in which case L=4 —~ and o =0,

or
l#£0,¢# 0,7y =4 = cot ¢, in which caseLzlsin2¢,a=g.

Proof. The matrix function W .y belongs to M*¥™ if and only if a € {0, 5}.
This proves the first assertion in (7).

The case that a = 0 was already treated in Lemma 3.4. Assume that o = 7.
Then

=Wy 2
—12? 1+ lw'12(0)22> .)(Z)
when " = (1 + w}5(0)) and cot ¢ = wi,(0).
We come to the proof of (ii). Assume that W1 = Wi,4)- Then

Ty (W) (2) a5 (W)(2) =

[z =72\ (1-12*singcos ¢ 122 cos? ¢ AN
S \0 1 —12%sin% ¢ 14 12%sin¢cos ¢ 1)

z
0
1 — 221 sin ¢(cos ¢ — v sin ) S
. v +231(cos? p—~7 sin? p—4 sin ¢ cos p—= sin ¢ cos ¢)
—zlsin® ¢ 1 + 2% sin ¢(cos ¢ — 4 sin @)

Assume that To (W)~ (2)Tas (W)(z) = W(L,a)- By the already proved part (i)
of the present proposition, we must have o € {0,%} and WiW = W,g) for

certain [ € R, ¢ € [0, 7). Considering the just proved formula (3.9) we see that
either (i) or (i) holds. The converse follows from (3.9).

a

3.7. Remark. Note that in case ¢ = 0 the matrix (3.9) is equal to

((1) 2@—71) +123) |
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If ¢ # 0,1 # 0 we can decompose (3.9) as

((1) (C0t¢1_7)2> (—lzslin2q5 ?) ((1) _(COt(f_W)'

Then its Potapov-Ginzburg transform is equal to

11 (1 1)+Z(c0t¢—~y 0 )
zlsin? ¢ \1 1 0 —(cotp —4))
From the isomorphy of &(W). and &(7_(W)) we also obtain a relation be-

tween the spaces & (W) and R (7 (W)).
3.8. Proposition. Let W € MSV™ then

€L

dim&_ (7, (W)™ = [% dim & (W)*],

and
. o 1. o
dim R_(T(W)) = [5 dim & (W)°].
Proof. By [KW1, Corollary 9.7,Proposition 8.3] we have for any matrix W

AWt =/{ (p(()z)) € R(W) : p(z) polynomial} =

={ <p(02)) : p(2) polynomial, degp < dim K (W)*}.

Let ® be defined as in Theorem 3.2. Then we conclude that ® maps & (7 (W))*
into R_(W)1, and

dim &_(W)* > 2dim & (T, (W))"

Conversely, if [ is the largest odd number < dim &_ (W)+ — 1, then
Zl 1
eR_(W)—,
0
ZFTl s
( 0 ) € R (T,(W))".
If dim&_ (W) =0 mod 2, then
-1 (dm&- (W)t -1)—1 dim&_ (W)*+ )
2 2 B 2 ’
and hence dim & (7(W))* > 3 dim & (W)*. If dim R_(W)* =1 mod 2, then
(1 _ (dm& (W) -2)—1 dim& (W)*-1
2 B 2 ’
and hence dim &_(Z,(W))* > 1(dim & (W)+ —1). This yields the first equality.

and hence

[\)



22 M.Kaltenback, H.- Winkler and H.Woracek

For any matrix W we have
R(W)° = (Ro(W)H) ={ (p(oz)) € &(W) : p(z) polynomial}®,

and it follows from [KW1, Proposition 8.3] that the space £_(W)° is invariant
with respect the difference quotient operator. Hence

R-(W)° ={ (p(()z)) : p(z) polynomial,degp < dim &_(W)°} .
Using the fact that

Ro(W)E = (R (W) NR-(W)e) [H (R (W) N &-(W),) =

= span { (%l) : L odd, ! < dim & (W)* }[+]

1
[+] span { (%) : Leven,l < dimR_(W)"'},
the same argument as in the previous paragraph shows that

dim & (7, (W))° = [% dim & (W)°] .

3.2. Two characteristic values of a matrix W € M%Z__

It was shown in [KWW2, Proposition 4.9] that for a function ¢ € N2 the limit
lim;—,_ o« q(t) exists in RU{xoo}. E W € MZ__, we obtain two essentially positive
generalized Nevanlinna functions, namely W x co = w{llwu and w2_11w22. ‘We
denote the respective limits by

m(W) = lim (W xo0)(t), \(W) := wag (t)

t——o00 B tifoo w21 (t) ’

(3.10)

These numbers have interpretations in terms of the transformation 75, and the
corresponding Pontryagin spaces.

3.9. Proposition. Let W € MZ_ and v € R. Then m(W) € R if and
only if R=(W) = K(W) and R_(To,(W))° = {0}. Thereby R_(To,(W)) =
R(T2y(W)) if and only if m(W) = 0. Otherwise, if m(W) € R\ {0}, we have
dim & (T2, (W))*+ = 1.

Proof. Since W € MP._ we have W := To,(W) € M¥”, and, hence, may
consider the space (). Keep in mind that W = 'Z\'/(W)
Assume first that m(W) € R. By (3.4) we have
1,4
m(W) = lim (W xoo)((iy)") = lim_ Z.y( % 00) (iy)
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We conclude from [KW2, Theorem 5.7] that

satisfies & (W) = &(W). In case m(W) # 0 the space generated by the linear ma-
trix in the above relation is one-dimensional and spanned by the constant (1,0)7, in
fact R(W) = R(W)@span{(1,0)T}. Hence &_ (W) is orthocomplemented in &(WW)
and dim & (W)+ = 1. We conclude from Proposition 3.8 that &_ (W) = &(W).
In the case m(W) = 0 we have dim &_(W)+ = 0.

Conversely, assume that &_ (W) = &(W) and &(W)° = {0}. Again appealing
to [KW2, Theorem 5.7] we find that there exists a polynomial p(z) such that

W(z) = <é p(f)) Wi(z)

satisfies &_ (W) = &(W). Thereby dim & (W) = degp. Since, by Proposition
3.8, dim &_(W)* < 1 we can choose p(z) = az and thus

lim (W xoo)((iy)?) = lm 1

y—-+o0 y—-+oo gy

(W * oo) (1y) =

N : _
:yETw@(W*oo)(zy)—a— —a.

O

3.10. Proposition. Let W € MZ_ and assume that m(W) = 0. Then \(W) ¢ R
if and only if ind_ 75 (W) x 00 < ind_ Tp (W) for all v € R. If \(W) € R, we

have
AMW) =—sup{y €R: ind_ T (W) * oo < ind_ T, (W)} .
If v,4 € R, then we have

ind_- 7T 5s(W) =ind_ T ,(W)+ <0 |, 7,59>=AXW) or v, < -AW) .

Proof.  According to Proposition 3.9 our assumption m(W) = 0 implies that
R_(W) = (W) and that R_ (T2, (W)) = R(T24(W)) for all v € R. Put W, :=
T2,(W) and E, 1= w22 + tw, 21. Note that the function

q(2) = (Wy x00)(2) = 2(W » 00) (2°)
does not depend on 7. By (3.4) we have

wa(—y?) 1 wy2(iy)

wa1(—=y?) iy wy 21 (1Y)
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There are four possibilities:

AW) ++ = lim L wyzliy)
y—+o0 1Y Wy 21 (1Y)

=0 , wy2 & P(E,) (3.11)
. >0 , W~ 21 € s43(.E,Y), [’wmgl, wmgl] >0 '
B <0 W~y 21 € ‘B(E’y)v [w%m, w,yﬁgl] <0

2 , Wy21 € P(Ey), [wy21,wy,21] =0

In the first two cases (cf. [KW2, Lemma 5.12])
ind_ W, =ind_ W, x 00 =ind_g¢,
and in the third
ind_ Wy =ind_ Wy xoco+1=ind_q+1.

Assume now that A(W) € R, i.e. we are in one of the first three cases of (3.11).
Then

ind_ q y Y 2 _)\(W)

ind_ W, =
o 7 {ind_q—i—l , v < =A(W)

Hence, in this case, the assertion of the lemma follows.
Consider the case that A\(W) ¢ R, i.e. that w, 21 € PB(E,) and [w 21, Wy,21] =
0. Then, by the proof of [KW2, Theorem 7.1], for all [ < 0

ind_ WVW(Z,O) =ind_ VVV .

It follows that ind_ W, = ind_ W5 and that ind_ W, x co < ind_ W, for all
v,9 € R (cf. [KW3]).
O

3.3. Structure of symmetric and semibounded dB-spaces

The above Proposition 3.9 has two consequences on the structure of symmetric and
semibounded dB-Pontryagin spaces, which we shall elaborate in the following. The
first one gives a growth restriction on the elements of a semibounded dB-space.
For the proof we use a lemma which supplements [KW5, Theorem 3.17, Corollary
3.18].

3.11. Lemma. Let ¢ € Noo and let B be an entire function of finite order p. If
A(z) := q(2)B(z) is entire, then the order of A is also equal to p. Moreover, B is
of finite type if and only if A is. If p is not an integer, then B being of minimal
type is equivalent to A possessing the same property.

Proof. By [DLLS] we can write q(z) = r(z) - q1(z) with ¢1 € Ay and a rational
function r. This shows that it suffices to prove the assertion for the case k = 0.
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By our assumption the function ¢ must be meromorphic in the whole plane and
hence we may write according to [L, VII.Lehrsatz 1]

q(z) = 2 =20 (1—i) (1—1)_1. (3.12)

Z—bo k20 Q. bk

Denote the zeros of B by xj. Since ¢(z) - B(z) is entire, the zero set of B splits up
as {zr} = {bx} UX. Here and for the rest of this proof we understand that a zero is
listed as often as its multiplicity states, and also understand set theoretic notations
as including multiplicities. It follows that the zeros {yx} of A are given by {yx} =
{ar}UX. From [KWW2, Lemma 4.5] we conclude that the convergence exponents
of {z}} and {y} are equal and that the upper densities of these sequences coincide:
limsupi}{xk k] < r}| = 1imsupi|{yk Dkl < r}| .
r—oco TP r—oco TP

Moreover, the values

are together finite or infinite. If we arrange the sequences (ay) and (by) so that
ap, < by < agy1, for all [ € N the series

G -G

—) —(— 3.13
= [(ak bk ( )
converges. Consider the Hadamard factorization of B:

BE) = PO (1= 2) e [i%%)l] _

k =1

eP(Z)H(l——)exp{E;(bz)} g(l—i)exp{é%(i)l}.

Here P is a polynomial of degree at most p and p is the genus of the zeros of B.
From A = ¢B, (3.12) and the convergence of the series (3.13) it follows that the
entire function P in the product representation

o= T 2 S 3T 2o [$5120]

1=1 X 1=1
of A must be equal to

P =tos (2P T () - ()]

=1

Hence P is in fact a polynomial of degree at most p. It follows that A is of finite
order at most p. Since in this argument the roles of A and B can be exchanged, we
conclude that the order of A actually equals p. The assertion of the lemma now
follows from what was said above by Lindel6f’s Theorem, see e.g. [L, I.Lehrsatz
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14,15).
i

Let us remark that the assumption p ¢ Z in the last part of Lemma 3.11
cannot be dropped.

3.12. Proposition. Let W € MZ__. Then every entry w;; is an entire function of

growth at most order %, finite type. In particular, if P is a semibounded dB-space
such that 1 € Assoc’P := P + 2B, then

log max|;|—, |F(2)]

sup limsup < 00 (3.14)

FeAssocp r—oo \/7_"

Proof. Consider the matrix W := Too(W) € M¥.2. Since at most one of &_ (W)
and &, (W) is degenerated, we conclude that 1 € AssocPB(E) where E either is
w11 — 12 O Wag + i2;. In any case we conclude from [KWW2, Theorem 3.10]
that E and, hence, one entry of W is of exponential type. Lemma 3.11 now implies
that all entries of W are of exponential type. Therefore the entries of W are of
growth at most order %, finite type.

Let 3 be a semibounded dB-space and choose an inner product (.,.) on ‘B
such that (9, (.,.)) = P(F) is a semibounded dB-Pontryagin space, this is possible
by [KWW4]. Since P and PB(F) coincide as sets, we have AssocP = Assoc P(E).
If 1 € Assoc’P hence also 1 € AssocP(E), and we conclude that there exists a
matrix W € MZ__ such that (0,1)WW = (—B, A). By what was proved in the first
paragraph the function F is of growth at most order %, finite type. The relation
(3.14) now follows from [KW5, Theorem 3.4].

O

In order to give the second promised structure result on dB-spaces, we need
to recall a construction introduced in [KWW4]: If B is a symmetric dB-space, then
define

P, :={FecO(C): F(z?) € P}.

If B is endowed with a topology and inner product so that the map F(z) — F(2?)
becomes an isometric homeomorphism, this space is a semibounded dB-space. The
main result of [KWW4] states that every semibounded dB-space can be obtained
in this way and determines the kernel of the assignment Y : B3 — B, . Moreover,
if B and hence also P is a dB-Pontryagin space, the action of the assignment
T is explicitly determined in terms of the respective generating Hermite-Biehler
functions.

This construction on the level of dB-spaces is the exact analogue of the trans-

formations 7., 73, on the level of matrix functions. This follows by comparing
the definition of 7, and T, with [KWW4, Theorem 4.5].

3.13. Lemma. Let W € M. Then Ew € HB*Y™, ET\/(W) € HBP, and
PEw)+ = B(ET,w)) -
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Conversely, let W € MZ,, and v € R. Then Ew € HB®, Eg, (w) € HB*Y™,
and

PB(Er, w))+ = PB(Ew).
Each two spaces P(E1,  (w)) are not isometrically equal and every dB-Pontryagin
space P with P = P(Ew) is of this form.

It was shown in [KWW4, Proposition 2.6] that every even function F' €
AssocP can be obtained as F(z) = G(2?) with G € AssocP. In particular, if
1 € Assoc’PB, then also 1 € AssocPB.. The converse does not hold in general.

3.14. Proposition. Let E = A —iB € HBZ.) and put E; := A+ —iB4 with

A4 (2%) = A(2), B(2%) = 2B(2),
so that PB(F)+ = P(F4). Assume that 1 € AssocB(E)+ and let Wy € MZ be
such that R_(W4) = R(W4) and (0,1)W, = (—=B4+,Ay). Then 1 € AssocP(E)

if and only if m(Wy) € R. In this case there exists W € ML, &_(W) = K(W),
such that (0,1)W = (=B, A).

Proof. By its definition the function By has only finitely many zeros in C\ [0, 00).
Hence Wy € M%_ and thus W := To0(W,) € M. By the definition of 73
the matrix W satisfies (0,1)W = (=B, A). We have 1 € AssocP(E) if and only if
R (W)O = {0}, cf. [KW1, Proposition 10.3], [KW2, Lemma 5.11]. This, however,
is in view of Proposition 3.9 equivalent to m(W,.) € R.

O

4. Chains of matrix functions

In this section we investigate chains of matrix functions and introduce the appro-
priate analogues of the notion of symmetry and semiboundedness on the level of
chains of matrices.

Let us recall the notion of a maximal chain of matrices as introduced in
[KW3]. For a matrix W € M denote by t(W) the trace function t(W) =
tr(W'(0)J).

4.1. Definition. A mapping w : T — M. is called a maximal chain of matrices
if the following axioms are satisfied:
(W1) The set T equals (0, M), 0 < M < oo, with possible exception of
finitely many points.
(W2) The function w is not constant on any interval contained in Z.
(W3)  Forall s,t €7, s <t, we have w(s) lw(t) € Mo and

ind_ w(t) = ind_ w(s) +ind_ w(s) tw(t).

(W4)  Ift € 7 and for some W € Moo, W # I, we have W lw(t) € Moo
and ind_ w(t) = ind_ W +ind_ W~1w(t), then there exists a number
s € T such that W = w(s).
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(W5) We have lim; ~p t(w(t)) = +o00. If 7 is not connected, there exist num-
bers s < t, both contained in the last connected component Z, of 7
(that is sup Zoo = M), such that w(s)~'w(t) is not a linear polynomial.

It is proved in [KW3, Lemma 3.5] that the function ind_ w(t) is constant on
each connected component of Z and takes different values on different components.
Moreover, by (W3), it is nondecreasing. In particular, it is bounded and attains
its maximum on Z,. Let us define ind_ w := maxcz ind_ w(t). The set of all
maximal chains w with ind_ w = k will be denoted by 9),,. Moreover,

Mo = My, Moo= |J M.

v<k veNU{0}

It is already seen from the axiom (W5) that points s, ¢ where the transfer matrix
w(s)"lw(t) is a linear polynomial play a special role. This is formalized by the
notion of indivisible intervals. Let w : 7 — M, be a maximal chain of matrices.
An interval (s,t) C 7 is called indivisible of type ¢ € [0, 7) if for all &', ¢’ € (s,t)

w(s) T w(t') = Wi a).0)

The number L := sup{i(s',t') : &' < ¢/,s',t' € (s,t)} is called the length of the
indivisible interval (s, ).

If (s1,t1) and (s2,t2) are indivisible intervals of types ¢; and ¢2, respectively,
which have nonempty intersection, then ¢1 = ¢ and (min{sy, s2}, max{t;, t2}) is
again indivisible of the same type. Hence every indivisible interval is contained in
a maximal indivisible interval.

It can happen that for some s,t € Z, s < t, we have w(s) 'w(t) = W(; 4 for
some | < 0. Although in this case (s,t) ¢ Z we shall speak of an indivisible interval
of negative length.

Chains which can be obtained out of each other by a change of variable will
share their important properties. More precisely: Let J1, J2 be open subsets of R
and let w; : J; — M < be functions. Then we say that ws is a reparameterization
of wy if there exists an increasing and bijective map « : Jo — J;1 such that
we = wq o a. In this case we write we ~ wy. It is obvious that ~ is an equivalence
relation.

A central role in the theory of maximal chains of matrices is played by the
Weyl coefficient associated to a maximal chain. It is proved in [KW2] that for all
functions 7 € Ay the limit

Goo(W)(2) = lim (w(t)x7)(2)
exists locally uniformly on compact subsets of C \ R with respect to the chordal
metric and does not depend on the particular choice of 7. It is called the Weyl
coefficient of the chain w. The main result of [KW2] states that the set M,/ ~
bijectively corresponds to N, via

W/~ — goo(w).
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The elements of maximal chains can be characterized by means of decompositions
of the Weyl coefficient. Recall the following fact from [KW3]: Let w : 7T — Mc
be a maximal chain and let W € M. Then W € w(Z) if and only if ind_ W <
ind_ w and there exists a function 7 € Mind_ w—ind_ w such that geo(w) = W x 7.

Let a function v : J — M be given. In the next lemma we give conditions,
adapted to our needs, under which v can be extended to a maximal chain. This
result is an immediate consequence of [KW3, Lemma 3.7] and [KW2, Lemma 8.5]
with its proof.

4.2. Lemma. Letv : J — Mc be given and assume that v satisfies (W3) and
(C1) We have Ky, = sup¢c 7 ind_ v(t) < oco.
(C2) The following two implications hold true.
(a) If limsup, »q,, 7 Hw(t)) < +o0, then lim; e, 7 wW(t) € M.
(b) If limsup, g, 7 t(w(t)) = +oo and if there is a number ¢ € [0,7)
such that
w(s)_lw(t) = Wis,),¢) Sit€ w! (an) ,
then for one (and hence for all) t € w™' (M)
w(t) *cotp € Ny, -

Then there exists a mazimal chain w € M, and a nondecreasing function X :
J — T such that v = wo . If limsup, g, 7 (w(t)) = 400, the chain w is unique
and we have

oo (W) = t/liumpj [v(t) *7], T€Np.

Otherwise, the set of all extensions in M., 1is parameterized by the set of all
functions T € Ny with the property that

ind_ [tflirur;j v(t)] * 7 =ind_ t/liumpjv(t) .

This correspondence is established via the relation
=| 1l t)| *7.
Goo(@) = [ lim ()] x7

For the purposes of the present paper two particular kinds of chains of ma-
trices are of interest.

4.3. Definition. Let w € M,,. We write w € MY™ if w(t) € MZ for all t € Z.
Moreover, we write w € IMP if w(t) € MZ for all ¢t € 7 and if the number of
zeros which an entry of w(t) possesses in C \ [0, 00) is bounded independently of
tel.

The following inverse result gives a connection between the classes .7
and NZY7". The corresponding result for the class 9MZ  will be seen later, cf.
Proposition 5.6.

4.4. Proposition. Let w be a mazimal chain of matrices. Then w € M. if and
sym

only if qoo(w) € NZI'.
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Proof. Assume that w € M), Then for all ¢ € 7 the function w(t) x oo is odd.
Since

lim _(w(t) *x 00)(2) = goo(w)

t—supZ

we conclude that also g (w) belongs to NZU*

Assume conversely that goo(w) is odd and let ¢ € 7 be given. Then there
exists a function 7 € Nc oo, ind_ 7 = ind_ w — ind_ w(¢), such that

(o) 2 1) (o) = LD ()T(2) + w(t)i2(2)
Poo(@)(2) = (W *7) () = C S F o m(e)
It follows that
) () r(—2)] — wt)ia(—2)

4oo(W)(2) =~ () (=2) = — o T (O ()

= (= JVw(t)"'VI)(=2) * [-7(=2)].
Hereby the constant matrices J and V' are defined as in Lemma 2.3. With w(t) and
7 we also have (—JVw(t) "'V J)(—2) € Mco and —7(—2) € Ncwo, respectively.
In fact

ind_ (= JVw(t)"'VJ)(—2) = ind_ w(t)(z), ind_ (—7(—2)) = ind_ 7(z).

Hence
ind_ goo(w)(z) = ind_ w(t) +ind_ 7 =
=ind_ (— JVw(t)"'VJ)(=2) +ind_ (= 7(-2)).

We conclude that both, w(t) and (—JVw(t)"'VJ)(—2), are members of
the maximal chain of matrices having ¢oo(w) as its Weyl coefficient. Since
ind_(—=JVw(t)"VJ)(—2z) = ind_ w(t) and t((=JVw(t) 1V JI)(—2)) = t(w(t)) we
conclude that (—JVw(t)"'VJ)(—z) = w(t), cf. [KW3, Lemma 3.5]. This means
that w(t) € M2,

g

The following technical condition on a maximal chain w will appear fre-
quently:

(K-) For all t € Z we have 8_(w(t)) = &(w(t)).

Recall from [KW2] that w satisfies (K_) if and only if for one ¢t € Z the equality
R_(w(t)) = R(w(t)) holds. Moreover, the inverse result [KW2, Theorem 5.7] shows
that w satisfies (K_) if and only if limy_, 4 ¥~ (w)(iy) = 0.

We need two general constructions which can be made with chains of matri-
ces. The first one formalizes the intuitive idea of linking of chains, compare the
discussion after [KW2, Theorem 7.1]. Let v1 and ve be functions into M., de-
fined on open subsets J1, J2 of R. If both, J; and J> are nonempty we define a
function vy W vy as follows: Choose increasing bijections «; of J; onto open sets
with the property that

info;(J;)=i—1, supa(J;) =14, i =1,2,
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and define v1 Wwvg : a1 (J1) U as(Je) — Moo by

(vioar)(t) , tem(H)
(vgoagl)(t) , t € as(J)

U1 L‘U’Ug(t) = {

Note that this definition is independent of the choice of a1, as if we identify func-
tions which are equal up to reparameterization. For the function & with empty
domain we set

vWe=cWuv=w0.

Up to reparameterization the operation W is associative.

The second construction is simply extension by continuity: Assume that the
function v is defined on a set J of the form (a,b) \ {z1,...,z,}. Let L be the set
of all those points x; such that the limit lim, ., v(x) exists. Then we can define
Cv:JUL— M.y by

Colt) = {v(t) Jtel

limg,,v(x) ,t=a;€L

5. Transformation of matrix chains

The transformation 7, can be applied pointwise to a maximal chain of matrices.
The outcome will almost be a maximal chain.

5.1. The square root transformation

Consider a chain w : 7 — Mo in MZY™. Write the index set 7 as
1= (0701) U (UI;UQ)U U (UnaM)v

and put oy := 0,0,+1 := M. To each point o;, ¢ = 1,...,n + 1, we associate a
function ¢; according to the following table:
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5|3 Definition of ¢
b«i b«i 1=1,...,n:
E{ §> a:=ind_ limg\ o, 7 (w(t)) — ind_ limy ~»; 7 (w(t))
[ — limyg 'Z\'/(w(t)) . W(l.,()) , Le(0,L)
a=0 Li=t(limg~ o, T (w () —t(lime o, T (@ (1))
l lim 7 (w(t)) - W, l lim 7 (w(t)) - W,
k0 = Jim T (w(t)) - W) o | L Aw(t) - W)
1€(0,00) 1€(—00,0)
# 3 I = limy o, T, (w(t)) W), 1€ (=00,0)
3 4 I —limg ~, 'Z\'/(w(t)) . W(l.,()) , 1€(0,00)
AP €
1=n+1:
3 [ —limg ~, 'Z\'/(w(t)) . W(l.,()) , 1€(0,00)
# €

Define a function w ., as

W, = C(’Zi/ 0 W00y W1 BT, 0wl(o,,on W2 W... 06 WT, 0w, r)d Snt1)

5.1. Theorem. Let w € IMY™ and assume that w satisfies (K_). Let w be

the mazimal chain with 2qs(w)(2?) = qoo(w)(2). Then there ewist functions
Ardomw — domw ,, p:domw, — domw such that

W=Ww,0\ W, =TWOU.

The proof of this theorem will be carried out in four steps. Before we come
to the first step, we need to provide two lemmata. The first of which is implicitly
contained in [dB1], the second one follows from the considerations in [KW2]. We
shall however provide complete proofs.

5.2. Lemma. Let w = (Wy)iez € Mooy and let Iy be a connected component of T.
Assume that for all s,t € Iy the transfer matriz Ws, = w(s) " tw(t) is a polynomial
and that
n:= sup degWy < o0.
s,teZy

Then

Il = (mo,ml] U [ml,mg] U...u [mnfl,mn) 5
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where
infZy =mog<mi <...<mp_1 <my, =supZy,
and where the intervals (m;_1, m;) are indivisible in w of certain types ¢; € [0,7)

with ¢; # Pit1.

Proof. Let us start with the following remark: If £ € HB. is a polynomial, then
the chain of dB-subspaces of PB(F) is given by

{0} C span{1} C span{1,z} C ... Cspan{l, z,..., 29851} = P(E).

If ind_ PB(F) = 0, every dB-subspace is also positive definite and in particular
nondegenerated.

It follows from [dB1] that a polynomial matrix W € My can be factorized
uniquely as

W=Wae) - Wi
with n =degW, I; > 0, ¢; € [0,7), ¢ # Dit1.
Let us come to the proof of the present assertion. Choose sg, tg € Z1, sg < to,
such that deg Wi, = n. Since ind_ Wy, = 0, we can factorize W, as

WSOtO - W(l17¢1) T e e W(ln)¢n) .
IfteZy, t > ty, we have
Wsot = WsotOWtot = W(llmbl) Tt W(lnv¢n)Wt0t :
On the other hand we have the factorization
Waot = Wagg1) - Wag6p) -

By uniqueness of the factorization we obtain k = n, l; = I, ¢; = ¢, for i =
1,...,n—1and
W00 = Witn,om) Wiot -

This implies ¢, = ¢, and Wi,z = W4,y for some [ > 0.

The same argument shows that for all s € 77, s < sp, the transfer matrix
Ws, is of the form W6

If we choose m; € 7y, i =1,...,n — 1, such that

Wi, = Wy, H W, .00

j=1
we obtain the desired result.

O

Note that in the situation of the previous lemma the types ¢; in the asser-
tion are exactly the types occurring in the factorization of any transfer matrix of
maximal degree.
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5.3. Lemma. If W € M., and W x oo = o0, then
_ (1 p(z)
(") o

for some polynomial p. The matriz (5.1) can not be decomposed as W1 Wy with
Wi, Wy € Moo and ind_ W = ind_ W7 + ind_ Wy differently than in the form
W =[WW_0|Wao or W=Wgqo)[Wci0W]

Proof. The assumption W x 0o = oo just means that Wo; = 0. As det W =1, the
functions W11 and Way are zerofree and hence equal to e¥' and €2, respectively.
Thereby ’U;-# = v; and v;(0) = 0. Every entry of W is of finite exponential type, and
therefore v1(z) = az (and thus va(z) = —az) for some a € R. Since every entry of
W is of bounded type in CT, it follows that a = 0.

Since W 0 € N, the function W15 can have only finitely many zeros. The
same argument as above shows that Wi, must be a polynomial.

If p is linear, the assertion is clear. Assume that the degree of p is at
least 2. Then ind_ W > 0. Consider the chain (W;);cy which goes downwards
from W as constructed in [KW2, Theorem 7.1]. Its domain is of the form
(c—, &)U (&1,&) U... U (&n,0]. The interval (c_,&;) must be indivisible of type
0 and infinite length since (1,0)7 belongs to &(W) and is neutral. Also (&, 0]
must be indivisible of type 0 and infinite length since ind_ W x oo < ind_ W.
Since lim; »¢, Wio = limy\ ¢, Wio it follows from the results of [KW3, §5] on
intermediate Weyl coefficients that & = &,,.

U
In the proof of Theorem 5.1 we mainly deal with the function 7, ow : Z —
M.
Step 1: The function 7, o w satisfies (C1). This follows immediately from:

5.4. Lemma. Letw € M and assume that w satisfies (K_). Thenind (T ow)(t)
is constant on each connected component of T.

Proof. Put By := E,;), t € Z. If Ey  and E; _ are defined by
Bi 4 (22) i= 2By(2), Ar4(22) := Ay(2),

_ Bi(2)
z

By (2%): ;A (%) = Au(2),
then, cf. Lemma 3.13, [KWW4, Proposition 4.9],
P(Er)e = P(Erq) = RUT, ow)(t), P(Er)o = P(Er-).
In particular, we get
ind_ P(E;) = ind— P(E; +) + ind_ P(E;,—) .

Recall that ind_ PB(F;) is constant on 77, say ind_ P(E;) = k1, t € Z;. We shall
show that the set

M, :={t€Iy: ind_(T,ow)(t) =v}
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is closed in Z;. Let (tp)nen, tn € M, and assume that ¢, — to € Z3. Then
ind_P(E;, +) =ind (T, ow)(t) =v, n€N
and hence
ind_ PB(E:, ) =k1 —v, n €N.
Recall that each set HB<,, is closed with respect to locally uniform convergence.

Since lim;, 00 w(tn) = w(to) locally uniformly, it follows that also lim,,_,oc Et, + =
E,, +. Therefore

ind_ P(Ety+) <v, ind_P(Ey, -) < k1 —v. (5.2)
However, we must have
ind_ ‘:B(Et07+) + ind_ ‘B(Eto-,*) = K1 .

Hence in both inequalities (5.2) equality must hold, and we conclude that tq € M,,.
Since Z; = UZIZO M, and 77 is connected, it follows that all but one of the

sets M, is empty, i.e. that ind_ (7, o w)(t) is constant on Z;.
O

Step 2: We show that 7, o w satisfies (W3).

Proof. (of Step 2) Let t,s € I, t < s, be given. Put W, := w(t), W; := (7,0
w)(t).

Case: Assume first that ¢ is not contained in the interior of an indivisible interval of
the chain w. Then P(Ew,) C P(Ew,) isometrically, and hence also P(Ew,). C
PB(Ew, )e- It follows that

B(Ey,) = B(Ew,)+ € PB(Ew.)+ = P(Ey)

s

isometrically. By [KW1, Theorem 12.2] there exists a matrix Wy € Mo,
ind_ W5 = ind_ P(Ey;, ) — ind— P(Ey;, ) such that

(—By.. Ay.) = (=B, Ay, Wis .

From our assumption &_(W;) = &(W;), [KW1, Corollary 10.4] and [KWW2,
Proposition 2.6] we know that 1 € AssocPB(Ey, ), AssocP(E, ). The matrices

s

W, and W, are the unique matrices belonging to Minq_ gp(r,.. ) and Mina_ g2
respectively, with (cf. [KW1, Corollary 10.4]) '

Ro(W) = R(WL), R-(W) = &(W,) (5.3)

W)’

and
(_BWtaAWt) = (Oa 1)Wta (_BWS7AW3) = (Oa I)Ws .
It follows that (cf. proof of [KW2, Theorem 7.1])
Wy =W, Wi .
By (5.3) we have ind_ P(Ey,, ) = ind— W; and ind_ PB(Ly,) = ind— Wy, respec-
tively, i.e.
ind_ Wy =ind_ Wy —ind_ Wy,
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and we have proved the requirement of (W3) in the considered case.

Case: Next assume that ¢ belongs to the interior of a maximal indivisible interval
(t_,t+) of type 0. Then, by [KW3, Proposition 3.16], at least one of t_ and ¢
belongs to Z, say t_ € Z. By Proposition 3.6 we have W; = W,_ and hence the
assertion follows from what we already proved.

Case: Finally consider the case that ¢ belongs to a maximal indivisible interval (t_, ¢ )
of type 3 (regardless whether this indivisible interval is of positive, negative or
infinite length). We divide the proof of this case into three subcases.

s < ty: In this case we have W, = W, W, %) for some [ € R\ {0}. It follows from
Proposition 3.6 that W, WtW(l/ )y 1-€. Wy = W ,¢)- Thereby ¢ € (0,7) and
sgnl’ = sgnl.

Consider the space PB(Fw,). Since s is the right endpoint of an indivisible
interval of type 3 we have Aw, € PB(Ew,). It follows from the fact dom S =
span{A}*+ that P(Ew, ), C dom S. The spaces B(Ew,) and L(Ew,) are equal as
sets but not isometrically. However, on the subspace dom S the inner products of
PB(Ew,) and P(Ew, ) coincide. Hence P(Ew, )o = P(Ew, ), isometrically. We have

ind_ P(Ew, ). + ind_ B(Ew, ), = ind_ P(Ew,) =

0 [>0 0 [>0
— ind_B(E ’ = ind_ P(Ew, )e + ind_ B(Ew, )o ’ :
110 m( Wr)+{1 ,l<0 m m( Wt) + 1n %( Wt) +{1 ,l<0

Since sgnl!’ = sgnl, ind_ P(Ew,), = ind_ P(Ew, ), and ‘B(Ewt) ~ P(Ew, ),
‘B(EWS) > B(Ew, )e, it follows that

ind_ P(Ey, ) = ind_ P(Ey, ) +ind_ Wis.

s >14,ty € IT: We decompose W, as W, = W,g+ Wt+5 Since ¢ is not contained
in the interior of an indivisible interval, it follows from what we already proved
that ind_ W ind_ Wt L +ind_ Wt .+ s- Moreover, we decompose Wt N Wtth 4
By the above treated case also in this relation negative indices add up. Since
ind_ (th N W, +S) < ind_ Wy, . +ind_ W, . s, it follows that also in the factorization

W, = Wt(th N W, . s) negative indices add up.
s >1ty,ty € 7: In this case we must have t_ € Z. To shorten notation put E; :=

Evw, and let E;, A;, etc. be defined correspondingly.

The interval [t_,t] is in w indivisible of type 7 and positive length I > 0.
Hence A;_ = Ay € B(Ey). Since ty € T, we have [Ay, A¢]qp(p,) = 0. It follows that

(‘B(Et)e 2 m(Et, )e

with codimension 1 and hence also B(E;) 2 B(E, ) with codimension 1. The
set P(E;) endowed with the inner product inherited from B(E,) is a degenerated
dB-subspace P of PB(Fs), and we have

P =B(E, [+ span {4, (V2)},
PB° =span {4, (v2)}.
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Consider the space &(W;_,). By [KW2, Lemma 7.6] it contains a constant
(cosp,sinvp)T. This constant has the property that the space
PB(E,_ )|+ span { — B, costp+ A, siny }

where

[ — Etf cosy + Atf sin v, —Btf cosy + AL sinz/J] = [ (Z?EZ) , (Z?ﬁ:ﬁ) L{(W :

is a dB-subspace of P(F,). It follows that

&B(EAL)H—] Span{ — By cos + Ay sinw} =P,
and hence that
span{ — B, cos+ A, sinw} = span {Atf (\/E)} ,
i.e.
Ay (Vz) =M= Bi_(2) cosyp + Ay _(2)sin) (5.4)
for some A € C, and that

[ cos cos Y } —0
siny /7 \ sinvy R(VAVLS)_ '

From the definition of the transformation T\/ we obtain
By (%) = 2By_(2), Ai_(%) = Ai_(2) + w;_ 15(0)2B;_(2).
It follows that
A (V2) = A (2) —w)_ 15(0)B;_(2).
Comparing this with (5.4) we obtain ¢ = Arccot w;_ 15(0).
Proposition 3.6 shows that W, , = W ) with some I > 0. Hence the

constant (cos®,sin )T belongs to K(W;_,) as well as to &(W,; L). In the first
space it is neutral, in the second (one-dimensional) space it is negative. It follows
(cf. [ADRS]) that

ind_ Wtithfs =ind_ Wt75 .
We have ind_ W, = ind_ W, and hence (Wts = Wt_lWS = W;thJ)
ind_ W, =ind_ W;_ +ind_ W, , =ind_ W; +ind_ W,,.

We have seen that in any case in the relation Wy, = W, W, negative indices
add.
0
Step 3: We show that 7, o w satisfies (C2).

Proof. (of Step 3) Also this proof is divided into several cases. We use again the
notation w(t) = W; and (7, ow)(t) = W;.
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Case: w ends with an indivisible interval (m,supZ) of type 0.
Then Wy = Wi, t € (m,supZ), and hence

lim sup t(W;) = t(W,,,) < +00
t,/'supZ

and
t,/'supZ

We are therefore in case (a) of (C2). By the already proved property (W3) we have
ind_ Wt <ind_ Wm, teZ,t<m.

For t € (m,supZ) trivially ind_ W, = ind_ W,,. Hence the implication (a) of (C2)
holds true.

Case: w ends neither with an indivisible interval of type zero nor is the last component
Zoo of w of the form (m_,m] U [m,supZ) with an indivisible interval (m_,m) of
type 0 and an indivisible interval (m,supZ) of type 7.

We claim that there exist s,t € Too = {ueZ: ind_ W, = max, ez ind_ WU}
such that W, (:= Ws’ll/f/t) is not a linear polynomial. This excludes the occurrence
of case (b) of (C2). In case (a) we appeal to [KW3, Lemma 3.4] to obtain the validity
of the desired implication.

In order to establish our claim assume on the contrary that for some ¢ € [0, 7)
we have Wy, = Wi(s,1),¢) whenever st € Too. By Lemma 5.4 this relation holds
especially for s,t € T, = {u € Z : ind_ W,, = max,ezind_ W, }.

¢ =0: Choose s,t € T, s < t, such that Wy, is not a linear polynomial. By
Remark 3.7 we have for some a € R

Wt = ((1) a2+ll(87t)23) '

Since Wy, is not a linear polynomial we must have I(s,t) # 0. Thus ind_ W > 0,
a contradiction.
¢ # 0: We conclude from Remark 3.7 that for all s,t € Z, s < t,

Wet = Wa,,00Wis,2)Wais 0)
with some [; > 0. By Lemma 5.2 we must be in one of the following situations:

(mg, m1] U[my,ma] U [ma,ms) of types 0, Z

39
Too = § (mo,ma] U [m1,m2) of types 3,0
(mo, m1] U [my1,ma) of types 0, 5

Again a contradiction since these are exactly those cases we do not consider in the
present step of the proof.

Case: The last component Z, of w is equal to (mg, m1]U[m1, m2) with an indivisible
interval (1mo,m1] of type 0 and an indivisible interval [m1,m2) of type 7.
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In this case the interval (mg,ms2) is indivisible in (Wt)tez of some type ¢ €
(0, 7). It follows that lim; ~supz t(Wt) = +00, which rules out the occurrence of
case (a) in (C2).

Fix tg € (m1, ma). Since [my, to] is indivisible of type
positive length, we obtain that

Aml € %(Eto)v [AmlvA"h]‘B(Eto) >0.

As we saw in the proof of (W3), the linear combination Sy, of A;, and By, which
belongs to the space PB(Ey, ) is linearly dependent with A,,, (v/Z) and hence

[5‘%5‘%(&0) >0.
It follows from [KW2, Lemma 5.12] that
ind_ Wto *cot =ind_ Wto .
We conclude that the implication (b) of (C2) holds true.

Bl

7 in (Wi)ier and has

O

We have established that 7, o w can be extended to a maximal chain w by
means of Lemma 4.2. If lim; ~s t((7, ocw)(t)) = +oc, this extension is unique and
satisfies

() = Jim (T 0w(t) 0.

By (3.4) this yields

200 (@) (2%) = oo (W) (2) (5:5)
If limg ~pr t((Z, o w)(t)) < +o0, so that the extension of 7, o w is not unique,
we should choose the parameter 7 = oo in Lemma 4.2 in order to achieve the
relation (5.5). The fact that this choice is permitted needs justification. However,
we saw in the proof of Step 3 that there exist s,t € Z, such that Wy, is not of
the form W, o). As indicated in the proof of [KW2, Lemma 8.5] this implies that
ind_[lim¢ s 7, o w(t)] % 0o = ind_ limy ~ps 7, o w(t).

Let w be the maximal chain with 2¢u(@)(22) = ¢oo(w)(2). Due to the
previous steps there exists a nondecreasing function f : Z — domw such that
T,ow=wojf.

Step 4: There exists a surjective function p : domw, — domw such that w , =
T o [.
Proof. (of Step 4) Write T = (0¢,01) U...U (0pn,0n+1). By Lemma 5.4 for each ¢
the set fi((04,0:41)) is contained in one connected component of dom . As it is
seen from (3.3), the function (t o w)(f(t)) depends continuously on ¢ € (0, 0441).
Thus /i is continuous, and it follows that fi((o;,0441)) is an interval. Put

&= lim a(t), &4 = tlim+ i(t) .

t—o;— —0;

Since 7

/(W) depends continuously on W and 7 ,(I) = I, we have &y 4+ = 0.
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We have &, 41,— = oy if and only if limy o, , t((7,ow)(t)) = +o0. Other-
wise, by (5.5) and the definition of @, we have

(@) = | (T, 0w)(t) %00 = (gr,-) % 0.

This implies that the interval (£,41, —,supdomw) is indivisible of type 0 in w.
Consider a point o;, 7 € {1,...,n}. The essential observation for the following
proof is that, by (3.4) and the existence of intermediate Weyl-coefficients (see
[KW3, §5]), the function (7, o w) x oo has a continuous extension to [0, on1]-
We divide cases similar as in the definition of ;.
&,—,&,+ ¢ domw: Denote by g¢, , the intermediate Weyl coefficient of w at the
singularity &; +. We have
Qe = S_}ém w(s)xoo = lim (T,ow)(t)xoo= lim (7, ow)(t)*oco=

t—o;— t—o;+
= lim w(s)* o0 = g,
s—ti ( ) de; . »
and hence & _ =¢&; 4.
&,— €domw, & + € domw:  We have

G, = tl%g}_‘_(’]:/ow)(t)*oo = tlim (T, ow)(t)xo0 =w(&,—) x00.

am
Since g, , is the Weyl-coefficient of the maximal chain @|qom wn(o,¢, ), it follows
that (&,—, & +) is indivisible of type 0 and infinite length.

&,— ¢ domw,§; € domw: Thesame argument as above yields g¢, = = @ (&, 1 )x00
and hence that ind_ @w(§; 1) * 00 < ind_ @(&; +). This implies that the interval
(&,—, &, +) is indivisible of type 0 and infinite length.

&,— €domw, &+ € domew: In this case we find w(&;, ) x 00 = w(§ 4+) * 00 and
hence, by Lemma 5.3,

o) e (Gir) = ((1) p<f>>

If ind_ w(&,—) = ind_ w(& +), the interval (& _,&; 1) is indivisible of type 0 and
positive length

{(lim 7w (1)) — t(Jim T, (w(0)).

If ind_ w(&,—) < ind_ w(&; +), there exists a singularity £ of w in the interval
(&,—,&,+). By Lemma 5.3 the intervals (£, —,&) and (&,&; +) are indivisible of
type 0 and infinite length.

The case ind_ w(§;, —) > ind_ w(&; +) cannot occur.

lim
t o,

We saw that in any case w|(§i,77£i’ ~ ¢;. The required function p is now

defined in the obvious way.

+)

g

We have constructed the function p required in Theorem 5.1. To complete
the proof of Theorem 5.1 choose for A a right inverse of p. O
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5.5. Corollary. Letw € MMV™ and assume that w satisfies (K_ ). Then the mazimal
chain @ with 2qe(w)(2?) = goo(w)(2) belongs to M, and also satisfies (K- ).

Proof.  We know from Theorem 5.1 that @ = w, o A. By (3.4) the number of
zeros of 7, (w(t))21 in C\ [0,00) equals the number of nonreal zeros of w(t)2:
and is therefore, by Corollary 2.10, bounded uniformly by ind_ w. On indivisible
intervals of type 0 the entry w(s)s; is constant. Hence the number of zeros of
w(s)21 in C\ [0,00) is bounded independently of s. By Corollary 2.10, (i%), the
maximum number of zeros that any entry of w(s) can have in C\ [0, 00) is bounded
independently of s.
The fact that w satisfies (K_) readily follows from the relation of Weyl
coefficients and [KW2, Theorem 5.7].
U

We deduce an inverse result for the class M2, the analogue to Proposition
4.4.

5.6. Proposition. Let @ be a mazimal chain. Then w € ML if and only if

Goo (@) € 21;0

Proof. Assume first that @ € MZ_ . For every t € domw the function w(t) * 0o
belongs to N2, . Moreover, the number of poles y(w(t) * 00) of w(t) x oo
which are located in C\ [0, 00) is equal to the number of zeros of w(t)2;. Hence it
is bounded independently of ¢ € dom . We have lim;—sup dom @ @ (t) *00 = ¢oo(w)
and hence [KWW2, Proposition 4.10] implies that g (w) € NZ2.

Conversely, let w be given such that g.(w) € N and assume first

that additionally lim,_, o goo(@)(2) = 0. By [KWW2, Theorem 4.1] the func-
tion 2qeo(w)(22) belongs to NZU7'. Let w € MY be the maximal chain with
Goo (W) = 2qoo(w)(2?). Since
o1 . .

lim —goo (w)(iy) = lim goo(w@)(—y?) =0,

y—o0 1y y—oo
we know that w satisfies (K_). Corollary 5.5 implies that @ € IMZ_.

The general case is reduced to the already proved particular instance by a

possible application of one of the transforms 7; or 7, of [KW2, Section 10].
0

5.7. Remark. Note that Proposition 5.6 could most likely also be deduced without
help of the transformation 7, by employing the the theory of isometric embeddings
of dB-spaces into ‘L2-spaces’ induced by distributions associated to integral rep-

resentations of generalized Nevanlinna functions. For this not yet fully developed
theory see [KW2, §4,86], [KWW2, §5].

5.8. Corollary. Let w € ML and assume that lim,_,_ « goo(w)(x) = 0. Then
there exist only finitely many indivisible intervals of type 0 in w. In fact, the
number of such intervals is bounded by 2ind_ w + 1.
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Proof.  We know that w = w, o A where w : I — Mcw, T =
(00,01)U...U(0pn,0nt1), is the maximal chain with g (w)(2) = 2¢eo (@) (22). By
Remark 3.7 the parts (7, o w)(o,,0,,,) Of w, cannot contain indivisible intervals
of type 0. Thus w contains at most 2n + 1 indivisible intervals of type 0.

g

5.2. The inverse transformation

We employ the rather detailed discussion of Theorem 5.1 to define and investigate
the inverse of the square root transformation.

Let w € MZ . Then by [KWW2, Proposition 4.9] a function A : domw —
R U {#o00} is well-defined by

t
A(t) == — lim M
z——o0 w(t 21(33)
The following lemma will play a central role.
5.9. Lemma. Let w € ML and assume that lim,_ .o goo(w)(z) = 0. Then there

exist pairwise disjoint open intervals (ar,by), k = 0,...,n, with a < by, < ap41,
such that

dom w \ U {lt—,t4] : (t—,t4) mazimal indivisible of type 0 in @} =

= U (ak,br) U {ak :ap € domw, a = bk,l}
k=0

and that the function A has the following properties:

(1) Al(ap,by) 18 finite, nondecreasing and continuous from the left.
(i) If @ € {ar : ar € domw,ar, = bg_1}, then either lim;_ o1 A(t) € R and
limy ot A(t) — limy—q— A(t) <0, or limsup,_,,, |A(t)| = co.
The intervals (ax,by) are uniquely determined by these properties.
For each k the function 7,(t) = A(t) — w(t)5,(0), t € (ag,bk), is strictly
increasing and continuous from the left.

The proof of this lemma will also show how the inverse of the square root
transformation acts. Let us describe this action precisely.

Let w € MZ, assume that lim, .o ¢oo (@) () = 0, and let (ag, bx) be the
intervals from the above lemma. For each k € {1,...,n} define wy : R — M
as follows: If ¢ € ran 7%, put

@ (t) == (To,aq) 0o @) (15 (1)) -

Since 7y, is strictly increasing and continuous from the left, we have

(inf ran 7y, Sup ran Tk) = ran ;U U(al, G,
1
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with at most countably many pairwise disjoint intervals (ay, Gi]. If ¢ € (ay, 1]
define

[Hm ¢ 0, @k(t)] - Wi—ay,0) , t € (aq, 3]
t€ran Ty
Wi (t) = [limt/sup ran 1, Wk (t)} : W(tfsup ran7,0) te (SUP ran 7, OO)
tEran Ty
[limt\inf ran 7, Wk (t)] ' W(t—inf ran 7y,0) ) te (—OO, ta inf ran Tk)
tEran Ty

For k = 0 we define a function wp : (0, 00) — M< in exactly the same manner.

5.10. Theorem. Let w € ML and assume that lim,_, o goo (@) (x) = 0. Then

wi=woyWw W...Ww, € M,

and
oo (W) (2) = 2Goo (@) (2%) .

Proof. (of Lemma 5.9 and Theorem 5.10) We use the same notation as in the
first paragraph of the proof of Step 4. Consider the continuous and nondecreasing
function [ : domw — domw. Put

L :=domw\ U {(t—,t4]: (t—,t+) maximal indivisible of type 0} .

Then, by Lemma 3.4, /i| is injective. The set £ has the property that it is closed in
dom w with respect to monotonically increasing limits. We show that the function
(f1]z)~! is continuous from the left: Assume that s, /s, s,,s € (L), and put
tn = (filz) 71t := (filz)~'. Then (t,)nen is increasing and bounded above by t.
Hence lim,,_, t, =: tp exists and belongs to domw. Therefore it belongs to L.
We have

flto) = lim fft) = 5 = j(t).

and therefore tg = ¢.
For k =1,...,n we define numbers aj, := & + and by := &,4+1,—. Then

(ar,bx) € a((ok, 0%11)) C [ar, bi] -

By Remark 3.7 (ag, br) does not contain any indivisible interval of type 0. More-
over, by Step 4, every interval in domw which has empty intersection with
Ur_o(ak, by) is indivisible of type 0. It follows that
n
domw = U (ak, br)U{ay : ar € domw, ap = bp_1 }U
k=0

U U {[t—,t4] : (t—,t+) maximal indivisible of type 0},

in particular |J;_,(ak, bx) C L.
Let t € L. Then t is not the right endpoint of an indivisible interval of type
0 and hence w(t)21 & P(FE, ). Hence
1 w(t)gg(iy)

lim — 22
y—+oo iy w(t)a1 (1Y)
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and it follows from (3.4) that
w(t)12(0) = (Ao f)(t), te L.

It readily follows that A is real and nondecreasing on (ag,by). Moreover, since
w(t)15(0) depends continuously on ¢, it follows from

At) = w((fle) 1) ,(0), t € (ar,br),

that A is continuous from the left. By Lemma 3.3 we also obtain

(Toa) 0 @) (8) = (wo (Alz)) (1), t € (ar,br).
Since for all ¢t € domw the relation w(t)4;(0) = w(t)5,(0) holds, we see that

7h(t) = (towo (alz"))(1), t € (ar,br)-

Thus 7 is nondecreasing, injective and continuous from the left.

We conclude from the above discussion that, what is missing from w@g|ran 7,
to all of w are just indivisible intervals of type 0. However, the definition of wy on
R\ ran 7 just fills in indivisible intervals of type 0. Note that

t[(’TZA(t) o w) (Tk_l(t)ﬂ =t tE€ranTy.

Thus the filled in indivisible intervals have the proper length.
0

5.11. Remark. We know from [KWW?2, Corollary 3.4, Proposition 4.7] that, if ¢ €

Ncoo, then zq(z) € Neo if and only if ¢ € NZ2 . Under an additional regularity

condition on ¢, the previous results lead to an explicit method to construct the

maximal chain with Weyl-coefficient z¢(z) out of the one with Weyl-coefficient g.

To see this recall from [KW2, Lemma 10.1] that, if w € 9, and if we define

v(t) == —Jw(t)J, then v € M,, and the respective Weyl-coeflicients are related by

(oo (V) = —goo(w)™'. Denote this transformation by 77, let 7, be the square root

transformation and 75 its inverse as studied above. Then for each ¢ € N2 we
have Lz )

7> PN s T,

o) B ) B Y s B (o)

In order to justify the application of Theorem 5.1 and Theorem 5.10, we have to

assume that

1
lim ¢(x) = lim =0
T— —00 ( ) T— —00 qu(:p)

This just means that the chain w whose Weyl-coefficient is zq(z?) does not start
with an indivisible interval.

The same proceedure can be applied in order to construct the chain with
Weyl-coefficient 271¢(z) out of the chain corresponding to q(z) € N . This is
exactly what will be needed in the discussion of generalized strings. In fact, under
the assumption that

q(x)

1
lim — = lim =2 =0,
T——00 ( :p) r——00 I
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we have

7, -1 1 —z 1, q(2%) T/ q(2)
ORC A A Rl

Ny Ny
q(z)  a(z?) z z
In both cases the essential part of the sequence is 7,0 7; o 7T5.

6. Evolution of singularities

In the following discussion we recall some facts and notions on singularities of
maximal chains from [KW3]. If w € M, domw = (0, 01)U(01,02)U...U(opn, M),
then the numbers o; are called the singularities of the chain w. One reason is that
lim;_,, |[t(w(t))] = oo, another one is that the o; are exactly the points of increase
of ind_ w(t). A first characteristic value attached to a singularity is

k(oy) = tlir{;l ind_ w(t) — tl}r{jl ind_ w(t) € N.

Another characteristic of a singularity is whether or not there is an indivisible
interval to the left or to the right of it. Put

o :=sup ({t € T: (0y,t) indivisible} U {0;}),

2

o; =inf ({t € Z: (t,0;) indivisible} U {o;}) .

3

We call o; of polynomial type, if o; < 0y < U;r. Moreover, o; is called left dense,
right dense or dense, if o, = o; < Uj', o, <o = O';'_ or o, = 0; = Uj',
respectively.

A deeper insight in the structure of a singularity is obtained by consid-
ering the chain of dB-spaces associated with the chain w. If w satisfies (K_),
then R(w(t)) = R (w(t)) = P(Euy)). Moreover, if s, € domw, s < t, then
PB(Eu(s)) € P(Eur)) and this inclusion is isometric unless for some € > 0 the
interval (s — ¢,t) is indivisible. Conversely, if ¢ € Z, then every nondegenerated
dB-subspace of P(E,, ;) is of the form P(E, (). It is an important observation
that the singularities of w correspond to the degenerated dB-spaces in this chain.

In fact, if we put
‘]30; :=cls {‘B(Ew(t)) < O'l-_}, ‘ng = U {‘B(Ew(t)) St > a;"} ,
;)

then every dB-space P, - C P C B+ is degenerated. Conversely, unless (o, , 0;
is indivisible with negative length, there exists a degenerated dB-space B, - C ‘P C
PB,+. More exactly: Put ¢ := dim*B_+ /P~ € NU{0}, and 6_ := dim*P°_, 04 =

dim 7. If § > 1, then there exist degenerated dB-spaces P1,...,Bs—1 with

Por CPICP2C . CPos1 S Py

It was proved in [KW3] that the isotropic parts of the members of a chain of
subsequent degenerated dB-spaces show a very particular behaviour. If Q1,...,Q,
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are degenerated dB-spaces, Q; € ;41 with codimension 1, then there exists an
index imqs € {1,...,n} such that
N9CNC...CQ DAY 2...249;,

imaz = “imaztl F

where in each inclusion the codimension is at most 1 and only in the middle
inclusion equality can hold.

The singularity o; is of polynomial type, left dense, right dense or dense, if
andonly if _ =0=64,0_ >0=104,d_ =0< ;4 or 6_ >0 < 04, respectively.
We can have § = 0 only if 0; is dense. The case 6 = 1, _ = § = 0, just means
that (o, ,0;") is indivisible with negative length.

We will visualize this inner structure of a singularity in the following way:
For example

e SRR DCRRRRE SIRRRR o

mo* ml ‘Bz ‘BU*
should describe a singularity which is right dense with § = 3.

It is our aim in this section to describe the evolution of singularities when
performing the transformation 7 ,07;07;. In view of our needs in the investigation
of generalized strings we will content ourselves with a sound discussion of the case
that this transformation is applied to a chain w with ind_ w = 0.

In the first step we deal with the transformation 75. To this end let w € M?
be given, assume that lim,_, o ¢oo(@)(z) = 0, and let w € M be such that
Goo(W)(2) = 2¢o0 (@) (27).

We have to investigate the structure of the chain of dB-spaces arising from
PB(Eu+))- By Lemma 2.13 all these spaces f are symmetric. Moreover, since
ind_w = 0, we know that always ‘B, is a Hilbert space, see Lemma 3.13. In
particular, by [KWW4, Lemma 2.4] for every dB-space P in this chain we have
dim PB° < 1. By the structure theory of degenerated dB-spaces developed in [KW3]
this knowledge already has a big influence on the kind of singularities that may
appear.

6.1. Proposition. Let @ € M’ and assume that lim,_,_ « goo(w)(x) = 0. More-
over, let w € MY be such that oo (w)(2) = 2¢e(w)(2?) and write domw =

(00,01)U...U(0n,0n+1). We have for every k € {1,...,n}
K(og) =1, 8(ox) <3, 64(ox) < 1.

Let ag,bg, kK = 0,...,n, and A be as in Lemma 5.9. According to the following
table the structure of oy can be read off the behaviour of A at a and bp_1 and the
fact whether or not there is an indivisible interval between bx—1 and ay. Thereby
we set

I :=t(w(ar)) — t(w(bp_1)),
Albg—1—):= lim A(t), Alap+) := lm A(t),

t—bi_1— t—ap+

and, in case both of these limits are finite, m := A(agp+) — A(bg—1—).
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- <2 2
I — 3 3
i + Il \
& 2 — — Structure of oy,
= | & | |
< | = | & | &
0 e [T SRS —
eR|eR |, — W = Wm0
e SR SRS — 3
€eR|eR 0 W—((l) sz{”)
1%
400 | €R g ;Bg; ;ngzr %a;,e = gl}U;r,e
X Moo —
+o | €R 0 P, P P Pore 7 Pre=For e
% ......... % _
ER| -0 | O %, PBor e =Fore
e NS X
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400 | —oo | O — X
400 | —00 a ;Bai mo+ ma;,e # mo‘,:r,e
k

Proof. As we already noted for every dB-space ‘P in the chain arising from
PB(Eut)), we must have dimP° < 1. From this it is immediate that 6+ (ox) < 1.
The fact that (o)) < 3 is clear from the structure of the isotropic parts of a chain
of subsequent degenerated dB-spaces.

The proof of the remaining assertions of the present proposition is based on
the following observations:

(¢) The limit A(ag+) is finite if and only if (‘Ba,j is nondegenerated. Similarly,
the limit A(bx—1—) is finite if and only if ‘]30; is nondegenerated.
(zz) We have ‘I}U;r,_i_ = ‘I}(Ew(ak)) and ‘330;7_’_ = %(Ew(bk,l))-
(11) If Py1 C Po are two degenerated symmetric dB-spaces such that 97  and
B2+ are nondegenerated, then Py + € Po 4.
(iv) If by—1 = a, then 6(oy) < 1.
(v) There exist at most two degenerated dB-spaces P with &BU; CyPC 5330;.

ad(i): We have A(ax+) > —oo if and only if limy 4, 75(t) > —oo. This implies
that ¢y := limp g, (ft|z) " > o%. Since in this case (o, (4 ) is indivisible, we have
5330; = P(Eu(c,))- The same argument applies to A(by—1—).
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ad(i7): We have

PBor e = ( ) BEuw). = [) BEuir)e-

t>at t>at
However,
PB(Eu))e = B(Eow)+ = B(Exuw))

and, since (o)) = ax,

ﬂ B(Exuwr)) = B(Ex(an)) -
t>0,€+
The same argument applies to B(Ex s, _,))-
ad(iti): Assume that P11 = Po 4 =: P. By [KWWH4, Proposition 4.7] there exists
exactly one degenerated dB-space Q with 9, = B, a contradiction.
ad(iv): If by_1 = ag, then, by (i7), Po+ 4 =Bo- - By [KWW4, Theorem 3.11] this
implies that dim ‘]30; /‘]30; <1
ad(v): Since dimPB° < 1, this follows from the structure of a chain of subsequent
degenerated dB-spaces.

We will now go through the cases listed in the above table.

A(br—1—),Alap+) € R, bi—1 = ar: We know that 6 = d4 = 0 and that ‘33
Por o It follows from Lemma 3.4 that w(o}, ) "'w(o}) = W(a4,0) for some a. HOW-
ever, in the present case we have

a= lim 7(t) — lim 7%_1(t) = Alag+) — A(bg—1—) =m.
t\ak b

1/ bp—1

A(br—1—),Alar+) €R, by—1 <ag: Again 6. = 61 = 0. We have
T (o) T (w(of) = W) Since w(oy) = Toagp, ,—)(@(br-1)) and
w(0}) = T A(ar+) (@(ax)), the assertion follows from Remark 3.7.

A(bp—1—) = 400, Alar+) € R, bi—1 = ap: It follows from (iv) that § < 1. More-
over, we know from (i) that §_ =1 and §; = 0, which implies that ¢ # 0.

A(bp—1—) = 400, Alar+) € R, br—1 < ap: Wehave é_ =1, 64 = 0, and know that
‘}30;7+ # ma,j,e' Since (o), 0, is indivisible of type 0, it follows that w(o; )21 €
‘B(Ew(o,j))’ and hence that ‘]30;78 C dom Sy . This space is a dB-subspace with
codimension 1 in P_ + and is degenerated sinkce 0_ > 0. However, it contains the
same even functions than B, 5 and thus cannot be equal to ‘13 —. By (v) it must
be the only space which lies strlctly between P + and P, or

Albp—1—) e R, Alap+) = —o0, bi—1 = ap: It follows from (iv) that 6 < 1. We
know, moreover, from (i) that 0_ =0 and 6, = 1, which also implies that § # 0.

A(br—1—) € R, A(ag+) = —o0, br—1 < ap: We have §_ =0, 64 = 1, and &BU;)JF %
‘330;7 - Let By be the smallest degenerated dB-space which contains ‘430;. Since
(0, ,0%) is indivisible of type 0, we have PB; = span(P,,,— U {w(o; )21}), and
therefore P, . = &BU;)G. This rules out the possibility that § = 1.
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A(bg—1—) = +o0, A(ag+) = —o0, by—1 = ag: We have _ = 64 = 1 and ‘}30;7+ =
o+ 4 Thus (#4¢) implies that Boo = PBor

A(br—1—) = 400, Alar+) = —o0, by—1 < ar: We have §_ = §; =1 and ‘330;7+ #+
‘BU;HF. Thus ¢ > 0, and by (v) it follows that 6 = 1.

It remains to show that k(o) = 1. To this end recall that ind_ B,
maxi<,, ind_ w(t) and ind_ ‘,Bgz + 04 = mings,, ind_ w(t), cf. [KW3].

Consider the case that - = §; = 0. If § = 1 the assertion is clear. If § = 3
it follows since [ > 0. Assume that not both of d1 are equal to 0. If § = 1, we
have ind_ (’BUI = ind_ ‘,BU;, and again k(o) = 1. Consider the fourth of the
cases in the table. Then ind_ ‘]30; = ind_ PB; since ‘,Bg;e and ‘B have the same
negative index. The increase of negative squares from B; to ‘]30; is then 1. In

the last remaining case, the same argument shows that ind_ B; = ind_ P _+, and
k

thus that k(o) = 1.
ad

Next we deal with 7. It is a consequence of Lemma 2.14 that an application
of this transformation does not change the structure of singularities.

6.2. Corollary. Letw € Moo and assume that R_(w(t)) = R(w(t)) and Ry (w(t)) =
K(w(t)). Moreover, let v := Tj(w). Let my,m_ be the projections of K(w(t)) onto
the first and second component, respectively, and put ¢ == . on_". Then ¢ induces
an order preserving bijection of the chain of all dB-subspaces of B(E,,)) onto the
chain of all dB-subspaces of B(E,)). Thereby for all dB-subspaces Q of B(E 1))

ind_ ¢(Q) =ind_ 92, dim¢(Q)° = dim Q°.
If w e MY, then also v is symmetric, and we have

P(Qe) = (Q)o; #(Qo) = A(Q)e - (6.1)

Proof. 'With the notation of Lemma 2.14 we have E, ;) = E, ). Hence the first
assertion is an immediate corollary of Lemma 2.14. It remains to investigate
the symmetric situation. However, by Lemma 2.7, ¢ = 7, o 7_' maps even to
odd functions and odd to even functions. Since ¢! has the same property, the
relation (6.1) follows.

O

We can now deduce which singularities are created by an application of 7, o
1) 0D.

6.3. Proposition. Let @ € My" and assume that

1
lim ¢o(w)(z) = lim ——— =0.
Moreover, let v € ML be such that oo (v)(2) = —(2¢oo(w)(2)) 1. Let ay, by,

k=0,....,n, and A be as in Lemma 5.9. Then v has exactly n singularities, say
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" < ... <Yn. We have for every k € {1,...,n}
k() =1, (k) <2, 0x(m) < 1.

The structure of v, can be read off the behaviour of A at ax and by_1 and the
fact whether or not there is an indivisible interval between bip_1 and aj. Let
I, A(bp—1—),A(ax+) and m be as in Proposition 6.1. Moreover, put

a = w(br_1)5(0), p(z) := —(mz +12%), m' :=m(1+a?), ¢ := — Arccot .

| —
T+ .
& éi Structure of o},
< <
S — —
bk—l = Qg WV — W = W(m/ @)
eR 1 eR -
. — 1—ap(z) —a?p(z) )
b1 <a —_—— W =
ot O " ( p(z)  1+ap(z)
+oo | €R e —
eER | —o0 e X
+o00 | —o0 —

Proof. Let w:= Ty(w) and & := T;(w), so that v = 7 (@). By Theorem 5.1 and
Corollary 6.2 singularities of v can only occur at singularities of w. We shall go
through the different possibilities of singularities of w and show that each of them
gives rise to a singularity of v with the asserted structure. We will use the same

notation as in the previous proofs.
The first two cases require explicit computation.
A(bp—1—) € R, Alar+) € R, by—1 =ap: Then w(o; ) 'w(of) = Wiy, thus
(o) tw(o)) = Wim, ). Moreover, @(0})5;(0) = —w(br—1)5,(0) =
—w(bk—1)51(0) = —a. We obtain from Proposition 3.6 that

v(ii(o ) o) = Wi ) -
A(br—1—) € R, A(ag+) € R, bp—1 < ax: In this case
. n_in 1 0
and @(0}, )15(0) = @(07)12(0) = —a. By (3.2) it follows that

i) et = (1,6 )
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For the investigation of the remaining cases note that, by Corollary 6.2, we
just have to inspect the behaviour of the odd parts of the dB-spaces arising from
the chain w.

A(bg—1—) = 400, A(ar+) €R, b_1 = ax: By Proposition 6.1 &BUI;
ated, (‘BU?O is nondegenerated and dim (’BU?O / ‘]30;70 = 1. Hence we have a singu-
larity with _ =1, 4 =0 and § = 1.

A(bp—1—) = 400, Alar+) € R, br—1 < ar:  We have ‘,Bg;o = P1,, and this space is
degenerated. The space (’BUIJ) in nondegenerated. Thus we also have a singularity
with _ =1,04 =0and 6 = 1.

, is degener-

The remaining cases are treated exactly in the same manner. This knowledge
on the structure of the singularities implies that in any case § < 2, 4+ < 1 and,
cf. [KW3, Corollary 2.12] and its proof, that the increase of the negative index is
equal to 1.

0

7. On generalized strings

Recall [KaK1] that a string S[L,m]| is given by its length L, 0 < L < oo, and a
nonnegative and nondecreasing function m defined on [0, L) which may be chosen
to be left-continuous. This concept can be generalized as follows: Let m be a
function defined on [0, L) which is nondecreasing and left-continuous except a finite
number of points from [0, L), and let D be a nondecreasing and left-continuous
step function defined on [0, L) which is constant except a finite number of growth
points. Note that D corresponds to the so-called dipoles in [KIL2].

Some point z. € [0, L) is called a dipole if D(z.+) — D(z.) > 0, a negative
gump, it m(z.+) — m(ze.) < 0, and a singularity, if m(x) — 400 for z /" z., or
m(x) — —oo for z \, x., and f(m€_67me+6) m(t)2dt < oo. The point z. € [0,L)
is called critical if it is a dipole, a singularity or a negative jump. The point 0 is
critical if it is a dipole or if —co < m(0+4) < 0, the point L is never a critical
point. Observe that at a critical point can be both a dipole and a singularity or a
negative jump. The tripel S[L,m, D] is called generalized string. The relation

)z [ f@dm@ 2 [ f@ap@) =0, o= (1)
[0,2] [0,2]
is the differential equation of a generalized string. Of course, this equation requires
some explanation if S[L,m, D] has singularities among its critical points. The
appropriate interpretation is given by means of canonical systems, and for the
sake of completeness we continue to recall some basic facts about these systems.
Let H be a real, symmetric and non-negative 2 x 2-matrix function on the

interval [0, lx):
_ (M) ha(x)
H(z) = (h;(ﬁ) hi@)) , zel0,ln),
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with locally integrable functions hy, ho and hz. A canonical system is a boundary
value problem of the form

Jf'(z) = —zH(2)f(x), x €[0,1n), f1(0) =0, (7.2)
with f(z) = (fi(x) f2(2)T, J = ((1) _01> , and a complex parameter z. Here the
differential equation in (7.2) is considered to hold almost everywhere on [0, ).
Weyl’s limit point case prevails at the point Iy for the canonical system (7.2) if
and only if

Iy
/tr H(x)dz = oo, (7.3)
0
and from now on we assume that for each Hamiltonian H the relation (7.3) holds.
The fundamental matriz function

_(wii(z,2)  wie(z,2)
W(I’Z) - <w;1(1‘72) w;z(%z))

of a canonical system (7.2) with Hamiltonian H is the unique solution of the
integral equation

Wz, z)J —J = z/W(s,z)H(s)ds. (7.4)
0

Note that W (0,z) = I, and that x — W(z,z), 0 < x < Iy is a maximal chain of
matrix functions belonging to M.
For each w € My and z € Ct the limit
Q) = tim LLE2)0(2) + wnale, 2)
e—lg wa1 (T, 2)w(z) + waa(z, 2)

(7.5)

exists, is independent of w, and, as a function of z, belongs to the set of Nevanlinna
functions Ny, cf. [dB2]. The function @ is called the Titchmarsh-Weyl coefficient
of the canonical system (7.2) or of the Hamiltonian H. Note that W(-,z) is a
maximal matrix chain, and that @ coincides with its Weyl coefficient.

Let &5 := (cos ¢,sin¢)” for some ¢ € [0, 7). The open interval I, C [0,1x) is
called H-indivisible of type ¢ if the relation

& JH =0, ae. on Iy, (7.6)

holds, see [Ka], [dB1]. This notion is the same as introduced for maximal chains
in Section 4. In particular, det H = 0 a.e. on Iy. If (z1,22) is a H-indivisible of
type ¢ and lenght [, the fundamental matrix W satisfies the relation W (xs, 2) =
W(x1,2)W(,4)(2), where the factor W(; 4)(2) is defined in relation (2.2), that is,
H-indivisible intervals are also indivisible.

A Hamiltonian H is called trace normed if hy +ha = 1 a.e. on [0, 00). For the
class of trace normed Hamiltonians a basic inverse result in [dB1] can be formulated
as follows (see [W1]): Each function @Q € N is the Titchmarsh-Weyl coefficient
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of a canonical system with a trace normed Hamiltonian H on [0, c0). This corre-
spondence is bijective if two Hamiltonians which coincide almost everywhere are
identified.

Let Qy denote the Titchmarsh-Weyl coefficient corresponding to some
Hamiltonian H, and let

H=JHJT. (7.7)

Then
Wiz, z) = JW(zx,z)J" (7.8)
is the fundamental matrix corresponding to H , and the relation (7.5) implies that
Qg (2) =—(@Qu(2)"" (7.9)

If H is of diagonal form, that is H = diag(hq, h2), then Qu € N¥™. The following
proposition will be of use in what follows.

For the following we need the fact that any @ € Np \ {oo} admits a unique
integral representation:

1 t

where a,b € R, b > 0, o is a nonnegative Borel measure on R with fR
o0. o is called the spectral measure of Q(z).

HLR do(t) <

7.1. Proposition. Let Q # oo be some Nevanlinna function with a semibounded
spectral measure, suppo C [¢,0), ¢ € R. Let H be some Hamiltonian correspond-
ing to Q with left-continuous components h;, 1 < i < 3 and det H = 0. If W
denotes the corresponding fundamental matriz, the relations

h
;Ex; ~ lim wlzgx’z) lim —%, x>0, ha(x) >0, (7.11)
2\ z——00 W11\ T, %2 z——00 W21\ T, %
h3 (33) . w11(:17, Z) . w21(117, Z)

— lim —E) g JE2E) 0 h(e) >0, (7.12
hi(z) z2—=-00 wia(x,2) 2—-00 waa(x,2) (@) ( )

hold.

Proof. The existence of a Hamiltonian H corresponding to () with the required
properties was shown in [W3], Theorem 3.1. We continue in two steps

Step 1: First we assume that suppsc C (0,00) and that b =
lim, . Q(iy)/iy = 0. According to Corollary 3.2 of [W3], the function

_ ha(@)
’U(I) - hz($)7

is nondecreasing with and left-continuous. A rescaling allows to assume without
loss of generality that the Hamiltonian H is of the form

H(z) = <1;((%2 ”(f”)) . (7.13)

x e (O,ZH)
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We are going to show that

vir)= 1 71022(56 Z)
( ) Zl> jes} w21($ Z)

x> 0. (7.14)

If v(z) = v(zo) for some oy < z, the interval (zg, x) is H-indivisible with constant
v. It follows with | = x — zg that

wor(z,2)\ _ (1—zlv —zl wa1 (2o, 2)
waa(x,2)) — \ zlv? 1+ z2lv) \waa(z0,2))’

which leads to the relation

waa(z, 2) 1 (w22(960, ) )
_ = + —_, N Z) = — . 7.15
w2 A NE YT o) (719
As wag (g, 2) /wa1 (o, ) is a Nevanlinna function, also N(z) is a Nevanlinna func-

tion, and the relation (7.14) follows from the relation (7.15). Now we assume that
v(z) > v(t) for all 0 < t < x. The relation (7.4) implies that

(uéﬂxwﬂ>-—x@&ﬂu&d%z)+1@2@;@)<_;@0). (7.16)

who (7, 2)

It follows that —w},(z, z) = v(z)wh, (x, ), which implies that

waz(z,2) =1 — v(x)we (, 2) +/ way (¢, 2)dv(t). (7.17)
0
We will show that
lim w2 (z,2) = 0o (7.18)
and .
T G B (7.19)

z——o00 wa1 (2, 2)
then the relation (7.17) implies the relation (7.14). Because of

why (x,2) = —z(v(x)way (T, 2)+waz(x, 2)) = —2v(x)wa (x, 2)—2+2 /1 v(t)wh (L, 2)dt,
one finds with integration by parts that ’
why (z,2) = —2 (1 + /1 wgl(t,z)dv(t)> : (7.20)
and it follows that i
war(,2) = —zx — 2 /Oz(:z: — u)wa (u, z)dv(u). (7.21)

Let z < 0. The relation (7.20) implies that the function wb, (-, z) is positive in a
neighborhood of 0. Then the relation (7.21) implies that wa;(+, z) is positive and
nondecreasing, and the relations (7.18) and

war (z,2) > —zwa (t, 2) /tm(:t —u)dv(u) (7.22)

follow. As [,"(z — u)dv(u) > 0, the relation (7.22) implies the relation (7.19).
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Step 2: Now we assume tha:c suppo C (¢,00) for some ¢ < 0. Recall from
[W2] that then the Hamiltonian H defined by

H(zx) = W(zx,—c)H(x)W (z, —c)T (7.23)
corresponds to the Titchmarsh-Weyl coefficient Q(z) given by
Q(z) = Q(z —¢),
and the fundamental matrix
Wz, 2) =W,z —c)W(zx,—c)"L.

In particular, suppc C (0,00), and it follows that there exists a nondecreasing

function ¥ such that the Hamiltonian H is of the form (7.13). Moreover, the relation
(7.14) is satisfied. It follows that

hs(z) _ waz(z, —c)v(x) — wia(z, —c)
ho(z)  —wa(x, —c)0(z) + w11 (z, —C)

)

and that
(wgl(:z:, z — c)> _ (11721(3:, 2)wi1(x, —¢) + Waa(x, 2)we (x, —c)>
waz(z, 2z — ¢) W1 (x, 2)wiz(x, —¢) + Waa(z, 2)wea(x, —c) )
Together with (7.14) the last relation implies

lim _wgg(a:,z) _ hg(x)'
z——oo  wor(w,2)  ha(x)

The second relation in (7.11) follows from
Cwia(x,2) | waa(w,2) _ 1
wir(z,z)  wor(x,z)  wir(x, 2)wa (z,2)
where the relation det W(xz,z) = 1 has been used. The relations (7.12) can be
shown in a similar way. If lim, .., Q(iy)/iy = b > 0, the Hamiltonian is of the

form diag(1,0) on the interval (0,b), and it is easy to see that the relation (7.12)
for x € (0,b) holds.

-0 (z = —00),

g

If a generalized string S[L,m, D] is given, a Hamiltonian Hy of a canonical
system can be constructed as follows: Define a new scale by

x(t) =t +/ dD(u), Lo =L —|—/ dD(u). (7.24)
[0,t) [0,L)
Let z(t+) = x(t) + D(t) — D(t—). If t. is a dipole of S[L, m, D], the interval
(x(te), x(te+)) is assumed to be maximal Hy-indivisible of type /2, that is, Hy =
diag(0,1) on (z(t.), z(te+)). Define
_ 1 —mee)
ma(elt) =mit), o) = (_, Gy @)
and put Hp(z(t.)) = diag(0,1) if the point t. is a singularity of S[L,m, D]. If
L+ f[O.L) m(t)?dt < oo, it is assumed that Hy = diag(0,1) on (Lo, 0). Summing
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up, there exists a (possibly empty) finite sequence of n maximal Hy-indivisible
intervals Dy of type 7/2 such that D, < Dpy1, and with © = (J;_, D) and
J:=1[0,Lp) \ © the Hamiltonian Hy is given as follows.

1 _mO(“’>> ifred

—mo(z)  mo(x)?

How) = { ) 0) (7.26)

ifx e®.

0 1
Moreover, the construction of Hy implies that the limit point case prevails. Con-
versely, if a Hamiltonian Hy of the form (7.26) is given, the corresponding gener-
alized string S[L,m, D] can be recovered as follows: For x € 7, let

x

t(x) := /X{hlio}(u)du, L := t(Ly), (7.27)
0
and .
m(t) = mo(x), D(t) = / oy () (7.28)
0

If Q € Ny with spectral measure o has the property that supp o N (—o0, 0] consists
of finitely many isolated points, there exists a Hamiltonian H of the form (7.26)
such that @ is its Titchmarsh-Weyl coefficient, see [W3].

Let f be the solution of the relation (7.2) with Hamiltonian Hy. For t(x)
given by the relation (7.27), the function

ft) = fa(x) (7.29)
is the solution of the relation (7.1). To justify the relation (7.29), note that if 0
is a dipole or a singularity the relations Jf' = —zH f, f1(0) = 0, and Hyp(0) =
diag(0, 1) imply that f5(0) = 0. Otherwise, the relation f'(0) = f4(0) = zm(0) f(0)
holds and matches with the equation (7.1). On intervals where my is defined and
bounded, the relation Jf’ = —zH f implies that fo satisfies the differential equa-
tion
dfé = —ngdmo. (730)
Now consider a maximal H-indivisible interval @y = (a,b) of type 7/2. Then

f3(x) =0, fi(z) =—zf2(x) if z € (a,b),
which yields
fa(a) = f2(b), f1(b) = fi(a) = —z(b—a)f2(a). (7.31)
The relation fi(x) = zf1(x) — zmo(z) f2(x) for = a and z = b and the relations
(7.31) yield
f3(b) = f3(a) + z(mo(b) — mo(a)) fo(a) + 2%(b — a) f2(a) = 0. (7.32)
In particular, as fo is constant on (a,b), the function f is well-defined by the
relation (7.29).
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Recall [LW] that the solution f of (7.1) can also be characterized in terms
of m. Namely, if z. is singularity of m, for a solution f of (7.1) on [0,z.) with

f'(0=) = 0 the limits f(z.—) and jim(t)f’(t)dt exist. Moreover, if x > =z,
0

there is exactly one solution f on (x.,z) of (7.1) such that f(x.—) = f(x.+)

and [ m(t)f’(t)dt is finite. This solution f coincides with the function defined

in (7.29).
Let Qo be the Titchmarsh-Weyl coefficient of the canonical system with the
Hamiltonian (7.26). The function

Qs(2) :== 271Qo(2) (7.33)

is called the principal Titchmarsh-Weyl coefficient of the generalized string
S[L,m, D], see [LW]. Let NI be the set of all functions ¢ € N, such that
2q(z) € Np is a Nevanlinna function. The basic inverse result from [LW] can
be formulated as follows:

If S[L,m, D] is a generalized string with x critical points, then its principal
Titchmarsh-Weyl coefficient Qg belongs to the class N;7-. Conversely, each function
Q € Nt is the principal Titchmarsh-Weyl coefficient of a generalized string with
K critical points, which is uniquely determined by Q.

Let a generalized string S[L, m, D] with principal Titchmarsh-Weyl coefficient
Qs € NF be given. Then Qg is also the Weyl coefficient of some matrix chain v,
and now the problem arises how the singularities of @ which are characterized in
Proposition 6.3 can be described in terms of the generalized string S[L,m, D].

As Qo € N implies in particular that the corresponding spectral measure o
is semibounded, Proposition 7.1 can be applied to the Hamiltonian Hy of (7.26):

7.2. Corollary. Let Wy be the fundamental matriz of the canonical system with
Hamiltonian Hy from the relation (7.26). Then

0
mo(z) = Jim % z €. (7.34)
11\
Moreover,
0
tim 212(07) _ red.

somoowy(z,2)

7.3. Theorem. Let Qs € NI be the principal Titchmarsh - Weyl coefficient of
some generalized string S[L,m, D], and assume that v is the mazimal chain with
Weyl coefficient Qs. Then the function mg from the relation (7.25) is equal to the
function A from Lemma 5.9, and the maximal chain v has x singularities, which
correspond to the critical points of S[L,m, D). The five possible cases concerning
the structure of a singularity of the chain v which are described in Proposition 6.3
correspond to a negative jump in case 1, a dipole in case 2, and to a singularity
in the last 3 cases.
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Proof. Let w be the maximal chain with Weyl coefficient

1
=@ = 0

Then oo (w) € Ny, and the representation formulas for NI functions from [KL1]
imply that lim,_, ¢oo()(2) = 0. One finds from the relations (7.9) and (7.33)
that the the matrix chain /1/170 is equal to the chain w from Proposition 6.3, and
the relations (7.34) and (7.8) imply that mg is equal to the function A from
Lemma 5.9. Note that the intervals (ag,br) from Lemma 5.9 are the maximal
intervals of J which contain no critical point.

O

If WP denotes the factor in the chain Wy which corresponds to a maximal
Hy-indivisible interval (x1,z2) of type m/2 and length d, that is, Wy(z2,2) =
Wo(x1,2)WL(2), then

WP (z) = (_id (1)) : (7.35)

Roughly speaking, W{ corresponds to a dipole interval of length d. If
Amg = mo(z2+) — mo(x1), the corresponding factor in the maximal chain with
Titchmarsh-Weyl coefficient Qq(z) = 2Qs(2?) is equal to

DA, N 1 0
and factor in the chain with Titchmarsh-Weyl coefficient Qs(z) is equal to
WEPA(2) =T — (22d 4 2Amg) (t(x1), )T (t(21), 1)J. (7.37)

Note that both matrix functions generate 1 negative square if d > 0 or if d = 0
and Amg < 0.
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