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Abstract

In connection with an indefinite analogue of canonical systems of dif-
ferential equations some subclasses No/a (A € No) of the Nevanlinna class
No come up. We give a criterion for a function to belong to NO/A in terms
of its poles and residues.
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1 Introduction

In [KW3] some classes Ny/a (A € Ny) consisting of certain functions meromor-
phic in the plane and possessing only real poles and zeros were defined (we will
recall this definition below, cf. Definition 1.1). It turned out that this notion
is most helpful in the study of the indefinite analogue of so-called canonical
systems of differential equations (cf. [Wil], [Wi2], [KL], [KW2]). There one
investigates so-called maximal chains of matrix functions.

In order to explain this notion, let us recall that M, x € Ny, denotes the
set of all entire 2 X 2-matrix functions W (z) with det W(z) = 1 that have the
property that the matrix kernel

H(zw) = WERIW W) =] (1.1)
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has k negative squares, i.e., the maximum of negative squares of the quadratic
forms

where
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withn €N, z1,...,2, € C, and z1,...,2, € C?, is equal to &.

A maximal chain of matrix functions is a mapping which assigns to each
t€Z = (0,M)\{s1,...,5,} an entire 2 x 2-matrix function Wi(z) € M,
and possesses certain factorization and maximality properties. Here 0 < s1 <
coo < 8y < M < o0 and k: T — Ny is non-decreasing and locally constant. The
points s; are called singularities.

In the classical case, i.e., if there exist no singularities and x(t) = 0, those
maximal chains are exactly the solutions of canonical systems of differential
equations. It is a basic result that for any 7 € R the limit

lim W1 (2)T + Wi a2(2)

=: z), z€C\R, toe{s,...,sn, M},
tto Wt)gl(Z)T+Wt722(z) th( ) \ 0 { 1 }



exists, is independent of 7, and defines an analytic function on C\ R. The
function gas is called the Weyl coeflicient of the chain and ¢s,, i = 1,...,n, are
called intermediate Weyl coefficients.

If (W)iez is a maximal chain of matrices, then also the family (W;):e(o,s,)
possesses this property and, moreover, has no singularities. A converse question
is the following: Given a maximal chain (W})ie(o,m) Wwithout singularities and
k(t) = 0, is it part of a larger chain? It turned out (cf. [KW3]) that this is the
case if and only if ¢,,, € N, for some I € Ny. In fact, it is part of a longer chain
with maxez £(t) = A if and only if g, € Uy<;<n Noji-

However, the actual definition of the class N/, originates in a recursive
application of some transformation of chains and is, as the reader can convince
himself below, quite intricate. An internal characterization whether a function
q does or does not belong to No/l is lacking. It is the aim of this paper to redress
this imperfection. We will prove a criterion which involves only the poles and
residues (or equivalently the poles and zeros) of the given function ¢ (cf. Theorem
5.1). It turns out that in this respect the distribution of the poles of ¢ as well as
the asymptotic behaviour of the residues (or of the canonical product associated
with the sequence of zeros of g, respectively) is of significance.

The present results generalize the contents of [Wo] where the particular case
A = 0 has been settled. Besides the classical theory of growth and distribution
of zeros of entire functions (cf. [B], [L]), our proofs rely on a connection with
the theory of Hilbert spaces of entire functions by L. de Branges (cf. [dB]).

A function f: dom f C C — C, whose domain is symmetric with respect to
the real axis, is called real if f#(z2) := f(Z) = f(z). The class Ny of so-called
Nevanlinna functions is defined to be the collection of all analytic functions
g : C\R — C which are real and map the upper half plane into itself. Note that
this notion is different from the notion of functions of bounded type on a certain
domain, the entirety of which is sometimes also named Nevanlinna class. Let us
recall that a function f analytic on some domain D is called of bounded type in
D if it can be expressed as a quotient of two functions analytic and bounded in
D. In this note the domain D under consideration will always be the upper half
plane, so whenever we speak of a function of bounded type, we mean bounded
type in C*. Recall that for a function f of bounded type the limit

1 i
mt(f) := yEIqPoo w

exists. This number is called the mean type of f.

1.1 Definition. We define the classes Ny a, A € Ny, separately for A = 0 and
A > 0.

1. A function ¢ is said to belong to the class No/o if it belongs to Ny and
can be represented as the quotient ¢(z) = % of two real entire functions

which possess the property that there exist real entire functions C' and D
such that the 2 x 2-matrix function

is in My and W(0) = I.



2. For a function ¢ we define a sequence (gx)ken, recursively by go := ¢ and

-1
Qk+1(2) = N 1 k S NQ. (12)
qr(2) — >

In the case A > 0 we write ¢ € Ny a if ¢ € Ny and ga € Nyo, whereas
q ¢ Nojo for I < A,

Note that a function belonging to N /A 18 necessarily meromorphic in the
whole plane and all of its poles and zeros are real.

The criterion for a given function ¢ to belong to N, /0 proved in [Wo] is
concerned with the distribution of the poles (ax)ken of ¢ and with the growth of
the canonical product built from the zeros (bx)ken of ¢. In order to indicate to
the reader where the difficulty in the treatment of the general class N /a lies,
let us sketch the influence of the recursion (1.2) on the poles and zeros of the
respective functions. Obviously ¢ has a zero at ¢t if either ¢ has a pole there or
t = 0. On the other hand ¢ is a pole of ¢ if it solves the equation ¢(z) = %
Hence we might think of the poles of g; as perturbed zeros of ¢. If we proceed
to g2 we find that its zeros are perturbations of the zeros of ¢ plus 0 and its
poles are perturbations of the poles of ¢ with a perturbation of 0 added.

Since for a function belonging to Ny the poles and zeros interlace, the distri-
bution of the sequences of poles (or zeros) of ¢1, g, ... is fairly easy to handle.
However, due to the indicated kind of perturbation, the behaviour of the above
mentioned canonical product might change tremendously. Moreover, since an
accurate solution of the equation ¢(z) = % is out of reach (a standard example
for ¢(z) would be the function tan z), it seems likely that an explicit treatment of
these matters is hardly possible. As in [Wo] we will take a detour via de Branges’
theory of Hilbert spaces of entire functions. This connection is, however, also
of particular interest on its own right.

Let us outline the contents of this article. First, in Section 2, we set up
some notation and recall briefly a couple of well-known results. In Section 3 we
define the notion of functions [-associated to a de Branges space of entire func-
tions. This is a fairly straightforward generalization of the concept of associated
functions as introduced in [dB]. The aim of the fourth section is to provide an
approximation method for de Branges spaces containing only functions with a
zero of appropriate order at the origin. Our main result (Theorem 5.1) is stated
at the beginning of Section 5. This section is mainly devoted to the proof of
this statement. Moreover, we draw some conclusions from Theorem 5.1 and give
some examples.

2 Preliminaries

In the sequel let us recall a couple of necessary ingredients. For an accurate
treatment of the respective subjects we refer to [B], [dB], and [L].
An entire function F is said to belong to the Hermite-Biehler class HB if it
satisfies
|EZ)| < |E(2)], 2 € CT.

We will write E € HB* if E belongs to HB and has no real zeros. For each
function E € HB a Hilbert space H(FE) is defined as the collection of all entire



functions F' such that £ and % are of bounded type, mt(%), mt(%) <0, and

1Flm = [ 1FO)

We set A(z) := %E#(Z) and B(z) := iw, so that E = A —iB, and
define for ¢ € R

dt
-2 .

[E(®)[?

Sy(z) :=sing - A(z) — cosg - B(z).

In the space H(F) each point evaluation functional is continuous. The repro-
ducing kernel K of the space, i.e., the family K(w,-), w € C, of functions of
H(E) satisfying

F(w) = (FvK(wa'))v Fe H(E)a

is given by (independently of ¢ € R)

S, (W)Syprx(2) —S,(2)S,r= (W0
Koz = 5@ “’“fr()z_%’)( Sers@ o
K(2,2) = 2(S5(2)8)15(2) — S4(2)Sp15 (2) (2.2)

We will frequently make use of the difference quotient operator associated with
a function S (S(w) # 0)

F(2) - 54.5(2)

zZ—w

(RS;wF)(Z) =

F(2)S(w)—F(w)S(z)

z—w

Note that for entire functions S and F', the difference quotient
is analytic on C2. For S = S, the operator Rg, is the resolvent operator
of a self-adjoint extension in H(E) of the operator of multiplication by the
independent variable.
A continuous function ¢ : R — R is called a phase function for E if, for all
t € R, the relation
E(t)e*® e R

holds. Any such function satisfies

T
¢'(t) = K(t,t) ==, t ER,
[E()[?
cf. [dB, Problem 48].
A function E € HB gives rise to a family of functions ¢(p;-) € Ny which are
meromorphic in C, namely by (¢ € R)

Sp_x(z
q(p; 2) = —%j;ﬁ

Conversely, if ¢ € Ny and is meromorphic in C, then there exists a function
E, € HB, such that g can be obtained in that way. A more complete treatment
of this relationship can be found in [dB] and [KW1].

Let us now state accurately the already mentioned conditions on the distribu-
tion of a sequence. Let (zx)ken be a sequence of pairwise distinct real numbers
which has no finite limit point. Denote by (2} )ken and (z; )ken the sequences
of positive (negative, respectively) members of (z)ren arranged according to
increasing modulus. The conditions appearing in our context are:



(C1) The limit
1
li —
fm > =~
0<|zr|<r

exists in R.

(C2) The following limits exist in R and are equal:

lim — = lim —

k—o0 ;pz k—oo |x]; | ’

For a sequence (z)ken satisfying those conditions the product

f@=tm I (-5

0<|zg|<T

converges locally uniformly on C and therefore represents an entire function.
We define the entire function associated to the sequence (zx)ren by

zf(z), 0€{xp:keN} (2.3)

0 :keN
() = {f<z>, ¢ {o: k €N,
The growth of z(z) has been closely investigated, see, e.g., [B] or [L]. The
essential facts for our situation have been collected in [Wo, Section 1].
We will also make use of two different representations of a Nevanlinna func-

tion ¢ meromorphic in C. First any such function can be written as (cf. [L,
VII. Lehrsatz 2])

q(z) =a+bz+ Z ( ! ! )Ut, (2.4)

t—z 1412
t:q(t)=o00
where a € R, b > 0, and oy = —Res(q; t). The point masses o; are positive and
satisfy
P
1412
t:q(t)=00

Secondly let us recall a multiplicative representation of g (cf. [L, VII. Lehrsatz 1])

1_ 2
_ 5 b
a(z) =" [] — =
kEN ak

where v > 0, 6 = 1,0,—1 depending whether ¢(0) = 0, ¢(0) € R\ {0}, or
q(0) = oo, and (ag)ren and (by)ren denote the sequences of non-zero poles of
q and zeros of g, respectively, arranged appropriately. Such a representation is
possible since the poles and zeros of ¢ interlace. This fact also implies that the
sequence of poles of ¢ meets (C1) and (C2) if and only if the sequence of zeros
of g satisfies (C1) and (C2). In fact, for any & € RU{oo} the sequence (xf)ren
of all real numbers ¢ with ¢(¢) = a behaves in the same way in this respect.



3 Functions [-associated to H(FE)

In this section we generalize the notion of associated functions (cf. [dB, Theorem
25]).

3.1 Definition. Let E € HB*. Choose Fy € H(F) and wy,ws,... € C\R with
Fo(w;) #0,i=1,2,.... For | € N an entire function S is called l-associated to
H(E) if

RFo;w1 ca. 'RFo;sz S H(E)
The set of all I-associated functions is denoted by Assoc; H(E). For notational
convenience set Assoco H(F) := H(E).

3.2 Remark. Note that for [ = 1 the notion of an l-associated function coincides
with the notion of an associated function in the sense of [dB].

First of all we have to justify our definition of Assoc; H(E) by showing that
it does not depend on the actual choice of F and wi,ws,.... This follows
immediately from the next lemma.

3.3 Lemma. Letl € Ng. A function S is l-associated to H(E) if and only if

S and % are of bounded type, mt(%),mt(%) <0, and

e 9 dt

| SO
Proof. The case [ = 0 is trivial by definition. By virtue of Remark 3.2 the case
[ =1 is nothing else but Theorem 25 of [dB]. We use induction on .

Assume that the assertion has already been established for some [ € N. Note
that by definition S € Assoc;1 H(E) if and only if Rpyu,.,S € Assoc; H(E).
The function Fy satisfies condition (3.1) for all I € Ny. Hence S satisfies (3.1)
for [ + 1 if and only if

< 00. (3.1)

- 1 2) — S(le) .
(Retuis8)(2) = o (86) = 2h i () )

#
satisfies (3.1) for I. Moreover, £2 and FT” are of bounded type and have non-

' E
positive mean type. Thus also the conditions that % (%,

RFgiwpsqS , (REgw,, 5%
bounded type and has non-positive mean type and that FO‘E”I (( o ok ) ,

respectively) is of bounded type and has non-positive mean type are equivalent.
O

respectively) is of

3.4 Corollary. Letl,k € Ng. Then for any w € CT
Assoc; 1, H(E) = Assocy H((z +w)' E(2)).

Proof. One only has to note that, for w € CT, with F also the function (z +
w)!E(z) belongs to HB*. O

3.5 Corollary. Let | € Ng, T € Assocj+1 H(E) and w € C with T(w) # 0.
Then Rr.w maps Associ41 H(E) onto Assoc; H(E). We have

ker Ry, = span{T'}.

Proof. In the case I = 0 the assertion follows from Lemma 4.5 of [KW1] and the
remark made before it. Corollary 3.4 implies the general case. [l



4 Approximating spaces
In the sequel we study the spaces H((z + ig)' E(z)) in dependence of € > 0. Set
Eio(2):= (2 +ie)'E(2), | € Ng,e > 0,

E)(z) :=Z'E(2), 1 € Ny.

Note the essential difference that FE;. € HB*, whereas for I > 0 we have
E € HB \ HB*. However, still in some sense the spaces H(F).) approximate
H(EY). Of course, for I = 0 all these spaces coincide since Ey . = Ej = E.

To shorten notation denote the space H(E} ) by H., the space H(E}) by
Hp and let the functions Kj ., Syye, K7 and SO, be defined correspondingly,
e.g., write Bj . = Aj. — 1B, let Sy =sing- A . —cosg- B, and let K.
be as in (2.1) with S, . instead of S,.

We collect some properties of the introduced spaces. First of all note that
lim\ o Ere = ElO locally uniformly on C. Hence also lim.\ o Sy, = 58;1 and
lime\ o K1 e = K lo hold locally uniformly on C and C2, respectively.

4.1 Lemma. Letl € N be fivred. With the notation introduced above the follow-
ing statements are valid:

(i) The spaces Hye, € > 0, coincide as sets. For e < § the identity mapping
id§ of Hye onto Hy s is a strict contraction, i. e.,

||FHHL,E > HF”HZ,&’ Fe Hl,s = Hl,éaF 7£ 0. (41)

(i) For any w € C the function K, .(w,w) is non-increasing with decreasing
€. We have

ltn K (w,w) = K7 (1w, w) = [l K (w, v) (4.2)
£

locally uniformly on C.

Proof. Assertion (i) is obvious. The fact that K .(w,w) is non-increasing with
decreasing ¢ follows by a straightforward argument from (4.1) since

Kie(w,w) = || Kie(w, )|, .

and || K c(w,-)||n,. is the norm of the functional F' — F(w) in the space H,..
The first equality of (4.2) is immediate from (2.1) and (2.2). It remains to

prove
K (w,w) = |w]* K (w,w), w € C. (4.3)

For w € C\ R this equality follows from
Spu(2) = #'8,(2)

and (2.1). Together with the fact that both sides of (4.3) are continuous func-
tions of w € C, this implies the validity of (4.3) also for real values of w. O

4.2 Lemma. Letl € N and € > 0 be fized.



(i) We have
H)={FeH. F0O)=...=F"Y0)=0} (4.4)
as sets. The identity mapping idf__.J of HY into H, . is a strict contraction,
1. e.,
IFlse > | Fllw,.. F€H}F#0. (4.5)

The norm of its inverse can be estimated explicitly:

1

607 < 06t + [ i w2 (4
This bound is non-increasing with decreasing €.
(i) If F € Hie \'HY, then
lim [ iy, = oo
Proof. First we deal with (). The inclusion
H) C{F e H}.: F(0)=...=F!"Y(0) = 0}

is immediate from the fact that E} has a zero of order [ at the origin and from
the inequality

o 5 dt o , dt
[ 1r0F e < | OF g

—00 —

This also implies (4.5).

Let F € Hy., F(0)=...= F(=Y = 0. We compute
o dt LYE@) 2 dt 1 dt
FOP s = | |50 g+ [ PO s <
/_oo EP@P Sl VIE@GP S tHER))?

1
dt
<IPIR, - maxKie(e2) [ o + () I,

Here the first integral is estimated with the help of the maximum principle on
the unit disk and the fact that

[F )] < 1 F [0, N Kre (25l

The estimate of the second integral is obtained from the elementary relation

2 +t2
max =

1+ &2
ES *

We conclude that equality (4.4) as well as inequality (4.6) hold true.
It remains to prove (ii). This, however, is immediate from the monotone
convergence theorem. O

4.3 Lemma. Let ¢ be a phase function for E, 1 € N, € > 0. Then the function
¢(x) — Il Arctan £, x>0,

Pe(x) = 0(0) =15, z =0,
¢(x) —lArctan £ —Im, 2 <0



is a phase function for E; .. Moreover, the following relations hold:

o), ¢ > $(0),
lim 6, () = 1 0, $(0) — Im < o < $(0), (4.7)
¢~ e +1m), ¢ <¢(0)—Im.
Proof. The function ¢, is a phase function for Ej . since it is continuous and
. . . ) N
(.I 4 ie)lE(x)ez(qb(z)fl Arctan £) _ E(x)eub(z) ((I + ,L'E)eszrctan ;) cR.
To show relation (4.7), consider first the case ¢ > ¢(0). For such a ¢ the

equation ¢;.(x) = ¢ is the same as ¢(x) — [ Arctan £ = ¢ for ¢ > 0. From
P1.(¢7 () = ¢ — L Arctan 5= < ¢ it follows

& 2 () > ¢ (). (4.8)
This also implies
€ €
© = (¢ 1 () — I Arctan ——— > (¢, (¢)) — | Arctan —
( l,s( )) (bl;((P) ( l,s( )) d) 1(@)
and hence ¢l_51 (¢) < ¢~ (p+1 Arctan ¢+(sa))’ which proves, together with (4.8),

relation (4.7) in this case.
Next let ¢(0) — 15 < o < ¢(0). As ¢1(0) = ¢(0) — 15 < ¢, we have

¢ () > 0.

For every & > 0 there exists an €9 > 0 such that ¢ .(z) > ¢(0) > ¢ for all
€ < ¢eg. Hence
limsup ¢; ! () < ,
eN\.0

which implies lim.\ o gbfal (p) =0.

The case ¢ = ¢(0) — 13 is trivial and the cases ¢ < ¢(0) — I7 and ¢(0) —
Im < ¢ < ¢(0) — 1% are handled in a similar way as above. Here the equation
¢(x) — l Arctan £ — Im = ¢ has to be considered. O

5 Characterization of N/

This section is devoted to the proof of our main result, the characterization of
q € NO/A in terms of the poles and residues (or poles and zeros) of ¢ on the

one hand and in terms of certain spaces H(E) (with ¢ = —5—;) on the other.

The major effort is needed to establish the connection betweeri the asymptotic
behaviour of poles and residues and the properties of the spaces H(E).

Let us first introduce the following notation. Denote by (ax)ren and (bg)ken
the sequences of the poles and zeros of g, respectively. If (ax)ren (or equivalently
(br)ken) satisfies (C1) and (C2), then the canonical products a(z) and b(z)
corresponding to (ax)ken and (bg)ren, respectively, can be defined as in (2.3).
In this case we have

b(z)

q(z) = ”Yq@

with 74 > 0. Moreover, set Ey(z) := a(z) — i74b(z) and S,.4(2) =sing - a(z) —
cos ¢ - Ygb(2).
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5.1 Theorem. Let ¢ € Ny be given and assume that q is meromorphic in C
and q £ 0. Denote by (ax)ren and (ok)ren the sequences of its poles and point
masses (cf. (2.4)), respectively. Let A € Ny, and if A =0, assume in addition
that either q(0) = 0 or ¢ has a pole at 0. Then the subsequent statements (i),
(i), and (iti) are equivalent.

(i) q € Uf:ONO/l in the case that q is analytic at 0, and q € Ufz—gl Nojiif q
has a pole at 0.

(i) The sequence (ay)ken satisfies (C1) and (C2). Moreover,
1

i (U a )l (an )20

< 00,

(C3)

where a(z) is defined by (2.3) using the sequence (ar)reN.

(iii) For one (and hence for all) E € HB* with ¢ = —g% the set

Assocat1 H(E) contains a real and zero-free function S(z).

If (ak)ken satisfies (C1l) and (C2), define E; and S,.q as in the paragraph
preceeding the theorem. The condition (C3) in (ii) can be replaced by any of
the following:

(C31) For one p € [0,m),

1
< 00. (5.1)
DR e )

(C311) Relation (5.1) is valid for all ¢ € [0,7) and the sums in (5.1) are uniformly
bounded with respect to .

o0 1
C3 / dt < oo.
(C3m) | AT sE,0P

5.2 Remark. The condition ¢(0) = 0 is necessary for ¢ € Ny o.

5.3 Remark. This theorem contains the result of [Wo] as a particular case:
Theorem 1.1 of [Wo] states that in the case A = 0 and ¢(0) = 0 the assertions
(74) with (C3) and (iii) are equivalent.

5.4 Remark. Let us remark that for a zero t of Sy, we have
_S;;;q(t)ssa-i-%;q(t) = K,y(t,1),
where K, is the kernel (2.1) corresponding to E;. Moreover,

bax)
a(ay)

SO?Q(Z) = —’}/qb(Z), S%,q('z) = (I(Z), Ok = —7q

Hence condition (C3) coincides with (C3y) for ¢ = %.

The proof of Theorem 5.1 will be carried out in five steps. In the first step we
settle the trivial case that ¢ is rational. The following three steps are concerned
with the proof of the equivalence of (i) and (i¢¢). In the last step we will make
use of this fact to establish the equivalence with ().
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Step 1: Assume that ¢ is rational, i. e., it has only finitely many poles and zeros.
Then (#) is trivially satisfied, even for A = 0. Let E € HB* and assume that

q = —SS—O. Then Sz has only finitely many zeros, namely the poles ay, ..., aq
of q. Since Sz € Assoc; H(E), the function

F(z):= 7(18% )
[Tizi(z — ai)
belongs to Assoc; H(E). It is real and zero-free, hence (¢i¢) holds. Finally, note
that the space H(E,) consists of all polynomials with degree at most d — 1. By
[dB, Theorem 27] the function ¢ belongs to Ny, if ¢(0) = 0, i.e., (i) is valid
for A = 0. But even if ¢(0) # 0 we have ¢1(0) = 0. So q1 € Ny and hence

qe NO/l .
Throughout the remainder of this section we will assume that g has infinitely
many poles. This implies that for any function £ € HB* satisfying ¢ = —S—ﬂ

the space H(E) is infinite-dimensional.

Step 2: Let us clarify the relationships among the conditions (C3),(C31)—
(C3111). Assume that (C1) and (C2) are valid, so that the function E, is well
defined. We shall provide evidence for the following implications:
(C311)
v \
(C3) (C3111) (5.2)

N /
(C31)

By Remark 5.4 the left branch in the above diagram consists in fact of trivial
observations. Next let ¢ be a phase function for £, and define the functions

o {[¢-1<nw>,¢-1<<n+ D)) — [0,7]
" \0nla) = 6(2) —nm

for n € Z. With f(t) := use Fubini’s theorem to compute:

1
TFe) oK, (45

/ Zf(dwf S f(dw/Zf

¢(t)=¢ mod w neZ

s g [ du—/f

nez nez

= /00 ¢'(w) du = /00 du
B 2 e Rl IR Ce e oy e
Thus also the implications in the right branch of (5.2) hold true.
Step 3: Next we show that (ié¢) implies (C1) and (C2) as well as (C3iy).

Let E € HB*, q = —S—ﬂ and assume that S € Assocat1 H(E) is real and
2
zero-free. Then also F := % belongs to HB* and by Lemma 3.3 we have
1 € Assoca 1 H(E). Since
N So - Sx
So=—, Sz ==
0 g ) 5 g ’
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we have q = _ S Proposition 2.2 of [Wo| yields that (C1) and (C2) are valid.
Sx
7

Moreover, E in fact equals E,.

Henceforth we may assume without loss of generality that £ = E,; and
1 € Assocat1 H(E). Consider the space HQ as defined in the beginning of
Section 4 and choose F € HQ with F(i) = 1, F'(i) = ... = F(®)(i) = 0. Then
trivially F' € Ha . and, since 1 € Assoc; Ha e, also

_F(z)=17 z \&
G = (55) € Mo
Moreover, G(0) = ... = GA~D(0) = 0. By Lemma 4.2, (i), in fact G € HQ
and [|G||pa . < [|Gll4o, - For arbitrary ¢ € [0, ) we have (cf. [dB, Theorem 22])
1
Y. GOP—= <G, (5:3)
t:S¢;n,:()=0 KA)E(t7t)

hence these sums are bounded uniformly with respect to € and . Let ¢ be a
phase function for £ and ¢a . a phase function for Ea . as defined in Lemma
4.3. Keeping in mind that by (4.7) of Lemma 4.3 and (4.2) of Lemma 4.1

I < e o)l B
eNO0 K s((bA 5(90 + nﬂ-) (bA E(w + TLTF))

|G(¢~ ! (otnm))|?
KO (¢ 1(§0+nﬂ') ¢~ (p+nm))’ @ +nm > ¢(O)a
()
‘G 0)‘ KOO) #(0) — Am < o +nm < ¢(0),

|G (6! (ot (n+A)m))|?
KQ (@71 (p+(n+2)m),0~ e+ (n+A)m))”

w4+ nm < ¢(0) — Am,

an application of Fatou’s lemma yields

1
2 S 2 P —
Gl = IG5, = D> 1G] Ka.(t1)

t‘Scp A, E(t)i

_ |G(¢a.. (@ +nm))?
%KA 5(¢AE(SD+TLW) (ZSAE(QO—FTMT)) -

|G(¢~ (¢ +nm))|?
- ,g K (¢ (g +nm), - L(p +nm)) |

o+nm>¢(0)

G
+4| | (0,0
. |G(¢" (e + (n+ A)m))P?

= KR(@He+ (n+A)m), o7 (o + (n+ A)m))
p+nr+AT<p(0)

1
> > 160 gy =

£:S,(t)=0 A"
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Since F' € HY, in particular

1 1
E F))———e——— < E Ft)|? ——— < ||F .
| ( )| (1 +t2)AK(t,t) = | ( )| t2AK(t,t) = H ||H&
t:S,(t)=0 t:S,(t)=0

Using the Minkowski inequality we obtain the estimate

1 1
( 2 1+t2'(1+t2)AK(t,t)) =

t:S,(t)=0
142\A 1 3
< 2
- (t‘sz Gl ( 12 ) (1+t2)AK(t,t)> +

(S

<P(t):0
F(t)]? 1 :
+( Z 2 2\A ) <
s LHE L+ )RR (L)

< 1Gllag + [[1Fll7eq -

Since HtQ(lHA) < (1+t21)A+1’ condition (C3yy) follows.

Step 4: Assume that (C1), (C2), and (C3p) hold. We shall establish the
validity of (#i7). For this sake we need a slight generalization of [Wo, Proposition
3.1].

5.5 Lemma. Let (z)ren be a sequence of pairwise distinct real numbers which
has no finite limit point. Assume that it satisfies the conditions (C1) and (C2),
so that the function x(z) in (2.3) is well defined. If for some n € Ny

1
2 T ] <™ (54)

keEN
then x(z) is of bounded type.

Proof. The case n = 2 is nothing else but Proposition 3.1 of [Wo]. For n = 0 and
n = 1 the assertion is therefore a trivial consequence of this. We shall employ a
little trick in order to explain the general case by the mentioned result.

Choose n non-zero real numbers yi, ..., y, which do not occur among the
zr’s. Consider the extended sequence (Z)ren defined as

P Yk k=1,...,n
b Thom, k=n+1,n+2,...

Clearly, with (zg)ken, also the sequence (& )ren possesses the properties (C1)
and (C2). Moreover, &(z) = p(z)z(z) where

It follows that

@' ()] = Ip(aw)] - 2’ (@x)] ~ %

o (1 + g |") 2" (2x)],  k — oo
i=1 |yz|
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We only have to observe that the sequence (& )ren satisfies condition (5.4) with
0 in place of n. Then it follows from the known special case that #(z), and thus
also z(z), is of bounded type. O

We claim that (for some A € R\ {0})
Seiq(2) = Az (2),

where z(z) denotes the product (2.3) built from the sequence of zeros of S.q.
Consider the entire function

Spalz) _ sing-a(z) = cos - 1,b(2)

By [L, VII. Lehrsatz 1] either the function Zgzg or its inverse belongs to Np

and hence is of bounded type. The same applies to Z((Zz)) Therefore F(z) is of

bounded type as well. Since F' is real and zero-free, a short argument employing
[dB, Problem 34] implies that F is constant and hence establishes our claim.
Recall that, since — SS*"T" € Ny, we have
P iq

e
2

F(z2):=

Z 1 . Ssa;q(t) < .

2 /
t:5034(4)=0 L+t S@Jr%;q(t)

Together with our assumption (5.1) and the elementary inequality 1 < u + 2,
u > 0, this implies

1
< 0.
t:5¢§)_0 (1 + 20857 ()]

Lemma 5.5 allows us to conclude that S.4, and hence also Eg, is of bounded
type.

Since the function S, is not a polynomial, there exists a point w € C*
such that the value S,.q(w) is non-real and is attained at least A times by S,.q,
say for z € {w1 = w,wa, ..., wa}. We claim that
Spiq(2) = Spiq(w)

A
[T (z = wi)

From this claim it follows at once that 1 € Assocat1 H(E,) since

S(Z) = _S<P§Q(w) (RquﬂUA T RSWq?“’l 1) (Z)

S(z) :=

€ Assocy H(E,). (5.5)

It remains to establish relation (5.5).
Since S,.q is of bounded type, by [dB, Problem 34] the function |S,.q(iy)] is
non-decreasing for y > 0. From the estimate

S(z) 1 Sipiq(w) 1 Sipiq(w)
= 1- -~ < 1+ ’ ,
’S%q(z)’ Hle |z — w| ’ Seia(2) ’ Hle |z — w| ( ’ Spiq(2) )
we conclude that (i
lim sup (zy) ' < 00.
y—too | Spiq(iy)
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A similar reasoning will show that

S(—iy)
Ssa;q(iy)

Moreover, by our assumption (5.1) and the fact that all w; are non-real,

lim sup
Yy——+00

<

1 |Spig(w) ]2 1
SISO = Y, = : < 0.
£:5:q(t)=0 (1+#)K,(t.1) £:84;q(t)=0 [Lizy [t = wil? (1+82)K,(t1)

Assume for the moment that S, ¢ H(E,). Since clearly E% and %—t are of
bounded type, all assumptions of [dB, Problem 70] are fulfilled and we may
conclude that S € Associ H(E,).

In the case S,y € H(E,) consider the closure of the domain of the multipli-
cation operator in H(E,). It again is a space H(E), in fact by [dB, Problem 87]
we have

_ 1-p3z az
sy = (120
for certain «, 3,y € R. Moreover, S, = S,.q. It follows that H(E) is contained
isometrically in L?(v) where v is the discrete measure related to S, and that

qu is of bounded type. Once again we employ [dB, Problem 70|, obtain S €
Associ H(E), and hence also S € Assocy H(Ey).
We provided evidence to the assertion of (i¢7) in the case of the particular
function E,. Now let E € ‘HB* be arbitrary with ¢ = —5—:. Then, by [dB,
2

Theorem 24|
E(2) = S(:)E,(2)

for some real and zero-free function S. Clearly S belongs to Assocay1 H(E).

Step 5: We use induction on A to establish the equivalence of (i) and (i).
Note that the case A = 0 is nothing else but Corollary 1.2 of [Wo]. The main
ingredients in the proof of the inductive step are on the one hand the already
proved fact that under the assumption of (C1) and (C2) the conditions (C3y)
for ¢ = 0 and ¢ = 7, respectively, are equivalent, and on the other hand the
lemma below, which is based upon an elementary calculation.

Let us remark that we need not bother about the validity of (C1) and (C2).
This originates in the fact that the poles of gr41 interlace its zeros which are

the poles of g plus 0, and therefore possess the same distribution.

5.6 Lemma. Let ¢ € Ny be meromorphic in the plane and let n € N be given.
Assume that (C1) and (C2) are satisfied. If q is analytic at 0, then q satisfies
(C31) with ¢ = § and A = n if and only if q1 (defined by (1.2)) satisfies (C3r)
with p =0 and A =n — 1.

In the case that q has a pole at 0, q satisfies (C31) with ¢ = § and A =n
if and only if q1 satisfies (C31) with ¢ =0 and A =n.

Proof. Consider first the case that ¢ is analytic at 0. Denote by (dx)ren and
(l;k)keNO the sequences of poles and zeros, respectively, of ¢;. They can be
arranged so that by = 0 and by = ag, k > 1. Let the functions a(z) and b(z) be
defined correspondingly.
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We clearly have b(z) = za(z), and therefore

b (ar) = ara (ag).

We compute

and

It follows that (—ql#(z) =q(z) - 1)
a(ak) = —VqVq arb(ar),
and, in view of (2.2), that
Ky (b, Be) = B, B () = ~ =10, axb(ax) 7, -ax (ax) =
= nga%KEq (ak,ag).

Thus for an arbitrary function g(t)

: > B _1__ > gt L 90 5

~2 42

Ta t:S%;q(t)ZO t KEq (t7 t) #:S0.q, (£)=0 Kqu (tu t) T
An application of (5.6) with g(t) := ﬁ yields the assertion of the lemma in
this case.

If ¢ has a pole at 0, then Z)k = ay, for all k, provided the sequences are
arranged appropriately. Hence b(z) = a(z) and

Kg, (br,be) =72 Kg, (ar, ar).
The rest of the proof is analogous. (|

We will now complete the proof. First note that ¢ € J;<a ;1 Noyi if and
only if g1 € <, Noyi- This is immediate from the fact that ¢ +— g1 maps
Ny into Nyj—q for I > 0 by definition, and maps N into itself by (5.6) and
the already established equivalence of (i) and (4¢) in case A = 0. Furthermore,
note that ¢;(0) =0 for 7 > 1.

We consider first the case that ¢ is analytic at 0, where we use induction on
A. Assume that the asserted equivalence of (7) and (i) has already been proved
for A =A¢—1. Let ¢ € Ujcp, Nosi- Then g1 € Uycp, 1 Noji and therefore g
satisfies (C1), (C2), and (C3;) with ¢ = 0 and A = Ay — 1. By Lemma 5.6
the function g thus satisfies (C31) with ¢ = § and A = Ay, i.e., (i) implies
(73). Reversing these arguments yields the converse implication.

In the case that ¢ has a pole at 0, then ¢ € Ul<A0+1N0/l implies ¢; €
Ulng No/l. Since ¢1(0) = 0, we can use the already proved case to show that
q1 satisfies (C1), (C2), and (C3y) with ¢ =0 and A = Ag. Using the second
part of Lemma 5.6 we get that g satisfies (C31) with o = § and A = A¢. Again
the arguments can be reversed to show the converse implication.

All assertions of Theorem 5.1 are proved.
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5.7 Remark. As we have seen in the foregoing arguments, condition (ii¢) could
be replaced by

(i13") 1 € Assocat1 H(Ey).

In the remainder of this section we draw some conclusions and give some
examples.

5.8 Corollary. Let ¢ € Ny, meromorphic in C, satisfy (C1) and (C2), and
assume that q is analytic at 0. Define E; as in Theorem 5.1 and let A € N.
Then 1 € Assocy H((z +14)2E,) if and only if 1 € Associ H(E,,).

Proof. Assume that 1 € Assocy H((z + )2 E,), i.e., 1 € Associia H(E,). By

Theorem 5.1 we have g € UzA:ONO/z and thus ga € Nyjo. That is by [dB,
Theorem 27] nothing else but 1 € Assocy H(E,, ). Reversing these arguments
leads to the converse implication. [l

5.9 Corollary. Let (ag)kez and (br)kez be sequences of distinct real numbers
with
ar < by < Aft1, ke Z.

Assume that (C1) and (C2) are satisfied, and let a(z) and b(z) be defined as
in (2.3). Denote by E(z) the function (v € R\ {0})
E(2) := a(z) — iyb(2).

If for somen € N

| S
S S
o T EDP

then also (log™  := logmax{1,z})

/°° log" |E(t)]

et < oo (5.7)

— 00

Proof. Set q(z) := 728 Then either ¢ or —¢ belongs to Ny. Consider first
the case ¢ € Nyp. Then E(z) = E4(z) where Ej; is as in Theorem 5.1. Choose
A € N, such that n < 2(1 + A). Then, by Theorem 5.1, 1 € Associya H(E).
Thus FE is of bounded type and henceforth satisfies (5.7).

In the case —q € Ny consider the function E# instead of E. O

As a first example we consider functions ¢ € Ny whose poles lie at Z \ {0}.
Then, clearly, (C1) and (C2) are satisfied and a(z) = S22,

Tz

5.10 Corollary. Let o, > 0, n € Z\ {0}, be the point masses at the poles n.
Then q belongs to Uf:o Noji, A €N, if and only if

1
Z W<OO.

n

neZ\{0}
Proof. For the proof one only has to note that a/(n) = % Then the assertion
follows immediately from Theorem 5.1. (|

Next consider functions ¢ with poles at Z\ {0, 1}. Similar as above we obtain:
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5.11 Corollary. Let o, >0, n € Z\ {0, 1}, be the point masses at the poles n.
Then q belongs to UlA:o Noyi if and only if

1
—_— < Q.
Z 2(A—1)
nez\{0,1} n In

A comparison of the last two corollaries shows the sensitivity of the condi-
tions of Theorem 5.1 with respect to the actual location of the poles of ¢q. Hence
the condition (C3) cannot be thought of as a purely asymptotic condition.

5.12 Remark. In particular the above corollaries show that for all A > 0 we
have No/a # 0, namely for A > 0 take, e.g., 0, = |n|>(=2) and for A = 0 take
q(z) = tan z. Moreover, there exist functions ¢ € Ny which are meromorphic in
the whole plane but still do not belong to any class A /A
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