PONTRYAGIN SPACES OF ENTIRE FUNCTIONS II

M.KALTENBACK, HWORACEK

We continue the study of a generalization of L. de Branges’s theory of Hilbert spaces of
entire functions to the Pontryagin space setting. In this - second - part we investigate
isometric embeddings of spaces of entire functions into spaces L?(u) understood in a
distributional sense and consider Weyl coefficients of matrix chains. The main task is
to give a proof of an indefinite version of the inverse spectral theorem for Nevanlinna
functions. Our methods use the theory developed by L. de Branges and the theory of
extensions of symmetric operators of M.G.Krein.

1 Introduction

In [KW3] we have studied inner product spaces (I, [.,.]) which satisfy certain additional
axioms:

(i) The isotropic part ° of P is finite dimensional.
(7i) The factor space J/P° is a Pontryagin space.

(iii) The space B consists of entire functions. If (.,.) denotes a Hilbert space inner product
associated with [.,.], then (I3, (.,.)) is a reproducing kernel space.

(iv) If F € B, then F#(z) := F(z) € P and

[F# G*]) =[G, F).

(v) Ifwe C\Rand F € B, F(w) =0, then =2 F(z) € P. If moreover G € P, G(w) = 0,

then Z—w Z—w
F(2),G(2)] = [F(z)

Z—w "z —w

[ &(2))

We call such spaces dB-spaces. In the case that (I3,].,.]) already is a Hilbert space, the
axioms (i) and (ii) are trivially satisfied and (7ii)- (v) are exactly those axioms used by L. de
Branges in [dB7] to characterize certain Hilbert spaces of entire functions. Thus the notion
of a dB-space is an immediate generalization of a Hilbert space of entire functions in the
sense of L. de Branges.



A motivation for choosing this notion may be found e.g. when studying so-called
hermitian functions on R with a finite number of negative squares (see e.g. [GG|, [GL],
[KW1], [KL3] or [KL4]), or so-called generalized strings (see e.g. [LW], [W1]). To make the
connections with these subjects explicit and to give some applications of the present results
will be the subject of a following note.

Recall that a real entire 2 X 2-matrix function W (z) is said to belong to the class
ML if det W(z) = 1 and the kernel

W(z)JW (w)* —J

Z—wW

0 -1
-(13)
has k negative squares. It has been proved in [W1], [W3] that for each Nevanlinna function

7 € Ny there exists a chain (W;)o of matrices Wy € M}, Wy(2) = 1, such that 7 is the
Weyl coefficient of (W;)i>0, i.e. such that for any function 6 € N

, z,w e C, (1.1)

where

tErOnO(V[Q 00)(z) =7(2). (1.2)

For our purposes we allow in in the sequel oo € Ny. Here W; o 7 is the function defined by

_ w1 (2)7(2) + wia(2)
woy (2)7(2) + waa(2)

(WiyoT)(2) : )
if W(z) = (wy(2))7;=;. The constructed chain satisfies the following additional condi-
tions:

(i) Wi(0) = 1.
(11) If 0 < s < t, then there exists a matrix Wy € M} such that W, = W, W,,.
(i1i) The trace of W/(0)J is equal to ¢.

Conversely, for every chain (W;):>o which satisfies (7)-(iii), the limit (1.2) exists and does
not depend on § € Ny. Moreover, the chain (W;);>o satisfying (i)- (i) and having a given
7 € Nj as its Weyl coefficient is unique, i.e. there is a bijective correspondence of chains and
functions of the class Nj.

The main purpose of this paper is to give a generalization of this result to functions
7 € N, and chains (W});~._ of matrices which belong to M} and satisfy (i)-(iii). It turns
out (Theorem 8.7) that the correspondence established by (1.2) is again bijective.

Beside of this result we prove some statements concerning isometric embeddings of
dB-spaces into spaces L?*(¢) understood in a certain distributional sense (Proposition 4.6),
concerning regularized resovents of the operator of multiplication by z in a dB-Pontryagin
space (Theorem 5.7), and concerning chains (W});<o of matrices W, € Mi(t). For example
the fact that in each dB-space there exists a unique chain of dB-subspaces will show that
each single matrix Wy € M} invents a chain (W,),<o of matrices W, € ./\/li(t) (Theorem 7.1).



The structure of this chain which goes downwards from Wj reflects the structure of the chain
of subspaces of a certain dB-Pontryagin space related to Wj.

The proof of the main Theorem 8.7 will make use of some transformations of chains
which generalize the results of [W2]. In [W2], for the case k = 0, some transformations have
also been studied in connection with so-called canonical systems of differential equations. It
will be the subject of a forthcoming note to develop these connections further.
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The contents of this paper splits into two parts.

The first part consists of the Sections 2-6. In Sections 2 and 3 we investigate distri-
butions ¢ on RU{oo} and Pontryagin spaces II(¢) which are connected to such distributions
and generalize the concept of L?-spaces. This continues some investigations of [JLT] and
yields model spaces for selfadjoint relations in Pontryagin spaces. The Sections 4 and 6
are concerned with isometric embeddings of dB-spaces into such spaces I1(¢). We use the
integral representation of a resolvent similar as given in [KL2] (compare also [GG]). If ¢ is a
bounded measure in some neighbourghhood of oo, then we obtain generalizations of the re-
sults of [dB7] concering isometric embeddings into spaces L?(11). In Section 5 we investigate
functions of the form (W o 7)(z) where W € M} and 7 € N,. Theorem 5.7 relates growth
conditions on (W o 7) to properties of the reproducing kernel space generated by the kernel
(1.1). In particular we obtain conditions in order to ensure that Wor € N,y,. We also give
some results supplementing [KW3], Sections 6 and 7.

In the second part, consisting of Sections 7-11, we study chains of matrices (W,).
Section 7 is first concerned with the chain going downwards from some given matrix Wj
(Theorem 7.1). Some results supplementing [KW3], Sections 12 and 13, are needed. We also
show how chains going downwards and going upwards from some matrix W, can be linked
together. In Section 8 we introduce a certain class of chains going upwards and investigate
their Weyl coefficient. Also our main result Theorem 8.7 is formulated. The Sections 9
and 10 provide some essential tools used in the proof of Theorem 8.7. In Section 9 we use
the integral representation of a function ¢ belonging to N, as given in [KL1], in order to



investigate a certain rational transform of ¢ (Proposition 9.1). It is the aim of Section 10
to study some transformations of matrix chains, which correspond to the transformation of
the function g € N, studied in Section 9. Some particular cases of such transformation rules
have been introduced in [DK], [W1] or [W2|. Finally, in Section 11 we complete the proof
of Theorem 8.7 and give some corollaries.

For the use of notation we refer to [KW3] and the literature cited there, in particular
[ADSR], [dB7], [IKL], [DS1]. References to results of [KW2] or [KW3] will be given as the
following examples indicate: Lemma 0.2.1 refers to Lemma 2.1 of [KW2] and (I1.2.1) refers
to the equation (2.1) of [KW3].

2 Distributions on R

In the sequel denote by R the closed real line R U {oo}, i.e. the one-point compactification

of R, and let T be the unit circle in the complex plane. Clearly, R is homoeomorphic to T,
e.g. via the mapping B

J T—-R

. argZ) )

Z tan(T

where we choose —m < argz < m. We shall work with R and T interchangeably and will
always identify them via ~.
Denote by C*°(R) the set of functions

O=(R) = {f oy "V|f € Cx(T)},

and provide C*™(R) with the topology induced by the topology of test functions on C'°(T)
via the mapping v. If C5°(R) denotes the set of all infinitely differentiable functions on R
which vanish at infinity, we clearly have Cg°(R) C C*°(R) as sets.

If ' is a distribution on T, i.e. ¢’ € D(T), we define a distribution ¢ on R by

- fi=¢" - (fon), feCPR).

The set of all functionals ¢ obtained in this way is denoted by D(R). An element ¢ € D(R)
is called real if ¢ - f € R for all real valued functions f € C*(R). Note that D(R) is the
dual space of C*(R), when C*°(R) is provided with the above introduced topology.

With the conventions

1 1
—:OO, —:0’ aeR,bER\{O}a

b-oo =00, 00— a= 00,
0 00

it is elementary to check that the mappings
1
My f(t) = f(bt), Ta: f(t) = f(t —a), Inv: () = f(5),
are automorphisms of C*°(R). Hence the adjoints of these mappings are automorphisms of

D(R). In particular, if the distribution ¢ has support E C R, i.e. E = o(y), then M} ()
(T (¢), Inv*(¢)) has support b- E (E — a, %). Similar as in [JLT] we give the following



Definition 2.1. Let ¢ € D(R). We write ¢ € F(R) if ¢ is real and if there exists a finite
set s() C R, such that ¢ restricted to R\ s(¢p) is a positive (possibly unbounded) measure.

In [JLT] those distrubutions ¢ € F(R) which have compact support in R are con-
sidered, we study the whole of F(R).

In the sequel, s(¢) will always denote the smallest set such that ¢ restricted to
R\ s(¢p) is a positive measure. For F' C R we denote by xr the characteristic function of F'.
If FNs(p)=10,then ypy is a positive measure.

Denote by By(i) the linear space of all functions f on R such that for all compact
subsets I of R with s(p) N F = () the restriction f|r belongs to L?(xr), and such that for
some open set U, s(¢) C U C R, the restriction f|y coincides on U with some function in
C>=(R).

For a finite set B C C \ R such that B = B, i.e. B is symmetric with respect to R,
we introduce the set F(C\ R, B) of functionals exactly in the same way as in [JLT, p. 257].
For a functional ¢» € F(C\ R, B) let o(¢)) be the minimal set such that 1 still belongs to
FC\R,0(¢)).

Definition 2.2. Let F be the set of functionals

F = Up(FR)+ F(C\R,B)),

where B runs through all finite R-symmetric subsets of C \ R.

If o € F, ¢ = ¢+ 1, we set s(¢) = s(p) and define the support o(¢) of ¢ as
a(p)Ua(y). We call ¢ the real part of ¢ and ¢ the complex part of ¢. Denote by By(¢)
the set of all functions, which are defined and holomorphic in a neighbourhood of ¢(¢)) and
whose restrictions to R belong to By (¢).

From these definitions we immediately have the following

Lemma 2.3. Let ¢ € F, and let A be a finite intervall such that its endpoints do not
belong to s(¢). Then we can write the distribution ¢ as

O =1+ P2+,

where 1 = Xap, 2 = Xmap, ¥ € F(C\R,B) and s(¢) = s(p1) U s(p2), o(¢) =
o(p1)Ua(pe)Ua (). The distribution @1 has compact support in R, and is of the same kind
of distributions considered in [JLT]. If 0 belongs to the interior of A the same statement
holds for Inv*(ys).

3 Pontryagin spaces associated with distributions

In this section we associate to each distribution in ¢ € F a Pontryagin space and a selfad-
joint relation. This construction is universal in the sense that any selfadjoint relation in a
Pontryagin space which is minimal in some sense can be identified with a model constructed
from some distribution. In [JLT] this construction was made for functionals ¢, whose real
part has compact support in R.



If ¢ € F define an inner product on By(¢) by
[f.9le =0 (f9), .9 € Ba(0).

Consider the relation
Ay ={(f;9) € B3(0)lg(t) = tf(t),t € RUB}.

Proposition 3.1. Let ¢ € F be given. The inner product space (B2(¢),[.,.]4) has finite
negative index. Hence, it yields by factorization by its isotropic part By(¢$)° and completion a
Pontryagin space 11(¢). The relation Ay gives rise by factorization by (By($)°)? and closure
to a selfadjoint relation in I1(¢) (again denoted by Ay) with nonempty resolvent set. In fact
we have 0(Ay) = o(¢).

Moreover, s(¢) coincides with s(A,), which the union of the set of all critical points
of Ay and the set of points of negative type of Ay, and

p(Ag) = s(6) U{z € R\ 5(6)|(xg\s(e)®) {2} > 0}.

Finally, we have for intervalls A C R, whose endpoints do not belong to s(¢), and symmetric
(with respect to R) neighbourhoods V.C C\ R of subsets of a(¢) \ R

E(A)f =xaf, Evf=xvf f€Bo).

Here E(.) denote the spectral projections of A, and Ey denotes the Riesz projector corre-
sponding to V N o(Ay).

Proof : We will use the respective properties of the distributions considered in [JLT]. First
we decompose ¢ according to Lemma 2.3 as ¢ = ¢1 + @2 + 1, where A = (=N, N) so that
~N,N ¢ 5(6).

From [JLT] we know that the inner product spaces (Ba(¢1), [, ], ) and (Ba2(¢), [, .]y)
have finitely many negative squares. Since Inv is an automorphism on C*°(R), the space
(Ba(p2), [, ]pp) 1s isomorphic to (Ba(Inv*ys), [, Jmvry,) via Inv. As Inv*y, has compact
support in R it follows again from [JLT] that (Bz(y2),[.,.],,) has finitely many negative
squares. Clearly, Inv can be extended to an isomorphism (also denoted by Inv) from the

completion II(p2) of (Ba(pa)/Ba(p2)°, (., ]s,) to the completion II(Inv*ys) of

(Bo(Inv"05) /Bo(Inv™03)°, [, Jinvg,)-

Let II(¢2) be the completion of (Ba(y1)/Ba(¢1)° [ ]p) and II(1)) be the completion of
(Ba()/Ba2(¥)°, [, Jy). Since (Ba(), [., -]y) is finite dimensional and, due to the minimality of
o (1), nondegenerated we have in fact [1(¢)) = By(1)). Note that the spaces I1(p1), II(Inv*ps),
I1(%)) are of the same kind as the spaces considered in [JLT].

Now we provide the space Ba(p1) x Ba(p2) X Ba(1)) with the inner product

[(fl; f2 f3), (91;92;93)]¢ = [fl,gl]sol + [f2ag2]302 + [f3>93]w,

and see that Ba(p1) X Ba(p2) X By(1)) has finitely many negative squares. Define a mapping
U by
Ba(¢) — Ba(p1) x Ba(ipa2) X Ba(v)
v , febB .
{ f= (flw [z flB) /€ B:(0)



Then W is injective and isometric with respect to [., ], and has dense range in II(¢1) BII(pq)®
II(¢). Hence (B2(¢),[.,.]s) has finitely many negative squares, and the completion II(¢) of
Bs(¢)/Ba(¢)° is isomorphic to I1(y1) B 1I(¢y) B 11(1)). We will denote this isomorphism again
by W.

Now consider the relation A,. Since ¢ is real, A, is symmetric. Moreover, for
z ¢ (RU B), consider the relation

(A= 27 = {(f20) € Bal@)a) = L 1 e RUBY,
It is easy to check that (A, — 2)~! has domain By(¢p). This shows that the closure of A,
(again denoted by Ag) is a symmetric relation on II(¢) such that ran(Ay — 2) = II(¢).
By [DS1] we conclude that A, is selfadjoint with o(Ay) € RU B. Since A,,, A,, and A,
are also selfadjoint in II(¢1), [I(v2), I1(¢)), respectively, with nonempty resolvent set, we
easily see that (U?)(A4s) = A, @ Ay, @ Ay. An elementary consideration also shows that
(Inv*) A, = ApL. oo
Note that A,,, Apyep,, Ay are the same relations as those introduced in [JLT].
They are in fact bounded selfadjoint operators. In the mentioned paper it is shown that the
asserted properties for ¢ and A4 hold for ¢ and A, Inv*p, and Agyy«y,, and for ¢ and A,.

Since (Inv®)A,, = A;L. . and

Y1

Inv*po
1 1
1 . -1 _
U(AIHV*@Z) = m; Up(AInv*goz) - ma
1
-1 _
S(AInV*SDQ) o m’

and since Fy(A) = Es(+) for intervalls A with endpoints not in s(Ap.. 2,): Where By ()
and FEs(.) are the spectral projections of AI_HIV* o and A+, respectively, we see that the
asserted properties also hold for ¢, and A,,. We are almost done. In fact, since ¥? maps

A, onto Ay, © Ay, © Ay, the asserted properties also hold for ¢ and A,.
O
We would like to point out again that the construction of the space II(¢) in the previous
proof shows that for a distribution ¢ € F, whose real part has compact support in R, this
spaces coincides with the space constructed in [JLT].
With the same notation as in the previous proof, it is an immediate consequence of
Proposition 3.1 and its proof that

U((By + E((=N, N)IL(9)) = I(¢1 + ¥), W(ER\ (=N, N)I(¢)) = (pz).  (3.1)

Here V' C C\ R is a symmetric neighbourhood of ¢(¢), and Ey denotes the spectral pro-
jection onto the spectral subspace corresponding to o ().

Lemma 3.2. Let A be a selfadjoint relation in a Pontryagin space B, and denote by FE(A)
the spectral projections associated with A and by Eg the orthogonal projection onto the span



of the generalized eigenspaces of all nonreal eigenvalues B. Let N € R, N > 0, be such that
—N,N ¢ s(A).

Assume that families v1(z) € (E(—=N,N) + Eg)P and v,(z) € (I — E(—N,N) —
EB)B, z € p(A), are given such that

() = (I + (z —w)(A = 2) )ys(w), z,w € p(4), j=1,2,

holds. If cls{vi(z)|z € p(A)} = (E(=N,N) + Ep)P and cls{y|z € p(4)} = (I —
E(—=N,N) — Ep)B, then

cls {11(2) +12(2)[z € p(A)} = PB.

Proof : Assume that z € B such that

[2,71(2) +72(2)] = 0,2 € p(A). (3.2)

If 2y € p(A) is fixed, we find

[(A—2)""y1(20), 2] = —[(A — 2) '2(20), 2], 2 € p(A).

Since the right hand side of this relation is analytic on C\ ((—oo, —N]U[N, c0)), so is the left
hand side. For a closed interval A C (=N, N), it follows from the definition of F(A)~(zp)
and FEp7v1(z0) by means of integrals that

[(E(A) + Eg)7i(20), 7] = 0.
We obtain by a limiting argument that
[(E(=N,N) + Ep)vi(20), 7] = 0.

Since zg was arbitrarily chosen, this implies (E(—N,N) + Eg)x = 0, therefore z € (I —
E(—N,N) — Ep)B, and [z,71(2)] = 0 for all z € p(A). Since by (3.2) also [z,72(2)] = 0,
z € p(A), we conclude z = 0.

d

Proposition 3.3. Let ¢ € F and let I1(¢) and Ay be as above. Choose zy € p(Ag) and

consider the functions
t—ZO
= ——, 2 € p(Ap).
1) =2, 2 e plAy)

Then ~(2) € Ba(¢),

Y(2) = I+ (2 —w) (4 — 2) " )y(w), 2w € p(Ay), (3.3)

and

[I(¢) = cls {7(2)[z € p(As)}. (3.4)



Proof : Clearly, =20 € By(¢) and satisfies (3.3). We decompose ¢ according to Lemma
23 as ¢ = (o1 + ) + ¢ € F with A = (=N,N), — N,N ¢ s(¢). Since by the proof
of Proposition 3.1 ¢; and Inv*y, have compact support in R, the considerations of [JLT]
imply that 1 is a generating element of the spaces IT1(¢; + ) and TI(Inv*ps). Since by the

Riesz-Dunford functional calculus
1
1t t2, 8%, ... €cls{l, t—|z € C\ (RUB)},
—z

we see that this closed span coincides with II(¢y + ¢) or II(Inv*y,), respectively. Now
we know from Proposition 3.1 and its proof that Inv is an isomorphism form II(ys) onto
II(Inv*py) and (Inv®)A,, = A} From Inv(1) = 1 and Inv(;%;) = —% — -1 we then

Inv*po* z 22 t—%

obtain that also the closed span

s {1, — |- €C\ (RUB)} € TT(p)

t—
is equal to II(¢py). By (3.1) and Lemma 3.2 we see that (3.4) holds.
d

We associate by Proposition 3.1 and Proposition 3.3 to each ¢ € F a triple (II(¢), Ay, v(2))
consisting of a Pontryagin space, a selfadjoint relation therein with nonempty resolvent set
and elements satisfying (3.3) and (3.4). The following proposition gives a converse result.
By the relation (3.3) the family ~(2) is determined by each of its members y(zy). Hence we
will also use the notation of a triple (II(¢), Ay, (20))-

Proposition 3.4. Let P be a Pontryagin space, A C B? be a selfadjoint relation, p(A) # 0,
and let y(z) € P be elements satisfying (3.3) and (3.4). If a number zy € p(A) is chosen,
there exists a unique ¢ € F such that the following triples are isomorphic:

(B, A,7(2)) = (I1(9), Ay, )-

Proof : Let s(A) be again the union of the set of critical points and of the set of points of
negative type of A and let B be the set of nonreal eigenvalues of A. Denote again by F(A)
the spectral projections associated with A, and let Eg be the Riesz projector corresponding
to B. Let N € R, N > 2, be chosen such that s(A)NR C (=N +1, N —1).

The space P can be decomposed as P = P & Po, where P, = (E(—N, N)+ Ep)B
and Py = ([ — E(—N, N) — Eg)P, and the relation A can be written accordingly as A =
Ay @ Ay, where A; is a selfadjoint relation in B3; for j = 1,2. Moreover, A; and A; I are
bounded selfadjoint operators on PB; and PBs, respectively, and it follows from (3.4) that A,
and A;' are cyclic operators with the generating elements (A; — z9)7y(2o) and (A;* — zo)v(%)
(see [K]).

By [JLT] there exist unique functionals

t—ZQ

t—=z

¢ =1 +¢' € F(R) + F(C\R, B), ¢) € F(R),

such that (B, A1, (A1 — 20)7(20)) = (II(¢7), Ay, 1), and (P2, A3 (A7 — 20)7(%)) =
(IL(¢5), Ay, 1).



We set 1 = ¢, ¥ = ¢t and ¢1 = 1 + 1, where ¢(t) = e ‘2, t € RUB.
Moreover, let @, = ¢, where ¥(t) = 13, t € RU B. It follows that (1, 41,7(20))

22—z

is isomorphic to (II(¢1), Ay, 1), and (Pa, A5 ,fy(%)) is isomorphic to (II(ys), Ay,, tig_—_zjo),
and by the above considerations (see proof of Proposition 3.1) to (II(Inv*s), ApL. oo 2.
Hence, (P2, A2, v(20)) is isomorphic to (II(Inv*ys), Amy*ep,, 1) .

We see from the considerations in [JLT] that the support of ¢ (¢2) is contained

in [—-N, N] ([—+, ~]). Hence the support of Inv*p, is contained in R\ (=N, N). Moreover,

by [JLT] the restriction of ¢; to a sufficiently small neighbourhood of {—N, N} is a positive
measure, which has no point mass at N and —N.

Now set ¢ = (¢1 + Invip,) + 9. We find that ¢ € F, and @1 = x(nn)(p1 +
Inv*ps), Inv s = Xg\ () (P1+Inv7p2). Since by (3.1) the triple (II(¢), Ay, 1) is isomorphic
o (IT(¢1) & I(Inv* ), Ap, B Ammyrp,, (151)), we obtain that (II(¢), Ag, 1) is isomorphic to
(B, A,7v(20)). Hence (II(¢), Ay, £22) is isomorphic to (B, A, y(2)).

Assume that ¢ = p+1, ¢ € F(R), ¢ € F(C\ R) is another element from F, such
that (H(gb),A ;1) is isomorphic to (B, A,v(20)). Then by (3.1) we see that (IL(x—n,n¢ +
W), AXPN'N)@JN;, 1) is isomorphic to (IL(¢1 +1), Ap 14, 1) and (I(xg (—nnP); AXR\(—N,N)¢’ 1)
is isomorphic to (II(Inv*ys), Ay, 1). Reversing the some steps from above and keeping
in mind that by [JLT] the uniqueness statement for selfadjoint relations wich are bounded
operators hold, we find that in fact x(_ny n)@ + ¥ = o1+ and X&\(—n,n) @ = Inv 2. Hence

¢ = 0.

O

Corollary 3.5. Let q(2) belong to N, and let zg € C\ R belong to the domain of holomorphy
p(q) of q(z). Then there ezists a unique distribution ¢ € F with o(q) := C\ p(q) = o(¢) and
a number a € R such that

() =a+ o (2 — ol = wl). (35)
—z |t =z

Conversely, for any ¢ € F and o € R the function q(z) defined by (3.5) belongs to N for
some k € Ng. The number k is the index of negativity of T1(¢).

Proof : It follows for example from [HSW] (see also [KL1]) that there exists a (up to
isomorphisms) unique triple (II(g), A, v4(2)), where II(¢q) is a Pontryagin space, A, is a
selfadjoint relation with o(A4,) = o(q), and where 7,(2) € Il(q), z € p(A,), are elements
which satisfy (3.3) and (3.4) such that

q(2) — q(w)

z —

= [14(2), % (w)], z,w € C\ a(q). (3.6)

8 |

By Proposition 3.4 there exists a unique ¢ € F such that

t—ZO

(H(Q)7A477Q(Z)) = (H((b)vAfi)’ 1

).

—Z



We obtain

2) —q(w t— zl?
) -y _, lal
z—w (t—2)(t —w)
and further with a little calculation
1 t — Re 2 9
Q(Z)_ Re(Q(ZO)):(b'((t_Z_ |t—20|2 )|t_ZO‘ )

To prove the converse, note first that the function defined in (3.5) satisfies (3.6), if v,(z) =
tt__—zzo € I1(¢). Hence the kernel on the left hand side has the same number of negative squares
k as II(¢). This gives ¢ € N,.

O

4 Embeddings of dB-spaces

Let a dB-Pontryagin space P8 = PB(FE) be given and assume for simplicity that o(3) = 0.
Recall that 9()(w) is the minimal order of a zero at w of € 9B (see (1.4.1)). If A C P2,

p( ~) #(, is a selfadjoint extension of the operator & of multiplication by z in P acting in
some Pontryagin space B O P and A C R is an interval whose endpoints are not critical
points of A, we will denote by E (A) the spectral projection associated with A and A. The
spaces ‘P, P_ ﬂ3+,‘}3_ and the operators R : ‘IE ‘}3+, R : ‘IS_ — ‘IE are defined as in
[KW2].

Proposition 4.1. Let A C P2, p(A) # 0, be a selfadjoint extension of S which is P-
minimal, and let u € P_ = AssP (compare Proposition 1.10.2). Moreover, let A C R be a
closed interval whose endpoints are not critical points for A, and assume that u(t) # 0 for
t € A. If A contains exactly one critical point o of A, then

E(A)f = A <%(t — %) — - %%(%(z — 20))|2=a(t — a)l) dE. R u—

DD FtCr = ICEPh) NI ) (11)
=0

Here 2y is any fired point z € p(A)\ A, and u; are certain elements of B (depending on
20). If w € p(A)\ A, then

fl)t gy | dl f(z)z— 2

u(t) l'dzl (2) z—w

E(AR,f = A ( ) o=alt — a)l> dEtRZ_Ou—

1dl (2) 20
Za) 4.2
l,dzl B, £ € (12




Proof : Choose an open interval Ay O A which contains no critical point besides a, such
that u(t) # 0, t € Ay. We decompose the space P as

P = E(A)B[H (I — E(A0)B),

and write the resolvent R, = (A—z)~! correspondingly as R. = RY 4+ pY. By [L] (compare
also [DS2]) we have

0 _ R < GO A D o S B
R /Ao<t—z+z(z—a)l>dEt+;Bl(z—a)l‘ (4.3)

=1

Here v € Ny and B; are certain bounded operators on E(Ao)B.
Choose a point 21 € p(A) \ R and an element ¢*'(z1) € B, ¢ (21) L ran (S —z1).

Let elements ¢*'(z2) € B, z € p(A) be defined as

v (2) = (L + (2 = 21) R.)9™ (2),

then clearly ¢*'(z) L ran (S — Z) and the family ¢*(z) satisfies

Oz) =T+ (z—w)R,) ¢ (w), z,w € p(A). (4.4)

The orthogonal projection of P onto P maps ¢ (Z) onto a certain multiple of K (z,.) and

vanishes by analyticity only on a set which has no accumulation point in p(A). Hence, for
all z with u(z) # 0 we find

@l =180 (223 )

u(z) ZY
We compute, using (4.4) and (0.5.7),
(2 — 20)[Royu, ™ (2)] = [u, (Z — %) Rp™ (2))x =

= [u, ( ;;1(2) )]i — [u, ( Z—;D;E?Z—Z) )]i

It follows that

(Z :f(z) z—z _u, O (Z Mu 7 (%)
@1 =186 - e @+ L (20 e as)
Choose 2z, € p(A) \ R, then (4.4) and (4.5) imply
=/ RS0 ()] =
= ug; (z — ZO)[z ——Rou+t ROR, u+ RVR, u, o™ (20)]+ (4.6)

A3 (£ )

u(z) Zop*™ (%0



Now we integrate (4.6) with respect to z along the path consisting of the line segments A +ie
and A —ig, ¢ > 0, and let € tend to 0. The first summand on the left hand side of (4.6) as
well as the first, third and last summand on the right hand side of (4.6) are (for sufficiently
small €) analytic in the domain A x [—¢, €], hence do not contribute to the integral. By the
definition of the spectral projection E(A), relation (4.3) and the Stieltjes-Livsic inversion
formula we obtain

Since z; and 2, were arbitrary, S is simple, and A is B-minimal, the span of {¢* (22)|21, 2 €
p(A) \ R} is dense in PB. Hence (4.1) holds.
To prove the relation (4.2), note that

[Ruf, o7 G)] = [f, Rog™(2)] = 1,67 ()] = ——— [/, " @),

w

hence by (4.5) we have

[Ruf, 0™ (2)] =
_ SRz T, 0 (zZ LMU ¢ (%0) 1 2
_u(z)z_w[Rzo P ()]+Z_wu(z>[ ,(Z_Wzl(z_o))]i ——[f,¢" (@),

Proceeding as in the above part of the proof yields the desired result.

Remark 4.2. If in the situation of Proposition 4.1, the interval A contains no critical point
of A, then with the same proof we find

A)f = / IO _ oy dBiR-u, f e,

B(A)R,f = /fﬁt_ZOdEt Rou [ e

If 5 € o(A)\ R and u(8) # 0, then

-1
= d z
Egpyf = IZ L [ Wy
v—1 1 dl . ) .
+ 57(&2; (2 = 20)) . A% Boyu, [ €P. (4.7)



Here A_;_; are the coefficients in the Laurent expansion of R, at (:

A_, Ay
R,=—" 4+ . .+
(z = B)” 2=
The relation (4.7) is proved similar as Proposition 4.1 by integrating (4.6) along a curve
which surrounds 3 and [ and is such that no other spectral points or zeros of u lie on the
curve or in its interior.
Note that in Proposition 4.1 the dependence on zj is not essential.

+ ..

Corollary 4.3. Assume that the interval A C R contains no critical point of A, and that
u(t) #0 fort € A. Then

/ (t —2)dE,R;u = / (t — 20) dEtRZ_Ou, (4.8)
A A
whenever z € p(A) \ R.

Proof : Let K be a rectangular path which contains A in its interior and is such that no
zeros of u or nonreal spectral points of A lie on K or in its interior. Choose a function f €
which has no zeros on K. By Remark 4.2 we have (w € K):

B A)(u(z)f(wz):z(w)f(z)> _ /A u(t)f(wt)_—s(wﬁ(t) tu—(go AE R —
= L — 2 2R u — u(w @t—zo R
_f(w)/At—w(t 0)dE R, ( )/Au(t)t—wdEtRzoz'

=E(X)wa

Hence the integral

1 .
/ —— (t — 20)dE, R u
A

t—w
does not depend on z; and (4.8) follows.
O

The assertion of Proposition 4.1 is the main tool for constructing embeddings of B. It
enables us to prove

Proposition 4.4. Let A C P2, p(A) # 0, be a selfadjoint extension of S which is -
manimal. If u € P_ satisfies

(i) u(t) £ 0 for t € RUo(A),

(ii) if dom A # B, then RZ u ¢ dom A,

then A is RZ u-minimal. There exists an element E\(z) € P, with P(E1) = P(E) which
satisfies (i) and (ii).
Proof : We set

cls{R;ulz € p(A)} =: L.



Since R;u = (I + (z — z)R.)Ru for = € p(A) \ R, the fact that A is R u-minimal is
equivalent to £ = ‘f.?

We first show that for any interval A C R whose endpoints are not critical points
of A and which contains exactly one critical point «, the spaces E(A)P and E(A)R.P are
contained in the above span. The integral terms on the right hand sides of (4.1) and (4.2)
are clearly contained in £ (cf. [L]). The elements u; are by construction given as B R u.

Consider the relation (4.3): Since RY = R.E(Ay), we have R,(ZO)RZ_OU € £, and the integral
term on the right hand side of (4.3) also belongs to £. Hence for all z € p(A),

2v+1

1
Y ——BRucg¢,
— (z — )

and we conclude that BR; u € £. By (4.1) it follows that F(A)P C £ and by (4.2) that
E(A)R.B C L.
Note that in view of Remark 4.2 the relations E(A)P C £, E(A)R.P C £ also
hold if A contains no critical points. Similarily EC\R‘B cg, EC\RRZ‘IS C L.
If co & o,( ~), we are already done since then the closed span & of the spaces
E(A), E( JR.B, where A runs through all finite intervalls with noncritical endpoints
and z € p(A) \ R, and of the spaces E(C \ RrPB; E(C \ rE-P, z € p(A 1) \ R contains the span

of all spaces of the from (E(A) + EC \ R)iﬁ. But, since now A is an operator, the latter

span is dense in .
Otherwise we employ the condition (7)) on u: It states that

span { R, u} + dom A = . (4.9)

Note that the space € introduced above equals &%, when &, denotes the spectral subspace

corresponding to co. Since dom A =ran R, applying R, several times to the relation (4.9)
yields
span{R_ u,..., RER, u} + ran ran (RF) = B.

If k exceeds the maximal lenght of a Jordan-chain at infinity, then ran (R¥) = &L and we
conclude that 3 C £.

It remains to show that some function E)(z) = A;(z) +iBy(z) with P(F,) = P(E)
actually satisfies (1) and (4i). Recall that by Corollary 1.6.2 all such functions E; can be
obtained as (Ey = Ay — iBy)

(A1, B1) = (A, B)U,

where U is a 2 X 2-matrix with real entries and detU' = 1. Clearly there is a choice of
U, such that F1(z) # 0 for z € o(A) \ R. By our overall assumption () = 0, we have
Ei(t) # 0 for t € R (compare Lemma 1.5.4), hence E satisfies (7). Now consider the case

that dom A # 8. Choose G € dom S with G(zy) = Fi (), then by Lemma 1.4.5

Ei(2) = (2 — 20)F(2) + G(2), (4.10)



for some F' € B. It follows that

R, E, = F + R, G.

Assume on the contrary that R, F; € dom A. Since R, G € dom A, also F' € dom A. Note

that dom A NP = domS # P. It follows from (4.10), that F; € Ass(domS). Hence
Ay, By € Ass (dom S), and we conclude that

~—

Bl (Z)Al (w — 1_41 (Z)Bl (UJ)

Z—Ww

€ dom S,

a contradiction.

Remark 4.5. It follows from the proof of Proposition 4.4 that
SL Ccs{RIu|z € p(A)},

if u € P_ only satisfies assumption (i) in Proposition 4.4. Let us also remark explicitly that
the fact of A being R u-minimal is equivalent to the relation

P =cls{R,u|z € p(A)}.

Let A C P2, p(A) # 0, be a selfadjoint extension of S which is §3-minimal and
let u € P_ satisfy (i) and (ii) of Proposition 4.4. By Proposition 3.4 there exists a triple
(I1(¢), Ag, 1) isomorphic to (9, A, R u). By this isomorphism I' the space B can be consid-
ered as a subspace of TI(¢).

Proposition 4.6. With the above notation let A C R be an interval whose endpoints are
not contained in the set s(¢) and denote by xa the characteristic function of A. Then
f(@)

D(E(A) () = w(t — Z0)xa(t), feP. (4.11)

If V is a sufficiently small neighbourghhood of o(A) \ R, then

f(2)
u(z)

Proof : We show that (4.11) holds if A contains exactly one critical point a. If A contains no
critical point, the assertion follows by the same proof, even with some simplifications. Also
the relation (4.12) is proved in this way. For general intervals (4.11) follows by decomposing
A into intervals of the considered types.

By Proposition 3.1 and Proposition 3.4 we know

I(Eewrf)(z) =

(z—20)xv(2), f€PB. (4.12)

1

t—z

D(E(A)RZu)(t) = (1+ (2 — 20) ——)xalt), (4.13)



hence
zZ— 2z w — 2o

B R u, yul = [(1+ 2= 2)xal0), 1+

o (4.14)

t—w
Using the relations

Riu= I+ (2 —2)R.)R_u, Ryu= (I + (W — 2)Rg) R u,

20

and (4.3) we compute

[E(A)R;u, Ryu)] = [E(A)Ru, Ry ul+ (4.15)
(W — %) (20 — ) 1 2 (t— )t S
A A(t—m+; (w—a)l>d[EtRzo Rt
(2 — %)(z — 2) LR S N ) (ol WA
* 2 —W /A<t—z + ~ (z-a) ) dBrRu, yul+

2u+1 W—7%)(20 — W 1 2 —Zp)lz — 29 1
—I-ZBIRURu(( Z)_(m )(E—a)l_l_( z)—(@ )(Z_O‘)l)‘

We decompose ¢ = @1 + o + 1 according to Lemma 2.3. It follows from Lemma 1.2 of [JLT]
that we can represent ; as

21/1

o f = / ()¢ — @ 9 (0))do(£)+

+ch ), feC®R), (4.16)
where /' € N, ¢, ..., ¢ € C, and where o is a positive measure on A. We compute
(4 222 (0,1 =2 = s s + 2 = 20) [ L+
@ = 20)xa 7= + (= 2@ = B =X T =
~ sy + EREAN L, B2 L, -

= (= =P

z—W (W — ) Z—wW (z—«

Comparing this relation with (4.15) and using the Stieltjes inversion formula it follows that
v=1,cq=—[B1Ru, R, u], and do(t) = d[E,R_ u, R, u] on A.



Since I' is an isomorphism, relation (4.13) implies that for f € 9 we have

~ t—Z()

[E(A)f, Ryu) = ¢ - (D(E(A) f)7——=xa) = ¢1 - (T(E(A)f)7—=xa).

t—w

Comparing this relation with (4.2) and using (4.16), we conclude that

o1 (TEONT0s) = o (0= s

Since the span of the elements =22 € TI(¢) is dense in II(¢), we obtain (4.11).

t—%

).

t—w

O
5 wu-resolvents of entire matrix functions
Let a function 7 € AV, and a 2 X 2-matrix valued function W € M},
wn(Z) w12(z)
Wi(z) = ;
(Z) ( wgl(Z) 'LUQQ(Z)
be given such that —7 # {22, and consider the function
o) = (W o 7)(z) 1= Ln()T() + wna(e) (5.1)

Way (2)7(2) + waa(2)

In this section we assume that the entries w;; of W are real entire functions, and our aim is
to relate properties of W to properties of g. Note that ¢ € N, for some p < k+ v. This fact
follows immediately from the relation

q(z

~—

(w21 (2)7(2) + waa(2)) (wa1 (w)T(w) + waz(w)) =

S
gl =
g

W(z)iﬂi(;)* —J ( @ ) L Tl —7(w) (5.2)

= (7(2),1)

First let us introduce some properties of a Nevanlinna function ¢ and investigate some
relations between them.

Z—Ww

Definition 5.1. Let ¢ € N, and let ¢ be the unique distribution such that for some
a € R the relation (3.5) holds. We say that the point oo is regular for ¢ if co & s(¢) and
(xv®)({oo}) = 0, where U is a sufficiently small neighbourhood of co. The function ¢ is
finite at oo if it is regular at co and if for a sufficiently small neighbourhood U of co we have

/ t2d¢ < 0.
U



Moreover, we call co singular for ¢ if oo € s(¢) and if for each sufficiently small neighbourhood
U of infinity (xi\{e}®) is a positive unbounded measure.

It follows immediately from (3.5) that if oo is not singular for ¢, then we can write
q(2) = ¢'(2) + p(z), where oo is regular for ¢’ and p is a real polynomial.

Let (I1(q), Ay, v4(2)) be the (up to unitary equivalence) unique model space for the
function ¢(z) (see Corollary 3.5 and its proof). Then ¢ is the Q-function of A, and its
symmetric restriction

Sy = () € Aglb - 2a L 3,3},
Now we obtain by [JLT], [KL1], [L] and [KW2] the following

Lemma 5.2. The point oo is reqular for q if and only if A, is an operator which is the
case if and only if
1
lim —q(iy) =0,
i~ aliy)
or, equivalently,
1
liminf —|q(iy)| = 0.
im inf~la(iy)
The function q is finite at oo if and only if A, is an operator and dom S, # 11(q). This is
the case if and only if q can be written as (o € R)

q(2) = o+ [(Ag — 2) " u,ul,

with u € 11(q) and o = lim,,_, q(iy), or equivalently, if and only if

1
lim —q(iy) =0, limsupy|Imq(iy)| < co.
Yy——+00 y y——+00

Moreover, q is singular at oo if and only if 0o is a singular critical point of A,.

Proof : Except of the last statement all assertions follow directly from the cited papers.
Concerning the last one we mention that, since (II(g), Ag, 74(2)) = (II(¢), Ag, =2), oo is
a singular critical point of A, if and only if it is a singular critical point of A4,4. Since by
Proposition 3.1 (II(¢), Ag, 1) = (II(Inv*¢), Al_nlvw, 1), this happens if and only if 0 is a sin-
gular critical point of Apy+g. By [JLT] this is the case if and only if Inv*¢ is singular at 0.
Now we are done, since this is again equivalent to the fact that ¢ is singular at oo.

O

Corollary 5.3. Let ¢; € N, be reqular at 0o, let « € C and assume that

q(z2) = L —q1(2) EN,.

(z—a)(z —@)

Then q is finite at oo.
Proof : We have lim,_, ;. %ql (7y) = 0, hence

lim yq(iy) = 0.

y—-+oo



Lemma 5.4. [If q is finite at co, then there exists exactly one number o € R such that oo
1s not reqular for the function —q(zi_a. For all other numbers a € R this function is finite
at co. If q is regqular but not finite at oo, then —m 1s reqular but not finite at oo for all
acR.

Since the proof of this lemma is almost the same as in the case ¢ € Ny (cf. [HLS]),

we will not go into details.

Lemma 5.5. Let g € N, k >0, be given. Then there exists a number ¢ > 0, such that

1

@ (2) = Or (5.3)

is finite at 0o, limy, o q1(iy) = 0, and q, is contained in N,. If q(z) is not reqular at co, we
can choose ¢ = 0. If q(z) is reqular at oo, we can choose ¢ > 0, and in this case, we have

Proof : In the case that

lim inf laGiy)| =0, (5.4)

y—too Y

let ¢ be any number ¢ > 0 and put go(z) = ¢(z) 4 cz. If the limes inferior (5.4) is larger than
zero let qo(2) = q(2). Then ¢y € N, and

lim sup L < 00.
y—+oo |q0(iy)]

We compute

o L | Lmae) L
q(2) 190 (2)] |0(2)]
Hence
limsup y|Im ——| < oo,
y—+o00 0( )
and also ) ) .
- Yy
- . S ) . I 07 Yy— +o0.
Y qo(w)‘ y2 |qo(iy)|

It follows from Lemma 5.2 that ¢; as defined in (5.3) is finite at co. Clearly ¢; € N, and
the final assertions follow easily from elementary calculations.
O

If W(z) € M. is a real entire 2 x 2-matrix function, we denote by Ey the entire function

1



Note the following fact:

Lemma 5.6. If the entries in the lower row of W are linearly independent, then Ey (z) €

HB, for some v < k. The entries in the lower row of W are linearly dependent if and only
if W is of one of the following forms («, 3 € R):

= (1) (2 1) = (7 4)

with some polynomial p(z).

Proof : The first assertion is obvious. To prove the second assertion let W(z) = (wy)7,;_, €
./\/l}i be such that we; and wsy are linearly dependent. Assume first that wyy does not vanish
identically, then wy; = Awye. We multiply W from the right with the (i.J)-unitary matrix

(5 0)

then the left lower entry of the product matrix vanishes. Hence it suffices to consider the
case wo; = 0. By (1.8.2) we have

0 —wu(z)wz_z(w)-l—l
Hw('w, Z) 1 = 2—W ,

and we conclude from Corollary 1.9.7 that wi;(z) is a polynomial. Since wijwye = 1, the
polynomial wy; has no zeros, hence is a constant w # 0. It also follows that wey = =. Thus

1 _ wwm(Z):glz(w)

and we conclude that wiy is a polynomial, which proves that W is the of first mentioned
form.

€=

It remains to consider the case that wsyy vanishes identically. Then wojwis = —1
and the same argumentation as above will show that W is of the second mentioned form.

O

Now let W € M and 7 € N,, assume that W has real entire entries and define ¢(z) :=
(WorT)(2) asin (5.1). Note that the space (W) is finite dimensional if and only if W is a
matrix polynomial.

Theorem 5.7. Let W € ML and 7 € N, be given, q := W o 1. Assume that W has real
entire entries and is not a matrix polynomial. Then

(i) The function q is finite at oo if and only if R_(W) = K(W) and K(W) contains a
nonzero constant.

(i) The point oo is reqular for q if and only if R_(W) = K(W).



(7ii) There exists a real polynomial p such that oo is reqular for q + p if and only if
inde&_ (W) = 0.

(iv) The point 0o is singular for q if and only if indgR_(W') # 0.

Note that the conditions on the right hand sides of (1)-(iv) do not depend on the choice of
the parameter function 7.

In the case that W (z) is a matriz polynomial with real entries such that wy; and
woy are linearly independent, (i)-(iv) again hold if we additionally assume T # — w2 and
ind_R(W) + ind_(7) = ind_(q).

Before we come to the proof of Theorem 5.7 we need some more lemmata. Let
A C P2 p(A) # 0, be a selfadjoint relation and let 9y C PB. If we put

Me=cs MU | J (A-2)7"), (5.5)
z€p(A)

the relation A induces by restriction and factorization by 9t° (compare [HSW]) a selfadjoint
relation Agy in D/M° with p(Am) 2 p(A). Denote in the following by S, the generalized
eigenspace of A at oco.

Lemma 5.8. If 9y C &L, the relation Agy is an operator.
Proof : Put £ := &1 and consider the relation Ag. We show that Ag is an operator.
Assume that for some element x € £ we have (A — 2)"'z € £> = &2,. Since &, is the
generalized eigenspace of (A — z)~1 at 0, there exists a number k such that (A — z)™*z = 0.
Hence = € 6, and therefore in £°.

Now consider the relation Agy with 9 as in (5.5). Clearly, since 9y C &L, also
9 C SL. Thus Ay can be considered as a restriction and factorization of Ag. The assertion
of the lemma will follow if we show that the restriction and factorization of an operator is
again an operator.

Let B C B2, p(B) # 0, be a selfadjoint operator and let 9 be a closed subspace of

B which is invariant under all resolvents (B — z)™', 2z € p(B). Decompose the space P as
B = (M + M)+,
and note that dim 9 < oco. It follows that
domB=(B—2)""B=(B—2) "' (M+M) + (B—2)"'M,

hence, as dim (B — 2) 'O = dim M’ < oo and as dom B is dense in P we get

B =(B—2)"1(M+M) +(B—2)"'0.

7
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We conclude that

(B—2)~1(M + ML) = 9 + m+.



Let z € 9 be such that (B — z) "'z € 9MM°, then for all y € M + M+ we have
[z, (B—2)""y] = [(B—2)""2,y] =0,

hence z € 901°.
O

For the notation which is used in the following compare [KW2], Section 7.

Let B; C By C B3 be Pontryagin spaces, S; C P2, S, C P32, be symmetric relations
with defect index (1,1) which satisfy §; C Sy. Construct a definite inner product (.,.) on
PBo as in [KW2], Section 7, then the [.,.J-orthogonal projection Py; of o onto PPy is also
(.,.)-orthogonal. If we take a definite inner product on B3 in the same manner with respect
to the already constructed inner product on B, then the [.,.J-orthogonal projections Pjy
and P are also (.,.)-orthogonal.

Assume that moreover a selfadjoint relation A D Ss, p(fl) # (), in P53 is given, and
let Sz be any symmetric restriction of A with defect index (1,1), such that S3 O S,. For
J = 1,2,3 let the spaces B; _ and P, ; and mappings P, : B — Pi- (3 > i > j) be
defined as in [KW2], Section 7.

Lemma 5.9. Assume that B1 = P(E), Pa = P(Es) are dB-Pontryagin spaces, Pr C Po,
that A C 92, p(A) # 0, is an extension of Sy (C P(E»)?), and that u(z) € AssP(Ey), i.e.
u € P(Ey)_. Then

(Pyu)(w) = u(w), we C.

If, for j = 1,2,

R;.: B(E;) — P(E),

denotes the reqularized generalized resolvent of A considered as an extension of S;, then

[Rl,zu, uly 4 = [Rzzpélu, Pyula+.

Proof : If K;(w, z) denotes the reproducing kernel of P(E;), we clearly have Po Ks(w, z) =
K, (w, z). Hence (cf. (0.7.2), (1.10.1))

(Phu)(w) = (P (207 Yo = (P 2y (S0 Y1 =

WKy (w, 2 WKy (w, z

~ o () s = utw)

Now note that Pj; = Pj,Py,. This follows from the relation (v € B, _, ( g ) € Ps i)
[P3y P30, ( g )]&i = [P0, (P32 @ Py ( g )]zi =

= [, (Pa1 © Po1)(Ps2 © P32) ( ch )]u: = [v, (P31 @ Ps1) ( ch )]u: =



:Uﬁ%(g)hr

Denote by Rg,z : Ps - — Ps ., the regularized resolvent of A. Since, by Lemma 0.7.3, the
relations

(Pso & P32>R3,ZP3/2 = Rzz, (P31 & P31)J%3,2P§1 =(Py® P21)J%2,2P2/1 = Rl,z
hold, we find
[Rl,zU, u]l,:l: = [(P?,l ) P31)R3,zP3:1U7 u]l,ﬂ: = [és,zP;):lU, Pélu]s,i =

> ! ! ! ! = / !
= [R37ZP32P21U> P32P21u]37i = [R2,ZP21U> P21u]2,i'

Lemma 5.10. Let M; € M,,, and My € M,,, then My My € M, where k < K1 + Ka.
Assume that M is a rational matriz function which is meromorphic in C\ R, in-
vertible for some point zy € C* and takes J-unitary values on R. Then the kernel

M(2)IM(w)* — J

Z— W

K(w,z) = (5.6)

has a finite number of negative and positive squares. In fact the sum of negative and positive
squares of the kernel (5.6) equals the so-called McMillan degree of M.
Proof : The first part of the assertion follows from the relation (compare [ADSR])

(My M) (2)J(My Ms)(w)* — J

Z—w
M. My (w)* — M M (w)* —
= My (o) M2 QI = Ty MBI w) =T (5.7)
Z—W Z—W
The assertion concerning rational matrix functions has been proved e.g. in [BGR].
O

Proof (of Theorem 5.7): First of all note that by [KW3] dim (W) < oo if and only if
dim*B(E) < oo where E := Ey = wo — fwyg, and this happens if and only if W(z) is a
matrix polynomial. Hence, as 7 € N, and as &(32) = P(E) (cf. Lemma 1.6.4), 7 = — 722
can occur only if W(z) is a matrix polynomial. But this possibility is excluded by our
assumptions, so W o 7 is in any case defined as a meromorphic function.

In the first step assume that K_(W) = (W), i.e. that



By Proposition 1.10.3 we have 1 € AssP(FE), and W is a 1-resolvent matrix of the operator
S in P(E). Hence there exists a JB(E)-minimal selfadjoint extension A of S acting in a
certain Pontryagin space P O P(F), such that ind_P = ind_‘P(F) + v and

g(2) = B+ [R.1, 1],

where R, denotes the regularized generalized resolvent of A. Note that by the results of

[KW?2] changing the real constant 3 we can write R, instead of R, if 1 € PB(E).

If dim R(W') < oo, we obtain from Proposition 1.8.3 that there is a constant nonzero
function in K(W). Since, R_(W) = K(W) we see that the second component of this constant
function is nonzero. Applying 7_ we obtain that 1 € B(FE). By our assumption on the
negative squares of ¢ we obtain that ind_(cls {R.1|z € p(A)}) = ind_P. As cls{R.1|z €

L

p(A)} C dom A, we see that A(0) = dom A is positive. It follows that R.|y 7 1s the

resolvent of a selfadjoint operator on dom A. Moreover, we have

q(Z) = ﬁ + [Rz|m731a P1]7

where P denotes the orthogonal projection of 8 onto dom A. It follows that ¢ is finite and,
in particular, regular at oo.

If W(z) is not a matrix polynomial we divide two cases (recall the notation of
[KW3], Section 11):

1. For all x € M,., the closure of {t € M,4|t < z} does not contain z. Then M,.,
consists of an infinite number of points which do not accumulate at 0. If ¢y € [—00,0)
is the largest accumulation point of M,.,, then {t € M, 4|t > t,} is a monotonically
decreasing sequence (t,)neny Which tends to t9. The number ¢, corresponds to the

dB-subspace dom (S™) of PB(E).

2. There exists a point x € M,., such that x belongs to the closure of {t € M,.,4|t < x}.
Then there exists a dB-subspace Py = B, of P(E) with 2(P;) = d(P(E)) = 0, such
that (if S; denotes the multiplication operator in 1) the set dom S; is dense in ;.

Consider the case 1. Since all but finitely many spaces dom (S") are nondegenerated (see
Theorem 1.11.6), we may choose n > dim &, such that dom (S") is nondegenerated. From
the fact that dom (A") = ran (A — z)™" and that (A — z)~! is continuous, we conclude

M := cls (dom (S™) U U (A—2z)"tdom (8")) Cran(A — 2)™" = &L,
zep(A)

By Lemma 5.8 the restriction and factorization Agy is an operator. It follows from [dB7]
that the fact 1 € AssB(F) implies 1 € Assdom (S”) and Lemma 5.9 shows

q(Z) - ﬁ + [éim,z]-a 1]:|:>

where Rgmz denotes the regularized generalized resolvent of Agy. Now Lemma 5.2 and
Proposition 0.4.5 imply that oo is regular for g. Moreover, again by Lemma 5.2, ¢ is finite at



oo if 1 € dom (S™). By the results of [dB7] this condition is equivalent to 1 € PB(F). Since
PB(E) = m_RK(W) and kerm_ = {0}, a straightforward consideration (cf. Proposition 1.8.3)
yields that this is the case if and only if K(1V') contains a nonzero constant.

Consider the case 2. First note that it follows from Theorem I1.11.6 that ‘J3; is
nondegenerated for all but finitely many ¢ € M,.,, s- <t < z. Fix such a number ¢. Since

dom S; € dom A = ran (A — 2)~!, we have 9; C ran (A — 2)~!, in particular ran (S; — z) C
ran (A — z)=1. Applying (A—2z)~" yields dom S; C ran (A — 2)=2, hence P, C ran (A — 2)-2,

in particular ran (S; — 2z) C ran (A — z)~2. Proceeding inductively yields P; C &L and
therefore (B, C Py)
M = cls (P, U U (A—2)71p,) C 6L,

z€p(A)

By Lemma 5.8 the restriction and factorization Agn is an operator. Now we proceed as
above. So we have proved the implications ‘(71): <’ and ‘(i): <.

In the second step assume that indgR_(W) = 0. Then by Proposition 1.10.3 we
have 1 € AssB(F) and there exists an entire matrix function W; € ML,  such that

(0, HYW1(2) = (w21 (2), waa(2)),

and R_(W;) = K(W;). By Corollary 1.9.8 there exists a polynomial p(z) such that W, =

W, W, where
W= (o ).

Note that the polynomial p is constant if and only if K_(W) = &(W). It follows from the
already proved that oo is regular for the function

(WroT)(z) = (WW) o7)(2) = (W, 0 (WoT))(2) = p(2) + q(2).

We have proved ‘(iii): <’
In the third step assume that 8_(W) # K(W), i.e. kerm_ # {0}, and we conclude

from Corollary 1.9.7 that
( (1) ) € R(W).

By Corollary 1.8.4 there is no other (linearly independent) constant contained in K(W).
Hence, again appealing to Corollary 1.9.7, we find that for all & € R the relation &, (W, W) =

RK(W,W), where
1 «
e (30,

holds. Step 1 of this proof applied to the matrix —JW,W J and to the parameter —% shows

that ] 1 ]
IW W) o (—2) = — —
( Jol 7') Wy o (Wor) q+ «

is finite at co. Lemma 5.4 implies that ¢ is not regular at oco. Hence we find that the
implication ‘(%i): = holds.




We also conclude that ‘(i): =’ holds: For if ¢ is finite at oo, by (ii) we have
RK_(W)=R(W). By Lemma 5.4 for exactly one o € R

1
q+ o

=(=JW,WJ)o (—%)

is not regular at oo, hence K, (W, W) # KW, W), i.e. kerm # {0}. Corollary 1.9.7 implies

that
(?)emwy

In the last step assume that there exists a polynomial p such that oo is regular for g+ p. Put
Wy == W,W, then by Lemma 5.10 and the already proved assertion (i7) we have R_(W;) =
K(W71). Hence the space &(W;) contains no (nonzero) element whose second component
vanishes. Since W, is an upper triangular matrix also W,&(W;) has this property. The

relation -
. p(z)=p(w)
Wi(2) T Wy (w)" = ] ( el ) 53)

— = —w
Z—W 0

implies that (as a set)

KW,) = {( fgz) ) | f polynomial, deg f < deg p}.

We conclude (compare [ADSR]) that the space &(W) is the direct and orthogonal sum of an
isomorphic copy of K(W7) (in fact of W,R(W7)) and of K(W),). In particular ker 7_ = K(W),)
is orthocomplemented, and therefore indgR_(W) = 0. This proves ‘(iii): =’ and ‘(iv)
follows from the fact that (i), (i), (iii) hold.

d

We have used in the proof of Theorem 5.7 the fact that if indgR_(W) = 0, then 1 €
AssP(Ew ). Note the following converse:

Lemma 5.11. IfindgR_ (W) # 0 then 1 & AssB(Ew).
Proof : Assume on the contrary that 1 € AssB(Eyw ). By Proposition 1.10.3 there exists a
matrix Wi(z) as in the proof of Theorem 5.7. Since again Corollary 1.9.8 applies, we obtain
relations of the form (5.7) and (5.8). The same argument as above yields that the subspace
ker 7_ of K(W) is orthocomplemented, a contradiction.

d

Let B(E), E = A —iB, be a dB-Pontryagin space and assume that for some ¢ € [0, 7) the
function

Sy = cosPpA(z) +sinyB(z) (5.9)
belongs to P(E). Denote by A, the canonical selfadjoint extension corresponding to Sy.

Lemma 5.12. Let W € M} have real entire entries. Then W o a € N, with u < k for at
most one number a € R.



If we additionally assume that K_(W) = K(W), then W o « is the regularized

1-resolvent of S induced by the canonical extension A, with o = coty and A = Ay =
W1, B = By = wyy. We have W o o € N, with pn < k if and only if Sy € P(E) and
[S¢> Sw] < 0.
Proof : Assume first that & (W) = K(W) and note that by Proposition 1.10.3 (exchanging
W with —JW.J) W is a 1-resolvent matrix of S. Clearly the generalized 1-resolvent W o «
which is induced by a canonical selfadjoint extension 4 of S has a pole at a point t if and
only if A(t)a + B(t) = 0. Hereby A(t)oo 4+ B(t) has to be read as A(t). These points are
exactly the spectral points of the extension A, corresponding to S, with coty = «a (cf.
Lemma 1.6.4).

Now note that if S, & P(E), i.e. Ay is an operator, we find by Proposition 4.4 that
WoaeN,. If [Sy, Sy] =0, which happens if and only if Sy, € dom S(= dom A,), then, as
1 € Ass (dom S) (cf. [dBT7]),

1— Sy (1)

RI1(t) = %wz(z) € dom S

(cf. Lemma 1.10.1) and we obtain
ind_span {R_ 1} <ind_dom S < k.

If Sy ¢ domS then dom S is a dB-Pontryagin space and, since 1, .5, € Assdom S, we have
R;1 € domS. Moreover, R;1 = ((Aylgoms — 2)7 1)1 (cf. Lemma 5.9), where Ay|q—s
is an operator. Hence, by Proposition 4.4 we see that ind_(W o ) = ind_span{R_1} =
ind_dom &, and the last assertion follows. Note that Sy € P(E), i.e. Ay is not an operator,
occurs for at most one ¢ € [0, 7) (cf. [KW3]).

The first assertion is already proved if & (W) = &(W). If R_(W) # K(W), which
happens if and only if (cf. Corollary 1.9.7)

(é)eﬁ(wx

we consider W = —JW.J € M,, instead of W. As R(W) = JA(W) we obtain &_ (W) =

K(W). Since W oa = —ﬁ, the first assertion follows also in the general situation.

Corollary 5.13. Let W € ML be a matriz polynomial with the same properties as in
Theorem 5.7. Then there are two possibilities:

(i) &_(W)
(i) R_(W) # &(V) and &_(W)° = {0}.

RKW) and 1 € P(Ew).

Proof : If R_(W

) = R(W) then 1 € PB(Eyw ) follows in the same way as indicated in the
proof of Theorem 5.7.



If R_(W) # K(W), let a € R be such that ind_ (W oa) = ind_W (cf. Lemma 5.12).
Since ¢ is rational, co cannot be singular for . Therefore, Theorem 5.7 yields R_(W)° = {0}.

O

The following corollary will be useful in the sequel.

Corollary 5.14. Let W, € M}W 1 =1,2,3, have real entire entries, assume that Wy and
Wy are entire but not polynomials and that Wy = WoWs. Then Wi satisfies R_(W7) = &(W)
(R_(W1) = R(W1) and there exists a constant in K(W7), indgR_(W1) = 0, indg&_(W7) #0)
if and only if Wy has the respective property. If we assume that k1 = ko + K3, then the
assertion also holds if Wy, Wy are polynomials.

Proof : By Lemma 5.12 we can choose a € R such that ind_ (W oa) = ky. If kK1 = ko + Ka,
it follows that ind_ (W3 o (W30 a)) = ind_W5 4 ind_ (W35 o ). The assertion now follows

from Theorem 5.7.
O

Corollary 5.15. Let W; € M,,,, 1 = 1,2,3, have real entire entries such that Wy = WoWs,
and assume that k1 = ko + k3. Then K(Wy) contains the constant function (cos,sin )T if
and only if RW2) contains this function. If dim K(Ws) > 1 or if KR(Wa) and K(W3) do not
contain the same constant function, the fact (cost,siny)? € &(Wy) implies

[( (s:i)::z ) ) < Z?sz )]ﬁ(wl) = [( Zi:z ) ; ( Zi:z )]ﬁ(%). (5.10)

Proof : Multiplying Wy and W5 from the left by

costy  siny
( —sinY cosy )
we can assume that 1 = 0. By Corollary 1.9.7 the fact (1,0)7 € &(W;), i = 1,2 is equivalent
to R(W;) # R_(W;), i = 1,2. By Corollary 5.14 we have K(W;) # &_(W)) if and only if
/(W) £ &_(Wy).

Since for a (iJ)-unitary matrix U we have R UW;) = UK(W;), a similar argument as
above shows that we can assume that 1) = 7. In particular, R W;) = A_(W;) = B(Ew,), i =
1,2. Assume dim R(Ws) > 1. As (Aw,, Bw,)Ws = (Aw,, Bw,), it follws from Proposition
1.13.5 that there is a nontrivial db-space B(Ew,)! which is isometrically contained in B(Ew,)
with codimension 1 and which is isometrically contained in P(Ew,). From [dB7] we get
1 € P(Ew,)!, and hence

[( (1) ) : ( (1) )]ﬁ(Wl) = 1 Uspeewy) = 1 e, = [( (1) ) : ( (1) )]ﬁ(Wz)-

If dim R(Ws) = 1, and if R(W>;) and K(W3) do not contain the same constant function, it
follows from [ADSR] that K(W3) is isometrically contained in (7).

O



Lemma 5.16. Let W € M} be a not linear real entire matriz function, such that &_(W) =
RK(W) and that R(W) contains a nonzero constant, say < ? ) Moreover, let T € N, be
such that q(z) ;=W ot € Ny, \ {o0}. Then

Jim y(a(iy) = a) = afl, ) (5.11)
In particular the limit on the left hand side of (5.11) does not depend on T.

If, in addition, M € ML is a real entire matriz function, such that WM &€ M}iw,
then the limit in (5.11) with function of the form (W M) o T is the same as with function
Wor.

Proof : By Lemma [.8.6 we have 1 € B(Ey ). Since W is a generalized 1-resolvent matrix of

S, there exists a selfadjoint extension A of S acting in some Pontryagin space P D B(Ew),
ind_P(Ew) = k + v, such that (for some o, € R)

Q(z> - O = [(A - Z)_ll, 1]513(EW)‘

By Lemma 5.4 the number «. is uniquely determined by the property that —m is not
regular at oco. Multiplying W from the left with

1 -1
Wl'_<1 —a)’

and using Theorem 5.7 we find that o, = . )
If A is 1-minimal, the relation (5.11) follows at once. If A is not 1-minimal, we have
by Proposition 4.4

(A—2)"'1edomA, z e p(A).

Since ind_cls {(A — 2)7'z € p(A)} = Kk + v, the space A(0) is positive definit. Hence
R =1
Go = A(0) = dom A . If we put M := &L, Lemma 5.8 implies that Agy is an operator.

Since 1 € domS C dom A, we find again that (5.11) holds.
The final assertion easily follows, if we take for 7 a nonexceptional constant for
WM as in Lemma 5.12.

O

The following results give some conditions on W € M! and 7 € N, in order to ensure
W ot € Ny, First note that, if W € M! satisfies & (W) = K(W), then wyy and wo; are
linearly independent, hence we may identify K(W) with B(Ew ).

Lemma 5.17. Let W € M. have real entire entries and assume that &_(W) = &(W).
Moreover, assume that for the operator S C B(E)?, where E = Ey = wq; — iway, we have

ind_dom S = k.

Then for all T € Ny we have (W o 7)(z) € N,. If even domS = B(E), then for all T € N,
we have (W o 7)(2) € Nyyy. In this case for all Wy € M}, we have

ind_R(WW,) =k + v.



Proof : The function ¢ = W o 7 is the regularized generalized 1-resolvent of a certain
extension A of S acting in a Pontryagin space P with ind_p = . If A is an operator, which
is in particular the case if dom S = PB(E), we obtain from Proposition 4.4 that

q(z) =B+ [ézl, 1)+ € Nt

If A is not an operator and 7 € N, the space A(0) positive since A(0) = (dom A)*
(dom S)* and dom S contains a maximal negative subspace. Hence the space &1 = dom A+
contains a maximal negative subspace. Again by Proposition 4.4 we conclude ¢ € N.
According to Lemma 5.12 we may choose a € R, such that Wy oa € N,. As
S C B(E)? is densely defined, i.e. admits only operator extensions, we conclude Wo(Wioa) €

Nn-ﬁ-u-
O

Lemma 5.18. Let W € M. be such that &_(W) = &(W). Moreover, let 7 € N,, be reqular
but not finite at oo. Then W o7 € Ny,

Proof : By Theorem 0.6.5 the matrix W is the resolvent matrix of a certain symmetric
relation S with defect index (1,1) in a Pontryagin space 9B with negative x (in fact P =
PB(Ew) and S is the multiplication operator). Hence there exists a -minimal selfadjoint
extension A C i]3 p(A) # 0, ind_P = k + v, such that W o 7 is the regularized generalized
1-resolvent of A. Note that, since 7 is not constant, A is not a canonical extension of S.

Denote as in Lemma 5.2 by B,, A, and S, the Pontryagin space, selfadjoint and
symmetric relation representing 7 as Q-function. Moreover, choose a canonical extension A
of 8. Tt is proved in [HKS] that there exists a selfadjoint extension B C (BB R, )? of S&S;,
such that the resolvents of A and B if compressed to P coincide. In fact this is proved there
only in the Hilbert space setting. But the same considerations hold in the Pontryagin space
situation. Note that this implies that the §-minimal part of B is (up to unitary equivalence)
equal to A.

Assume that x € B(0), z # 0. By Lemma 5.2 the relation S, is densely defined,
hence x € B and clearly x L domS. Hence B extends the selfadjoint relation B; :=
S+span{(0 r)} C P2 It follows that the PB-minimal part of B is B;, a contradiction
since A is not canonical. It follows that B, and by Lemma 5.8 also A is an operator. By
Proposition 4.4 the relation A is 1-minimal, hence W o 7 € Niio

O

The next lemmata are concerned with canonical extensions of §. They supplement the
results of [KW3], Sections 6 and 7. Let B(E), £ = A — iB, be a dB-Pontryagin space and
assume that for some ¢ € [0, 7) the function Sy = cosyA(z) + sinB(z) belongs to P(E).
Let A = A, be the canonical selfadjoint extension corresponding to Sy. By Lemma 1.7.1 we

have
600 = {Sw, ZSw, ceey ZnSw},

where n is such that 2"S,, € PB(E) but 2" ™S, € PB(F). Consider the chain of subspaces P,
t € M,eq4, of P(E) as in Proposition 1.11.4.



Lemma 5.19. We have

dom (8F) =ran (A — 2)~% =span {S,,..., 2" 'Sy} k=1,...,n+ 1. (5.12)

The spaces dom (S*), k =1,...,n, are degenerated. The space dom (S"*+1) is degenerated if
and only if [Sy, 2"Sy] = 0, which is the case if and only if Sy € dom (S™*1). In this case
dom (§"*2) = dom (S"+1). If Sy & dom (S"H1), then

dom (S*%) = dom (S"H1)4span {z'Sy[l =0,...,n —k}, k=0,...,n+ 1.

Proof : We clearly have Sy € dom (S™) \ dom (8"!), in particular it follows that dom (S*)
is degenerated for k =1,...,n.

The second equality in (5.12) is obvious, whereas the first equality follows from
the fact that S, € dom (S"): Using (1.4.7) for (A — 2)~! one can easily check that that
dom (S%) = ran (A — 2)~* for k € N with S, € dom (§*-1). Note that dom (8"*1) = &2 is
degenerated if and only Sy € dom (S™*+1). In this case by the above argument

dom (8"+2) = ran ((A — 2)~(+2)) = &L = dom (S"*1).

If &L = dom (S"*1) is nondegenerated, then the remaining assertion of the lemma follows
from P(F) = &, & &L.
O

Lemma 5.20. Assume that in the situation of Lemma 5.19 we have Sy € dom (S™+1). Let
to € M,e, be chosen such that By, = dom (S"+1). If Sy denotes the operator of multiplication
in the space Py, t € M,eqy, then Sy, is densely defined in Py, to = sup{t € M|t <
0,indo(P;) = 0} and

U ran (S; — w) = ran (S, — w).

tEMr-eg ,t<to

Proof : Since by Lemma 5.19 dom (S"*!) = dom (S"*+?) we see that Sy, is densely defined.
Hence, J,c Mg t<to B; is dense in ‘PB,,. Moreover, again by Lemma 5.19 there is no ¢ €
M4, to <t <0 such that indy(;) = 0. From Theorem 1.11.6 we obtain that there are only
finitly many ¢ € M,., such that indo(3;) > 0. Hence, there is a t; < ty, t; € M,¢, such that
indo(P;) = 0 for all t € M,,, t1 <t < to. This proves ty = sup{t € M,.,4|t < 0,indo(P;) =

0}.

Let F' € ran (&, — w), i.e. F' € Py, and F(w) = 0. Since Uyepy,,, 1<s, Be is dense
in P, , there exists a sequence F), € PB,, which converges to F' in the norm of B;,, hence in
particular F),(w) — 0. Choose t; € M,.,, t1 < tp and a function G € B, with G(w) = 1,
then

Gn(2) = Fo(z) — F(w)G(2) € ran (S, — w)

and clearly GG, — F'in the norm of ;.



6 Isometric embeddings of dB-spaces

In Section 4 we have seen that if P = P(E) is a dB-Pontryagin space, A C B2, p(A) # 0,
is a selfadjoint extension of S and u € JP_ satisfies (i) and (ii) of Proposition 4.4, the space
B can be embedded isometrically into a space II(¢). In Proposition 4.6 the action of the
embedding ' : 9 — I1(¢) was determined explicitly on subspaces of the form E(A)J, where
A C R has no endpoint in s(¢). In this short section we shall investigate circumstances
under which I' can be explicitly determined on ‘3.

We start with a corollary of Proposition 4.6. Let ‘}3,‘13,8,21 and u be as above
and let II(¢) be the model space of (B, A, R;u). Recall that S, denotes the generalized
eigenspace of A at oco.

Corollary 6.1. Assume that u satisfies (i) and (ii) of Proposition 4.4. If &, = {0}, the
restriction I of T to P is given by

rHm =106 ), fem (6.1
u(t)

If 6« # {0} and is positive definite, the mapping I defined by (6.1) is a contraction of P
into T1(¢).
Proof : If &, = {0}, the span of the spaces E(A)P and E(C\Ri]} is dense in P, hence the
first assertion follows from Proposition 4.6. To prove the second assertion note that the
orthogonal projection P of ‘j3 onto &2 is contractive and that I” defined by (6.1) can be
written as IV = PI.

O

Lemma 6.2. Let ¢ € F be such that oo & o(¢), and assume that u € P_ (= AssB(F)) is
such that u(t) # 0 fort € o(¢) and that (6.1) describes an isometry of P into 11(¢). Then
Ay is a I"B-minimal extension of I'S.
Proof : Clearly A, is an extension of I'S. Denote by £ the closed linear span of I U
{(Ay — w) 'T"Plw € p(¢)}. We have to show that £ = TI(¢).

Let A C R be a closed finite interval such that its endpoints do not belong to s(¢).
First we show that there exists a function f € P with f(t) # 0 for t € ANo(¢): In fact,
since u(t) # 0 for t € o(¢) we have 0(P) No(¢) = 0. Let g(z) be any nonzero function in B
and denote by t1,...,t, its zeros in A N o(¢). It follows that the function

1
z—1t1)...(z —ty)

f(z) = g(Z)(

satisfies the desired properties.
If we had E(A)L # E(A)II(¢), we would find an element x € E(A)II(¢) = [I(xa)
with

[%( - ZO)vx]XAfb =0, [% :va]xwﬁ =0, 9€P, wep(o)




Using the Tailor expansion of %( — zp) and the fact that the multiplication operator in

II(xa¢) is continuous (compare [JLT]), we find that with z also &( — zp)z belongs to

a(.)
II(xa¢). We get in particular that
(. 1

)( - Zo)x]XA¢ =0, [——w’

\Hl
\Hl

(.

[17 )( - ZO):C]XAd) = 07 w e p((b)

I~
/.'\

I~
/.'\

By Proposition 3.3 we see %( — zg)r = 0 in I(xa¢). As f(t) # 0,t € ANo(¢p), one
easily checks that this implies z = 0. Since A was arbitrary, and since by our assumption
(I — Ec\r)II(¢) is the closure of the linear span of all the spaces E(A)II(¢), we see (I —
Ecr)E = (I — Ec\r)II(¢). Treating the nonreal spectrum o(¢) \ R similar, we finally get
£ =TI(¢).

|
In the sequel let R, = (Ay —w)™ .

Corollary 6.3. Let¢p € F, I'' andu € P_ be as in Lemma 6.2. The mapping I'" induces an
isomorphism from P_ onto (I"P)_. We denote this isomorphism also by I'. If R, denotes
the (continued) resolvent of Ay, we have

R Tu=1. (6.2)

Put k :=1ind_*P and v := ind_II(¢) —ind_P. There exists a matrix W € M™ with E = Ey
and a parameter T € N,, such that

¢<(1 t_m%w—mﬁzwnr (6.3)

t—z |t — z)?

Proof : Denote by P the orthogonal projection of II(¢) onto I"P. Let w € p(¢), and let
f € P be such that f(w) = u(w). Now consider R, (u — tf) = PR (u — ¢f) (cf. [KW2]).
By (0.3.8) and Lemma 1.10.1 we obtain

(O) 'R (u = of))(2) = =————.

Hence
E;F’(u—bf)Z(:::_ig:;::z) VYT T ull) . —w”

On the other hand we have

— (PR:T"u) — (P

Comparing these relations we get

(]5(] + (w — 20)(Ap — w)_l)(RZ_OF/u -1)) = (p(R;F'u —



This means that there is a (Ag —w)~", w € p(¢) invariant subspace of (I — P)I(¢), which
contradicts Lemma 6.2 if (6.2) would not hold.

To prove the remaining part take for W’ a wu-resolvent matrix of S, then a certain
parameter 7 with ind_7 = ind_II(¢) — ind_ (cf. [KW2]) corresponds to the extension Ag.
If R, : B_- — P, denotes the regularized generalized resolvent of A,, we find with g € R
using (0.4.1)

Wior= [ﬁzu, ulx + 8 = (2 — Rezo)[R  u, R ul+

20‘2

Adding the — (3 multiple of the second row to the first row of W’ we obtain a matrix function
W (z) with the desired properties. (6.3) shows that ind_W o7 = ind_II(¢), and furthermore
that W e M,,.

O

In the following proposition we start with a space I1(¢) and construct dB-Pontryagin spaces
which are contained isometrically in I1(¢) via I” starting from factorizations of

i) =0 (2 = Tl - ). (6.4)

t—z |t — z|?

Note that we we may expect a dB-Pontryagin space P8 to be contained isometrically in a
space I1(¢) via I” only if co & o (o).

Proposition 6.4. Let I1(¢), co & o(¢), be given and define q by (6.4). Assume that the
function q € N, is written as q(z) = (W o 7)(2) with

W(z) = ( wii(z) wiz(?) ) e M,

W1 (Z) Wo2 (Z)

and 7 € N, for some v and p. Moreover, assume that W has real entire entries and either
is not a polynomial or T # —12 and Kk = v+ p. Then Ew € HB, and 1 € Ass B(Ew).

If 1 satisfies (ii) of Pmposztwn 4.4, then PB(Ew) is contained isometrically in 11(¢) and
ind_Il(¢) =k =v+ pu.

Proof : Since W o7 = g and oo is regular for ¢, Theorem 5.7 implies that &_(W) = K(W).
Hence P(F) = K(W) and 1 € AssB(F). It follows that W(z) is a resolvent matrix of the
operator S in the space P(F) associated with the element 1 € AssP(E).

The parameter 7 corresponds to a certain extension A of 8 which acts in a Pon-
tryagin space P with ind_P = v + g and for which ¢(z) = [R.1,1]+. By (i) of Proposition
4.4 and Proposition 4.4 the relation A is R 1-minimal. This gives r = ind_‘f.?. Moreover,
there exists a distribution ¢’, such that

(iBa /L Rz_ol) = (H(¢/)’ A¢’> 1)



~

Clearly q(2) = [R(¢').1, 1]+, when R(¢')7 denotes the regularized resolvent of Ay . Since the
distribution which represents an N, function is unique, we conclude that ¢’ = ¢. From our
assumption oo & o(¢), we obtain that A is in fact an operator. Corollary 6.1 shows that T
is contained isometrically in II(¢).

O

7 Matrix chains

In this and the following sections all considered matrices of class ML are assumed to have
real and entire entries. Our first aim is to show that a given matrix W € M} invents a
whole chain of matrices W, € M,ﬁ(t), t < 0. If in addition a parameter function 7 € N is
given this chain can be extended to ¢ > 0. Recall that for a matrix W we denote by t(W)
the trace of W(0).J.

Theorem 7.1. Let W € ML, W(0) = 1, have real and entire entries and be not constant.
Then there ezists a number c_ € [—00,0), a set D which is the union of a finite set D C

(c—,0) and at most r intervals with both endpoints in D, and matrices Wy(z) for t € D¢ :=
(c_,0]\ D, such that the family (Wy)iepe has the following properties:

(i) The matriz Wy has real and entire entries with W;(0) = 1.

(ii) W € M}L(t) where p(t) is is nondecreasing, constant on each connected component of
D¢ and takes different values on different components.

(iii) For all s,t € D¢, s < t, there exists a real entire matriz function Wy € Mi(t)_ﬂ(s),
W (0) =1, such that W, = W Wy,.

(ZU) WO =W.

(v) The function {(Wy) is continuous on D¢ and strictly increasing on each connected
component of D¢. If toy € D is a boundary point of D¢, then limy », t(W;) = 400
(limp g, (W2) = —00) if tg = sup{t € D[t < to} (to = inf{t € D°|t > to}).

(vi) The family (W;)iepe is mazimal in the following sense: If W = My M, where My €
./\/lll,1 and M, € ./\/l,lj2 are real and entire matrixz functions and k = vy + v, then there
exists a number t € D¢ such that M; = Wy and My = Wy.

The family (Wy)iepe is uniquely determined by the listed properties up to reparametrizations
of the form
Wt. - Wt'(t)7 t € D.C,

where t*(t) is a continuous bijection of D*¢ onto D°.
The next lemmata are needed in the proof of Theorem 7.1. They supplement the
results of [KW3], Sections 12 and 13. Certain linear matrices will play an important role: If



l€R,1#0, and a € [0, 7) define

1 —lzsina cos a [z cos® a
Wiey(2) = ( —lzsin® o 1+ lzsin o cos o ) ’ (7.1)

The following relations will be used frequently:

Ccos (v
sin «v

COS (v
Wi,a)yWik,a) = Wisk,a), Wia) ( ) = (

sin o ) ; Wi,a) o cota = cot a.

Recall the following result (compare [dB7]):

Lemma 7.2. The space R(W 4)) is given by

COS (x
8(Wie) = span {( o )

( Cos o Cos o ] _1
sina /' \ sina /P Wow) T T

If c € R, then W o) can be factorized as Wi oy = Wicay\Wi-ca). If ¢ and I — ¢ are both
positive (both negative), then this is the only factorization of W o) into a product of two
matrices Wy € Mo (W1 € My), W;i(0) =1, i = 1,2, such that t(W}) = c.

Lemma 7.3. Let the dB-Pontryagin space B(F1) be contained isometrically in the dB-
Pontryagin space P(FEs). Assume that W € My, k = ind_PB(Ey)—ind _P(F,) is the transfer
matriz as in Theorem 1.12.2. If cos aAs + sinaBy € P(Ey) for some a € [0, ), then

W ( cosa ) € A(W), (7.2)

sin o

and

(W ( Z?SS ) W ( Z?Sj )]R(W) = [cos @Ay + sin aBy, cos Ay + sin aBs|p(g,)-
Proof : Assume that (7.2) does not hold. Then let [ > 0 and consider WW( o). Since
R (W) = &(W) or R_(W) = &(W), it follows from Section 13 of [KW3] that KWW, )) =
RW) @ WR(W()). By Corollary 5.15 and Theorem 1.12.2 we obtain for (Ajz, Bs) :=
(AhBl)WW(l,a) that P(E3) = P(E1) & (AlaBl)ﬁ(WW(m)) = P(E1) & (A1, BHRW) &
(A1, B)WRW () = B(Es) @ (A2, B2)R(Wia)). So P(F) is contained isometrically in
B(E3). By Theorem 1.12.2 this is only possible if cos ads + sinaBy & P(E»).
The second relation follows immediately from (A, By)R(W) = &(W).

Corollary 7.4. Let W € ML and assume that (W) = &W). If a € [0, 7) is such that

Sin «

(W ( cosa )) e T_R(W), (7.3)



then in fact

sin o

W ( cosa ) e RW). (7.4)

With E = Ey we have

W S w [ Y = [cos qwgy + sin awsg, oS Qwsy + sin awss)]
sin o ) sin av KW) — 21 22, 21 22|B(E)-

Proof : Setting By = 1,A; = 0 (P(E,) = {0}), we can use the same proof as in Lemma
7.3.

O

Lemma 7.5. Let W € M.. Then ( Z?I?(o)j ) belongs to R(W') and is not neutral if and

only if W = Wy.oWi with Wy € ML, ( Z?Sg ) ¢ (W), where
| 1
N [ COS & COS & ] ’
sina )\ sina J!SW)
0,1>0
0= { 1,1<0

Proof : Assume that for some matrix W we have £(1) C R(W) isometrically. The kernel
relation

. W(2)JW (w)* — J W(z) VW (w)™* = J

Wi(z)™ po— W(w)™ + P =
=W(z)™! (W(Z)imi(;)* -J W(Z)szi(;)* _ J) W(w)™

shows that &(W ') is isomorphic to K(W)SK&(W) via the mapping ( ]]::Jr ) - W ( o ) '

Taking W = W(i.«) the assertion follows.

Lemma 7.6. Let P(F), E = A —iB be a dB-Pontryagin space, and let W € ML have
real entire entries and be such that there is no constant function

( u ) e R(W) with uA + vB € P(E).



We set (A1, By) = (A, B)W, and Ey = Ay —iBy. Then &(W) contains a constant function
if and only if

PBo = [ {{BIP is a dB-subspace of P(Ey), B(E) < B} 2 P(E).

In this case there ezists a unique number i € [0,7) such that
cos 1
( sin ¢ ) € /W),

[( (Sj?r?zf ) ’ ( (Sj?r?z )]R(W) = [cos YA+ sin B, cos Y A + sin ) Blgyz,).-

Proof : Assume that (W) contains a constant function (cf. Corollary 1.8.4):

and

(Zﬁz € &W), ¢ € [0, 7).
Let P’ = P(F) @ span (cos Y A +sinB) C P(E) ), where the second component is provided
with the scalar product inherited from (A, B)R(W). It is elementary to check that P’ is a
dB-subspace of B(F;). Thus, P’ = Py 2 P(L).

Conversely, assume that Py 2 PB(E). Then Py is a dB-subspace of P(E;). Pro-
viding Py with a positive definite scalar product (cf. [KW3]) we obtain from [dB7] that
B(E) has codimension one in Py and P(F) is the closure of the domain of the multiplica-
tion operator with the independent variable in By. Let S(z) € Lo NP(E)L. Since P(FE)
is a dB-subspace we can choose S(z) such that S(z) = S#(z). Consider Rg(w), and note
tha the range of Rg(w) is the domain of the multiplication operator with the independent
variable. In particular, B(F) is invariant under Rg(w), and hence S € Ass‘B(F). Since
S € P(E,) = (A, B)R(W), there is a function

(?)eﬂwxwmmaﬂA+RB:S

Recall that for any matrix function with M (2)JM (2)* = S(2)JS#(2)
MERw) (1) ) = Retwinio) (1) )+

N (7.5)

M(z)JM(w)* — S(2)JS#(w) JM(w) ( Fi(w) )
z—w S(w)S#(w) \ F-(w) ) -

We use the second row of this relation for a generalized S-resolvent matrix M on ‘B(E),

(0,1)M = (A, B), and obtain (0, 1) M (2)Ry(w) ( ?FE;; ) € B(£). By Corollary 1.12.3 this
expression is also contained in P(E;) P (F), hence Ry (w) ( ?rgjg ) = 0, and we conclude

that K(WW) contains a constant function.



The remaining assertions follow from Corollary 1.8.4 and the fact that (A, B)&(W) =
RK(W).

O

Now we come to the proof of Theorem 7.1.
Proof (of Theorem 7.1): First we construct a chain (W) pe and verify (i)-(iv). By Corol-

lary 1.8.4 not both ( (1) and ( (1) can be contained in K(W). Together with Corollary

1.9.7 we conclude that at least one of R_ (W) = KR(W) or K, (W) = &(W) holds. We may as-
sume without loss of generality that 8 (W) = &(W), otherwise consider the matrix —JW.J
instead. Note that, since W is not constant, Lemma 5.6 then implies that wy; and wyy are
linearly independent. Hence the function E(z) = A(z) —iB(2) = Ew(z), A = wy, B = wa
belongs to HB, and we may consider the dB-Pontryagin space B(F).

By [KW3], Section 11, there exists a number c_ < 0, a set M,., C (c_,0], inf M,., =
c_, and a unique chain of dB-subspaces ‘B, t € M,,. If t € My, we denote by

(E-(8); 4:(8); t-(1),14(F) € Myey

the interval around ¢ which is contained in Mg, . Let

t_(t) + (2
D:={te Mreg‘indospt #0} U {w‘t € Mying,

ind_PB;_ <ind_Py, ), indoPBs_ ) = indoPy, vy = 0},

then D is finite (cf. Theorem 1.11.6), and for t € M,., \ D we have B, = P(E;) for some
function E; € HB,y. By Corollary 1.6.2 we can choose £, = A; — iB; such that the
transfer matrix Wy € M}C_M(t) in Theorem 1.12.2 satisfies Wyy(0) = 1. Hence E;(0) = —i.
Since 1 € AssP(E), it follows from [dB7] that 1 € Ass*P,; for all t € M,.,. By Proposition
1.10.3, Corollary 1.10.4 (exchanging W and —JW J) and Corollary 1.9.8 there exists a matrix
W, e M! ) having real entire entries with & (W;) = &(W;) and (0,1)W; = (A, B;). Such

u(t
a matrix W, is unique up to transformations of the form (a € R)

Wtz(é ?)m (7.6)

Since E;(0) = —i, we may assume that W;(0) = 1. Now we have W;W;; = W: In fact,
since P(E;) = RW,), (A, B)R(Wy) = R(Wy) and P(E) = P(E,) @ (Ar, B)R(Wy) we
obtain from some results concerning the sum of kernels given in [ADSR], that R(W;Wyo) =
KWy @ W R(Wy) = PB(F), and hence R_(W; W) = R(W;Wyo). Thus, W and W; Wy, differ
only by a transformation of the same kind as in (7.6). Since W(0) = 1 = W;(0)Wy(0), we
have W = WWy. If s,t € Mooy \ D, s < t, and if Wy € M) denotes the transfer
matrix (cf. Theorem 1.12.2) such that (As, Bs)Ws = (A¢, By), then a similar reasoning shows
that W,Wy, = Wi

Now define D as the union of D and those intervals contained in Ming with both
endpoints in {t € M,,|indgP; # 0} and put D¢ := (c_, 0]\ D. By definition each connected
component of D¢ contains at least one point of M,.,, and elementary considerations using



Proposition 1.11.11 show that u(t), t € M,., is constant on those components. Moreover,
p(s) # p(t) if s,t € M,., N D belong to different components of D¢. Therefore, there are at
most £+ 1 components of D¢, and D is the union of at most & disjoint intervals. It remains
to define matrices W if t € D N My;p,g.

Assume first that ind_P, ) = ind_P; ) = 0. Then by Theorem 1.12.2 and
Lemma 7.6 the transfer matrix W;_ (), ) is of the form W,y for some [ € R, [ # 0, and
a € [0,7). We shall speak in this case of an indivisable interval of type a and weight .
If I > 0,ie p(t_(t)) = p(te(t)), then by Lemma 7.2 there exists a unique factorization
Wia) = Wi #¢Wi, 1) such that the function t(W;_ () is linear and W;_ e, Wi, 1) € M§.
In fact,

Wep =W, w0 Wiy =W, oz (7.7)

(o (o)
For t € (t_,t;) we define a matrix W; := W;_W;_): and we easily see that pu(t_(t)) =
pu(t(t)) = ind_K(Wy) =: p(t).
If 1 < 0, e p(ty(t) = p(t_(t) + 1, we define with ty(t) = HO=0 ¢ p for
t_(t) <t <ty(t)

Wi_wye = (ta“(gtoi;):(f)(t))v“) € M;,
th+( W Wt Oty (t) = W(l tan(2t0t(t)t7t(t)(t)) ) S ./\/l%,
and for to(t) <t <t (t)
VVtt+(t) = W(tan(%%m) S ./\/lé,
Wi =W o 0Walo = W 0t oy € M;,

and set W, := W,_»yWi_ (). Since cos @Ay ) +sinaBy_yy & B(Li_«)) (cf. Theorem 1.12.2),
we obtain that pu(t) = ind_ﬁ(VVt) = p(t_(t )) if ¢ < to(t), and w(t) = p(ty(t)), otherwise.

Next assume that ind_, ) # 0. Then ¢, (t) € D¢ cosad, @ +sinabBy, ¢ €
PB(E, ) for some o € [0, 7) and thls element is neutral in P(L;, ) (cf. Lemma 5.19). By
Corollary 7.4

Wi ( sin ) € AW ()

is neutral in R(W;, )). Now we set W := Wy, W,

1
t4(t)

th+ (t) = w o (t)—t

(tan(g t+ (t)ft,(t) ),O!) '

where

(7.8)

It follows from [ADSR] that the reproducing kernel space &(W;) is isomorphic to £+/£°,
where £ is a certain subspace of (W, 1)) ® VVt+(t)ﬁ(W_1 ):

4 (t)

L= {(F(2); =F(2))|F(2) € &Wi. () N Wey 9 RW, )}

o (t
Since (W4, ) N Wt+(t)‘ﬁ(Wt;Ll(t)

negative as a subset of W, +(t)ﬁ(Wt;+1(t)), we see that

) is one-dimensional, neutral as a subset of &(W;, ) and

p(t) = ind_R(W;) = ind_(£-/£°) = pu(t4 (1)) +ind RW, ) — 1= p(ti(t)).



Finally, if ind_B;, ) # 0, then t_(t) € D¢, and by Lemma 7.6 we see that

sin o

( s ) € A(W:_(o), for some a € [0, 7),

and by Theorem 1.12.2 cos v A;_ ) +sinaB;_uy & B(E_«)). Setting Wy := W,y W;_ @y with

Wt,(t)t = W(tan(%mj%}(i)(t))va)’

we see that R(W;) = &R(W,_)) @ Wy_ iy R(W,_(y). Hence, u(t) = ind_R(W;) = p(t_(1)).

We have defined a matrix chain (W;);epe and we verified (i), (ii) and (iv) completely
and (4ii) for those matrices Wy, s,t € D¢ s < t which are already defined. Assume now
that s <t, s,t € D° and that Wy, is not yet defined. Then not both of s, belong to M,,.
Put Wy := W, 'W,, then we have to show that Wy € M _ue). I s € [t-(t),t4(¢)] or
t € [t_(s),t+(s)], the assertion follows from our definitions by elementary calculations. We
can therefore assume that s & [t_(t),t(¢)] and t & [t_(s),t4(s)]. For notational simplicity
we set t_(r) =t (r) =rif r € M,.,.

Now we reduce the problem to the case that t € M,.,. If t_(t) € D¢ then we can
write Wy = Wy yWi_ 1), and hence

ind_ﬁ<Wst) S ind_ﬁ<W5t7(t)) + ind_ﬁ<Wt7(t)t).

As, by the above considerations, ind_&(W;_u:) = p(t) — p(t—(t)), once we have shown
ind_R(We_@y) = pu(t—(t)) — p(s) we will get ind_K(Wy) < p(t) — p(s). Here in fact equality
will hold, since otherwise we would obtain ind_K(W;) < ind_K(Ws) + ind_RK(Wg) < u(t).
If t_(t) & D¢, then t,(t) € D¢ and we write W as Wst+(t)W_1(t). It follows from Lemma

tty
7.3 that
Cos o
Wit ( sin o )

is contained in K(Wg, ) for some o € [0,7) as a neutral element. The same arguments
that were applied when we considered (7.8) yield ind_&(Wy) = ind_&(Wy, ). As u(t) =
p(t4(t)) it is enough to show that ind_K(Wy, ) = u(t4(t)) — p(s).

So it is left to show that ind_R(Wy;) = pu(t) — p(s) if t € M., If t(s) € D¢ then
the assertion follows in the same way as when we considered above the case t_(t) € D°. If
t.(t) & D, then t_(s) € D¢, and we write Wy, = W, )SWL(S)t. By Lemma 7.6 and by the

t_(s

definition of W;_(4)s the space R(W;_();) contains the same constant function as R(Wtil(s)s).
In R(W,_(s)) this function is neutral (cf. Lemma 7.6), and the space R(Wtil(s)s) is spanned
by this function and it has one negative square. The same reasoning as when we considered
(7.8) yields the assertion. The proof for (7ii) is complete.

Now we will prove (v). The fact that t(I#;) increases monotonically follows from
W/(0)J = W!(0)J+W/,(0)J and from the fact that W € M}, if s and ¢ belong to the same
component of D¢. The continuity follows from W, € M{, if s and ¢ belong to the same
component of D¢ and from the integral equation which is satisfied by W, when s is fixed
and ¢t > s (cf. [dB7]).



Let ty € D and assume that D¢ accumulates at ty from below. If there is a largest
number ¢t € DN M,., which is smaller than ¢, then t = t_(¢;) and it follows from our def-
initions that lim, ~, t(W,) = 4+00. Otherwise, there is a monotonically increasing sequence
tn, € DN M,eq, n € N, which is contained in the same component of D¢ and converges to
to. We assume on the contrary that ¢(W},) is bounded from above. By [dB7] the matrix
functions Wy, (z) are uniformly bounded on compact sets. Hence, there is a subsequence of
Wi,t, which converges uniformly on compact sets to an entire matrix function Wy, o, € M}
with real entries. With no loss of generality we denote this subsequence again by W; .

Now we set Wy, oo = Wgtlk Wioo and W, 1= W, Wy, &, and see Wy, oo = lim,, o0 Wi, 4,
e M§, Woo € ML v < u(ty). As Wiy, converges, so does Wy, o = Wt:tIntho € /\/l,li_u(tl). Its
limit W satisfies Wag = Wi oo ' Wijo € MY X<k —p(t). As W W = W, we obtain
v = pu(ty), A\ =k — u(ty). Moreover, since (w5, wss) = (As, B, )Wiioo, (WSS, W59)Weso =
(A, B), when Wy (2) = (wi5(2))i j=12, a similar argument shows ind_P(ws] —iws3) = u(t1).
Since P(E,) is contained isometrically in P (F), it follows from Corollary 5.15 and Theorem
1.12.2 that B(E;,), n € N is contained isometrically in P(wsy — wss). If P(wsy — iwdy) is
contained isometrically in B(FE), we have obtained a contradiction to our assumption that
there is no largest number ¢ € D°N M,., smaller than t,. If P(wsy — iw33) is not contained
isometrically in B(E) then it follows from Proposition 1.13.5 that there is a dB-space B (w3 —
iw3s)! which is contained isometrically in both, B(E) and P(wse —iws), and has codimension
one in the latter space. Since then P(E;,) C P(ws — iwss)! C P(wsy — iwsy) as Pontryagin
spaces, we obtain that P(w3 — wss)! is nondegenerated, and we arrive at a contradiction
again. So t(IV;) cannot remain bounded when t approaches o, i.e. limy; », t(W}) = +o0. If
to € D and D° accumulates at t, from above, a similar argument show that lims , t(W;) =
—00.

The uniqueness statement follows immediately from (vi), hence it remains to show
(vi). So let W = M, Ms, where My = (mj); =12 € M,, and My € M,, are real and entire
matrix functions such that k = 11 + v,. Since (A, B) = (ma;, mag) M, a comparison of the
negative squares of the respective kernels yields (mq; — imay) € 1. It follows from Propo-
sition 1.13.5 and its proof that there is a nondegenerated dB-space 8 which is contained
isometrically in 3(E) and which has the same number of negative squares as P (mq; — imas).
Hence, there is a number ¢t € D¢ such that P(E;) = B, and in particular, p(t) = v1. Now
(vi) immediately follows from (v) and Theorem 1.13.1.

O

Remark 7.7. The definition of matrices W; for ¢ € M, is arbitrary, since there exist
no isometrically contained spaces dB-spaces for such ¢. By our choice of W, we ensure the
maximality property (vi) and the uniqueness of the chain (W;);epe.

The phenomena occuring at the points of increase of p(t) can be visualized by draw-
ing the function t(W;). In the example shown in the following picture the point ¢_ may be
—00, the points t = t1, ts, tg, t7 are those with ind_3; # 0, the set D equals {t1, 3, t5, ts, t7},
D=DuU (t5,t6) U (g, t7), the interval (¢9,¢4) is indivisable with negative weight, (¢7,ts) is
indivisable, and (tg, t10) is indivisable with positive weight.



tl t=2 /t3t4 t5 t6 t7 tlg . : i
C_ tg tio O

In the following lemma we study the behaviour of the above chain at a right endpoint of an
indivisable interval.

Lemma 7.8. Let P =P(F), E(0) =1, be a dB-Pontryagin space, 1 € AssB(E), assume
that E is not a polynomial and that dom S # P(FE). If S, = cosaA(z) + sinaB(z) € P(F)
and is not neutral, then the transfer matriz of dom S to P(E) is W q) with

1

‘=

If S,, is neutral and satisfies S, € dom (S"') \ dom (S8"), which means that B(E) has the
chain

B, =domS* C domS*1 C ... CP(E)

of dB-subspaces where n > 2 is such that the space *B,, is the largest proper nondegenerated
dB-subspace of B, P, = P(E,), E.(0) = 1, then the transfer matriz W of B, to B has
polynomial entries. Let Wy and W,,, R_(Wy) = R(Wy), R_(W,,) = KW,,), Wy(0) = W,(0) =
1, be the 1-resolvent matrices of P(E) and P (FE,), respectively. Fork =0,...,n the relation

dom (S*) = 7T_<Wn{< £y ) € AW)|deg Fr < n — k})[+|B(E,) (7.9)

holds. The constant < 2?1?3 ) is contained in K(W), is neutral and satisfies

w ( cosa ) - ( cos ) (7.10)
sin v sin «v
Proof : First assume that dom § is nondegenerated and let W be the corresponding transfer

matrix. By Corollary 1.12.3 the space 8(W) is one-dimensional, hence by the results of [dB7]
and Lemma 7.2 equal to W(; 4).



Now consider the situation where S, is neutral. The fact that 3,, is nondegenerated
follows from Lemma 5.19. Again by Corollary 1.12.3 the space K(W) is finite dimensional,
hence W is a polynomial. Since &(W) contains exactly one (linearly independent) constant,
the operator R (w) (cf. Proposition 1.8.3) has exactly one Jordan chain at 0 which has length
n

CO = 07017,,,707“ Rl(w)Ck = Ck‘—lu k= 1,...,71,.

Clearly CY is a polynomial vector and the maximum degree of its components is k — 1.

Let U € AssB(E,) and let M, € MY, My € MY be U-resolvent matrices as in
Proposition 1.10.3. Choose M,, and M, such that R_(My) = K(M,), R_(M,) = K(M,),
My(0) = M,(0) = 1. Since by Theorem 0.7.4 the transfer matrix does not depend on the
choice of U, we have My = M,W. Moreover,

R(Mo) = M K(W)[+]R(M,,)
and m_R(M,,) = B(E,).

M(2)Ra (w) < ]]::irgzg ) = Ry (w)M(z) < F

_I_M(Z)JM(@)* —U(z)JU#(w) JM(w) ( Fo(w) )

Z—w U(w)U# (w) (

holds (see Theorem 1.12.2). Consider in particular the matrix M, and the element S, €

AssP(E,). The relation (7.11) applied n—1 times and the fact that (A, B,)R(W)NP(E,) =
{0} then shows that

(7.11)

(M, (2)Cp(z)) & dom S.
Hence, again by (7.11), we obtain

7 (Mn(2)Cph_i(2)) € dom (S%) \ dom (S¥*1), k=0,...,n — 1,

since for such k we have Rg_ (w)dom (S*¥) = dom (S¥*1). Since (0,1)M, = (0,1)WV,, the
relation (7.9) follows.

COs &

Corollary 7.4 implies that W) ( sin ) € R(Wp). Clearly W ( cosa

sin o

) 1L &(W,),

hence for some ( Ey ) € R(W)

F
cosa | 2
m (=)o (5 -

Since m_Wj ( Z?sz ) € dom (S71), the relation (7.9) implies that ( ?F ) is constant
and, since W (0) = 1, equal to ( cosa ) Moreover,
sin «

(5 ) (3 Jon =0 () o (5 ) = 0 Sl =0



The relation (7.10) follows immediately from (7.12).
O

Recall from [dB7], [W1] that for any function 7 € Ny there exists a unique chain (Woy;):>0
of real entire matrices Wy, € M}, Wy(0) = 1 and t(Wy;) = ¢, such that for any function
0 € N, the relation

Jim (W5, 0)(2) = 7(2)

holds. We have seen in Theorem 7.1 that a matrix W € M} determines a chain of matrices
which goes downwards. In the following we show how these chains can be linked to a chain
(W;) on an interval (c_, c,) such that for each s € (c_,c;) the chain (W;), <<, conincides
(up to reparametrization) with the chain constructed in Theorem 7.1 for W = W,. Moreover,

t—>C+

We construct matrices W, from the given chains (Wi)tepe and (Wot)i>0. By a similar rea-
soning as in the beginning of the proof of Theorem 7.1 we can assume that &_(W) = K(W).
We also use the notation introducede in the proof of Theorem 7.1. First consider the case
that 0 is not at the same time right endpoint of an indivisable interval of type «, in the
chain (W})iepe and left endpoint of an indivisable interval of the same type o in (Wy;)i>o.
Then define D¢ = DU [0, 00) and

~ Wi, te D
W, = { WoWe t>0 (7.13)
It follows from Theorem 1.12.2 applied to PB(E) that ind_&(W;) = ind_&(W) = u(0), t > 0.

Now assume that 0 is right endpoint of an indivisable interval (_,0), t_ € M,.g,
and left endpoint of an indivisable interval (0, s, ), 0 < s; < oo of length s, and of the same
type a. The fact s, = oo just means that Wy, = Wi, ) for all s > 0. If (¢_,0) has positive
weight, i.e. t_ € D¢ and p(t_) = u(0), we define D¢ = D°U [0, 00) and W, as in (7.13). If
(t_,0) has negative weight, i.e. t_ € D and u(t_) = p(0) — 1, we have W, o = W(; o), where
—00 <1< 0. If I+ s, =0, cancel the interval (¢_,s,) and proceed linking the remaining
chains. If s, < co, [ + s, > 0 then set D° = DU [t_, c0) and

Wt 5 te DN (—OO,t_]
W, =< Wi W((l+3+)_t*tf a) telt, sy . (7.14)
s+7t7’
W()Wot s t 2 Sy
If s, = oo, we set D¢ = D¢ U [t_,00) and W, = W,, t € D°N (—o0,t_] and W, =
Wi Wi—i_ay, t > t_. In all above cases it follows from Theorem 1.12.2 applied to B(E;_)

that ind_R(W;) = ind_&(W) = p(t_), t > t_. i
If sy <00, [+ sy <0 then set ry := =35> and D°:= (D°U [t_,00)) \ {ro}:

W, ,te DN (—o0,t_]

< WeWian(z ==y T € [t—. 7o)
W= N (7.15)
Wt, W(l+5+—tan(%:j7:%)7a) 9 t E (TO; 8+]

WoWo , t > sy



It follows from Theorem 1.12.2 applied to B(E,_) that ind_R(W,;) = ind_K(W) = pu(0),t >
7o, and ind_R(W,) = u(t_), t € [t_, o).

If t_ & D¢, ie. indyPB, # 0, we devide two cases. If s, < oo, we define D¢ =
D°U[0,00) and W, as in (7.13). Since, in this case the function

W(2) ( cos )
sin o
belongs to K(WW) and is neutral in this space (cf. Corollary 7.4), and since (cos a, sin «)

spans the Hilbert space &(Wy,;) for 0 < t < s,, we obtain from [ADSR] that ind_&(WW,;) =
w1(0), t > 0. If s, = oo, we cut off the chain (W});epe at the point to := sup{t € D[t <t_}:

T

Wt = Wt, te DN (—OO,to) = DC.

In any case we easily see that ind_&(Wy) = ind_&(W;) — ind_&(W,), s,t € D¢, s < t. It

follows from Theorem I.13.1 and Theorem 7.1 that for each s € D¢ the chain (Wt>t§s, tehe

conincides (up to reparametrization) with the chain constructed in Theorem 7.1 for W = W.
We proved the following

Lemma 7.9. Let (W,) be the chain constructed above and let s € D¢, The chain
(Wt)i<siepe satisfies (i)-(vi) of Theorem 7.1 with W = W,. Moreover, we have with

C4 1= sup D¢ .
lim ¢(W};) = oo.

t—>C+

Remark 7.10. Note that the linked chain (W) need not contain the matrix W we started
with, e.g. whenever Wor € N, with x" < k. If K = &, then W is not contained in the chain
(W;) if and only if for some s/, > 0 and « € [0, 7), we have W o (W(y, )0 T) € Ny, 5" < k.

8 Weyl coefficients of matrix chains

In this section we consider truncated chains of matrices.

Definition 8.1. Denote by € the set of all matrix chains (W;);~¢, with the properties
(i) Wy has real entire entries and W;(0) = 1, W, # 1.
(ii) For some x € NU {0} we have W, € ML, t > t,.
(1i1) t(W;) = t.
(iv) For ty < s < t there exists a matrix W € M}, such that W, = W,W.

Thereby chains (W;)i>y, and (Wy)4>7, which differ only up to a certain point, i.e. satisfy
W, = W, for t > t{, are identified. The number « is called the index of negativity of the
chain (Wt)t>to-



Note that by Theorem 7.1 two equivalent chains differ only in their lenght. From a
chain contained in € we construct its so called Weyl coefficient. Recall that for notational
convenience the function 7(z) = oo belongs to Nj.

Lemma 8.2. Let (W,);s4, € € be given and let k be its index of negativity. For any family
(Tt)t>to; Tt € Ny, the limit
Jim (W o 7)(2) = 4(2) (8.1)

exists in CU{oo} locally uniformly on C\ R if we provide CU{occ} with the spherical metric.
It is independent from the choice of (T")sy,. Moreover, ¢ € N for some k' < k.
For each t > ty there exists a unique parameter 7, € Ny, such that

(Wiom)(2) = q(2). (8.2)

Proof : If k = 0 the assertion of the lemma is the well known fact that t(W;) — oo implies
the so called limit point case (compare e.g. [W1], [W3], [dB7]). If x > 0 choose any number
t1 > to and consider the chain (W;);~;, where W, := W, ;. By the above remark

lim (17, 0 74)(2) =t g (2)
exists locally uniformly on C\ R and is contained in AVy. The function ¢, is independent
from the functions 7" (cf. [W3]).

Assume that g;, Z oo, and let z € C \ R and assume first that (0, 1)Wj, ( %11(2) ) =

0. Since det Wy, (2) = 1, we have (1,0)W, ( Qtll(z) ) # 0, hence

lim (W, o (1 0 7))(2) = 00 = (W, 0 a5,)(2).

t—oo

Now let z € C\ R be such that (0,1)W,, < qtll(z) ) # 0, then clearly lim; (W}, o (V~Vt o

)N (2) = (Wi, o ¢, )(2). We see that g(z) € CU {oo} exists for all z € C\R. If ¢, = o0
similar arguments show the existence of ¢(z).

By the above considerations we also see that the convergence takes place locally
uniformly on {z € C\ R|W;,0¢;, # oo}. By the same reasoning we see that (JW,;)or! = —1

WtOTt
converges locally uniformly on {z € C\ R|(JW},) o q;;, # oo} to ﬁzl). Since the union these

two sets is C\ R we see the limit ¢(z) exists locally uniformly on C\ R when C U {o0} is
provided with the spherical metric.

Now an elementry consideration using property (iv) shows that ¢(z) is independent
from ¢; and that the relation (8.2) holds.

O

The function ¢ in (8.1) is called the Weyl coefficient of the chain (W;);~¢,. Clearly two chains
which are equivalent in the sense of Definition 8.1 have the same Weyl coefficient.



Remark 8.3. The importance of the condition (i) of Definition 8.1 is that it ensures
lim; o t(W};) = oo. Since reparametrizations of chains with continuous increasing func-
tions ¢*(t) do not change the behaviour of the limit (8.1), we could also work with chains
(Wi)to<t<c, and assume instead of (%ii) that lim,_.., t(WW;) = oo.

Note that the existence and independence of the limit (8.1) of 7% € Nj is even
equivalent to the fact t(IW,;) — oo. This is seen as follows: If lim; .., ¢(IV;) < oo, then by
[dB7] the chain (W;)¢<t<c, can be continuously extended to c¢;. Then, even if 7/ =7 € N,

oT

lim Wyor =W,
t—>C+
cleary depends on 7.
It turns out to be useful to note that there exists a maximal chain (W;);s._ in each
equivalence class of €.

Lemma 8.4. Let (Wy)ist, € €, then (Wy)isy, can be continued to a mazimal chain (W/)isc_
which is in the same equivalence class as (Wy)ise,. If the negativity index k of (Wi)ise, is
zero, then c_ = 0. Otherwise, c. = —o0.

Proof : If kK = 0 the assertion is well known (cf. [dB7], [W3]). For x > 0 the assertion
follows immediately from Theorem 7.1.

O

Lemma 8.5. Let a chain (W)= € € be given, denote by k its index of negativity, assume
that k > 0 and let q be its Weyl coefficient. Then q € N, with k' < K if and only if the
matric Wiy, 1s linear for all to > t1 > c_.
Proof : Assume first that there exists a matrix W, ,, which is not linear. Consider the chain
going downwards from W,,. Since the Weyl coefficient of (—JW;J)i~._ is _71, we can assume
that R_(W;,) = K(W,,). By Corollary 5.14 we have K_(W;) = K(W;) for t < to. We use
again the notation from the proof of Theorem 7.1. The interval (¢;,%s) is not contained in
Mjing, hence there exists a space PB(E,), t € (t1,t2) which is a proper isometrically contained
subspace of P(Fy,) (cf. Theorem 1.12.2 and Corollary 5.15). In particular, for the operator
S C P(F;,)?, we have P(E;) C domS. Since W, o 7; is a generalized 1-resolvent of S,
Lemma 5.17 shows that ¢ € N,.

Assume now that all matrices Wy, 4,, to > t; > c_, are linear, then we have for some
a€[0,m)

Wiita = Witg—t1,0)-

Choose tg > c¢_ and consider the chain (Wt)te pe going downwards from W, constructed
in Theorem 7.1. Clearly, W; = V~Vt-(t), where t* is continuous and monotone function from
(—o0, to] into D¢ with t*(t9) = 0. We assume again K_(W,,) = K(W,,). It follows that for
t_ = sup{t € M,y|t < limy oo t*(t)} we have (t_,0) C Mgg, and either indP,— # 0 or
(t_,0) is the right half of an indivisable interval with negative weight. It follows from the
construction of (1;) that S, = cos aAw,, + sinaBw, € P(Ew, ). Moreover, [S,,Sa] < 0
by Lemma 5.19. Since q(z) = Wy, o (lim¢ oo Wiy 0 7) = Wy, o cot a, it follows from Lemma



5.12 that ¢ € N, with &' < k.

Note the following result:

Proposition 8.6. Let W € ML W(0) = 1, and 7 € Ny be gwen. The chain (W,)
constructed in the previous section has the Weyl coefficient W o T.
Proof : We can assume again (W) = &_(W). Let (W;),cp. be the chain defined in the
end of Section 7. With the same notation as there the assertion is obvious except of the last
case: (W) ends with an indivisible interval of type a, t_ & D¢ and Wy, = Wiga), t > 0. In
particular, 7 = cota, « € [0, 7). By Lemma 5.12 the function W o 7 is the regularized 1-
resolvent of the selfadjoint extension .4, induced by the (neutral) element S, € P(waz+iwsy).
Note that m(U)QQ -+ ’iU)21> = m(w21 — ’iU)QQ).

Let n 4+ 1 = dim &, and assume first that S, ¢ dom (S**!). Then dom (S"+!) =
B(Ey, ) and the restriction of A, to P(E}, ) is again selfadjoint. By Lemma 5.9 the regularized
1-resolvent of this restriction coincides with W o .. Since by the construction of (W;)
in Theorem 7.1 we have Wy = Wy, W), t € D¢ N [t1,00) for some [ > 0, and since
W(i.a) © cot a = cot o, we obtain that W o « is the Weyl coefficient of (Wt)tef)c-

Now assume that S, € dom (S™*1) =: ;. Since lim; ~, t(WW;) = oo the chain
(W3)i<t, has a Weyl coefficient q(z). The selfadjoint relation A, C P32 is an extension of
the operator §; C P2 for all ¢t < t5. If ¢ < o is such that J; is nondegenerated, which is
the case for ¢ sufficiently near to ty (cf. Lemma 5.20, Theorem 1.11.6), we have by Lemma
5.9 that the function W o 7 is a l-resolvent of S;, when 1 is understood as an element of
B.—. As W, is a generalized 1-resolvent matrix of &;, there exists a parameter 7, € N,
such that W o7 = W, o 7;. The number v is the negative index of the extending space of
the P,-minimal part of A, (cf. [KW2]). Since the resolvent of A, leaves B, invariant, the
mentioned P;-minimal part of A, is contained in PB;,. Now note that, since the union of
the spaces By, t < 1y, is dense in PB,,, the extending space of B, is positive if ¢ is sufficiently
near to to. We conclude that 7, € Ny for such ¢, hence

Wor :th}thOTt = q(2).

The main result of this paper is a converse of Lemma 8.2.

Theorem 8.7. Let g € N, be given. Then there exists a unique chain (W;)isy, € € with
index k of negativity, whose Weyl coefficient is q.

The proof of Theorem 8.7, which is carried out in Section 11, will use induction on
k. Recall that in the case k = 0 the analogue of Theorem 8.7 has been proved in [dB7],
[W1]. In order to carry out the induction step we use some transformation formulas of
chains, i.e. mappings on the set €. These transformations are closely related to some results
of [W1], [W2]. We also employ a transformation of a Nevanlinna function. These tools will
be introduced in the following two sections.



Remark 8.8. The assumption that the negative index of (W,;);~._ equals the number of
negative squares of ¢ in Theorem 8.7 is necessary in order to ensure uniqueness. This is
seen by considering the relational extension of S C PB(F)? where PB(E) is such that dom S
is degenerated (compare Lemma 5.12, Remark 7.10 and Lemma 8.5).

9 A transformation of Nevanlinna functions

The aim of this section is to prove the following:

Proposition 9.1. Assume that the function q € N, k > 0, is finite at oo and let
a € CTUR. Then there exist unique numbers c,d € R, such that

a(z)=(z—-a)(z—a)(q(z) +d) +cz

is regular at infinity. In fact d = —lim, . q(iy) and ¢ = —ilim, . y(q(iy) + d). The
function q; is contained in N,y with k —1 < k' < k. Thereby k' = k — 1 if and only if « € R
and q has a pole at a or o € R and is a point of negative type for q. If k > 0 there exists a
choice of a, such that k' =k — 1.

The proof of this result is split into several lemmata. We make use of the integral
representation of the function ¢ as given in [KL1].

Lemma 9.2. Leta € R, pe N, let A CR be a finite interval which contains o and let o
be a finite positive measure on A. Then we have

, 1 Z(t—a)t) (2+1) B
(=) /A(t—z+z (z —a)r ) (t—a)2pdg(t)_

r=1

2(p—1) - -
B 1 (t—a) ") (#+1)"
B /A t—z + ; (z—a) | (t —a)2-1 do(t),

where da(t) = (1 + t*)do(t).
Proof : A computation using (compare [KL1])

v

b (t—a)'\ 1 1
(t—z+rz:; (z—a)’")(t—a)”—(t—z)(z—a)V (9.1)

will show that




Lemma 9.3. Leta € CPUR, B €R, a# 0, peN, let A CR be a finite interval which
contains B and let o be a finite positive measure on A. Then we have

_ 1 (=) (24 1) B

(z —a)(z— oz)/A <; + ; = Ay ) L do(t) =
(L SRy ey g 2
-/, (t e ] ) A P e Py

where da(t) = |t — al?do(t) and cy,c; € R.

Proof : We use the identities (9.1) and

(z—a)z—a)=(z=B)(z—B)+ (B—a)(z - B)+

+H(B—a)(z—B)+ 18 —al’, (9:2)
which holds for arbitrary numbers z, o, 3 € C. Since § € R it follows that

N - N ) A TR
(: - 0)(z—a) <t_Z+Z (z_ﬁy)@_m

r=1

1 1 2Re(f—a) [B—al*)
= (et T ) -

IR Y ) )
‘(t—ﬁ,z (Z-ﬂ)")(t—ﬂ)2”‘2+

! 2’”t— 2Re (6 — a)
+<t )(t e
1 t— 18— af?
+<t r=1 Z_ ) 6)2/)_
R Y e i N O [k N S
_<t—z+; (z—ﬂ)") (t—p)%  (z—-pB)!

_(t—ﬁ)—l—QRe(ﬁ—a)
(t —pB)> '




Lemma 9.4. Let o« € CtrUR, A C R be a finite (possibly empty) interval and let o be a
finite positive measure on R\ A. Then we have

(z—a)(z—a)/R\Atizda(t):

1 t
= - do(t
/R\A<t—z 1—|—t2) U()+012+CO,

where do(t) = |t — a|*do(t) and cy, c; € R.
Proof : We use the identity

1 t 1+tz 1

t—z 14+ t—2z+1

(1 B )|t_a|2_(z—oz)(z—a):

t—z 1+1¢2 t—z

to find

1
=1r (z(1+#*) +t(1 — |of*) — 2Req) .

The assertion follows with

2 _
00:/ (| 1)—1—2ReOsz(t)7
R\A

1+¢2

o = —/M do(t).

Lemma 9.5. Let o, € CTUR and let p(z) be a polynomial of degree p > 1, p(0) = 0.
Then

(- a)e= ) () p ) -

= (Bt + i) ) + ezt
where cg,c1 € R and p is a polynomial with p(0) = 0. The degree of p is

(i) at most p—2 if « = B and o € R and equal to p—2 if additionally p has real coefficients.
(ii) equal to p—1 if a = and o € R.

(7ii) equal to p is a # 3.



Proof : Write the polynomial p as

Then we compute

s 1 1
+ izz_l (di+2 G—a) + di+27(z — a)i) ;
and the assertions (i) and (7i) follow. In order to prove (i) we use the identity (9.2) and a
similar computation as above shows that the degree cannot increase. Computing explicitly
the leading coefficients we find that the degree actually equals p.

O

Proof (of Proposition 9.1): Clearly the existence of the limit lim, . %ql (1y) is equiva-
lent to the existence of lim,_, ;. yq(iy). Hence we have to put d = —lim,_,  ¢(¢y). Then the
requirement lim,_, ; i(h (ty) = 0 determines c uniquely, in fact ¢ = —lim, .+ (iy) (q(iy)+d).

Consider the integral representation of ¢ as given in [KL1]. Note that, if ¢ € N,
with x > 1, there exists at least one nonreal pole or one regularized integral term.

Consider the function (z — «)(z — @)(¢q(z) + d) where @ € C*. By Lemma 9.5,
except the addition of a linear polynomial, the degree of the rational summand with poles
a, @ decreases by one, whereas the degree of those rational summands with poles different
from a,@ do not change. By Lemma 9.3 and Lemma 9.4 also the integral terms do not
change their structure and their degree of regularization remains the same. By the results
of [KL1] we conclude that, with the real constant ¢ as above

(z—a)(z —a)(q(z) +d) + cz € N

where k' = k — 1 or ¥ = k depending whether ¢ has a pole at « or not.

Let o € R and consider the function (z —«)?(q(z) +d). By Lemma 9.2 and Lemma,
9.5, the degree of the integral regularization at o as well as the degree of a possible rational
summand with pole « decreases by two. By Lemma 9.3, Lemma 9.4 and Lemma 9.5 the
remaining summands in the integral representation of ¢ retain their form, except a possibly
addition of a linear polynomial. Again appealing to [KL1] we conclude that for the number

¢ as above
(z—a)*(q(2) + d) +cz € Ny



where k' = k — 1 or k' = k depending whether there exists an integral term regularized at «
(a pole at ) or not.

O

10 Some transformations of chains

In this section we study some mappings of the set € into itself.

Lemma 10.1. Let K > 0 be given. The mappings
Tr: (W) : (We)iste — (W%t(KZ))IDtm

75 (Wt)t>to = (_JWtJ)t>to

define a bijection of € onto itself and satisfy T o' = Tk, (T7)* =ide. The Weyl coefficients
q, ¢x and q; of (Wi)iste, Tx(Wy) and T;(Wy) are related by q.x(2) = q(Kz) and q;(z) =
—ﬁ. The mappings T and T preserve the index of negativity.

Proof : Clearly the conditions (i) and (ii) of Definition 8.1 with the same number x hold.

An elementary computation shows that also (i) and (iv) hold. The relation q.x(2) = q(K=2)

and ¢y = —% are seen by a straightforward argument.
O
Lemma 10.2. Let o € R be given. The mappings
1l « 1 —«a
To: (W)t (( 0 1 ) Wi < 0 1 ))t>tov
T (Wo)iste = (Wie (2 + a)%-(a)_l)t->t5,
where t* is a certain continuous increasing function of t with lim,_ t*(t) = oo, define

bijections of € onto itself and satisfy (7o)t = T o, (T®)~L =T~ The Weyl coefficients q,
Jo and q* are related by q.(z) = q(z) + o, ¢*(2) = q(z + «). Moreover, T, and T preserve
the index of negativity.

Proof : Let (W})i~¢, be given and consider the chain

~ 1 « 1 —«o
Wt“(o 1)Wt(o 1 )

The properties (i), (ii) and (iv) and W;(0) = 1 are clearly satisfied. Since tr(C'D) = tr(DC)

for any matrices C, D, we have t = t(W,) = tr(W/(0)J) = tr(W/(0)J) = t(W,), and hence

(i3i) holds. The facts that 7, is well defined on € and that 7, o 7_, = id¢ are obvious.
Now consider the chain

Wi(2) = Wy(z + )W (o)™



Clearly, t(ﬁft) depends continuously of ¢ and is strictly increasing (cf. [W1], [W2]). We define
t*(t) := t(W;) and the reparametrization Wi = Wi, Again (i), (i), (iv) and W;(0) = 1
are obvious. It is left to show that

lim t(WW;) = co.

t—o00

As t(Wy,4) — oo we have for any family 7' € N
tlim Wii(z +a) o m(2) = Wy (2 + a) P o gz + ).
Since 7t := Wi(a) o1 € N for 7 € N, we conclude that in fact

tlirglo (Wi (@) Wi (z + ) Wi(a)™h) o 7(2) = (Wiy (@) Wiy (2 + ) 71) 0 q(z + ).
As 7 € Ny was arbitrarily chosen [W2] (compare also [W1]) shows

Tim ¢(17,(0) Wi (= + 0)Wif0) ™) = co.
Since Wy = (Wi, (2 4+ a) Wi, (@) ™) (Wi, () Wiy (2 4+ a)Wi(a) ™), we obtain t(W;) — oo. The
facts that 7 is well defined on € and that 7% o 7~ = id¢ are obvious.

O

Lemma 10.3. Letl € R be given. The mapping

1 1
Tt (We)isgy — (( 0 12 ) Wit) ity +1s

where t; > tq is a certain number, defines a bijection of € onto itself and satisfies (7;,) ™! =

T ... The Weyl coefficients q and q, are related by q.(2) = q(z) +1z. Let v =0 if I > 0,
v=11ifl1 <0, and let k be the index of negativity of (Wy). If R_(W,) = RK(W,), the index of
negativity of T, (Wy) is k + 7.

Ift > t, R_(Wy) # KW,) and ind_q = k, then the index of negativity of T, (Wy)
is k47— 0, where 6 = 1 if 1+ +[(1,0)7,(1,0)]gw,) < 0 and 6 = 0 otherwise. The number
[(1,0)7, (1,0)"]aw,) does not depend on t > t;.

Proof : Assume first that 8_(W;) = K(W}) (cf. Corollary 5.14). Since

s P =swent( g )

sgn(—1) +1
—

we conclude by [ADSR] that

ind_ﬁ(< (1] Zf ) W,) = ind_&(W,) +

With t; =ty the properties (i)-(iv) and the relation ¢, = ¢ + [z are easily checked.



If R_(W;) # K(W,), then (1,0)7 € K(W;). If K(WW;) is one dimensional for all ¢ > ¢,
we set t; = tgif [ > 0 and t; =ty — [ if [ < 0. In this case it is easy to see that the assertions
of the lemma hold.

If dimR(W;) > 1, t > t; for some t; > t; it follows from Corollary 5.15 that
[(1,0)T,(1,0)"]aw,) coincides for all ¢ > ¢;. It follows from [ADSR] that the reproducing
kernel space R(W,0)W;—;) is isomorphic to £+/£°, where £ is a subspace of R(W(,0)) @
W0 R(Wizy):

L ={(F(2); —F(2)|F(2) € RW,0)) N Wi0)R(Wi—i) }-
Since £ is spanned by ((1,0)7;(—1,0)T) and

((L0)7: (=1,0)7), (1, 0)7; (=1,0) )] = 5 +[(1,0)", (1, 0/ sy

the numbers ind_£ and indy £ are independent from ¢. Moreover, ind_£ +indy£ = §, where
6 = 1if 4+ [(1,0)7,(1,0) ]qwy < 0 and 6 = 0 if 7+ [(1,0)7,(1,0)"]qw,) > 0. Hence
R(W,0)Wi—1) has the same number ind_R(W;) + ind_&(W(0)) — ¢ of negative squares for
all ¢ > t; + 1. Now the properties (i)-(iv) and the relation ¢, = q + [z are easily checked.

O
Note that

Lemma 10.4. Assume that R_(W) = K(W). The operator of multiplication by z in the
space P(Ew) is densely defined if and only if the function % is reqular but not finite at
infinity.

Proof : This follows from Lemma 5.2 since f—x is a Q-function of & and the selfadjoint
extension Ay corresponding to the element Ay € AssP(Ew).

|
In the following denote by W, the matrix

o cos(tz sin(tz

Wiz) = ( —sirg(t,z) cos((tz; ) ' (10.1)
It is easy to check that (W)~ belongs to € and has index of negativity 0. Since the entries
wi;, 1,5 = 1,2 of Wy are of exponential type ¢, it follows from [dB7] that (W) does not
contain an indivisible intervals. In particular, for ¢ > 0, the space K(W;) does not contain
a constant function, KR(W;?) = R_(W7), and the multiplication operator by the independent
variable has dense domain in PB(Eyye).

Now we introduce some more special transformations of chains. Let ¢ € R be fixed,
_ [ A(z) B(z) 1 _
W(z) = ( C(z) D(2) eM,., W) =1,

and put o = A'(0)B'(0) — 2cA'(0) — BNQ(O). We consider the transformation 7  defined if
B'(0) # ¢ by

o (5 (4 £250)

(]
B0 —B(0)~

write




First of all note that, since A’(0) = —D’(0), we have
10 1 0 —c\1
rne=((o o)z (0 7))
((0 0) ( 0 (c—B’(O)))
: + 1 a
01 " ¢=B'(0) " ¢—B'(0)
_ 10 / 0 (C_ B/(O)) 10 1 " 00
B ( 00 ) wi0) ( 7o B Lo o)W O 1)t
0 —c 0 (c=B(0) ) ( 0 —c )
+ o +
( 0 O ) < _C—B}'(O) _C—B'(O) O 0

01)\01 l

Jj=0 j!

j=1

and we see that 7 (W)(z) is an entire function with 7(1W)(0) = I. Also, by Lemma 5.10, we
have 7 (W) € M} for some v > 0.

Lemma 10.5. Let a chain (Wy)~.. € € with index k of negativity be given, assume that
its Weyl coefficient q belongs to N, and is reqular at oo. Moreover, assume that

. % _Cl 1
@)= (5 1) o) = 5 - ) € N
Then there exists a number Ty, c— < Ty < 0o, such that W; € domT fort > Ty. The limit
1* = limy_oo (7 (W) exists in RU {+o0}. The chain (W?) defined by
(T = T(Wh), t > T,
and, in case [* < o0,
W; = (W/}:)W(x_l-,o), x > l',

belongs to €, has index k + 1 of negativity and its Weyl coefficient is q°.
Proof : We start with the investigation of some properties of 7. Note that whenever 7 (W)
is defined we have

T(W;) 06 = ( é ‘fi ) o (W, 07), (10.2)

where 6 and 7 are related by

¢ — Bj(0)

6(z) 1 at
B;(0)—c + z c—Bj}(0)

7(2) =T(2,W;) 00(2) = (10.3)

or, equivalently,

(=) = Tz W) o7 = (BI(0) — 0 40+ (BI(0) — o)

z



where /
R G S e 3
K 1-— B¢

One easily checks that T'(z,W,) € Mg, T(z,W;)"! € M? 5, where S(2) = z and § = 0
if ¢ > Bj(0) and 6 = 1 if ¢ < Bj(0). For some 7; € Ny we have W; o 7, = ¢ and thus
T (W) 08, = ¢* where 7, and 6; are connected by (10.3). By Lemma 5.9 and [KW2] we have
0, € Ny for ¢ < Bj(0) and 6, € Ny UN; otherwise.

Now we compute ind_8&(7 (W,)). First note that by Theorem 5.7 K(W;) = K_(W}).
For ¢ € [0, ) we set 6, := cot ¢ and 7,(2) := T'(z, W;)ocot ¢ (cf. (10.2)). A straightforward
calculation yields 74(2) = Wy, 4,) © dy where cot ¢y = % and [, € R\ {0}, dy #
cot ¢y, for 1) # 0. Hereby

—sgn(ly) +1  —sgn(c— B{(0)) + 1
2 N 2

= iIld_Td, = ind_ﬁ(W(%%)).

az+f
vz+1

with cotp = % and [ = a:’%. We choose 1 # 0 such that cot ) is not the exceptional
number for 7(W;) in Lemma 5.12 and such that cot ¢, is not the exceptional number for
W;. It follows from Lemma 5.12 that ind_R(7 (W;)) = ind_7 (W;) o cot ¢ and from Lemma
5.12 and Theorem 1.12.2 that

Note in this place that any linear fractional transformation can be written as W o 8

ind_&(W,) + ind_7, = ind_&(W,) + ind_K(W, 4,)) =
= in—ﬁ(VVtW(zw,%)) = ind_VVtW(lw’%) o dw = ind_Wt O Ty -

Consider the relation W = (T (W,) o cot)(z). Since T (W;)(0) = I, we see that
T (W) o cot 1) is analytic at 0 whenever ¢» # 0. It follows from Corollary 5.3 and Propo-
sition 9.1 that ind_W; o 7, = ind_T (W,) o cot ¢ for all but at most three exceptional val-
ues of ¢ € [0,7). Thus, ind_R(7(W;)) = ind_K(W;) + w, and we showed
that ind_R(7 (W;)) = k + 1 for ¢ < B{(0) and ind_R(7T (W;)) = k for ¢ > B;(0). Since
T (W;) o cot ) is finite at oo (cf. Corollary 5.3) and as ind_R&(7 (W,)) = ind_7 (W;) o cot ¢
for sufficiently many ¢ € [0, 7), Theorem 5.7 shows that &(7 (W,)) = R_(7(W,)) and that
1 € PB(Erw,))- Since ¢* € N,.41, we obtain that 6, € N if ¢ > Bj(0).

Next we show that there exists a number Tj such that Bj(0) > ¢ for t > Ty. Assume
the contrary. Then, because Bj(0) is nondecreasing, there are two possibilities: The first is
that B;(0) < c for all ¢. In this case let 8(z) = u € R, then 7;(2) := T(2,W;) ou € Nj, hence
the right hand side of (10.2) tends to ¢* if £ — oco. By the above consideration the left hand
side of (10.2) is contained in N<, := {J, ., N,. But this contradicts the fact that a limit of
N, functions belongs to N<,. -

The second possibility is that B;(0) = cfor allt € R, ¢t > T). Let T} be minimal with
respect to this property. Since Wy, (0) = W, (0)+W,,,(0), we see that then Wy, = Wi, 4, )
for all t1,t, € R, T} < t; < ty. Since by the assumption of the lemma and Lemma 8.5
dim 8(Wh,4,) > 1 for some ¢ < t; < to, we have c_ < Ty, and see that ¢ > Bj(0) for t < T}.
Now we get

q(z) =Wp 00 = hm W; 0 0.

ST



If 7(z) = 0 then 6(z) = oo, hence for c_ <t < Ty we have 7 (W;) o 0o € N, and it follows
that

¢*(z) = tl}r% %(Wt 00 —cz) = tl}r% T (W;) 000
belongs to N<,. But this contradicts our assumption that ¢* € N, 1.

Thus we have shown that there exists a number 7y > ¢_ such that B;(0) > ¢, in
particular W, € dom T and 7 (W,) € M}, for t > T,. We take T minimal with respect to
this property.

In order to prove that for t1,ty > Ty we have T (Wy,) T (W,,) € M}, we first
note that, as T (W, ) 'T(Wy,) = T(2,Wy,) "Wy, T(2,W,,), this matrix function belongs
to M§ U M;. Now we show that the domain of the multiplication operator in B(E7rw,))
is dense if and only if the domain of the multiplication operator in PB(FEw,) is dense. This
follows from Lemma 10.4, since (with the notation of Lemma 10.4)
= (B}j(0) — ¢)? - + (B;(0) — c)_—1 +
A1 wy) ! Bw, ¢ 2 b

Aw,

BT(Wt)

ixt also the function B_—V;t is regular but not finite at co. If the
t

and since by Lemma 5.4 with
Aw,
domain of the multiplication operator is dense in P(Erw,,)), it follows from Lemma 5.17

that T (Wy, )™ 'T (W,,) € MJ. If this domain is not dense, let 0 < € < t; — T and define a
new chain (Wy)ir,:

We=Wfort <t —e Wf= th_EWto_(tl_e) fort; —e <t <t

WE =Wy,  WZW,,, for t; < t.

Since K(W?) contains no constant function (cf. (10.1)), we easily see that (Wf);>7, € € has
index of negativity k. Let B be the right upper entry of W¢. As (Bf)'(0) is nondecreasing, we
find (Bg)'(0) > ¢, t > Ty. Corollary 5.14 shows that R(W,) = &_(W5). Since (B)'(0) > ¢,
the same argumentation as in the second paragraph of this proof applied to Wy shows that
T (Wy) is well defined, belongs to M., and satisfies R(7 (Wy)) = &_(7 (Wf)). By Lemma
7.3 we see that the domain of the multiplication operator in ‘B(Ewtsl) is dense. Hence, as
already proved above T (Wy ) 'T(Wf)) € My. Since T (W) "T(Wy) = T(Wy,) 1T (W),
we obtain 7 (W,,)~'7T (W,,) € M} in any case.

An elementary calculation shows that 7 (W,,,) # I for to > t; > Tp, hence t(7 (W;))
is strictly increasing. In particular [* = lim; . t(7 (W;)) exists.

If I* = oo we have proved that the chain (W) belongs to € and has index of
negativity x + 1. Since for ¢ > T, both functions 6,(z) and 7(z) belong to Ny, the Weyl
coefficient of (W) is ¢°.

If I* < oo choose zy < 1*, ¢ > inf{t(7(W;))|t > 1o} and continue the family W
x < I* to x = I* which is possible by [dB7] and set Wt = W2 Wy ... Moreover, W2 . € M.
Hence our definition of W for x > [* is meaningful. We obtain for z; > [*

¢*(2) = = (lim (W; 0 0)(2) — c2) = lim (W2 0 00)(2) =

lim
z2% t/'o0 xz,/'1®



= (Wi 0 00)(2) = (W, 0 20)(2), (10.4)
hence all matrices W2, z > [*, are contained in M} ;. It follows that the constructed chain
belongs to €. Moreover, again by (10.4) the Weyl coefficient of (W}?) is ¢°.

O

Now we consider the inverse transformation of 7. Let ¢ € R be fixed, write

_ [ alz) b(2) | _
Vi(z) = ( o(z) d(z) eM,, V(0) =1,
and put 3 := # — (0)d’'(0). We consider the transformation

.

1 1 1— A2 Az
EV) :z(o _j)V(z)( _C/Eé()))z c(8) )7

defined whenever ¢(0) # 0. Since det £(V') = 1 we know by Lemma 5.10 that £(V') belongs
to M, for some v > 0. A similar computation as for 7 shows that £(V) is an entire matrix
function.

Lemma 10.6. The transformations T and £ are inverses of each other in the sense that
ETW)=W (TEW) =W ) whenever W € domT (W € dom&).
Proof : Let ¢ € R be given and let

be such that v := ¢— B’(0) # 0, i.e. that W € dom 7. Moreover, let « be as in the definition

of T(W) and put
_ [ alz) b(z)
o= (23 i3 ),

An elementary computation using the definition of 7 (1) shows that

Using this relation and the fact ¢/(0) = —% # 0, which in particular implies that 7 (W) €
dom &, a straightforward computation shows that £(7 (W)) = W.
Now assume that W € dom &, i.e. that C'(0) # 0. If we put

a computation shows that b(z) = C%(O)(ZA(Z) + c¢C(z)), hence

D) — c = C,l(o) 20,




ie. EW) € domT. It follows from the already proved that E7E(W) = E(W) and since
clearly £ is injective we find 7(E(W)) = W.

O

Lemma 10.7. Let a chain (V;)i~.. € € with index k+ 1, k > 0, of negativity be given and
assume that its Weyl coefficient q belongs to N1 and is such that the limit lim,_, ;o yq(iy)
exists. Let ¢ € R be the unique number such that

¢°(2) == 2%q(2) + cz

is reqular at oo and assume that ¢® € N,,. Then there exists a number T}, c— < T} < o0,
such that W, € dom & if and only if c. <t <Ti. The chain

qeony) = €W, t < Ty,

belongs to €, has index k of negativity and its Weyl coefficient is q°.
Proof : First note that whenever £(V;) is defined we have

ewyor=(y 1 )oWioo

where

(10.5)

or, equivalently,

Herby

5@w9=<1‘ﬁ%zé@z).

—,(0)z 0

One easily checks that S(z,V;) € M5, S(z,V;)™t € M7 _5, where S(2) = z,§ = 0if ¢,(0) > 0
and § = 1 if ¢,(0) < 0. For some o, € Ny we have V; o 0, = ¢ and thus £(V;) o ¥, = ¢°* where
o, and ¥, are connected by (10.5). By Lemma 5.9 and [KW2] we have 9, € Nj for ¢,(0) < 0
and 9, € Ny UN; otherwise.

In the following let ¢, > c_ be the supremum of all numbers ¢ > c¢_ such that V,
is linear. By Lemma 8.5 we know that ¢, < co. Note also that by Theorem 5.7 K(V;) =
R (V), t>c_.

Now we compute ind_R(E(V;)), t > ¢,. For ¢ € [0,7) we set J;, = cote and
oy(2) = S(z,Vi)ocot ¢ (cf. (10.5)). A straightforward calculation yields oy (2) = Wi, ¢,)0dy

where cot ¢y = Cfg)g —— d}ig(o)g and l, € R\{0}, dy, # cot ¢, for ¢ # . Hereby % =

w = ind_oy = ind_K(W(,.¢,)). We choose 1) # 7 such that coti) is not the

exceptional number for £(V;) in Lemma 5.12 and such that cot ¢, is not the exceptional




number for V;. It follows from Lemma 5.12 that ind_&(£(V;)) = ind_E(V;) o cot ¢ and from
Lemma 5.12 and Theorem 1.12.2 that

ind_R&(V;) +ind_oy = ind_K(V;) + ind_K(W(, ¢,)) =

= ind_ﬁ(VtW(lw,(bw)) = iIld_V;W(

Consider the relation z%(V; 0 0y)(2) + cz = (£(V;) o cot ) (z). It follows from ¢ > ¢,, Lemma
5.16 and Proposition 9.1 that £(V;) o cot ¢ is regular at oo if ¢ does not correspond to the
exceptional value of Lemma 5.12. Since £(V;)(0) = I, we see that (£(V;) o cot))(0) # 0
whenever ¢ # 7. It follows from Proposition 9.1 that ind_V; o oy = ind_&(V;) o cot ¢ + 1
for all but at most four excepted values of ¢ in [0, 7). Thus, ind_R(E(V;)) = ind_K(V;) +
W—l, and we showed that ind_(£(V;)) = k+1for ¢, <0, t > ¢, andind_(E(V})) = &
for ¢, > 0, t > ¢,. Since £(V;)ocot ¥ is regular at co and as ind_R(E(V;)) = ind_E(V;) ocot ¢
for almost all values of ¢ in [0, ), Theorem 5.7 shows that K(E(V;)) = R_(E(Vy)), t > ¢,

Now we will show that

Ly op) o dw = ind_‘/; O Ty

E(V)'E(Vy,) € M,

whenever ¢, < t; < t; are such that ¢, (0) and ¢;,(0) are both not zero and have the same sign.
First note that, as £(V;,)'6(Vi,) = S(2, Vi) 'Vi,1,9(2, Vi, ), this matrix function belongs
to My U M;{. Now we show that the domain of the multiplication operator in B(Eg;))
is dense if and only if the domain of the multiplication operator in B(Ey,) is dense. This
follows from Lemma 5.4 and Lemma 10.4, since (with the notation of Lemma 10.4)

Bewy) —1

Asory 4 5 4 (027

If the domain of the multiplication operator is dense in ‘B(Eg(vtl)), it follows from Lemma
5.17 that £(V,,)"'E(V;,) € MJ. If this domain is not dense, let 0 < € < t; — ¢, and define a
new chain (V).

Vi=Vifort <ty —e V=V, Wiy _oforty—e<t<t,

Vi =V, W2V, for t; <t.

Since K(W?) contains no constant function (cf. (10.1)), we easily see that (V);s., € € has
index of negativity x + 1. It is easy to see that for sufficiently small € (¢{,)'(0) and (cf,)’(0)
are both not zero and have the same sign as (¢, )'(0) and (c¢,)'(0), where ¢ is the left lower
entry of V. Corollary 5.14 shows that K(V)) = K_(V}). Now the same argumentation as in
the second paragraph of this proof applied to V¢ shows that (V) is well defined, belongs
to M} s, where § = w, and satisfies R(E(Vy)) = R_(E(VY)). The only thing which
has to be noted additionally is that 22V o g + cz = E(V[) o cot 1 is regular at oo because
of Lemma 5.16 since V = V,, t < t; —e. By Lemma 7.3 we see that the domain of the
multiplication operator in B(Ev ) is dense. As already proved above €(Vi)™'€(Vi5) € Mg.
Since E(ViS)TE(V) = E(V,,) ' E(Vy,), we obtain E(V;,)'E(V,,) € M| in any case.



The function ¢;(0) is continuous and nonincreasing, hence the set (c_, 00) is dev-
ided into three, possibly empty, intervals: namely (c_,T3) ([11, T3], (T3, 00)), where ¢;(0) is
positive (zero, negative). We shall show that 77 > c¢_ and that already 75 = oo, i.e. that
¢;(0) is always nonnegative.

Assume on the contrary that for some t we have ¢,(0) < 0, i.e. Th < oco. We show
that for some numbers to > t; > Ty the space K(E(V;,) 'E(Vi,)) is not one-dimensional.
Since the right factor in the definition of £ is linear in z, an elementary consideration shows
that £(V,)LE(V;,) is linear if and only V, 'V, is linear. Assume on the contrary that for all
ty >ty > Th we have V4, = W,y ), i.e. that the interval [T5, 00) is indivisable in the chain
(V;). Then ¢ is the 1-resolvent of the extension of the multiplication operator determined
by a number ¢ € [0,7). Since ¢* € N, Proposition 9.1 yields that ¢ has a pole at 0 and
we conclude from Lemma 5.12 and Lemma 1.6.4 that ¢ = 0. But then ¢}(0) is constant on
(T3,00). If Ty > —oo, we have a contradiction since ¢, (0) = 0. Otherwise, by Lemma 8.5
we have a contradiction as we assumed ¢ € N, . Hence E(V;,)'E(V,,) is not linear for
some choice of to > t; > T5, and there exists a smallest number sy > T5, sy < oo, such that
Va = Wi—s0), s, t €R, t > 5> 5p. Clearly, ¢, < sg. Assume first 5o = ¢,. As V,, is linear,
as ¢ = Ve, 000, and as we assumed ind_¢* = ind_qg —1, we have ¢(z) = —*, where é =c<0.
This gives V,, = W(%%) and ¢, (0) = —¢, > 0, which contradicts sg = ¢, > T5. If 59 > ¢,
we find numbers t1, ty, max(c,, Ty) < t; < t, such that £(V;,)"1E(V;,) € M} is not linear.
Using v, € Ny we conclude as in in the first part of the proof of Lemma 8.5 that ¢* € N,41,
which again is a contradiction.

If Ty =c_,ie ¢(0) =0 for all t > c_, then V;;, = Wy, 0) for all to >, > c_.
This contradicts Lemma 8.5.

If Ty < oo, then limy »1, t(E(V;)) = co. This follows from the fact that

L0 () = o+

Since Vi 4, = Wity—t, 0y for to > t; > T, we have o, = 0o, t > T} and hence

t—T1

1
tl}%“l E(Vy) o0 = < (1] Cﬁ ) o (lim (V; 0 00)) = 2*(Vg, 0 00)(2) + ¢z = ¢°.

Thus, the chain (V,*) has Weyl coefficient ¢*. If 73 = oo note that for any § € N also the
function of which corresponds to 6 by (10.5) is contained in Ny. Hence, by Lemma 8.2 we
obtain

t—o0

1
lim £(V,) 00 = ( o ) o (lim (V; 0 %)) = g°.

By Remark 8.3 we conclude that t(£(V;)) — oo and that the chain (V,*) has Weyl coefficient
q°.
d

Let ¢ € R be fixed and let



Assume that the numbers
B(1) —icD(1)
A1) — icC(i)

B(i) — icD(i)

R = Rel A(D) = ieC )

), J = Im( ), (10.6)

are finite, i.e. that A(i) —icC(i) # 0, and that J # 0. Then we define a transformation

FW) = ( w5 i )W(z) ( 1_1Z§ _Z(J+R72) ) _

0 1 Z7 I+ Z%
Write . A
FW)(z) = ( A(z) B(2) ) e M
C(z) D(z) w7
then we find
A(s) = (1 = #T)(ALR) = e20() + 25 (B(E) = D),
B(:) = o (o= = T)AG) = eC() + (14 2)(B(:) — e2D(2))),
z) = (1— z?)C(z) + %D(z),
D(2) = —2(J + %)C(z) L0+ %)D@).

Since det F(W) = 1 we know by Lemma 5.10 that F (W) belongs to M} for some v > 0.
Moreover, we see that the functions
R

1
(1-— zj)(A(z) —czC(2)) + zj(B(z) —czD(z))

and
2

S — %)(A(z) _exC(2) + (14 z?)(B(z) _ e2D(2))

are zero at ¢ and —i. Hence F (W) is an entire matrix function.

Lemma 10.8. Let a chain (W})is.. € € with index k of negativity be given and assume
that its Weyl coefficient q belongs to N, and is reqular at oo. Moreover, assume that

o ._ z%—i—l _C’Zz2—1+1 — # _ N.
@i (T T ) oald) = ) - ) € N
Then there exists a number Ty, c— < Ty < 0o, such that W, € dom F fort > Ty. The limit
[* = limy_o t(F(W,)) exists in RU{+o0}. For a certain number ® € [0, ), the chain (W)
defined by
Wirw,y) =F W), t > To,

and, in case [* < 00,
W:: = VVl..W(m_l-’q)), T > l.,



belongs to €, has index k + 1 of negativity and its Weyl coefficient is q°.
Proof : Let

(A(=1i) + 1cC(—=1))(B(i) — icD(1)) — (A1) — icC(i))(B(—i) 4+ icD(—1))

21 '
We see that p, = J;|A(i) — icC(i)|2. Since J; = —Im [(W,; ! o0 ¢2)(i)], a short calculation
using (5.2) shows that p; is nondecreasing. Note that p; # 0 if and only if A(i) —icC(i) # 0
and J; # 0, or equivalently W; € dom F.

Note also that there exists a number Ty > c_ such that p; # 0 for ¢ > T. Assume
the contrary: Then there exists a sequence (t,), t, — 00, such that for each n € N either
Ay, (1) —icCy, (i) = 0 or J,, = 0. We put 7" = oo if Ay, (i) —icCy, (i) = 0 and 7" = —R,,
otherwise, and obtain

Pt =

q(i) = lim (Wy, o 7") (i) = ic,

which is a contradiction since, by Proposition 9.1, ¢* € N1 implies ¢(i) # ic. We choose
Ty minimal with respect to this property.
Whenever F(W;) is defined we have

Fwyoo = F1 TEF Yowion) (10.7

where

0(2)(% — Ri) — (JF + RY)
0(z) + L + R, ’

7(2) = F(2, W) 06(z2) = (10.8)

or, equivalently,

T(2)(Ry + %) + (J2 + R?)
7(2) + (Ry — £) ’

z

0(z) = F(z, W)t or(2) = —

(10.9)

where

_ LR _ lirs
F(Z,Wt):(l 1th Z(Jt—i_‘]’f)).

Z5 1+z%
t

One easily checks that F(z,W;) € M5, F(z,W;)~t € MY 5, where S(z) =z —iand § =0
if J; <0andé =1if J, > 0. For some 7; € Ny we have W; o1y = ¢ and thus F(W;)00; = ¢°
where 7; and 6; are connected by (10.8). By Lemma 5.9 and [KW2] we have 6, € N for
J; > 0 and 6, € Ny UN; otherwise.
Now we compute ind_R&(F (W})). First note that by Theorem 5.7 K(W;) = K_(W}).
For ¢ € [0, 7) we set 0y = cot ¢ and 7y(z) = F(z, W;) ocot ¢ (cf. (10.7)). A straightforward
J?

calculation yields 7, (z) = W, ¢,) 0 dy where cot ¢y, = —R; — wrarr andly € R\ {0}, dy #

cot ¢,. Hereby _Sgn(zl"’)ﬂ = Sgn(‘;t)“ = ind_7y = ind_K(W(, ¢,)). We choose ¢ such that
cot ¢ is not the exceptional number for F(W;) in Lemma 5.12 and such that cot ¢y, is
not the exceptional number for W;. It follows from Lemma 5.12 that ind_&(F(W,;)) =
ind_F(W;) o cot ¢ and from Lemma 5.12 and Theorem 1.12.2 that

ind_&(W,) +ind_7, = ind_&(W,) + ind_R(W, 4,)) =



= il’ld_ﬁ(WtW(lw7¢w)) = ind—WtW(lw,qﬁw o d¢ = iIld_Wt o T

Consider the relation % = (F(Wy) ocot)(z). Since det F(W;)(i) = 1, we see that
F (W) o cotep is analytic at i for all ¢ € [0, 7) with one possible exception. It follows from
Corollary 5.3 and Proposition 9.1 that ind_W; o 7, = ind_F(W;) o cot ¢ for all but at most
three excepted ¢ € [0, 7). Thus, ind_R(F(W;)) = ind_K(W}) +%, and we showed that
ind_R(F(W;)) = k+ 1 for J; > 0 and ind_R(F(W;)) = & for J, < 0. Since F(W;) o cot ¢
is finite at oo (cf. Corollary 5.3) and as ind_R(F(W;)) = ind_F(W;) o cot ¢ for sufficiently
many v € [0, m), Theorem 5.7 shows that &(F(W;)) = R_(F(W;)) and that 1 € P(Erw,)).
Since ¢* € N,,1, we obtain that §, € N if J, < 0.

We show that J; > 0 for t > Tj. Assume the contrary: Since p; is nondecreasing we
have J; < 0 for all t > Tj. Choose ¢ € [0,7), then the function F(W;) o cot ) is contained
in N<,;.. Since 7, € Ny, the right hand side of (10.7) tends to ¢* € N, if t — co. But
this contradicts the fact that a limit of N<, functions belongs to N<,. In the following we
choose Ty minimal with respect to the property that p, > 0 for all ¢t > Tj,.

For ty > t; > Ty we consider F(W;,) "' F(W,,). First note that F(W;,) ' F(W,,) =
F(z, W) "Wy, F(2,W,,) € M} U M]. Since

Braw,)(2) (Jt J? 1 ']t2

Rt ) - 9
Az (2) 2oL LR b up
Wi

(10.10)

it follows from Lemma 10.4, that the domain of the multiplication operator in P(Eramy,)) is
dense if and only if the domain of the multiplication operator in B(Ew,) is dense. If this
happens, it follows from Lemma 5.17 that F(W;,)"'\F(W,,) € M{. If the domain of the
multiplication operator is not dense, the same considerations introducing Wy as in the proof
of Lemma 10.5 show that F(W;, ) ' F(W,,) € M}. An elementary calculation yields that
F(Wiye,) # I for ty > t1 > Ty, hence t(F(Wy,,)) is strictly increasing.

If I* = limy—, oo ((F(W3)) = o0, the c_hain Wirwy = (FW)), t > To, is contained
in ¢ and has index k + 1. Put 7(2) = u € R, and let 0,, = F(z, W;)™! o u be the function
corresponding to 7 in (10.9). As J; > 0 the function 6, ; belongs to Ny. By Lemma 8.2 the
Weyl coefficient of the chain (W) is ¢°.

Now consider the case that [* < co. In the same way as in Lemma 10.5 we extend
We by continuity to x = [*. Since 6, € N for t > T, and since ¢* € N1, we see that
Wpe € M,;1. We have to construct the number ® € [0,7) which has to be used in the
definition of W2, = > [*. Consider the relation

(Hm (W, 0o u)(2) — c2)

Z2 —|—1 t—o0

q"(2) =

for u* € R. Since the corresponding functions 6,:; are contained in Ny and N is compact
with respect to locally uniform convergence on C \ R, we find for each sequence (s;)nen;,
s, > T, tending to oo a subsequence (t,)nen tending to oo such that 6y ¢, (2) converges to
some function 6 € N. It follows that

¢°(z) = (lim (W 0 u')(2) = cz) = lim (F(Wy,) 0 Oyen y,)(2) = (Wi 0 0)(2).

22 41 t—oo n—00



In this equation the left side does not depend on (s,),en and not on the family (u')isr,.
Hence 6 is independent from the sequence (s, )nen and from the family (u')s~7,. This shows
that the limit

Jin =0,

exists locally uniformly and does not depend on (u');~r,. If |R; + iJ;| tends to infinity, we
see from the definition of 6,; (cf. (10.9)) that # = co. Otherwise there is a sequence (%, )nen,
t, > Tp, tending to infinity such that R, + iJ;, converges to a certain limit R + i¢.JJ. Now
we set u’ = 0o and obtain that 6(z) = —R — £. Setting u' = —R, we get §(z) = —R + Jz.
Thus J =0 and § = —R.

In either case let ® € [0,7) be such that cot ® := 6 and consider the chain (W?)
defined in the assertion of the lemma. Since the relation

Weol=Wpol=q", v>I (10.11)

holds, we have ind_K(W?) > k + 1. In any case ind_R(WW?) < k + 1 and we conclude that
(W2) € € and has index k + 1 of negativity. The relation (10.11) shows that the Weyl
coefficient of (W2) is ¢°.

d

In the sequel we consider the inverse transformation of F. Let

and define

~—

ro= Re(m), Jj= _Im(ﬁ%

if ¢(i) # 0. If additionally j # 0 we define a transformation

D(V) = ( (1) ch )V(z) ( L+57 (Jlth)Z ) .

= 7 ;

i d(i)

Since det D(V)(z) = 1 we know by Lemma 5.10 that D(V') belongs to M., for some v > 0.
As for F we see that D(V') is an entire matrix function.

Lemma 10.9. The transformations F and D are inverses of each other in the sense that
DF(W)=W (FD(W) =W ) whenever W € domF (W € domD).
Proof : Let ¢ € R be given and let

W(z) = ( éﬁg 58 ) ’

be such that R and J as defined in (10.6) are finite and J # 0. Put



Using the relation (10.10) we find

r= Re(%):R, j=—1m<@>=l

hence F(W) € domD and a computation will prove that D(F(W)) = W. If W € domD
and we put

we obtain that
b(i) — icd(i)
a(i) —ice()
hence D(W) € dom F. It follows from the already proved that DFD(W) = D(W) and since
clearly D is injective we find F(D(W)) = W.

=7+

O

Lemma 10.10. Let a chain (V;)i~._ € € with index K+ 1, k > 0, of negativity be given,
assume that its Weyl coefficient q belongs to N1 and is such that the limit lim,_, ,  yq(iy)
exists. Let ¢ € R be the unique number such that

*(z) = (z+1)(z —1i)q(z) + ¢z

is reqular at oo and assume that ¢® € N,,. Then there exists a number T}, c— < T} < o0,
such that Wy € domD if and only if c. <t <Ty. The chain

Viioony) ==DW), t <Th,

belongs to €, has index k of negativity and its Weyl coefficient is q°.
Proof : Let

dt(l)ct('l) — Ct('l)dt('l)
21 '
We see that q; = j;|ci(7)]?. Since for t, > #; (cf. (1.12.3))

qt ‘= —

~Qt, = =i, + ( en (1) dy (i) ) Hy,,, (z',i)( Zl((g ) (10.12)

¢; is nonincreasing. Note that ¢, # 0 if and only if ¢;(i) # 0 and j; # 0, or equivalently
V, € dom F.
Whenever D(V}) is defined the following relation holds:

1

?ﬁ)owwax

z241

1 cz

Da@oﬁz(o

where

, (10.13)



or, equivalently,

Herby
- (5 415

One easily checks that R(z,V;) € M3, R(z,V;)~! € MY 5, where S(z) = z — i
and 6 = 0if j; > 0and 6 = 1 if j; < 0. For some o, € Ny we have V; o 0, = ¢ and thus
D(V;) o ¥y = ¢* where o, and v; are connected by (10.13). By Lemma 5.9 and [KW2] we
have ¥, € Ny for j, < 0 and ¥, € Ny UN; otherwise.

In the following let ¢, > c¢_ be the supremum of all numbers t > ¢_ such that V;
is linear. By Lemma 8.5 we know that ¢, < oo. Note also that by Theorem 5.7 K(V;) =
R (Vy), t>c_.

Now we compute ind_K(D(V})), t > ¢,. For ¢ € [0,7) we set ¥, = cote and
oy(z) = R(z,V;)ocot ¥ (cf.(10.5)). A straightforward calculation yields oy (2) = W, 4,)0dy

where cot ¢y, = —% and [, € R\ {0}, dy # cot ¢. Hereby _sgngw)ﬂ = _Sgngjt)“ -
ind_oy = ind_K(W(,¢,)). We choose 1) such that coti) is not the exceptional number
for D(V;) in Lemma 5.12 and such that cot ¢, is not the exceptional number for V;. It
follows from Lemma 5.12 that ind_RK(D(D;)) = ind_D(V};) ocot ¢ and from Lemma 5.12 and

Theorem 1.12.2 that

ind_R&(V;) +ind_oy = ind_K(V;) + ind_K(W(, ¢,)) =

= ind_ﬁ(VtW(lw,(m)) = iIld_V;W(

Consider the relation (2% + 1)(V; 0 0,)(2) + cz = (D(V;) o cot¢)(z). Tt follows from ¢ > ¢,
Lemma 5.16 and Proposition 9.1 that D(V}) o cot ¢ is regular at oo if ¢ does not correspond
to the exceptional value of Lemma 5.16. Since det D(V;)(i) = 1, we see that (D(V;) o
cot ) (i) # 0 for all ¢ € [0, 7) with one possible exception. It follows from Proposition 9.1
that ind_V,o0, = ind_D(V;) ocot ¢ +1 for all but at most four excepted values of ¢ in [0, 7).
Thus, ind_R(D(V;)) = ind_&(V;) + % — 1, and we showed that ind_(D(V})) = r+ 1
for j, <0, t > ¢, and ind_(D(V;)) = & for j; > 0, t > ¢,. Since D(V;) o cot ¢ is regular at
oo and as ind_R(D(V;)) = ind_D(V}) o cot ¢ for almost all values of ¢ in [0, 7), Theorem 5.7
shows that R(D(V;)) = K- (D(W)), t > ¢,.
Now we show that

Ly op) o dw = ind_‘/; O Ty

D(Vi,)"'D(Vy,) € My,

whenever ¢, < t; <ty are such that ¢, and ¢, are both not zero and have the same sign.
First note that, as D(V;,)'D(V,,) = R(z,V;,) " 'V,,, R(2,V;,), this matrix function belongs
to M{U M. As

Bown) _ g, 1 g
Apwyy(2)




the domain of the multiplication operator in P(Ep(y;)) is dense if and only if the domain of
the multiplication operator in B(Ey,) is dense (cf. Lemma 10.4). If this happens, it follows
from Lemma 5.17 that D(V;,)~'D(V,,) € M}. If the domain of the multiplication operator
is not dense, the same considerations introducing V,© as in the proof of Lemma 10.7 show
that D(V;,)"'D(V,,) € M}. An elementary calculation shows that D(V;,,) # I for ty > 4,
hence t(D(V,,,)) is strictly increasing.

The function ¢, is continuous and nonincreasing, hence the set (c_, 00) is devided
into three, possibly empty, intervals: namely (c_,T1) ([T1, T3], (T2, 00)), where g, is positive
(zero, negative). We shall show that 77 > ¢_ and that already T = oo, i.e. that ¢, is always
nonnegative.

Now assume that for some t we have ¢; # 0 and j; < 0, i.e. Ty < co. We show that
for each t; > T there is some numbers ¢, > t; such that the space &(D(V;, ) 'D(V},)) is not
one-dimensional. Since the right factor in the definition of D is linear in 2, an elementary
consideration shows that D(V;,)~*D(V,,) is linear if and only V;'V;, is linear. Assume on
the contrary that there is a ¢; > T5 such that for all #, > #; we have Vj,;, = Wi, ¢
i.e. that the interval [t;,00) is indivisable in the chain (V;). Then ¢ is the 1-resolvent of
the extension of the multiplication operator determined by a ¢ € [0,7). Since ¢* € N,
Proposition 9.1 yields that ¢ has a pole at ¢ and we conclude from Lemma 5.12 and Lemma
[.6.4 that 28 = —cot ¢ € R. Since we assumed j; < 0, this is impossible. We obtained, in
particular, that there is a number ¢; > max(Ty, ¢,) such that £(V;,)"*€(V4,) is not linear for
some choice of t5 > t; and belongs to ./\/l(l]. Using 9; € Ny in the case j; < 0 we conclude as
in the first part of the proof of Lemma 8.5 that ¢* € N1, which is a contradiction again.

To prove T} > c_ note that if ¢, = 0 for two numbers t = t1,t, with ¢t; < t5 then
it follows from (10.12) and from (I.8.2) that V},,, is of the form W,_¢, o). Thus, if we had
Ty = c_, Lemma 8.5 would we violated for the chain (V})isc_-

We show that lim; »7, ¢(D(V;)) = oo. Consider first the case that 77 = oo. Let ¢ €
No, t < T and denote by ¢! the function corresponding to 9 by (10.13). Since R(t,z) € My
if j; > 0, we have o' € Ny. Hence the limit

_1
z12+1 ) o (V;t o O't) — qo

2241

lim D(V;) o ) = ( b
t—00 0
does not depend on . By Remark 8.3 we have t(D(V};)) — oo. Moreover, we see that the
chain (V;*) has Weyl coefficient ¢°.

Now consider the case that 77 < co. An elementary calculation yields ¢((D(V;)) =
jlt + J: + ;—tj If there is a monotone sequence (t,)nen such that ¢, T} and j,, — 0, then we
conclude from this formula for ¢(D(V;)) and from the fact that t(D(V;)) is increasing that
t(D(V;)) — oo. If there is no such sequence, we obtain j, > € for a fixed € > 0, and from the
continuity of j; at points where ¢,(i) # 0 that cp, (i) = 0. Hence r2 + j2 = |2

Ct(i)
t /" Ty. Since (D(V;)) = T’%JE + jit, we obtain again t(D(V;)) — oc.
Since by the same argument as above V;;, = Wi,y ) for to > ¢ > T with some

dry (7)
_CTi (@)

which coincides with —r, if cot ¢ # co. Now for ¢ < T} set 9 = —ry and let o' = R(t, z) 0.

|? — oo as

fixed ¢ € [0,7), we have o, = cot ¢, t > T). As g has a pole at i, we obtain cot ¢ =



Then o' = —ry + jiz belongs to Ny. If cot ¢ # oo, we see that 0! — —rp as ¢t 7 T} for
z € C\ R. If cot ¢ = 0o, we see that |o?(z)| — oo at least for z € iRT. In any case we have
for z € iR™, cot p # o0

. " (1 c,zzz—lJrl . ‘ _
Jim () o)) = T ) o (lim (Vo) (2) -

= (22 4+ 1)(V, o cot ) (2) + cz = ¢°(2).
Hence, we again see that the chain (V,*) has Weyl coefficient ¢°.
We conclude that the chain (V,*) is contained in € has index x of negativity and its
Weyl coefficient is ¢°.
|

11 Proof of the converse theorem

In this section we complete the proof of Theorem 8.7 by carrying out the induction step.
Assume that Theorem 8.7 has already been proved for the index x of negativity and
let a function ¢ € N, 1 be given. By Lemma 5.5 there exists a number ¢; > 0 such that

1

0(z) = _q(z) + 1z

is finite at oo, contained in N1 and lim, o ¢1(iy) = 0. If ¢(2) is not regular at oo we
can choose ¢; = 0. Otherwise we can choose ¢; > 0; note that then lim, .., yg:(iy) = é By
Proposition 9.1 there exist numbers a € CT UR and ¢ € R such that the function

(z—a)(z—a)q(z) +cz

is regular at oo and contained in N,.. We distinguish the cases that o € R or v € CT.

Case 1, a € R: Define functions ¢2(2) := ¢1(2+a) and g3(z) := 2%q2(2)+cz. Then g2 € N, 41
and g3 is regular at oo and contained in N,. By the inductive hypothesis there exists a chain
(W) € € such that the Weyl coefficient of (W;) is ¢3. By Lemma 10.5 we may apply the
transformation 7 and obtain a chain (WW2) € € whose Weyl coefficient is ¢» and which has
index k + 1 of negativity. By Lemma 10.2 the chain (7 ~*(W2),) has the Weyl coefficient ¢,
and index of negativity x + 1. If ¢ is not regular at co, we have ¢; = 0 and Lemma 10.1 and
Lemma 10.2 show that the chain

(V2) i=T(T*(W2)r)

is contained in €, has index x + 1 of negativity and its Weyl coefficient is ¢. If ¢ is regular
at oo, note first that by Lemma 5.16
1

Z[]‘? 1]31?(E7—a(w;.)5) = yh—>r20 yQ1(7’y) = 0_17



for sufficiently large s (cf. Lemma 8.5). Since P(Er-aaws,),) is isometrically isomorphical
to R(7~*(W2)s), and this space is isometrically isomorphical to R(—J7 ~*(WS)sJ) we see
that [1, 1]‘43(E77a(w°,)5) = [(1,0)T, (l,O)T]_JTw(Wt-.)SJ. Hence by Lemma 10.1, Lemma 10.2
and Lemma 10.3 the chain

(V2) = (T T(T(W)s)r)

is contained in €, has index x + 1 of negativity and its Weyl coefficient is q.

To prove uniqueness assume that a chain (V,) € € is given such that the Weyl
coefficient of (V}) is ¢ and the index of negativity of (V,) is x 4+ 1. Consider the same
functions ¢, ¢» and ¢3 as above. Then by Lemma 10.3, Lemma 10.1, Lemma 10.2 and
Lemma 10.7 the chain

(W) o= (E(T (T Ter2(Vi)s)ee)1)
is contained in €, has index x of negativity and Weyl coefficient ¢3. By the inductive
hypothesis we have (W,) = (W,), hence using the fact that all used transformations are

bijections (of their respective domains) we obtain V, = V..

Case 2, a € C*: Define a function ¢2(2) := ¢:(zIma + Rea), then ¢3(2) := (2 —i)(z +
i)q2(z) + cz is regular at oo and contained in N,. The same argument as in the first case
but using the transformation

(V;’) = (7—012(7}7—&30‘(7 1 (f(Wt)t')s')s)r)

Im o

yields existence of a chain in € with Weyl coefficient ¢ and index x4+ 1 of negativity. Unique-
ness is proved similar as in Case 1.

The proof of Theorem 8.7 is now complete.

Note that the uniqueness statement of Theorem 8.7 can be slightly strengthened:

Corollary 11.1. Assume that W € ML and 7 € N, are given and that ¢ .= Wot € N,4,.
Let (Wy)isc_ be the unique chain in € which has Weyl coefficient ¢ and continue this chain
downwards. Then W = W, for some t.

Proof : Let (M;) be the unique chain in € with index v of negativity which has 7 as its Weyl
coefficient, and consider the chain (WM;). Since lim; ..o WM; 0o a = q¢ € Nyy, My € M}
and W € M}, for sufficiently large ¢ we must have WM, € M}, . After an appropriate
reparametrization we have (WM;) € €, hence WM, = W,. Fix t;, and continue the chain

(W) downwards from Wy,. By (vi) of Theorem 7.1 we have W = W, for some t.
d

As another corollary of Theorem 8.7 we prove a version of the ordering theorem Proposition
[.11.3 for dB-Pontryagin spaces which are isometrically contained in a space I1(¢).

Corollary 11.2. Let ¢ € F and assume that oo & o(¢). Moreover, let P = P(E1) and
PBo = P(FE2) be dB-Pontryagin spaces, such that

I, Bi — H(¢)
a '{F(z) — F(2)(z — %)



is an isometry of P, into 11(¢p). Then either P C Po or Pa C Py
Proof : By Corollary 6.3 there exist matrices W; € M} | k; = ind_9B(E;), and functions
7, € N, vi = ind_II(¢) — k;, such that

1 t — Rezg
W = W. =¢- — t— 2% ).
1071 20Ty = ¢ <(t—z |t_20|2)‘ ZO‘)
Without loss of generality we may assume that W;(0) = W5(0) = 1. By Corollary 11.1
there exists either a matrix Wi,y € M}@z_m with Wy = W Wi, or a matrix Wy, € ./\/l}ﬁ_,‘€2

with W, = W5Ws,. Since both spaces 1 and B, are contained isometrically in II(¢), the
assertion follows from Theorem 1.12.2 and Proposition 1.13.5.
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