PONTRYAGIN SPACES OF ENTIRE FUNCTIONS I

M.KALTENBACK, HWORACEK

We give a generalization of L.de Branges theory of Hilbert spaces of entire functions
to the Pontryagin space setting. The aim of this - first - part is to provide some
basic results and to investigate subspaces of Pontryagin spaces of entire functions.
Our method makes strong use of L.de Branges’s results and of the extension theory of
symmetric operators as developed by M.G.Krein.

1 Introduction

In [dB1}-[dB6] L. de Branges developed a theory of Hilbert spaces B3, which consist of entire
functions and satisfy certain additional axioms:

(i) B is a reproducing kernel space.

(7)) The mapping F(z) — F(Z) is an (antilinear) isometry of P onto itself.

(i) If € P, w € C\R, and F(w) = 0, then F(2)2=2 € P and has the same norm as

If B satisfies these axioms we shall speak of a dB-Hilbert space. A main subject of the theory
of such spaces is to determine those subspaces of a given dB-Hilbert space, or more general
those subspaces of a given space L*(p), which are again dB-Hilbert spaces. L. de Branges
proved that these subspaces (satisfying a certain additional condition) form a chain with
respect to inclusion. The spaces belonging to this chain are related by an integral equation,
or equivalently by a so-called canonical system of differential equations.

An example for such a situation can be obtained by using the theorem of Payley
and Wiener describing the Fourier transforms of L?(IR) functions with compact support. The
Payley-Wiener space B,, 0 < a < oo, is the space of all entire functions F' of exponential
type at most a such that F|g € L*(R), endowed with the L*(R)-norm. The chain (PB4 )ae(0,00)
of subspaces of L?(R) is exactly the chain of subspaces in the above described sense.

The mentioned results find various applications, for example in the solution of
inverse spectral problems and related questions (see e.g. [DK], [KL4], [KL5], [W]).

Independently, M.G.Krein developed a theory of entire operators (see e.g. [K2],
[K3], [K6], [GG]) and studied their selfadjoint extensions. Such operators play, besides their



theoretical interest, an important role in various classical problems (compare e.g. [K1], [K4]).
For example the continuation problem of a positive definite function on a finite interval gives
rise to an entire operator.

It turns out that there exists an intimate connection between these two theories.
In fact, an entire operator can be represented as the operator of multiplication by the in-
dependent variable in a conveniently chosen dB-Hilbert space. Under a certain additional
condition also the converse is true. Moreover, so called transfer matrices, which play a vital
role in the theory of dB-subspaces, have been identified as resolvent matrices in the sense of
[KL3] or [KW].

The present paper is concerned with a generalization of L.de Branges’s theory to
indefinite inner product spaces. More precisely, we consider inner product spaces ‘I3, con-
sisting of entire functions, such that the isotropic part 3° of 8 has finite dimension, 93 /3°
is a Pontryagin space and which satisfy additional axioms similar to (i)-(%i). Some basic
results concerning such dB-spaces are given and subspaces of a given dB-space which are
themselves dB-spaces are studied. In particular, we obtain that the dB-subspaces form a
chain and are connected by transfer matrices.

Although our presentation is based on [dB1]-[dB6] and [dB7], the proofs rely in many
cases on the above mentioned connection with M.G.Krein’s theory and on results given in
an operator theoretic context concerning selfadjoint extensions of symmetric operators.
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The preliminary Section 2 contains some results concerning Nevanlinna functions which are
derived from their well known integral representation (compare [KL2]). The rest of the paper
splits into three parts.

In Sections 3-7 we develop a basic theory of dB-spaces, and study the operator S
of multiplication by the independent variable in such spaces. Section 3 contains the proper
definition of a dB-space, and it is shown that for each dB-space P there exists a positive



definite inner product on the same set of entire functions which turns ‘P into a dB-Hilbert
space. This allows us to use the results given in [dB1]-[dB6]. In Section 5 we show that,
similar as in the Hilbert space case, a nondegenerated dB-space is determined by a single
entire function F(z) with specific properties. Also the converse result holds. Sections 4 and
6 deal with the operator S and its extensions, in particular with its selfadjoint extensions.
The extensions of S correspond to certain entire functions, the so-called associated functions.
We determine those associated functions which correspond to selfadjoint extensions of S and
compute the respective Q-functions. Finally, in Section 7, we discuss decompositions of a
(nondegenerated) dB-space, which relate to the spectral decomposition of such a Q-function.
This result gives an analogue to the notion of a phase function in [dB7].

The Sections 8 and 9 deal with matrix functions which satisfy a certain kernel
relation. In these sections results concerning resolvent matrices come into play. Via the so-
called Potapov-Ginzburg transformation, spectral properties of matrix Nevanlinna functions
are used to obtain results on the structure of the reproducing kernel space generated by
the above mentioned matrix kernel. In Section 10 these results are applied to obtain a
characterization of associated functions. In this context there occurs the notion of generalized
elements or triplet spaces in the sense of [KW].

Sections 11-13 are devoted to the study of subspaces of a given dB-space. First
we collect some basic results which follow from [dB7]. The main subject of Section 11 is
to show that only finitely many members of the (unique) chain of subspaces of a given
dB-space can be degenerated. In Sections 12 and 13 transfer matrices of nondegenerated
subspaces of a dB-space are investigated. The existence and uniqueness of such matrices and
their factorizations is essential for the construction of the canonical system (of differential
equations) connected with the chain of subspaces.

Concerning the theory of inner product spaces we use the notation and results of
[IKL] (or [B]), concerning symmetric and selfadjoint operators (or relations) we use [DS1]
and [L]. Our standard reference for the theory of Hilbert spaces of entire functions is [dB7].
The results on resolvent matrices and generalized elements are taken from [KW] (compare
also [KL3]). We also use the notion of reproducing kernel Pontryagin spaces and some results
which can be found in [ADSR1] (see also [dBS8|, [ADSR2]|, [ADSR3]).

It will be the subject of a forthcoming note to study the subspaces of L?*(u) (un-
derstood in a certain distributional sense), the canonical system of differential equations
associated with a chain of subspaces and to give some applications.

2 Some results on Nevanlinna functions

In this preliminary section we give some results concerning Nevanlinna functions, which will
be useful later. First let us recall the notion of a Nevanlinna function.

Definition 2.1. An n xn-matrix valued function @, which is analytic in an open set O # (),
is said to be element of the Nevanlinna class N if Q(z) = Q(z)*, whenever 2,z € O, and



if the kernel

Q(z) — Q(w)"

No(z,w) = po—— , z,w € O,

has k negative squares.

It is well known that () can be continued analytically to its maximal domain of
holomorphy p(Q) which contains C\ R with a possible exception of a finite number of
points.

For abbreviation we write N, instead of A/!*!. The reproducing kernel Pontryagin
space generated by the kernel Ny, for a Nevanlinna function @) (compare [ABDS1]) is denoted
by R(Q).

It has been proved in [KL2] that a function (), meromorphic in C*, which belongs
to N, allows an integral representation:

Q(z) = / (t — - ny ) @(t)(1+ t*)do(t) + Ro(2)+

j=0

—i—ZR P +Z<Tk Z—lﬁk)_'_Tk(z—lﬁk)#) (2.1)

Here r >0, s >0, o, ...,a, € R are the so called critical points of @ and (,...,3, € C*.
The function ¢ is a nondecreasing bounded function on R, and is continuous from the left.
The function ¢(t) is given by

T (L4127
— 2\ po (
ot =+ [ G
7j=1
where p;, 7 =1,...,r, is the order of the critical point a;, and py is the order of the point
oo as a critical point of (). Moreover, Ry and R;, j = 1,...,r, are polynomials with real

coeflicients, of degree < 2py + 1 and < 2p;, respectively, and R;(0) =0, j =1,...,r. T} are
polynomials with 7 (0) = 0. The expressions S;(¢, z) are given by

2p;

5;’(75>Z)=—Z:M j=1...m

i1 (z — )

po+1

(14 22)!
So(t,2) = (t+ 2 RS A
and x; is the characteristic function of U;, where Uy, U;, j = 1,...,r, are pairwise disjoint

neighbourghoods of co and «;, respectively. If deg Ty = 7y, it is proved in [KL2] that

ij +Z7‘k = K. (2.2)
=0 k=1

We may assume that, if p; > 0 or py > 0,

/-Z % =0, /_Z t2do(t) = oo.



We shall use this integral representation to prove the following results.

Proposition 2.2. Assume that Q1 and Qo are meromorphic functions in CT which allow
a continuous extension to R, and that Q1 € N, Q2 € Ny,. If ImQy(z) = Im Qo(z) for
r € R, we have

s1 1
CREICEDS (Bl + T =) -
> 1 1
R ; (T2,k(z - ﬁz,k) " TM(Z - ﬁzk)#) ok,

where p(z) is a polynomial with real coefficients, and

S1 Ss2
degp(z) < 2max {/ﬁ — Z deg Ty (%), ko — Z deg TM(z)} + 1. (2.3)

k=1 k=1

Proof : Consider the integral representation (2.1) of @; (Q2). The terms involving R g
(Rap) and T’y (Tyy) are analytic on R and assume there real values. Hence we only need
to consider the integral terms and the terms involving Ry ; (R2;), j > 1.

Let aq,...,a, € R be those points which are critical points either for ()5 or for Q)s,
and denote by py ;, p2,; the respective orders. Note that if o is critical, say for ¢); but not
for @2, we put py; = 0. Choose pairwise disjoint right open intervals U;, 7 = 1,...,r, such
that U; contains ¢ in its interior. Moreover, let Uy := R\ [N, N) where N is sufficiently
large in order that U; N Uy = 0 for all j. Denote by x;, j = 0,1,...,r, the characteristic
function of the set Uj.

The, for our purposes, essential terms in the integral representation of ()1 (Q2) are

fi(z) = /_OO < L X (1) S1;(t, Z)) @1(t)(1 + t*)doy (t)+

t—=z

. 1
+ZR1J(QJ_ — Z)’
j=1

fa(z) = /_OO ( : > X (1)Sa(t, Z)) pa(t)(1 + %) dors(t)+

. t—z A4
7=0
+§T:sz(L>.
‘= Yoy —z

Consider a critical point ;. We show that p; ; = pe ;. Without loss of generality assume
that p;; > po; and that for sufficiently small § > 0

/’Cl(j+5 dO’l (t)
72 =0
Ozj—5 (t - a])



If we put Fi(2) := (2 — ;)% f1(2) and Fy(z2) := (2 — ;)?27 f5(z), we have by [KL2]

R = [ 060 + 0= O (D) - a5 P01+ P ()+

t
Z 2p1] E le 7
j— Z

and

)= [ <xj<t>%z (1= Xz D)t = ) a(t) (1 + E)dora(t)+

2P2
JZRM ,_Z,

where 1 (1)2) collect all expressions which occur for ¢t ¢ U;. The last sum in the expressions
Fy, F, is analytic at «;. Applying twice the Stieltjes-Livsic inversion formula (see [GG]), we
obtain for a,b € U;, a < b

b 1 b
/ (t = ;)00 () (1 + 2)dor () = lim ~ | Tm Fy(u — ie)du —

eNo0 T

I I
- _/ w?Pri Tm fi(u)du = = / w2Pri=r25) I (u2”2’jf2(u))du =
T a ™ a

1/t
= lim — [ (u—ig)*Pri=r2i) Im Fy(u — ie)du =
eNom /,

b
- / 201502 (1 — 0,22 0y (£)(1 + £2)doa 2).

If p1; > p2j, we obtain for sufficiently small 6 > 0 that faﬁ& dor (¢ ))2 < 00, a contradiction.
Hence py; = pa ;.

A similar argument yields p; o = p2,0. Hence the integrands in the representation of
F} and F5 are the same and we find, again appealing to the Stieltjes-Livsic inversion formula,
that dO’l (t) = dO’Q(t)

The relation (2.3) follows from (2.2).

Corollary 2.3. Let Q € N¥** for k =1 or k = 2 be given. Assume that Q is analytic
in CT, has a continuous extension to R, and satisfies Im Q(x) =0 for z € R. Then Q is a
polynomial of degree at most 2k + 1.

Proof : For scalar functions the assertion follows immediately from Proposition 2.2. If
Q € N2*2 consider the scalar functions a*Q(z)a with the vectors

=) (1) () (1)



Since by the already proved each of the scalar functions a*Q(z)a is a polynomial, also Q(z)
itself must be a polynomial.

O

Recall that a scalar function which is meromorphic in a certain region O, is said to be of
bounded type (or bounded characteristic) if it can be written as quotient of two functions,
which are analytic and bounded in O (compare e.g. [H]). It is well known (and follows
immediately from some considerations in [dB7]) that for a function @ which is of bounded
type in C* and has only finitely many singularities, we have
lo '
—oo <mt @ := limsupM < 00
y—oo

We will refer to this number as the mean type of . Clearly a rational function is of bounded
type in C* and has mean type 0.

Proposition 2.4. If Q € N,, then Q is of bounded type in C* and mt QQ = 0.

Proof : Consider the integral in (2.1), and split it into the summands where integrations
runs through Uj, j = 1,...,r, Uy and the remaining part of the real axis. The formula (2.1),
together with [GG], imply that @ is of bounded type in C* and that mt @ < 0. Since with
Q also —% belongs to N, we find mt Q = 0.

O

3 de Branges spaces of entire functions

In this section we introduce certain inner product spaces whose elements are entire functions.
This generalizes the construction of [dB7].

Let (3, (.,.)) be a Hilbert space whose elements are entire functions, and assume
that for each w € C there exists a number v, > 0, such that

[F(w)| < vl FIl, F e, (3.1)

i.e. assume that (B, (.,.)) is a reproducing kernel Hilbert space. Moreover, let G be a self-
adjoint operator on 3, such that for some € > 0 the set 0(G) N (—o0,€) consists only of a
finite number of eigenvalues of finite multiplicity. If we endow 3 with the new inner product
[.,.] :=(G.,.), the space (I3, ., .]) has the following properties:

(i) The isotropic part ° of P is finite dimensional.
(7i) The factor space J3/P° is a Pontryagin space.

The condition (3.1) shows that, if 0 ¢ o(G), the space (B,[.,.]) is a reproducing kernel
Pontryagin space, i.e. there exist elements K (w,z) € P, w € C, such that

F(w) =[F(z), K(w,2)], F €B.



In the following denote by F# the function F'#(z) := F(z). A function F with F' = F¥ is
called real. Note that any function F' can be decomposed into its "real-” and ”imaginary-"

part by
# _ #
F:<F+2F )—Z<ZF 2F ) (3.2)

Definition 3.1. Consider the space (B, [.,.]), where [.,.] = (G.,.) is subject to the above
conditions. Then (B, [.,.]) is called a de Branges inner product space (dB-space), if it satisfies
the following axioms:

(i) If F € B, then F'# € B. Moreover,

[F# G*] = |G, F], F,G €. (3.3)

(i) If w e C\ R and F € B, F(w) = 0, then the function 22 F'(z) is also contained in .
Moreover, if F,G € B, F(w) =0, G(w) = 0, then

TURE).G) = (F (),

Z—w "2 —w

[

G(2)]. (3.4)

If0¢&o(G) (G>0) we call (B,[.,.]) adB-Pontryagin (dB-Hilbert) space.
Our first aim is to show that to each dB-space there corresponds in a natural way

a dB-Hilbert space. This allows us, up to a certain extend, to use the theory developed in
[dB7].

Lemma 3.2. Let (B, (.,.)) be given, let G and G, be subject to the above conditions and
assume that (B, (G.,.)) is a dB-space. Then (B, (Gi.,.)) is a dB-space if and only if (5.3)
and (8.4) hold with G replaced by T := G, — G.

Proof : If F,G € B, we have

(GF,G) = (GF,G)+ (TF,QG).

Since G satisfies (3.3) and (3.4), the assertion follows.

Theorem 3.3. Let (B, (G.,.)) be a dB-space. Then there exists a finite rank perturbation
G1 of G, such that (B, (G1.,.)) is a dB-Hilbert space.

Proof : Denote by K'(w, z) € B the reproducing kernel of the Hilbert space (B, (.,.)). Let
{t1,t2,...} C R be a sequence which has a finite accumulation point. Since P consists of
entire functions, the linear subspace

£ :=span{K'(t;,2)]i = 1,2,...}

is dense in ‘P.



According to the spectral decomposition (FE})cr of G we write G = G, — G_ where
G- = —E_,09 and G, := E)G. It follows from our assumption on G that Q+\E(Om)m >
> 0 and that G_ is finite dimensional. Note that G_ > 0, hence we may write (n =

dim E(—oo,O}m):
Z)\ .€5)€e;,

where 0 < A\ < ... <\, (e;,e;) =0 for ¢ 7&] and (e;, ;) = 1. We set

n n

G = L+ M)y =1+ M) D ey

j=1 j=1
Then clearly g_|E(7oo,o}‘J3 >> g_‘E(ioo’O]s,p > 0 and hence G, + G~ >> 0. Since £ is dense in P
there exist, for arbitrary € > 0, elements fi,..., f, € £, such that with

n

ge = (1 + >‘n> Z(v fj)fj

j=1

we have |G~ — G.|| < e. For sufficiently small € we obtain
0k g++g_ —2<g_ _ge) :g+_g_+2g€ <

<G:—0G +2G. =0 +2G..

This implies that the hermitian form (., .)y := ((G 4+ 2G.)., .) is positive definite and topolog-
ically equivalent to (.,.).
Now let t1,...,t, be such that fi,..., f, € span{K'(t1,z2),..., K'(t;m, 2)}, then we

can write

= Z,uiK'(tk,z),j =1,...,n.

Define a hermitian form (.,.); on P by

m

(F.G) = [F,G]+C>_F(t,)G(t), F.G P

k=1

with C'=2(1+A,) 377, DL, |12 We calculate for F € P

(£, F)o = [F, F]+2(1 +)\")Z Z MiM{(K,(tkaZ%F)(Fa K,(tlaz)) =
=1 k=1
= [F,F]+2(1+\,) P Pt F(t) <
J=1 k=1

< EFI+2(14 M) ZZM\ Z to)l?) = (F, F)1,

7=1 k=1



Hence (.,.); is a positive definite inner product on 8 which is equivalent to (.,.). Moreover,
we find (.,.); = (G1.,.) with the finite rank perturbation

Gii=G+C> (. K'(ty,2)K'(t, 2)
k=1

of G.
Let F,G € B, then F#(t;)G#(t;) = G(t;)F(t;). Moreover, if F(w) =0 and G(w) =
0, then
T ()G = Pl e G()

By Lemma 3.2 the space (B, (.,.)1) is a dB-Hilbert space.

4 The operator of multiplication by the independent
variable

If a function F' is analytic or has an isolated singularity at a point w € C, we denote by
Ord, F' € Z U {£oo} the order of w as a zero (minus the order of w as a pole) of F'. More
precisely, if F' has the Laurent expansion

F(z) = Zan(z —w)"
nez
at w, then Ord, F' := inf{n € Z|a, # 0}. We have Ord,F' = +o0 if and only if F' = 0,
and Ord, F' = —oc if and only if ' has an essential singularity at w. Note that Ordw% =
—Ord, F, and that for two functions F' and G for which Ord,F and Ord,G is finite, we

have
Ord,(F - G) = Ord, F + Ord, G, Ord,(F 4+ G) > min(Ord, F, Ord,G),

where strict inequality can occur only if Ord,,F' = Ord,,G.
We assume in the sequel that (3, [.,.]) is a dB-space. The operator of multiplication
by the independent variable is defined as

(SF)(z) :== zF(z), F € domS,

where

dom S = {F € P|zF(z) € P}.

Note that the definition of S does not depend on the choice of an inner product.
For a given dB-space B, the function 2(P) : C — NU {0} defined by

0P (w) = %nei(%OrdwF, w e C, (4.1)



is called the divisor associated with 3. Making use of Theorem 3.3, the results of [dB7]
imply:

Lemma 4.1. Let P be a dB-space. Then d3(B)(w) = 0 for all w € C\R. The aziom
(ii) of Definition 3.1 can be strengthened in the following sense: If F € B, w € C and
Ord, F' > 2(PB)(w), then the function G(z) := % is also contained in P.

Proposition 4.2. The operator S is closed and symmetric, the codimension of domS in
B is either 0 or 1. The defect index of S is (1,1), in fact

ran (S —w) = {F € PB|Ord,F > 2(P)(w)},w € C, (4.2)

and codimran (S—w) =1 for allw € C. The operator S is real with respect to the involution
#.
Proof : It is proved in [dB7] that, in case of a dB-Hilbert space, the assertions of Proposition
4.2 hold. The fact that the definition of S does not depend on the choice of an inner product
shows with the aid of Theorem 3.3 that S is closed, satisfies (4.2), has defect index (1,1),
and that codimdom § is either 0 or 1.

It follows from the axiom (%) of Definition 3.1, that S is symmetric. In fact, for
w € C\ R, S is the Cayley transform (compare [DS1]) of the isometry

Z— W

Vo : F(z) —

F(z), F eran(S —w). (4.3)

Z—w
The fact that S is real, i.e. satisfies S(F#) = (SF)¥ for F € dom S, is obvious from the

definition of S.
O

Corollary 4.3. Whenever M C C has a finite accumulation point, we have

m ran (S — w) = {0}. (4.4)

weM

If B is a dB-Pontryagin space, K(w, z) denotes the reproducing kernel of the space (B, [.,.])
and w € C is such that 0(P)(w) =0, then

ran (S — w)Y = span { K (w, 2)}. (4.5)

Proof : Since ‘B consists of entire functions, the relations (4.4) and (4.5) are an immediate
consequence of (4.2).
O

By (4.4) S has no eigenvalues. Note that, if 3 is a dB-Pontryagin space and 9(*B)(M) = {0},
the relation (4.4) is equivalent to

span { K (w, z)[w € M} =,



hence we may speak of S as a simple operator in the sense of [KL3].

Definition 4.4. An entire function S(z) is said to be associated to the dB-space B, if
there exists a number w € C and a function F' € B with F'(w) # 0, such that

F(z)S(w) = S(2) F(w)

Z— W

SRt (4.6)

The set of associated functions will be denoted by Ass ‘.

Since the definition of an associated function does not depend on the inner product
of B, we can use the results developed in [dB7]. Recall that P C Ass‘P and that, if
S € Ass*B, the relation (4.6) holds in fact for each w € C and F' € Ass‘P.

Let us recall that the set Ass’P can easily be constructed from ‘B itself.

Lemma 4.5. Let Sy € Ass’P and let zg € C be such that So(z) # 0. Then
AssP = (2 — 29) - P+ C- Sp(2).
Proof : Assume that S € AssP. Then

S(z) — 25 (z)

F(z):= _z S_O(ZO) € P,
and hence 5(z0)
S(z)=(2—2)F(2) + 5o (z0) So(2).

Conversely, let F' € P and A € C be given. Then for any G € B we have
((Z — Z(])F(Z) + )\So(Z))G(Z(]) - G(Z))\S(](Zo)
Z— 20

S(](Z)G(Z(]) — G(Z)S(](Zo)

zZ— 20

= F(Z)G(Z(])‘i‘

+A € P.

O

Note that, in particular, we can take in Lemma 4.5 for Sy any nonzero element of 3, together
with a convenient number zg.

Proposition 4.6. The relations A C B2 which extend S and have nonempty resolvent set
correspond bijectively to the functions S € AssB. This correspondence is given by

2) — G Py
(A—w)'F(z) = &) = sl ), w € p(A), F € B, (4.7)

Z—Ww

and we have

p(A) N C = {w € C|Ord,S = 2(P)(w)}. (4.8)



Moreover, A is a proper relation, i.e. A(0) # {0}, if and only if S € P. In this case
A(0) = span {S(z)}.
Proof : Let S € Ass*B. A computation shows that the operator valued function (S(w) # 0)

F() - 38 F(w)

Z—w

Rs(w) : F(z) — , F e,

satisfies the resolvent identity
Rs(w) — Rs(w") = (w — w')Rg(w)Rg(w').

It is proved in [dB7] that R¢(w) is a bounded operator. By [DS1] there exists a relation A C
B2, such that (4.7) holds. If F € ran (S —w) we have F'(w) = 0, hence Rg(w) 2 (S —w)™ 1,
i.e. A extends S.

Conversely let A C P2, p(A) # 0, A D S be given. Choose F € B and wy € p(A),
such that F'(wg) # 0. Consider the function

S(z) = (F(2) = (2 = wo) (A — wo) ' F(2)) € Ass P,

then (A — wg)™' = Rs(wy). By the resolvent identity and the analyticity of Rg(w) this
relation holds for all w € p(A), S(w) # 0.

The relation (4.8) follows from Lemma 4.1 and the fact that p(A) is the maximal
domain of holomorphy of Rg(w). The last assertion follows since .4 being a proper relation
is equivalent to the fact that (A — w)~! has a nontrivial kernel for all w € C.

O

Note that the resolvent (A—w)~! can be extended to Ass‘P by (4.7). Then for any F' € Ass‘P
the function S(w)(A — w)~'F(z) is entire with respect to z and w (in the norm of ).
Recall that a point w € C is said to be of regular type for S, if there exists a number
Yo > 0, such that
IFl < 7ll(§ =w)F|, F € domS.

Corollary 4.7. The set of points of reqular type of S equals C.
Proof : By Lemma 4.1 and Proposition 4.6 there exists an extension A of S with w € p(A).
Hence w is a point of regular type.

O

5 Construction of dB-Pontryagin spaces by Hermite-
Biehler functions

In this section we show that a dB-Pontryagin space is completely determined by a single
entire function (in the case of a dB-Hilbert space compare besides [dB7] also [DK]).



Let us recall the notion of a Schur function and a Hermite-Biehler function (compare
[DLS] and [Le]). For a meromorphic function ¢ we denote in the following by p(@Q) its domain
of holomorphy.

Definition 5.1. Let k € NU{0}. By S, we denote the set of all functions (), meromorphic
in C*, such that the kernel

_ . 1-Q(=)Q(w)
So(z,w) = I AW € p(Q),
has k negative squares. By HB, we denote the set of all entire functions F, such that
% € S,., F and E¥ have no common nonreal zeros and E—; is not constant.
Note that, if we decompose E as in (3.2) as F = A —iB with real functions A and
B, the function % is constant if and only if A and B are linearly dependent. Moreover,
the common zeros of £ and E# are exactly the common zeros of A and B. The following

remark shows that the set HB, is nonempty.

Remark 5.2. Let Q € N, be given, assume that @ is meromorphic in C and not constant.
Then @ = —% with real entire functions A, B which have no common zeros. The function
E .= A — 1B belongs to HB,.

Proof : Let t;, i € N, be the real poles of @, 7; := —Ord;, @, and let r;,7;, j = 1,...,k, be
the nonreal poles of @, p; := —Ord,,Q. Denote by P(z) a Weierstral product with zeros ¢
of order 7;, and define real entire functions B and A by

B(z) == P(2) H(Z — 1) (z =), A(z) = —Q(2) B(2).

Clearly A and B are linearly independent and have no common zeros. Moreover, an elemen-
tary calculation shows that (E := A —iB)

L= ZEEE) B2 Q) - Q)
Z—wW E(z)  z-w

and we conclude that £ € HB,..

l

Theorem 5.3. Let (B,[.,.]) be a dB-Pontryagin space, and denote by K(w, z) its repro-
ducing kernel. Then
B(z)A(w) — A(z)B(w)
zZ—w
for some real entire functions A and B. We have E(z) := A(z) — iB(z) € HB, where
k= Ind_*P.
Conversely, if E € HB, is given, E(z) = A(z) —iB(z) with real entire functions A
and B, and K(w, z) is defined by (5.1), then the reproducing kernel Pontryagin space P(E)
with kernel K(w, z) is a dB-Pontryagin space.

K(w,z) =

(5.1)



Proof : First let a dB-Pontryagin space (B, [.,.]) with reproducing kernel K (w, z) be given.
Since the function K (w, z) depends analytically on z and w and does not vanish identically
(for all z and w), there exists a nonreal number wy, such that K (wg,wy) # 0. In fact the
set of zeros of the function K (z, z) contains no interior point, is closed, and lies symmetric
with respect to the real axis.

As # is an antiisometry, we have K(w,z)#* = K(w, z), in particular K(w,w) =
K(w,w). Choose wy € C\ R, such that K (wq,wy) Imwy > 0, and define

™

Bz) = i\/K(wO’ e (= K (. )

2 E(2)E(w) — E*(2) E# (w)

K =
(w, 2) —2mi(z — W)
By a straightforward calculation we obtain
R(w.2) = i |wol? _w(w0+w—0)+zw(K(w R (0]
’ 2K (wo, wg) Im wy Z—wW 0 0

— K (wy, 2) K (W, w)) — woK (wg, 2) K (we, w) + wo K (wy, 2) K (W, w)].
Let w € C be such that 0()(w) =0. If F € B, F(w) =0, we find

AR B0 (), R, 23] = [F(E), (uol? = Doy + 75) +7)(S — )

(K (wo, 2) K (wg, w) — K (g, 2) K (g, w))] — Wo K (w, w) F (wq) + woK (W, w) F (wg) =

_ [|w0|2 —w(wy + W) + wz

F(z), K(wyg, z) K (wy, w) — K(wy, z) K (g, w)]|—

Z—w
—Wo K (wo, w) F(wo) + woK (Wy, w) F(wg) = 0.

By Corollary 4.3, we have K (w,z) = ¢(w)K (w, z). The function ¢(w) is in fact a constant,
since

c(w) K (w, wo) = K (w, wy) = K (wo, w) = c(wo) K (w, wo).
Comparing K (wy, w) and K (wo, wp), we find that c(w) = 1.
If we write E = A — iB with real entire functions A, B, we obtain (5.1). Moreover,
we have

_ E*(2) (E#(w)
K(w,z) 1 ,1 E(2) ( ) (5.2>

E(:)B(w) 27 -7

hence EEZZ)) € S, with Kk = Ind_B. Since K(w, z) does not vanish identically, E;(S) is not

constant. If E(w) = 0 and E#(w) = 0 for some number w € C \ R, we have also A(w) = 0
and B(w) = 0, hence K(w, z) =0, z € C. This is not possible by Lemma 4.1. We conclude
that £ € HB,.

Now let conversely a function ' € HB, be given, and define an entire function
K(w,z) by (5.1). Clearly K(w,z) = K(z,w), hence K(w,z) depends analytically on .




As the relation (5.2) holds, K(w, z) is a kernel function with x negative squares. Hence,
the reproducing kernel Pontryagin space P := JP(FE) consists of entire functions and has
negative index s (compare [ADSR1]). First we are concerned with the proof of axiom (i) of
Definition 3.1. Choose wy € C\ R such that K(wg,wy) # 0. A straightforward calculation
shows that the relation

(K(w’ 2 — K (wo, 2) K (w, wo)) T

K(U)O, ’UJ(])

Z — Wy

- (Kt - SR T

holds. Consider the mapping

@—wo

with domain o
Z — Wy

domV,, = {F € F(z) € P}.

Z — Wy

By (5.3) we have

b () (Bl )

_ K (wy, 2) K (w',wg) v’ —w_o] _
K (wy, wo) w' — wy
Do Tow v (K(ww’) - K(“’_;;E‘QKE‘;’“’_”) _
(s 50

= (st =™ (00 =S )

i.e. Vy, is an isometry of

K(wg, 2) K (w, wy) w
K('LUQ,UJ())

dom V,,, = span { K (w, z) — € C}

onto

K (wy, z) K (w, wo)
K (wy, wy)

Since domV,,, = {F € P|F(wy) = 0} and ranV,,, = {F € P|F(wy) = 0} are both regular

subspaces of 3, we may extend V,,, to domV,,, by continuity, and obtain an isometry

ranV,, = span {K(w, z) —

|lw e C}.

Vuo : {F € P|F(wy) = 0} — {F € P|F(wg) = 0}.



In particular, we find that

Fe) 1§, ) - F2) e,

Z — Wy Wy — Wo

whenever F' € B, F(wp) = 0.
If S denotes the operator of multiplication by the independent variable in 3, we
may therefore write
~ z — w_o

Vo F(2) = F(2) = (S —m)(S —wo) ' F(2), F €, F(wy) =0.

zZ — Wy

As we have seen above l}wo is isometric, therefore its inverse Cayley transform § is symmetric.
It follows that each Cayley transform

(S —@)(S —w)™!, we C\R,

is isometric. Since S is closed, has defect index (1,1) and has no eigenvalues, we find (see
[DS1]) that for each w € C\ R

dimran (S — w)* = 1.

Since E and E# have no common nonreal zeros, K (w, z) does not vanish identically for any
w € C\ R. Hence
codim {F € P|F(w) =0} =1, we C\R,

which shows that
ran (S —w) = {F € P|F(w) = 0}.

Therefore the axiom (%) of Definition 3.1 is fullfilled.
In order to prove axiom (%) of Definition 3.1 note that by the definition of K (w, z)

K(w,2)* = K(w,z), w e C.
We find

(K (w, 2)%, K(w', 2)%] = K(w,w) = K(w,w') = K(w',w) = [K(w, 2), K(w, 2)].

Hence the (antilinear) involution F +— F7# extends by continuity to an antiisometry on .
O

The real zeros of the function E are connected with the divisor of the space PB(F).

Lemma 5.4. Let E € HB,,. For each x € R we have
Ord, E = 2(PB)(x).
Proof : We first show that (as a function of z)

871
(Ow)"

K(w,2z) P, n=0,1,2,...,



and that

an
F(2), =K —wy] = F™ F =0,1,2,.... 4
[ (Z)7 (aw)n (w,2)|w_w0] (w0)7 € 213777' 07 )< (5 )
This follows inductively, since
F(w)—F K - K
Q) = Fwo) _ oy, K02) = Koo 2)y o
w — Wy w — Wy

As every F' € B is entire, the left hand side converges to F'(wg) if w — wy. Hence
%%(wm has a weak limit in 3, which is (since weak convergence implies pointwise

convergence) given by
K(w, z) — K(w, 2) 0

AT wemw (e

Now proceed by induction to obtain the desired formula for higher derivatives.
The relation (5.4) shows that

k

(B)(z) = max{n € Ny K(w, 2)|w=s =0, k < n}.

(ow)*
We have
(z — E)(aa_Tn)nK(w, z) — n%[((w, z) = B(z) (;;)nA(E) — A(z) (aﬁg)nB(w)
As A and B are linearly independent we have
o
max{n € NdWK(w,z)\w:x =0, k<n}=
oF ok
= max{n € NO‘WA(w”w:I = WB(@)\w:x =0, k<n},

and the assertion follows.

Corollary 5.5. Let P be a dB-Pontryagin space, and let d be a given divisor, such that
0(w) = 0 with exception of an isolated subset of R. Then there exists a dB-Pontryagin space
Q with 9(Q) =0, which is isometrically isomorphic to P.

Proof : Let B = P(F) as in Theorem 5.3. Let xq,xs, ... be the real zeros of E taking into
account their multiplicities. Denote by U(z) a Weierstral product with zeros 1, xs, . ... Let
Y1, Y2, - - . be those real points where d(y) # 0, each as often as the value ?(y), and denote by
V(z) a Weierstral product with zeros yi, v, . . ..

Consider the function Fi(z) := gggE(z) By virtue of (5.2) and




we find E) € HB,. Again by (5.2) we find that

Remark 5.6. Note that, if £ = A — B, then
A, B, FE € AssB(E).

This follows from Lemma 4.5 and the fact that K(w, z) € PB(F) for all w.

In the case of a dB-Hilbert space B(F) the functions F(z), F' € B satisfy certain
growth conditions. A similar result holds for dB-Pontryagin spaces. Recall the notion of
bounded type and mean type as introduced in Section 2.

Proposition 5.7. Let B = P(F), E = A —iB, be a dB-Pontryagin space. The functions

%, F € AssB, are of bounded type in Ct. We have

max th(Z) = F(z)

haxmb Ay AX My =0

If there exists a function Fy € AssPB which is of bounded type in C*, then all functions
F € AssP are in fact of exponential type (compare e.g. [Bo| or [Le]) and

maxetF(z) = max _etF(z) = etA(z).

Fep FeAss’B
The same assertion holds with A replaced by B or E.
Proof : Choose a positiv definite inner product on 8 which turns 8 into a dB-Hilbert space,
B = P(Ey), with Ey € HBy. Then EAO is of bounded type in C* and has nonpositive mean
type.

Assume on the contrary that mtEAO = p < 0. Then, by Proposition 2.4, also
mtEE = p. Hence mt% <p<0.

0 0 .

By [dB7] the mapping F(z) — e"*’F(z) is an isometry of the linear subspace
span { K (w, z)|w € C} of P(Ey) into P(Ey). Hence it can be extended to an isometry
of cls { K (w, z)|w € C} = P(Ey) into P(Ep). This is a contradiction since, by the results of
[dB7]

L (5.5)
max mt— =0, .
FeP(Eo)  Eo
and we conclude that p = 0. Now the assertion for A follows from (5.5).
Since —% € N, we have mt% = 0, hence the assertion with B instead of A holds.

Clearly mt£ < 0. The function ]%E—# is contained in S;. By [KL2] it can be written

as a product of a rational function and a function contained in S;. Hence mt% < 0, and



we find that mt% =mt E;’g# < 0. Now the assertion with A replaced by F follows.

6 Selfadjoint extensions of S

Let B be a dB-Pontryagin space. As we have seen in Proposition 4.6 the extensions of &
correspond to the functions S € Ass®P. The following result determines those associated
functions S which lead to selfadjoint extensions of S.

As in Theorem 5.3 let P = P(F) with a function E € HB,, and write E(z) =
A(z) —iB(z) with real entire functions A and B.

Proposition 6.1. Let S € AssB. The relation A corresponding to S via (4.7) is selfadjoint
if and only if
S(z) = uA(z) + vB(2), u,v € C,uv € R,

or, equivalently,
S(z) = Me™E(2) — e ™E#(2)), A€ C\ {0},a € [0, ).
Proof : Note that A being selfadjoint is equivalent to the fact that the relation
[(A—w)'K(a,z),K(b,2)]—[K(a,z),(A-w) " Kb z)]=0 (6.1)

holds for all a,b € C, w € p(A).
Assume first that A is selfadjoint. For a = w € p(A) the relation (6.1) can be
written as

—S(w)S()(B(b)A(w) — A(b)B(w)) + 5(w)S(b)(B(w)A(w) — A(b) B(w))+

+S(w)S(@)(B(b) A(w) — A(D)B(w)) = 0. (6.2)

Choose w € C* such that B(w)A(w) — A(w)B(w) # 0 and S(w) # 0. This is possible since
K (w,w) vanishes only on a set which contains no interior points. Then (6.2), considered as
an identity among functions of b, states that S is a linear combination of A and B.

Let S = uA + vB with u,v € C. Then the left hand side of (6.1) can be written as

K(b, w)&w)
S(w)S(w)

(uv — aw).

Hence A being selfadjoint is equivalent to uv € R.

The fact that the functions of the form uA + vB with uv € R are exactly those
of the form A\(e”®E(z) — e ™FE#(2)) with A € C and «a € [0,7) follows by an elementary
computation.

l

As a corollary of Proposition 6.1 we obtain a uniqueness result on the function E connected
with a space B via Theorem 5.3.



Corollary 6.2. Let Ey, Es € HB,. The spaces PB(E1) and P(Es) are identical, i.e. contain
the same functions and have the same inner product, if and only if there exist four numbers
Uy, vy, Uz, V2 € R, such that uyvy — usvy =1 and

(A1, By) = (A3, By) ( ot ) . (6.3)
U1 U2
Proof : The spaces P(FE;) and P(F3) are identical if and only they have the same kernel
functions: Kj(w, z) = Ky(w, z). Assume first that £, and E, satisfy (6.3) for some choice
of uy, vy, us, vo. Then
Kl (’LU, Z) = (U1U2 - ’Ul’lLQ)KQ(’LU, Z) (64)

Since uv9 — v1ug = 1 by assumption we find that P(£;) and P(FE,) are identical.

On the other hand assume that B(E) and P(E,) are identical. Then both spaces
have the same multiplication operator S, the same associated functions, and allow the same
selfadjoint extensions of S. Since A; (B;) yields a selfadjoint extension of S in P(FE;) and
hence in P(E,), there exist by Proposition 6.1 numbers wuy, vy, us, vo € C such that (6.3)
holds. Since A; and B; (i = 1,2) are real and linearly independent, in fact uy, vy, us, v2 € R.
Now (6.4) shows that ujve — ugvy = 1.

l

Another corollary gives a characterization whether S is densely defined or not. Denote in
the following for o € [0, 7) by S, the function

1 . )
Salz) = —i(emE(z) — e E#(2)) = —sin aA(2) + cos aB(z).
i
As we have noted in Proposition 6.1 a function G can be written as G(z) = uA(z) + vB(z)

with u,v € C, uv € R, if and only if G(z) = AS,(2) for some a € [0,7) and X € C.

Corollary 6.3. We have domS # ‘B if and only if there exist u,v € C, not both zero,
such that wo € R and uA(z) + vB(z) € B (or, equivalently, there exists o € [0, ) such that
Se €B). In this case we have

(dom S)* = span {uA + vB} = span {S,}.

Proof : The domain of § is not dense in P if and only if S has a canonical selfadjoint
extension which is a proper relation. By Proposition 4.6 and Proposition 6.1 this is the case
if and only if there exist numbers u,v € C, uv € R, such that S := ud + vB € . Since
the codimension of dom § is at most one, and S itself is always in the relational part of the
induced relation A, we find that

(dom S)* = span {S(z)}.

O

The following lemma determines the Q-function (compare [KL1], [LT]) associated to a self-
adjoint extension of S.



Lemma 6.4. Let P = P(F) be given, E = A—iB. Consider the selfadjoint extension A,
of § induced by S, (o € [0,7)) via Proposition 6.1. A parametrization of the defect spaces
of § associated with A, is given by (w € p(As))

K(w, z), ran (S —w)* = span { X (w, 2)}. (6.5)

a Sa(w)
A Q-function of A, and S is given by

cos A(z) + sinaB(z) Satz(2)

Qalz) =2 sin aA(z) + cos aBB(z) - Sa(z) (6.6)

Proof : We consider first the case o = 0, i.e. S,(z) = B(z). Define X (w, z) by (6.5), then
a straightforward calculation shows that

X(w,2) = (T + (w—wo)(Ay — w) 1) X (wy, 2),
i.e. that X (w, z) is an appropriate parametrization of the defect spaces of S. Since
A(w) A(w')
Lo () - (569)

O Ry - v A

the function Qg is a Q-function associated with Ay and S.
By Corollary 6.2 we may substitute E(z) by e“F(z) in the assumption of Lemma
6.4. Then K (w, z) remains unchanged, whereas the functions A and B have to be substituted
by cosaA(z) +sinaB(z) = —Saix(2) and —sinaA(z) + cosaB(z) = Su(z), respectively.
The first part of the proof yields (6.6).
d

As a corollary of Proposition 6.1 and Lemma 6.4 we have:

Corollary 6.5. Let  := Ind_P(FE) and o € [0,7). Then Q, € N,. The point o is a
critical point for QQ, for at most one value of .

Proof : Since the Q-function of an extension A of S can have oo as a critical point only if
A is a proper relation, the assertion follows from Corollary 6.3.

O

7 Orthogonal sets in a space ‘[

Consider a dB-Pontryagin space P = PB(E), £ = A — (B, with 9(f) = 0. As in Lemma
6.4 denote by A, the selfadjoint extension of S induced by B(z). Moreover, if B € B, let
n be the supremum of all numbers such that 2" B(z) € P. If B € P we put for notational
convenience n := —1.

Let {71,72, ...} € R be the set of all real simple zeros of B, ay,...,a, € R be the
real multiple zeros and {31, .., B B1, ..., 3} be the set of all nonreal zeros. Note that there



exist only finitely many real multiple or nonreal zeros of B. This follows since () = —% e N,
and A and B have no common zeros. Hence the zeros of B are exactly the poles of ().

Since @ is a Q-function of S and Ay, this observation leeds to a connection of the
zeros of B and the spectrum of Ay (for the notation used in the following compare [L]). Note
that by Proposition 4.6 the finite spectrum of Ay coincides with {w € C|B(w) = 0} and
that oo € o(Ap) if and only if n > 0.

The assertion of the following lemma follows immediately from Proposition 4.6 and
the definitions given in [L].

Lemma 7.1.  The set of finite critical points of Ay equals {ay,...,a,}. The spectral
subspace of Ay corresponding to

(i) Yi, i =1,2,..., is span { 22},
(it) i, i=1,...,7, is
span{%, : %} (7.1)
where r; = Ord,, B.
(iii) {B;, Bit, i =1,...,s, is
SOE R L I

where T; = Ordg, B.

(iv) o0, is
So =span{B(z),...,2"B(2)},

in particular n is finite.

The point oo is not a critical point for Ay if and only if n = —1 orn =0, [B,B] > 0 or
n=20, [B,B] <0, dimP < co. It is a singular critical point if and only if [B,2"B] = 0.

Remark 7.2. The inner product with E_Lfy)i is given by

B(z) | _ 1 _
{F(z),z_%] = PO FEREL =12 (7.3)

The Gram matrices of the spaces (7.1) and (7.2) are of the form

0 o --- c1
0 Co
ga‘ == : : ) 01%07

J

Cl C2 oo CTJ



and

0 010 O dy

0 dy

B 0 o oo 0 |dy dy --- N

G, = 0 0 --- d |0 - - 0 , di #0.
0 dy | : :
di dy -+ dy |0 e oo 0
The numbers ¢; and d; can be computed from the relations
k .
E\ A =) (w)  B(z)

F | = F®(w), F E 4
@3 (5) iy e | = P F e B (7.0

forw=oqa;, k=0,...,r;—landw=3;,3;, k=0,...,7 — 1.
The relations (7.3) and (7.4) hold since K (v, z) = B(j) ~—» and since if Ordg B =,
we have (k <1 —1)

o F AC-D () B(z)
F Z( ) (t+1)! (z—w)*! € F(E),

=0

and that (compare Lemma 5.4)

ak

F®(w) = [F(2), o)

K(w,2)].

Theorem 7.3. Assume that oo is not a critical point of Ag. The span of the spaces

B(z) |, _
span{z_%ﬂ =1,2,...}, (7.5)

(7.1) and (7.2) is not dense in B if and only if

In this case the orthogonal complement of the above span equals span {B(z)}, and we have

B(=), B(2)] = — Tim y(Im A2

,m y(m =) (7.6)

The elements K(w, z) are given by




T oi-l B(w) B(z) __ B B(2)
+ i=1 k=0 (XJZ @)H—k ( ) "k + Xji (ﬁ_j _ @)H—k (ﬁ_] — Z)z—k) , (77)

where the series converges in the norm of B.

Proof : The function Qy(z) has only isolated singularities, namely the zeros of B. Moreover,
by assumption, oo is not a critical point of Q. It is proved in [KL2] that in this case Qg
has the representation (compare with the more general integral representation discussed in
Section 2)

V4 g !
QO(Z): Z 701—£+M0+M12+2Rj(

)+
leN 70 ! (= 2) =1

Oéj—Z

s

+Z( ﬁ]—z +T#(ﬂjl_z)), (7.8)

where o, > 0, [ € N, ZleNV—é < 00, 09 > 0, po, 1 € R, R; are real polynomials with
!

R;(0) = 0 and Tj are complex polynomials with 7}(0) = 0. The term 2 occurs if and only
if B(0) =0.
We compute the Nevanlinna kernel for each single summand of Qy:

D 1eN 0 ) — DN #0 w(w =) Z .
(

— p— ]
Z— W —Z — W
o G 2~ )

__00 g0
z + w 1
— = 00—,
Z— W A
H1Z — W
- = = M1-
Z— W

If Rj(2) = 17, \ji2t, we find

Ri() — Ryl




On the other hand the Nevanlinna kernel of Qy(z) is given by
Qo(2) — Qo(w) = K(w,2)

i-w B(2)B(w)’

hence we obtain (7.7).

Since the functions % are an orthogonal sequence, only finitely many of these
elements can be nonpositive. Moreover, in the relation (7.7) there are only finitely many
summands added to the series

3 al B() (7.9)

—Ty — 2
1EN, 7170 m

Since by assumption oo is not a critical point the space &, is either {0} or nondegenerated.
Thus it can be proved as in [dB7], that the series (7.9) converges in fact in the norm of
PB(E).

We obtain by the Lebesgue dominated convergence theorem that

Hence the term B(z) occurs in (7.7) if and only if the above limit is not equal to 0. Clearly
this is the case if and only if B € P(F). Taking the inner product of (7.7) with B(z) yields
(7.6)

O

Remark 7.4. By considering ¢ E(z) instead of E(z), it is seen that the preceeding results
remain valid, if only A(2) and B(z) is substituted by —Suyz(2) and S,(z), respectively.
Since oo € o(A,) if and only if S, € B, the condition
1 Sasr(z
lim —Im +72() =
y—tooy Sa(Z )
is violated for at most one value oy € [0, 7). For all other values of «, the point oo is not
critical for A,, hence Theorem 7.3 can be applied for all o € [0, 7) with possible exception
of one value o and this exception can occur only if S,, € B. Note that, if B is not finite

S o (z
dimensional, S,, € P and oo is not a critical point for Og%z()), then (by the definition of a
critical point in [L]) [Sags Sae) > 0.
By applying Corollary 5.5 it is seen that analoguous results hold for spaces 8 with

o(P) # 0.

8 Matrix functions of the class M?

We start this section with some considerations concerning a certain kernel associated with
a 2 x 2-matrix function. For a matrix M let M* be its adjoint, and denote by J the matrix

J::((l)_ol).



Definition 8.1. Let M(z) be a 2 x 2-matrix valued function whose entries are meromorphic
functions in C and let p(M) be its domain of holomorphy. Moreover, let S be a scalar function
meromorphic in C. We write M € M? if

M(2)IM(Z)* = 8(2)JS@), (8.1)

whenever z,Z € p(M), and if the kernel

Hoy(2,w) = M(z)JM(w)* — S(z)JS(w)’ 2w € p(M)

Z—W

has k negative squares.

The reproducing kernel Pontryagin space generated by the kernel H,, for a function
M € M? is denoted by &(M). Although we have used the notation £(.) already in Definition
2.1, this will not cause confusion. If the matrix M(z) is given by

o= (&6 5 )

the kernel Hy (w, z) can be written as

B(2)A(w)~A(z) B(w) B(2)C(w) = A(z) D(w)+5(2)S(w)
Hy(w,z) = v e 8.2
u( ) D(z)A(w)=C(2) B(w) = 5(2)S(w) D(z)C(w)=C(z)D(w) (8.2)

Lemma 8.2. Let T(z) be a meromorphic function. The matriz M(z) is an element of M?
if and only if T(z)- M (z) € M3T. In fact the mapping ( ?r ) — T ( ]]:} ) is an isometry
of R(M) onto K(TM), the respective kernels satisfy

Hry(w, z) = T(2)Hpy(w, 2)T (w). (8.3)

If the entries of M are real, then (8.1) is equivalent to det M(z) = S(2)S%(z).
Proof : The relation (8.3) is obvious. The fact that E) T £y is an isometry

- F_
of R(M) onto K(T'M) follows from (8.3).
To prove the second assertion, consider the function (z — w)Hy(w,z) given by
(8.2). If the entries of M are real, the entries in the left upper and right lower corner of
(z —w)Hy(w, z) vanish for w = Z. The entry in the left lower corner equals

D(2)A(z) — C(2)B(z) — S(2)S%(2).

Since the right upper entry is given by a similar formula, we find that the condition

M(2)JM(Z)* — S(2)J5() = 0



is equivalent to det M(z) = S(2)S#(2).
|

In the following we denote by Rg(w) the difference quotient (compare with the notation of
Proposition 4.6)

X(2) — 59 X (w)

Z—Ww

Rs(w)X =

Here X is allowed to be a scalar- or vector- valued function. From Lemma 8.2 above,
Theorem 5.3 and Corollary 6.7 of [KW] we obtain:

Proposition 8.3. If M € M?, then &(M) is invariant under Rg(w). For a,b € C and

elements ( % ) : ( gf ) € A(M), we have
s (ot )/ (50) =15 ) = (G2 )

5
~Rat) () (68 N emmimsto (1) Ra) (G0 )1 s

Corollary 8.4. Assume that M € M} and that ( Z ) € RIM), u,v € C. Then uv € R.

If ( Z ) and ( le ) both belong to R(M), they are linearly dependent.

Proof : Choosing in (8.4) the elements ( ?F ) = ( ng ) = ( Z ) we obtain uv—uv = 0.

The remaining assertion follows by an elementary consideration.
d

Let M € M? be given. In order to study the structure of the reproducing kernel Pontryagin
space R(M), we introduce the component spaces

Re(01) = els (. 2) 1 )} 800 = abs e, ) ()

Obviously R, (M) + R_(M) = K(M). Denote in the following by 7, and w_ the mappings

7r+:(?_’)»—>F+, W_:(]};i’)HF_.

We also consider the scalar kernel functions
Hij(w,2)i= (L0 H(w.2) () Higlw.2) = 00w (] ).

and the respective reproducing kernel Pontryagin spaces R(H};) and &(H,,;). Clearly

Ind_R&(H;;) <Ind_&(M), and Ind_8&(H;;) < Ind_8&(M).



Remark 8.5. Assume that the matrix function M(z) € M? has real and entire entries
A,B,C,D. 1If the functions A and B (C' and D) are linearly independent and have no
common nonreal zeros, then A —iB € HB,, (D +iC € HB,») for some ' < k (k" < k). In
this case we have 8(H;;) = P(A — iB) (R(H;;) = PB(D +iC)).

Lemma 8.6. We have
Ry(M)*E =kermy,
Moreover,
Ry (M)/R(M)° = R(Hyp),
and if IndgR (M) = 0 we have R(H},) = 7 &(M) as a set of functions, in fact 7y is a
partial isometry. If &, (M) = K(M), the mapping m, is an isometry of K(M) onto K(H},).

These assertions remain true if everywhere | is replaced by _.
Proof : The relation £, (M)+ = ker 7, holds by definition. Decompose (M) as

R(M) = (R (M)+91)[+]92,
where $); is skewly linked to &, (M)°, then ), C ker 7, and $; Nker m, = {0}. Hence the
codimension of 7, R, (M) in 7. K(M) equals dim $; = Indy R, (M).

. 1 .
The mapping 7y maps Hy(w, 2) 0 onto H,;(w, z), hence extends to an isom-

etry of Ry (M)/R.(M)° onto R(H;).

Corollary 8.7. Let £ C R(M) be a Pontryagin space. If £ 1 kerm,, then my|g is an
isometry of £ into R(H;;).

Corollary 8.8. Assume that IndgRy (M) = 0. Then R(H},) is invariant under application
of Rs(w). If even Ry (M) = R(M), then the mapping b := w_ (7, )" satisfies

F(a)(¥G)(b) — (VF )(a)G(b)
S(a)S()

= [F,Rs(b)G] — [Rs(a)F, G|+

+(a = b)[Rs(a)F, Rs(D)G], (8.5)
for F,G € &(H},) and a,b € C such that S(a), S(b) # 0. Any mapping ' which assigns to
each function F' € R(H};) an entire function and which satisfies (8.5) is of the form

P =9+ NER.

Proof : Note first that Indg& (M) = 0 implies by Lemma 8.6 that 7, &, (M) = &(H,,).
Since Rg(w) commutes with 7, it follows from 7, &(M) = K(H,;) and Proposition 8.3 that
R(Hj;) is invariant under Rg(w).



If &, (M) = &(M), the mapping (m,)~" is an isometry of K(H},) onto K(M). The
relation (8.5) follows from (8.4).
Assume that ¢ is given. By (8.5) we have for any F,G € &(H;;) and a,b € C

F(a)(( = ¢)G)(b) = GO) (¢ — ) F)(a).

By a convenient choice of GG and b the assertion follows.

If a matrix function M € M.}, is given,

M(z) =: ( mi1(z) maz(2) ) ’

ma1(2) Mmao(2)

and the entry ms; (z) does not vanish identically, then we will consider the so called Potapov-
Ginzburg transform:

U(M)(z) :=

ma1 m21§z;
1 ma22(2)

mai (z) ma1(z)

( mi1(z)  mi1(z)maz(z)—ma1 (z)mi2(z)
(2)

) , 2 € p(U(M)(2)).

Let us recall the following result from [Br] (compare also [KL3], [KW]).

Lemma 8.9. Let M(z) be a 2 x 2-matriz function. Then M € ML if and only if
U(M)(z) € N2*2. In fact the kernel relation

0 moq (Z) —w 0 moq (’UJ)

()= (3 md) ()

is an isometry of KR(V(M)) onto R(M). Under application of this isometry the subspace
ker m_ of R(W(M)) is mapped bijectively onto the subspace ker m_ of R(M).

holds. The mapping

Remark 8.10. Note that by Lemma 8.2 similar results hold for matrices of the class M?.
For the sake of simplicity we will consider only matrices of the class M. However, we could
avoid the use of Lemma 8.2 if we define for M € M? a Potapov-Ginzburg transform by

mi1(2) 1 (mll(z)m22(z) . ( ))
mo1(z)  S(z) ma1(z) 12(<
Vs(M)(z) == < ;(12) 21m22(z) ) :

ma1(z) ma1 (2)

The kernel relation corresponding to (8.6) then is

Hy(w, 2) = ( _%(Z) 228 ) w ( _S(w) mu(w) )*



9 The structure of the reproducing kernel space &(M)

In this section we investigate the structure of the space £(M) for functions M € M} which
satisfy an additional condition: if M is given by

Moy Mg

M) = (e ) e

we assume throughout this section that M (z) is meromorphic in C, that
mgl(Z),mgg(Z) §é O, min(Ordwmgl, Ordwm22> < 0, w e (C, (91)

and that
min(Ord,my1, Ord,ymiz) > min(Ord,ma;, Ord,mes), w € C, (9.2)

holds.

Remark 9.1. If M is real and entire, mq; and mqy are linearly independent and have no
common zeros (i.e. satisfy (9.1)), then may + ims; € HB. (k' < k) and satisfies (9.2). The
space R(H,,) is a dB-Pontryagin space, R(H ;) = P(maz + imay).

Note that, if S is any meromorphic function, the condition (9.2) holds for a matrix
M if and only if it holds for S'- M. Hence, by Lemma 8.2, the restriction to functions of the
class M} instead of M? is in some respects not essential.

The following results show that the above conditions on M reflect in a very special
structure of the Potapov-Ginzburg transform W(M).

Lemma 9.2. Let M(z) € ML be meromorphic in C and satisfy (9.1) and (9.2). Then the
Potapov-Ginzburg transform

w00 = (i e )

N9y (Z) N99 (Z)

satisfies
p(U(M)) = p(na2) (9.3)

and
Ordwnu, OrdwmQ, Ordwn21, Ordwdet W(M) Z Ordwngg, w € p(\I](M)) (94)

Proof : In the following fix w & p(¥(M)). Assume that w & p(nq1), i.e. that Ord,my; <
Ord,ma;. With (9.2) we find

Ord,mq; > min(Ord,may, Ord,mas) = Ord,mas,

hence Ord,ny; > Ord,nag, in particular w & p(ngs).
Assume that w & p(ng;), i.e. that Ord,mo; > 0. By (9.1) we have Ord,mas < 0,
hence
Ordwngg = Ordwmgg — Ordwmgl S —Ordwmgl = Ordwngl,



and again w & p(ng2). Note that, since M satisfies (8.1), we have ¥(M)(2)* = ¥U(M)(Z).
Hence the assumption concerning nis follows by symmetry.

For a pole w of nyy we have min(Ord,ma, Ord,mos) = Ord,mos. By (9.2),
Ord,mis > Ord,mas, and since det W(M) = Z—;i’ we find

Ordwdet W(M) Z Ordwngg.

In the sequel we investigate the structure of a meromorphic function

Q) = (e ) enze,

No1 (Z) M99 (Z)

which satisfies (9.3) and (9.4) (with det () instead of det W(M)). These considerations will
in turn be applied to the Potapov-Ginzburg transform of a matrix M which satisfies (9.1)
and (9.2).

It is well known (compare e.g. [KL1] or [HSW]) that there exists a model for @,
i.e. a Pontryagin space B, a selfadjoint relation A with p(A) # (), and linear mappings
[,:C?*— P, z€p(A) with

D,={+(z—w)(A—2)""Ty, 2,w € p(A), (9.5)
such that p(Q) = p(A) and

Q(z) =C —ilmz ', ', + (2 — Z)I% I, (9.6)

20
with a constant selfadjoint 2 x 2-matrix C. Moreover, the space 8 can be chosen such that

cls [.C*=P. (9.7)
)

As a short argument shows this condition implies that .4 has eigenvalues (including o) of
geometric multiplicity at most two. We will show that the properties (9.3) and (9.4) of @
ensure that the geometric multiplicity of the eigenvalues of A is in fact one.

Since @ is meromorphic, o(.A) N C consists of isolated points only:

d(ANC={Nj=1,2..  U{BuBilk=1,...,m},

where \; € R, j =1,2,..., and fy € C*, k = 1,...,m. There exist selfadjoint projectors
Eqyy and E{5, 5 commuting with A such that (compare [DS2])

o(AN(EpyP)") ={N} A € p(AN (1= Epyy)PB)%))

for j=1,2,..., and

(AN (Eg 5P = {80 Beks B Br € p(AN (= Eggy ) F))



for k =1,...,m. Infact, Eyy;y is the Riesz projection of ‘§ onto the generalized eigenspace of
Aat ), and E (5.7 1s the Riesz projection of {3 onto the span of the generalized eigenspaces

of B, and B;. As B is a Pontryagin space and satisfies (9.7), all these generalized eigenspaces
are finite dimensional.

If E:= Epyy or E:= Ey 5 and we put I', := (I — E)T; and I := ET',, then I'}
and T'? satisfy (9.5) and the function @) can be written as

Q(z) = Q1(z) + Qa2(2), (9.8)

with

Q1(z) =D+ C —ilm (I} )T} + (2 — %)(T'},)'TL,

Q2(2) = (1 = D) —iIm (%)) T% + (2 — 20)(T'%,) T,
and an arbitrary constant selfadjoint 2 x 2-matrix D. Then Q;(z) is analytic at A; or (g, B,
respectively, and 2(z) has only one pole at \; (a pair of poles at [, (i, respectively).
Moreover, since E*B is finite dimensional, it follows from [KL2] that we can choose D such
that Qa(z) = I'*(A — 2)7'T" for a linear mapping I : C* — EP with I'? = (A — 2)7'T,
z € p(A). Note that

cls U (A—2)"'TC* = B3
z€0

for any open set O contained in p(.A).

Lemma 9.3. Let Q # {0} be a finite dimensional Pontryagin space, let L be a selfadjoint
operator in Q with o(L) = {\}, X € R, and assume that the geometric multiplicity of X is
at most two. Moreover, let T' : C?> — Q be a linear mapping such that

span U (L—-2)7'TC*=9Q (9.9)

z€0

for some open set O C p(L). Let

(£ — 2)7'T =: ( r(z) ma(z) ) ,

N921 (Z) nQQ(Z)

and assume that (9.3) and (9.4) hold. Then dim Q = —Ord\naa,

span{(L£ — 2)7'T ( (1) ) |z € O} =1Q, (9.10)

and the geometric multiplicity of \ is one.
Proof : Without loss of generality we assume that \ = 0.

We set xg :=T' ( (1) ), z; = LIxg, yo =T ( (1] ), y; := L7y. Note that (9.9) is

equivalent to
span {xg, T1, ..., Y0, Y1, .- -} = 1, (9.11)

whereas (9.10) means
span {zg, x1,...} = Q. (9.12)



Note that xy # 0, since by (9.3) and (9.9) we have

0 ¢ p(I"(L = 2)7'T) = p(nas).

If yo = 0 the relation (9.12) holds. Otherwise let I € N (m € N) be such that z; # 0
and 2141 = 0 (Y, # 0 and y,,.1 = 0), and put £ = span {zy,...,z;}. Note that, {zo,...,x;}
is a basis of £, and that the Gram matrix with respect to this basis is a Hankel matrix.

The function ngs(z) can be written as

- 1
nga(z) = — Z[ﬁkl"o,ifo]ﬁ,

k=0

and similar formulas hold for nis, 127 and nq;.

The subspace £ is degenerated if and only if [x;, 2] = 0. In this case Ordgngy >
—(l +1). By (9.11) and since 9 is nondegenerated we must have [z;,y0] # 0, hence
Ordgni2(z) < —(I 4+ 1). This contradicts (9.4), and we arrive at the conclusion that £
is nondegenerated. Moreover, we find Ordgnge = —(I + 1).

Let P be the orthogonal projection of Q onto £. Then LP = PL because £ is
invariant under £. Hence

niz = [(£ — 2) 'z, Pyo), na1 = [(L£L — 2) " Pyo, x0),
and
ni = [(£ — 2)""Pyo, Pyo] + (£ — 2) " (I — P)yo, (I — P)yol.

Put (I — Py =: 9o. If §o # 0, let r be such that L™y # 0 and L™y = 0. Then
{90, Lo, - .-, L Jo} is a basis of £L. Since £ is nondegenerated, we have [L o, o] # O,
hence Ordo[(£ — 2) ™ 90, o] = —(r + 1) < 0. Therefore

Ordo([(ﬁ — Z)_lgo, Q(ﬂﬂgg) < —(l + 1)
By Lemma 3.3 of [KL3] we have
Ordo([(£ — 2)~"Pyo, Pyolnge — nigna1) > —(1 + 1),

hence Ordgpdet @ < —(I 4 1), which contradicts (9.4).
We conclude that gy = 0, i.e. that (9.12) holds. In particular, dimQ =1+ 1 =
—Ordgngy and the geometric multiplicity of 0 is one.

O

Lemma 9.4. Let Q # {0} be a finite dimensional Pontryagin space, let L be a selfadjoint
operator in Q with o(L) = {3, 3}, and assume that the geometric multiplicity of 3 (B) is at
most two. Moreover, let T : C* — Q be a linear mapping such that

span U (L—2)'TC* =9 (9.13)

z€0



for some open set O C p(L). Let

(L — 2)7'T = ( i (z) miz(2) ) ,

N921 (Z) 7122(2’)

and assume that (9.3) and (9.4) hold. Then dim Q = —20rdgnas,
1 0
span {(£ — z) F(l):zeO}:Q,

and the geometric multiplicity of 3 (B) is one.

Proof : Denote by F the Riesz projection of  onto the generalized eigenspace at 3 with
the generalized eigenspace at 3 as its kernel, and let E' := I — E. Note that £Q and E'Q
are neutral and skewly linked.

Set xg := ET ( (1) ), z; := (L — B)Ixg, and let [ be such that z; # 0 and x4, = 0.

If zo = 0 put formally [ = —1. Set z, := E'T (1] ), = (L — B) ), and let I be such
that zp # 0 and 2y, = 0. If 25, = 0 put I’ = —1. In a similar manner define elements y;, y:

and numbers m, m’.
Again (9.13) implies that

Span {xo, - .+, Tiy Ty ooy Ty Y0y« - s Yy Yoo - - - s Yot + = 2, (9.14)

and we have to show that in fact

span{zo, ..., T, Ty, ..., 2y} = Q. (9.15)
If yo = y5 = 0, we are done. Otherwise put £ := span{zo, ..., 2, ...,2}}, note that
the elements x, ...,z z(,...,x) are a basis of £, and that the Gram matrix with respect

to this basis has 2 x 2-block form with zero blocks in the diagonal and Hankel matrices as
off-diagonal blocks. Moreover, note that at least one of zy and z{, is not equal to zero as is
seen by the same reasoning as in the proof of Lemma 9.3.

If the subspace £ is degenerated, we have [z;, xp] = 0 or [z}, 2] = 0. In the first
case we find Ordgngs(z) > —(I + 1). By (9.14), and since £ is nondegenerated this yields
0 # [z, y5), hence Ordgnia(2) < —(I41) which contradicts (9.4). In the second case the same
argument yields a contradiction, and we conclude that £ is nondegenerated. In particular,

—(l + 1) = Ol"dgngg = Ordﬁnm = —(l/ + 1)

Let P be the orthogonal projection of Q onto £. Then LP = PL because £ is invariant
under £, and hence P = PE. This gives

na = [(£L—2) " (wo + 20), P(yo + 4], n2r = [(£— 2) "' Plyo + p), (20 + 25)],

and

ni = [(£—2)""Plyo + yh), Pyo + yo)] + [(£ — 2) 7 (1 = P)(yo + v0), (I — P)(wo + 5)]-



Put g := (I — P)yo and gj := (I — P)yj. The elements
go? (‘C - ﬁ)g()? R (‘C - 5)T?30>?36, (‘C - B)'géa AR (‘C - B)T/'g(l)’

span £+. Here r is such that (£ —3)"jy # 0 and (£ — 3) "4y = 0. If §o = 0, we put r = —1.
The number " is defined similar.

If we assume that £1 # {0}, we have, since £ is nondegenerated, r = r’ > 0 and
[(£ = 8)"J0, 9p) # 0. Hence Ordg[(L — 2)~"(Jo + 95), Yo + ] = —(r +1) < 0. Therefore

Ords([(£ = 2)~ (o + o), o + Jo)Ina2) < —(1 +1).
By Lemma 3.3 of [KL3] we have
Ordg([(ﬁ — Z)_lpyo + Py(’), P'yo + P’yé]ngg — 7’L12TL21) Z —(l + 1),

hence Ordgdet @@ < —(I + 1), which contradicts (9.4).
We conclude that gy = g = 0, i.e. that (9.15) holds. In particular, dimQ =
2(l +1) = —201dgngs, and the geometric multiplicity of 5 and 3 is one.

O

Proposition 9.5. Let Q € N?*% satisfy the conditions (9.3) and (9.4). Let B, A and T,
be a model for Q (as introduced above). Then each finite eigenvalue of A is of geometric
multiplicity one. Moreover, we have

s (] )1 € sty € s

where S, denotes the generalized eigenspace at oo.
Proof : The first assertion follows from (9.8), Lemma 9.3 and Lemma 9.4. Moreover,

these lemmata together with the fact that cls{T, < (1) ) |z € p(A)} is invariant under Ej,

(E(s,5), show that for
xr L cls{T, ( (1) ) |z € p(A)},

we have Eqy o = 0 and By 52 = 0. By [L] we obtain z € S.
O

There exists a model for nys, i.e. a Pontryagin space ', a selfadjoint relation A, p(A") # 0,
and elements 7, € ', such that

V2 = (I + (Z - w)(A/ - Z)_l)’ywa Z,W € p(A,)>

cls{y:|z € p(A)} =%,

and (for some ¢ € R)

n22(z) =c—ilm 20[720’ 720] + (Z - Z_O) ['VZa 720]'



Lemma 9.6. Let Q(z) be as in Proposition 9.5. Assume that A’ introduced above is an
operator, i.e. that A'(0) = {0}. Put

€= cls{I, < (1) ) |2 € p(A)},

then
L=2"+55, & =(L) NS, (9.16)

and
dim £+ > Indy(Ss) + max(Ind_ (S ), Ind; (Ss)). (9.17)

Proof : By the construction of the model for @ the space £ is invariant under (A—2)71, z €
p(A). Hence also £+ and £° are invariant under (A—2)"1, z € p(A). Proposition 9.5 implies
that £%, and hence £° is contained in S..

An elementary consideration shows that the triplet

e angy/err () e

is also a model for ngy, hence unitarily equivalent to (B, A’,~.) (compare [HSW]). As A’ is
an operator we have (A’ — 2)~#p’ = P’ for all k € N. This means that (A — 2)"*£+£° = £.
Denote by n the maximal length of a Jordan chain of A at infinity. Then S% =
ran (A — z)~F for k > n. It follows that £ = S + £°.
Since £°/5%, is a neutral subspace of S,,/S%,, its dimension cannot exceed

min(Ind_Se, Ind;Sy).
Hence the dimension of its orthogonal companion is at least
dim S /S5, — min(Ind_ S, Ind; S, ) = max(Ind_ S, Ind; S).

The relation (9.17) follows.

Corollary 9.7. Let M(z) € M} satisfy (9.1) and (9.2). Then the subspace ker m_ of K(M)
is finite dimensional. If F(z) € wokerm_, then F' is a polynomial of degree at most 2k.
Proof : The reproducing kernel space (M) remains the same if we replace M(z) by M(z)U,
with an (¢.J)-unitary matrix U (compare [KW]). By an elementary consideration it is seen
that the demand that A’ (for the matrix Q(z) := W(M(2)U) as introduced above) is an
operator, can be achieved by an appropriate choice of U. Hence we may assume without
loss of generality that A’(0) = {0}.

It is well known (compare [ABDS1]) that as a model space B for the function @ we
may choose (@) (recall Definition 2.1). Then

F(z) - F(w)

Z— W

(A-w) "' F(z) = , F e R(Q),w e p(A),



and
I'w(z) = No(z,w), w € p(A).

Hence, A(0) contains only constants, and S, consists of pairs of the form ( ]q) 23 ), where

p(z) and ¢(z) are polynomials of degree at most n — 1, when n is the maximal length of a
Jordan chain of A at infinity. Note that the length of such chains cannot exceed 2k + 1.

By Lemma 9.6 the subspace ker 7_ of (@) is contained in S, hence dim ker 7_ <
dim S, < 0o and 7 ker m_ consists of polynomials of degree at most 2x. An application of
Lemma 8.9 yields the assertion.

O

Corollary 9.8. Let M(z) € M, and My(z) € M}, satisfy (9.1) and (9.2), and assume
that
(0, 1)M;y(z) = (0,1)My(z).

Then
o) = (g 79 ) ance) (915)

with a real polynomial p(z), degp < 2max(ky, k2) + 1.

If the subspace ker m_ of K(M;) and the subspace ker m_ of R(Ms) are both equal to
{0}, then the polynomial p(z) is a real constant.

Conversely, given M(z) € M., and a real polynomial p(z), degp = n, then M;(z)
defined by (9.18) is contained in M}, where k1 < ko + [2EL].
Proof : Let Q(z) = VU(M;)(z) and Q2(2) = ¥(Ms)(2), then (0,1)Q:(2) = (0,1)Q2(z).
Since @Q;(2)* = Qi(Z), i = 1,2, the functions @Q1(z) and @Q(z) differ only in the left upper

corner: 0= ( na(z) nis(2) ) Qu(e) = ( ni2(z) niz(2) ) .

na1(z)  n2a(2) ng1(z)  mga(z)

We also have Ord,det (); > Ord,nge, i = 1,2, for w & p(ngg). Hence Ord,, (n11,1 — n112) > 0,
i.e. ny11 — 12 is entire. By considering the integral representations of nq;; and n12 as
introduced in Section 2, we find 1111 = n119 + p(2), and the assertion follows.

If the subspace ker 7_ of £(M;) and the subspace ker m_ of £(M,) both are equal
to {0}, then, looking at the equivalent situation in K(Q;) and £(Q2) with a simultanuously
chosen U as indicated at the beginning of the proof of Corollary 9.7, we see by (9.17) that the
selfadjoint relations A4, in K(Q1) and A, in K(Q2) are both operators. Hence the Q)-functions
satisfy

lim 2304 (iy) = 0, Tim ~S0Qy(iy) = 0.
y—oo Yy y—oo Yy
This is only possible if p(z) is equal to a real constant.

The converse follows again by considering ()7 and ()9, since a polynomial p(z) is

contained in N, with £ < [%], and since the sum of two Nevanlinna functions is again



a Nevanlinna function.

Remark 9.9. In the assumptions and conclusions of this section the roles played by the
upper and lower row of a matrix M(z) € M. are different. The corresponding results where
the upper and lower row change their roles, can be obtained by considering the matrix
JM(z)J.

10 A characterization of associated functions

In this and the following sections we will use the notation and results of [KW]. Let 8 = P(F)
be a fixed dB-Pontryagin space.

We identify the set of associated function of a dB-Pontryagin space as the set _ (as
introduced in [KW]. First we have to relate elements of 3_ to entire functions. If U € P_,
define an entire function U(w) by

0w = 0 ssin) ) (10.1)

wK (w, z

Since S is minimal, Lemma 3.5 of [KW] implies that the correspondence between U € PB_
and the entire function U(w) is one-to-one. Note that, if F' € P, we have (¢F)(w) = F(w).

Lemma 10.1. Let a € [0,7) be given, and consider the selfadjoint relation A,. We have
for U e P_ and w € p(Ay)

2) — 22y
(RyU)(z) = V) = e V) (10.2)

Z—Ww

Here Ry, is the extension of the resolvent (A, — 2)™! to PB_ (compare Section 3 of [KW]).
Proof : A straightforward computation using Lemma 6.4 shows that

5:((@)@_5 ( wﬁq(ﬂwt?t) ) a wl—z ( ;I{{((Zz’,tzt)) ) '
U(:) — S5 w)

Z—Ww

Sy
~—
—_

RIK(z,t) =

Hence

(RLU)(2) = [R,U, K(2,t)] = [U, B K (2, 1))+ =

Proposition 10.2. IfU € B_, the function U(w) defined by (10.1) is associated to P.
Conwversely, any associated function can be represented in this way.



Proof : Let U € ‘B_ be given, then R,U € P and by (10.2) and Lemma 4.5 we find
U € AssB.

To prove the converse part it suffices by Lemma 4.5 to show that for some z5 € C we
can represent every function of the form (z — zo) F', F' € B, as an element of P_: Let F € P
be given. Then there exists an element U € B_, such that R U = F. Since, by [KW] the
kernel of R is not trivial and does not depend on z we may assume, for an appropriate
choice of zy, that U(zg) = 0. The assertion now follows from Lemma 10.1.

O

Proposition 10.3. Let B = P(E), E = A — iB, be a dB-Pontryagin space. We have
U € AssPB if and only if there exist real entire functions C' and D, such that

e = (&) b ) e

for some k' € NU {0}, and IndgR, (M) = 0.
Proof : If there exists a matrix M with the stated properties, we have U € Ass‘P by
Corollary 8.8.

Assume now that U € Ass‘P is given. We have to construct a matrix M (z) with
the asserted properties.

Note that by Lemma 5.4 and Corollary 5.5 we can assume that E has no real zeros,
i.e. that A and B have no common zeros.

By Proposition 10.2, we can consider U as an element of B_. As such there exists
a generalized U-resolvent matrix W (z) of S (compare Theorem 4.9 of [KW]).

Since, by the results of [KW], we have W € M! x = Ind_B, Lemma 8.2 implies
that M(z) := U(z)(—=J)W (z)J € MY. By the construction of W and Lemma 6.4 we find
that the first row of M(z) equals (A(z), B(z)). Since S is minimal, it follows from [KW]
that R, (M) = K(M), in particular IndgR (M) = 0. It remains to show that the entries of
M(z), or equivalently the entries of U(z)W (z), are entire functions.

By [KW] the matrix kernel Hy (w, z) can be written as

)

Hilw.2) = () ) (-0t Py

with certain functionals P(z) and Q(z). It follows from Lemma 6.4 and the definition of
P(z) that U(2)P(2)F = F(z) for any I’ € B. In particular U(z)P(z)F is an entire function.
Since the set of regular points of S equals C, we find (using Lemma 5.1 of [KW]), that also
U(2)Q(z)F is entire. Since the matrix W (w) is invertible whenever U(w) # 0 and U(w) # 0,
we find that U(z)W(z) is entire.

O

Corollary 10.4. The matriz M constructed in the proof of Proposition 10.3 satisfies
Ri(M) = R(M) and k" = Ind_*B. Moreover, m,R(M) = B isometrically. Also, for the



constructed matrix M we have
min(Ord,,C, Ord,,D) > min(Ord, A, Ord, B), w € C, (10.3)

i.e. the relation (9.2) holds for JM(z)J. The relation (9.1) holds for the matriz ﬁJM(z)J.
If we demand the matriz M in Proposition 10.3 to satisfy R (M) = &(M), then C
(D) are unique up to real multiples of A (B).
Proof : If A and B have no common zeros, the relation (10.3) holds since C' and D are
entire. The general case follows by applying Corollary 5.5.
To prove the remaining assertion apply Corollary 9.8.

Remark 10.5. In particular we may apply Proposition 10.3 to the function E(z). An
elementary computation using Lemma 6.4 and Definition 4.8 of [KW] shows that for the
matrix M (z) we can choose

Mp(2) = ( _AB<2) ig; ) '

Then the mapping v as introduced in Corollary 8.8 is given by
Y(F)(w) = iF (w).

11 Subspaces of dB-Pontryagin spaces

It is a main object of the theory developed in [dB7] to study the subspaces of a given
dB-Hilbert space.

Definition 11.1.  Let (3,].,.]) be a dB-space. A closed subspace Q C P is called a
dB-subspace of B, if it is a dB-space.

Note that a closed subspace Q of a dB-space P is a dB-subspace if and only if it
contains F'# and 2=2F(z) whenever F' € Q and F € Q, F(w) = 0, respectively.

Unless explicitly stated the symbol Q C B will mean in this and the remaining
sections that Q C P as a set of functions, and that [., |p|q2 = [, ]a.

Note that the property of Q being a dB-subspace does not depend on the choice of
an inner product:

Remark 11.2. Let (3, (G.,.)) and (B, (Gi.,.)) be dB-spaces on the same set . A closed
subspace 9 is a dB-subspace of (I, (G.,.)) if and only if it is a dB-subspace of (B3, (G1.,.)).

From Theorem 3.3 and Remark 11.2 we obtain an ordering theorem for subspaces
of a dB-space.

Proposition 11.3. Let (B, [.,.]) be a dB-space. If Qi and Qo are dB-subspaces of P with
0(91) =0(Qy), then either Q1 C Qs or Qs C 9.



Proof : Choose an inner product on P which turns P into a dB-Hilbert space. Then £,
and Q, are dB-subspaces of P8 with the same divisor. The assertion now follows from [dB7].

O

Let us recall a result of [dB7] which shows how the subspaces of a given dB-Hilbert space
are related.

Proposition 11.4. Let By be a dB-Hilbert space, and let Py = P(Ey) with some Ey € HBy.
Then there ezists a number s_ € [—00,0), and for each t < 0 there exist real entire functions
Ay, By, such that (Ey == Ay —iBy)

(i) By € HBy if t > s_, and A; and By are linearly dependent if t < s_.
(ii) Ord,E; = Ord,Ey for z € R.

(iii) tl\im Ki(w,w) =0 forw € C.

() If s < t; <ty <0, then P(Ey,) C P(EL,) as a set of functions. If t; < to, then
B(Ey,) # B(FEy,) as Hilbert spaces.

Moreover, there exists a subset M, of (s—,0) which is a union of open intervals, such that
(Mg := (5, 0]\ Miing)
(v) PB(Ey,) is contained isometrically in P(Ey) if t, € M,ey. Conversely, if Q is a dB-
subspace of P(Ep), 0(Q) = 0(*P), then Q = P(E},) for some t, € Mye,.
Ifts € Mgy, then B(Ey,) is not contained isometrically inB(Ey), and ift, = min{t €
M,eglt > t5}, then P(Ey,) = P(Ey,) as a set of functions.

(vi) If t, € M,e, is not the left endpoint of an interval contained in Mg,q, then

) B(E) =B(E,).

t>tp
tEMreg

Otherwise

() BE) = B(Ey)

t>tr
tEMreg

with t = min{t € M,4|t > t.}, and

dim | ( (1) P(E)/BE,)| =1

t>tr
tEMreg

(vii) If t, € M,y and is not the right endpoint of an interval contained in Mgy, then

cds |J B(E) =B(E,).

t<tr
tEMreg



Otherwise

cds | PE)=PE,-)

with t; = max{t € M,¢,|t <t.}, and

dim |B(E,)/(cls | B(E))| =1.

t>ty
tEMreg

By Remark 11.2 and Theorem 3.3 a similar result holds for the dB-subspaces of
an arbitrary dB-space . In the following we denote by B; the dB-subspace of Py which
equals as a set of functions the space PB(FE;) introduced in Proposition 11.4, and which is
endowed with the inner product induced by By. Note that, if t, € Mgy, and t > t, such
that (t5,t) C Mging, then P, =P, as linear spaces.

Some of the spaces B; may be degenerated, hence there need not exist functions,
say E,, which generate the space P, in the sense of Theorem 5.3. However, we will show in
the following that this can happen only for finitely many values of ¢t € M, ..

Clearly the function

t—Ind Py, tel,

is a nondecreasing function taking values in NU{0}. If ¢t € (s_, 0] and B, is nondegenerated
then, for each s € (s_,0], s <t we have

Ind_PB; + Indg*P,s < Ind_*P;.

Corollary 11.5. Let (B, [.,.]) be a dB-space and consider the chain (Bi)ies_o- If t,s €
(s—,0], s < t, and Ind_*P, = Ind_P;, then P2 C PP. The set (s—, 0] is the union of at most
Ind_PB + Indo’P intervalls (possibly consisting of only one point), such that Ind_PB; and B
are constant on each intervall.

Proof : Let £ be a maximal negative subspace of 5. Then dim £ = Ind_(B;) = Ind_ (P,),
hence £ is maximal negative in ;. It follows that the orthogonal complement £+ in 3,
is positive semidefinite. Clearly, 8¢ is a neutral subspace of £+ and we conclude that
P2 C (£+)°. Therefore P2 C Ps.

The remaining assertions follow immediately from the already proved.

The major part of this section is devoted to the proof of the following

Theorem 11.6. Let By be a dB-space. The set
My = {t € M,.4|IndB; # 0}

is finite.
Similar as in Section 9 we make use of some results on 2 x 2-matrix valued Nevanlinna
functions and of the Potapov-Ginzburg transformation.



Lemma 11.7. Let
M(z) = ( mai(z) ma(2) ) c /\/l(l)

mo1(2) mao(2)

be an entire matriz function, with real entries and assume that R(M) is at least two
dimensional. Then the Potapov-Ginzburg transformation W(M)(z) exists, is analytic on
C\o(¥(M)), where a(V(M)) is an isolated subset of R, and has a representation

1 t

U(M)(2)=C+zD+ > G771

tea (U (M))

)G, (11.1)

Here C' is a real selfadjoint 2 x 2-matriz, D is a real nonnegative 2 X 2-matriz, and G, is a
nonnegative 2 X 2-matrix of the form

Gt:ﬂt(blt)(l by ) (11.2)

where 0 < B, € R, by € R\ {0}, and where b;, and by, have different sign for consecutive t,
and tg.
Proof : First of all note that det M(z) = 1 and that therefore the right upper and the
left lower entry of W(M)(z) coincide. It follows from [dB7] and from the assumption that
dim 8(M) > 2, that no entry of M (z) vanish identically, in fact no entry has a nonreal zero.
Hence the Potapov-Ginzburg transformation exists. Since mo; and msgs have no common
zeros and M is entire, M satisfies (9.1) and (9.2).

Clearly (U (M)) = {z € C|ms1(2) = 0} is an isolated subset of R. Since W(M)(z) €
N2, it can be written in the form (11.1) for selfadjoint C, and nonnegative D and G;, t €
o(W(M)). Hence for t € o(¥(M)) the function W(M)(z) has a pole of order one at ¢ with
the residue —G,. It follows from Lemma 9.3 that GG; has a nontrivial kernel.

Since mg; and moy (mq; and mo;) have no common zeros, all entries of W(M)(z)
have a pole at t of order one.

Clearly, the entries of W(M)(z) are real functions, hence C, D and Gy, t € o(V(M))
are real. Thus we can write G; in the form (11.2) with b;, 5, # 0.

It remains to show that b;, and b;, have different sign for consecutive ¢; and t5. As
the lower left entry of W(M)(z) equals #, it cannot have zeros on R. Hence the residues

(2)
of consecutive poles of #(z) must have different sign.

O

Proposition 11.8. Let M(z) € M} be an entire matriz function, with real entries. Assume

that there exist vectors xy,...x, € R*\ {0} and pairwise different numbers ti,...,t, € R,
such that .
> Hy(zt))x; = 0. (11.3)
j=1

Then dim K(M) < 4n.
Proof : If R(M) is of dimension one, there is nothing to proof.



As the space R(M) remains unchanged if we replace M by

M(Z) ( Uy U2 )
U1 V2
with wuq, us, v1,v9 € R, ujvs — ugvy = 1, we can assume without loss of generality that no
point ti,...,t, is contained in o(W¥(M)).

If we put @ = W(M), it follows from Lemma 8.9 that the condition (11.3) is
equivalent to

> " Nolzty)y; =0
j=1

for certain vectors yy, ...y, € R?\ {0}.
Applying the resolvent f(z) € R(¥(M)) — w for 7 € R\ (o(¥(M)) U
{t1,...,t,}) we get

n

3 Nz ty) 22— = No(zm) Y . (11.4)
= tj—T tj—T

j=1
Let A1, ..., A\, be the real zeros of P(7) := Y "_, %, Note that m <n — 1.

J=1 t;—7
Now let 7 € R tend to some ¢t € o(W(M)) \ {A1,..., A\n}. Then the left hand side
of (11.4) has a finite limit. But the norm of the right hand side is by Lemma 11.7 greater or

equal than

1 1

b PO ( y ) (1 b )P,

Hence 0 # P(t)L b
t

component po(7) of P(7) vanishes at t.
Hence the real polynomial in 7

p(2) = p1(7)p2(7) | H (tj —7)°

). Since by # 0, neither the first component p;(7) nor the second

is nonzero for 7 € o(V(M)) \ {A1,...,Am}. Moreover, for elements 7,7 € o(¥(M)) \
{A1, ..., A} which are consecutive in o(W(M)), the values p(71) and p(72) have different
sign. Since the above polynomial has degree at most 2n — 2, an elementary consideration
shows that |o(V(M))| < 4n — 3.

Since dim R(W(M)) = rank (D) + >, y(ury rank (G¢) we obtain the desired result.

O

Proposition 11.9. Let (P, [.,.]) and (Pa,[.,.]) be dB-spaces such that 2(P;) =
(P2), P1 CPo, PS #0, and

Ind_ (5131) = Ind_ (mg) .



If a dB-Hilbert space (Pa, (.,.)1) can be constructed (compare Theorem 3.3) with a perturba-
tion of rank n:

(F>G)1 = [F>G]+C§:F(tk)%a F>G€f‘]32>

for some ty,...,t, € R, then codim g, (P;1) < 4n.
Proof : Clearly, with (P, (.,.)1) also (P, (.,.)1) is a dB-Hilbert space. Denote by K (z, w),
K5(z,w) the reproducing kernel of (P, (.,.)1) and (o, (.,.)1), respectively. Moreover, let P
be the orthogonal projection of (s, (.,.)1) onto (P, (.,.)1)-

As in the proof of Theorem 3.3 we can write [F, G| = (G;F,G)1, F,.G € B, (j =
1,2), where

Gi=1-C> (,Kj(te, 2)1 K;(ty, 2),
k=1
hence PB; = ker G;, and any function I € PB7 C B3 is of the form
F= Zang(tk, Z)
k=1
Since B5 is invariant under F +— F7# we may assume that oy, € R, k = 1,...n. Since
F €99, and since PKs(z, w) = K;(z,w), we obtain
F = ZakKl(tka Z).
k=1

By 2(31) = 2(*B2) it follows from [dB7] that there exists an entire matrix function
M(z) € M} on C with real entries such that

(A2(2), By(2)) = (As(2), Bi(2)) M (2).

We calculate (compare (12.3))

(Z ap K (L, 2), Z o K (s 2)) = (Z ap K (L, 2), Z o K (tk, 2))1+
k=1 k=1 k=1 k=1

+ Z (akAl (tk), OékBl (tk))

k=1

M(t)JM(ty)* — J ( Ay () )
t — ty aBit) )

Since the first and the second term in this equation both are equal to the norm of F', the last
term vanishes. Then, by Proposition 11.8, the dimension of (M) is at most 4n dimensional.
Since (Po, (-,.)1) © (P, (,.)1) is isomorphic to K(M), we are finished.

O

Proof : (of Theorem 11.6) Assume on the contrary that |My| = co. Then there exists
some k > 0, such that
M()ﬁ = {t S M0|Ind_i]3t = H}



is infinite. By Corollary 11.5 we may apply Proposition 11.9 to any two indices 1,15 €
M, ... However, since M, is infinite, there exist indices ¢1,t2, such that the codimension
of P, within P, exceeds the uniform bound given in Proposition 11.9, and we arrive at a
contradiction.

O

In the remaining part of this section we show that a point ¢y where the function Ind_B(E})
jumps is either the endpoint of an intervall contained in M;,, or P(Ey,)° # {0}.

Lemma 11.10. Let PB,, n € N, be a sequence of Pontryagin spaces, such that B, 2 Pt
and (\,en Bn = {0}. Then P, is a Hilbert space for some (and hence for all larger) n.
Proof : Let ||.|| be a positive definite norm on (4, [., .]) induced by a fundamental symmetry.
Since B,, is nondegenerated, it is a closed subspace of 3, with respect to the weak topology.
Recall that, since Ind_B,, < oo, the set {z € B, |[z, x] < 0} is weakly closed. Consider the
decreasing sequence of compact sets

M, = {z € B[z, 2] <0, [J] = 1}.

By our assumptions (), oy M, = 0, hence there exists some n such that M, = (), and the
assertion follows.

O

Proposition 11.11.  Let Py = P(Ey) be a dB-Pontryagin space and consider the chain
(Bt )ies_ 0 of subspaces with 3(P,) = 0(Po). If Py, is nondegenerated, there exists a number
e >0, such that Ind_B; is constant on (ty — e, to + &) N Myey.

Proof : We first consider ¢ < t,. If ¢ is the right endpoint of an intervall contained in Mgy,
there is nothing to prove. Otherwise we have

P, =cls U B

t<tr
tEMreg

Then there exists a maximal negative subspace which is contained in J <+ B, hence

tEMpre
Ind_B; = Ind_*P,, if ¢t < ¢y and ¢, — ¢ is sufficiently small. ’
Now consider t > . If ¢, is the left endpoint of an intervall contained in Mg, we
are done. If this is not the case, we have

f‘]:;to: ﬂ ipt-

t>tp
t€Myeg

Applying Lemma 11.10 to B, © Py, we find that Ind_*P, = Ind_Py, if ¢ > to and ¢t — 1y is
sufficiently small.
l



12 Transfer matrices of subspaces

The aim of this section is to show that the dB-subspaces of a given dB-Pontryagin space are
connected with entire matrix functions of the class ML. First note that Lemma 4.5 implies
the following

Lemma 12.1. Let Q and B be dB-Pontryagin spaces. Then Q C B as a set of functions,
if and only if AssQ C AssP
The remaining part of this section is devoted to the proof of the following result:

Theorem 12.2. Let B, = P(E.) and Py, = P(E,) be dB-Pontryagin spaces, 0(P,) =
0(Py), let kg = Ind_P,, kK = Ind_Py, and write £, = A, — iB,, Ey, = Ay — iB,. Then
P C By isometrically if and only if there exists a matrix function

M(z) = ( mii(z) miz(?) ) c M

mgl(Z) mgg(Z) Kp—ka?
with the following properties:
(i) M(z) is an entire function.

(i) (Ap, By) = (Aa, Ba)M.
(i1i) There exists no constant ( Z ) € R(M), such that uA, +vB, € B,.

If B, C By isometrically, then the matriz M € M}%_M s uniquely determined by the
properties (i) and (ii).

Corollary 12.3. In the situation of Theorem 12.2, the mapping

F F
< Fj ) — F, A, + F_B,, < Ff ) c R(M),

is an isometry of K(M) onto By, © Pa.
Before be can give the proof of Theorem 12.2, we need some lemmata.

Lemma 12.4. Let Q C P, 0(Q) = 0(P) be dB-Pontryagin spaces. If S is the operator of
multiplication by the independent variable in the space B, then

QZran (S —w), w e C.

Proof : Assume on the contrary that Q C ran (S —w). Then, by Proposition 4.2, Ord, F' >
0(*B) for all F € Q. This contradicts ?(P) = 0(Q) by Lemma 4.1.

O



Lemma 12.5. Let B =P(F), E = A —iB, be a dB-Pontryagin space, and denote by Mg

the matrix
_ ( A(z) B(z)

The space R(Mg) consists of the pairs ( f]; ) for FeB. If M € M., then

(5 ) esoniee) (7)) esom) - o)

tewe ok )Y ¢t
() esonimons (111 ) s,y

has finite dimension. In fact, the space £ is algebraically isomorphic toker . If £, # {0},
1t contains a constant.

Proof : The first assertion follows from (8.2), compare also Remark 10.5. Now let M € M}
be given and consider the linear space

e 1 ) esoniise (1) ) € 80,

endowed with the inner product

(# ) (& )=1(F)

Then £ can be identified with a closed subspace of R(M) x K(Mg). The maximal dimension
of nonpositive subspace of £ cannot exceed Ind_8&(M )+ Ind_R(Mg). Hence the space £/£°
is a Pontryagin space.

We first show that £ does not contain a constant function: Assume that ( : ) S

u u\ [ uA(z)+vB(z)
( v ) € R(M), Mp(2) ( v ) N < —uB(z) + vA(z) € &(Mp).
By Corollary 8.4 we have uv € R. Since the elements ( £y ) of R(MEg) satisfy F_ = iF,

we find )

then

i(uA(z) + vB(z)) = —uB(z) + vA(2),

i.e. tu = v and 1w = —u. Hence u =v = 0.
The next step is to prove that £ is invariant under the difference quotient operator
R1, and that R, satisfies

mio (5 ) (6 )-1(x ) o (G )



+m—ammn(%);m@<§§)=@ (12.1)

for(?r),(ng)ESanda,b,E(C.

Let ?’ € £. By Proposition 8.3, we have Rq(w) ( ?F ) € R(M) and
Re(w)Mg ( ?F ) € R(Mg). Since Mp satisfies (8.1) we obtain for w € C with E(w) # 0
F F
. — —\*k\—1 F—l—(w)
Hyp (W, 2)(JMEg(w)*) (F_(w) € R(Mg), (12.2)

Fy
F
Ri(w) has a Laurent expansion at wy. If a coefficient of some negative power of (w — wy)
does not vanish, we can choose F,, F_ and z € C such that the function

Ra(w) ( e ) (2) = ( %8 ) _ < %23 )

F Z—w

hence R (w) < ) € £if E(w) # 0. Consider a number wq such that F(wg) = 0. Then

has a singularity at wg. This contradicts the fact that F. and F_ are entire. Hence R;(w)

is analytic at wy, and the relation R (wy) ( ?’ ) e £ follows.

To prove (12.1) it is sufficient to consider the case @ = b. Then a computation using
(8.1), (8.4) and (12.2) shows that (12.1) holds.

The isotropic part of £ is finite dimensional. Assume that £° # {0}, then one easily
shows that £° is a nontrivial finite dimensional invariant subspace of R,(w). Hence there

exists an eigenvector:
F F
mi () =2 (5 )

Since F, and F_ are entire, an elementary consideration shows that A = 0. Hence ( F+ )

is constant. This contradicts the above proved fact that £ does not contain any nonzero
constant.
The previous consideration shows that £° = {0}. Since for each w € C the mappings

(7 )= rw (5 )= Fw,

are continuous on £, there exists a matrix L(w, z) of entire functions, such that

Few) =1 )optwn) (o )b m =1 5 ) s (] )



By (12.1) we have for a,b € C, a # b,

L(a,z) — L(a,b)  L(a,z) — L(b, z)‘

z—>b a—>b

Hence L(w, z) can be represented as

Loy = Q) = Q)
Z—W
with the entire matrix function Q(z) := 2L(0,z) € N?*2. For z € R we have ImQ(x) =
0, and Corollary 2.3 implies that @(z) is a polynomial of degree at most 2(Ind_R(M) +
Ind_R(Mg)) + 1. From this we find that £ is finite dimensional. Unless £ = {0}, the same
consideration as in the previous step of the proof yields a contradiction.
In the next step consider the space

sz o (ot (7 )1 5 ) /G,

where the inner product in the second summand is given by
F G F G
e (7)ot (67 =1 ) (6 o

My(z)J My(w)* —_Ea(z)JEa(w) _ MEa(z)JMEa(w)*: Ea(z)JEa(w)+

M(z)JM(w)* —J

The relation

+Mpg,(2) Mg, (w)* (12.3)

Z—Ww

implies that this space is the space K(M,), where M, := Mg, M (compare with the concept
of complemention of reproducing kernel spaces as in [ADSR1]). We have ( ]]:} ) c £y if
and only if

My ( Jf;j ) B ( i(ﬁii%@) ) - ( (F_ —(]z'F+)E ) € R(M).

Since (F_ — iF)E # 0 by the previous part of the proof, £, is algebraically isomorphic
to ker . Corollary 9.7 implies that dim £, < co. Note in this place that the matrix M,
satisfies (9.2), in fact with equality. The relation (12.2) shows that £, is invariant under
Ri(w). Hence R;(w) has an eigenvector, which must be a constant.

|
Proof : (of Theorem 12.2) In the first step of this proof we assume that B, C By is given.
The function F, is associated to 3, and hence associated to B;. Let the matrix M, € ./\/lfb“
be as in Proposition 10.3, and assume that it is chosen such that &, (M,) = &(M,). The
mapping ¢ = 7w_(m,)"! assigns to each function F € B, an entire function, such that (8.5)



holds. In particular, if ¢ is restricted to §,, (8.5) holds. By Corollary 8.8 and Remark 9.9
there exists a number A € R, such that for F' € B, we have ¢ F(z) = iF'(z) + AF(z). Since
a change of ¥ by an additve real multiple of the identity corresponds to a change of M, by
adding to the second row a real multiple of the first row, we can assume that M, is chosen
such that ¢ F(z) = iF(z) for F' € B,. This guarantees that

A(Mg,) C &(My). (12.4)

Let V, € P, _ be such that, with the identification (10.1), we have V,(z) = E,(z). By Remark
10.5 we know that 1 JMp,J is the generalized V,-resolvent matrix of S C B2 as introduced
in Definition 4.8 of [KW] If Vy, € Py is such that Vj(z) = E,(z), by the construction of M,
given in the proof of Proposition 10.3, the matrix —J MyJ is the generalized Vj-resolvent
matrix of § C B With the notation P| taken from Section 7 of [KW], an elementary
computation using (10.1) and the definition of P| shows that the relation V, = P/V, holds.
Moreover, since (12.4) holds, the conventions made in the assumption of Theorem 7.4 of
[KW] are satisfied.

Now we are in the situation to apply Theorem 7.4 of [KW], which shows together
with Lemma 12.4 that the matrix M = M, Mb is entire. Moreover, M € M} The

Kp—HKa*

conditions (i) and (7i) are therefore satisfied. The relation (12.3) shows that the mapping

() (5

is an isometry of K(M) onto R(M,) © K(MEg,), in particular the condition (7i1) is satisfied.
In the second step of the proof assume that a space B, = P(F,) and a matrix M €
M}% x.» Which satisfies the listed properties, is given. Consider the matrix M, := Mg, M.
Together with Lemma 12.5, the assumption (74) implies that &, (M,) = K(M,). Hence,
by the construction of K(M,) given in Lemma 12.5, we have with (A, By) = (1,0)M,,
Eb = Ab — iBb,
PBo = R(Mp,) C R(My) = Ry (My) = By == P(E)

where the inclusion is isometric. The fact that E, € HB,, is derived as follows: The

B
conditions that - € S.,, and that £, and E# have no common nonreal zeros are obvious.
Assume that A, and By, are linearly dependent Then

7 Hap (w, 2) ( ; ) 0.

Hence ker 7y = R(M,), a contradiction since R(M,) O R(Mg,).
In the third step we prove the uniqueness statement of Theorem 12.2. Consider the
following situation: Let B, C By and M € M. be given, such that

Kp—Ka

(Ab7 Bb) = (Aaa Ba)M'

Define a matrix M; := Mg, M, and let M, be as in the first step of the proof. By Lemma
12.5 and (12.3) we have M; € M[=. By Corollary 9.8 there exists a polynomial s(z), such

that
, (1 0



The kernel relation
1 0 1 s(w
HMé(w,z):(_s(z) 1)HMb(w,z)<O (1))+

0 0 S
+ECL(Z) ( 0 s(z)—@ ) Etl(w>

zZ—w

and the fact that ker 7, = {0} in R(M,) show that R(M;) is the direct and orthogonal sum

of the space
(e 1) (5 )1(F ) emom,

endowed with the inner product

(o 1) (F) (e 1) (& =10 F ) (& o

and the space Ea(z)ﬁ(@) with the corresponding inner product. Since
Ind_R(M;) = Ky = Ind_K&(M,),
we find Ind_ﬁ(@) = 0.

Choose F' € B,. The definition of M; and the choice of M, yields together with the
above description of £(M}) that

(e )= (o ) (G )20 (L) 122

for some polynomial s;(z). Hence

F F F F
Wi ) ir o =1 )2 ip Jlsom + B silgeaa-m)

Since R(Mp,) is contained isometrically in K(M;) as well as in K(M,), we find

[51, Sl]ﬁ(@) = 07

hence s; = 0. Comparing the left and right hand sides of the second row of (12.5), we find
s = 0. Thus My = M,, and the matrix M equals the matrix constructed in the first step of
the proof.

d
In the following we denote for an entire matrix function M (z) by t(M) the trace of M’(0)J.

It is proved in [dB7] that an entire matrix function M € M}, M(0) = 1, satisfies t(M) > 0,
and that t(M) = 0 if and only if M = 1. Together with Proposition 11.3 we obtain:

Corollary 12.6. Let Py = P(E1), Po = P(F2) and P = P(E) be dB-Pontryagin spaces.
Assume that 9(PB1) = 0(P2) = 0(P), and that Py C P, Po C P. Denote by My and My the
transfer matrices

(A, B) = (Al, B1>M1, (A, B) == (AQ, BQ)MQ.



(Z) [f Il’ld_ml < Il’ld_mg, then ‘Bl g SBQ.
(ZZ) [f Il’ld_ml = Il’ld_mg, then ‘Bl g q32 Zf and OTLly Zf t(Ml) > t(MQ)

13 Factorization of transfer matrices

In this section we give an ordering theorem for transfer matrices of the class M}.

Theorem 13.1. Let M, € M}W M, € ./\/l}% and M, € M}w Ke = Ka, Ky, be given and
assume that for some Mo, € M. _,.and My, € M|, _, the relations

Mc = MaMa07 Mc = Mbec

hold. Then there exists either a matriz My, € ML with

Kp—Ka’
Mb = MaMalM
or a matriz My, € /\/l,{ba_,_%, with
Ma = Mbea-

If we additionally assume that M,(0) = My(0) = M.(0) = 1, which is in fact no loss of
generality, then we can give a condition which case occurs:

(i) If Ky > Kq OF Ky = Kq, (M) > t(M,), there exists My, € ./\/l}ib_na, such that M, =
M, M.

(ii) If ky = ko and (M) = t(M,), then M, = M,.

iii) If Ky < Kq O Ky = Kq, t(My) < t(M,), there exists My, € ML _ | such that M, =
( ) Ka—Kp
My My, .

Before we can give the proof of Theorem 13.1, we need some more information about
nonisometric inclusions of spaces P(£). We use in the following the theory of reproducing
kernel Pontryagin spaces as given in [ADSR1] (compare also [ADSR2], [ADSR3]). For the
theory of complementation we refer also to [dB8§].

In the following let P(E) be a dB-Pontryagin space such that uA+vB € PB(F) and

let M € M! be such that ( Z ) € &(M). Put E. = (A, B.), where
(A, Be) = (A, B)M,
and assume that Ind_PB(E.) = Ind_PB(F) + x. In Lemma 12.5 we have introduced the space
_ Fy Fi(2)
o= () e sonimat) (17 ) eBEn

and shown that £, is finite dimensional, invariant under the difference quotient operator
R1(w) and contains only polynomials.



The size of the space £, mesures how far B(F) is away from being contained
isometrically in P(E.).

Lemma 13.2. The orthogonal companion in P(E) of the subspace

s {00 (7 )1 ) e s

is the largest dB-subspace of B(E) which is contained isometrically in P(E,).
Proof : First we show that £{ is a dB-space. Since £ is closed with respect to #, so is
£+, Assume that F' L £, F(w) = 0. We have to show that

=Re(w)F(z) L £.

Using the fact that ¥(F)(w) = iF'(w) = 0 (compare Remark 10.5), (8.4) and the relation
(12.2), we find for G = (1,0) Mg ( g+ ) e

HIF s Hag (w, 2)(J M (w)) ! < gfgg )] 0.

If K(w,z) (K.(w,z)) denotes the reproducing kernel of ‘B(F) (P(E.)) and H; is the kernel

Hi(w, 2) = (1,0)Mg(2) Har(w, 2) Mp() ( (1) ) : (13.1)

then the kernel relation
Kc(w7 Z) = K(w7 Z) + Hl(wv Z)

holds. Since £, = B(F) N K(H;), the remaining assertions follow from [ADSRI1].

l
Now consider the inner product on £, defined by
F G F G
(7 ) (G Pe=t(# ) (G P
F G

Lemma 13.3. The difference quotient operator Ry(w) satisfies

Rio) (7 ) (8 Yo - 1( 7 ) Ram (@7 )le =0



forall(?r),(ng)e&r and w € C.

Proof : If we substitute the definition of the inner product [.,.]s,, we obtain differences of
inner products [, .Jaar) and [., Jpe). By Proposition 8.3 the difference of the terms [., .| g)

gives
-(&@) (F)

Hence we have to show that

By (12.2) we have

K (@, 2)(1, —i)(J My (w)*) ( ?ﬁﬁii ) (1,0)Mp < a )],

and a similar expression for the other inner product term [., .]qg). By Corollary 8.8 we have

Retw)L0Ms 7 ) Lows (G )1-

e computed by the reproducing kernel property

of K and using the fact that (JMg(w)*)™' = %@(8):

i (# G ) G0 (G )+




) ( G. () )*ME(M)*( (1) ) (1,—@')J+J( 1 ) (1,0)ME<w) ( Fo(w) )

G_ (o) E(w)E# (w)

All together we obtain
Yot (6 Y
F Gi(w) \ )
() (& Y- (843
+

(é)(i,O)—F(O)(lO) ((1))(1 _Z)J+J( )(170)
w)E

= E(w)E# (w)

wea(£4))- (40 2 4)).

=J

[7T+MER1 (

QQ

which yields the assertion of the Lemma.
O
Since the element ( Z ) is the only eigenvector of Ry(w) in £, i.e. there is a Jordan chain

of length dim £, to the eigenvalue 0, we have:

Corollary 13.4. If ( Z ) is not neutral with respect to the inner product (15.2), then

Proof : Assume that M is an invariant subspace of £, for Ri(w), then M+ is invariant un-

der Ry (w). If ( Z ) is not neutral, it spans a one dimensional invariant subspace of Ry (w),
which is orthocomplemented. By the above argument its orthogonal complement contains
an eigenvector of Rq(w). This contradicts the fact that Z is the only eigenvector of

R1(w) (compare Corollary 8.4), and we conclude that dim £, = 1.

Proposition 13.5.  Let P(E) and P(E.) be dB-Pontryagin spaces with Ind_P(F) <
Ind_B(E.), and assume that there exists a matric M € M., k = Ind_P(E,) — Ind_P(F),
such that (A.,B.) = (A, B)M. Moreover assume that there exists a nonzero constant

¢ ) € R(M), such that uA + vB € PB(E). Then B(FE) is contained in P(E.) as a



set of functions, and the inclusion map is contractive but not isometric. The set P(F)
endowed with the inner product induced by P(FE.) is a dB-subspace of P(E.) (and will be
denoted by P(E)*). The subspace P(E)! := dom S of P(E) is a dB-space and is contained
isometrically in B(E,). At least one of the spaces B(E)* and P(E)! is nondegenerated.
Proof : As in the proof of Lemma 13.2 we decompose the kernel K .(w, z) as

K. (w,z2) = K(w, z) + Hy(w, 2),
where H; is defined as in (13.1). It follows from [ADSR1] that then
Ind_P(E,) < Ind_PB(E) + Ind_&(H,) < Ind_P(E) + Ind_&(M). (13.3)

By our assumption in (13.3) equality holds, i.e. P(E) and R(H;) are complementary in
B(E.). Moreover, Ind_R(H;) = Ind_R(M), hence £, is a Hilbert space with respect to the
sum inner product.

In particular P(E) is contained in P(FE.) as a set of functions and the inclusion map
is a contraction. The inclusion cannot be isometric, since the uniqueness part of Theorem

12.2 would then imply that ( Z ) ¢ R(M).
Consider the mapping

F F
@ : ( FJ: ) |—>(1,O)]\4E(FJ_r ) = AF, + BF_.

Since Ind_R(H;) = Ind_8&(M), the mapping ¢ is a partial isometry of R(M) onto R(H,)
and ker ¢ is a Hilbert space. Clearly B(F) N K(H;) = ¢(£4), and kerp C £,. Since by
the previous steps of this proof £; is a Hilbert space in the sum inner product, we conclude
that £, endowed with the inner product (13.2) is a Hilbert space. Corollary 13.4 shows that
dim £, =1, and Lemma 13.2 implies that dom S is contained isometrically in PB(E.).

Since the relation [( : ) : < Z )]g+ > 0 holds, we have
A+ vB,uA+vB 0 i i 0

[u +uvb,uA+v ]&B(E)> Ol"[ I I ]ﬁ(M)> .
In the first case P(E)' is nondegenerated. We show that in the second case P(E)" is
nondegenerated. Assume that [( Z ) ) ( Z )]Q(M) = 1 and put (A", B") := (A4, B)Mx)
with B B

Mo, = ( 1—u_vz Utz ) .
v —vv 1+ uvz

Then P(E") = P(F) as a set of functions. Consider the factorization

M = Mgs) - (M M).
——
=M,



Since R(M(v)) is contained isometrically in &(M) and since

M(5)<Z)=<:j), (13.4)

we find from [ADSR1] that ( Z ) ¢ R(M;). By Theorem 12.2 the space B(E") is contained

isometrically in P(E.) and hence equals PB(E)*.
O

Proof : (of Theorem 13.1) Let E, € HB, be such that the multiplication operator in the
space PB(F) is densely defined, e.g. choose Ey(z) = e~ **. Define functions

E, = EOMaa Ey = EOMba E.:= EOMca
then the space P(Ey) is isometrically contained in P(E,), P(E,) and P(E.). We have
Ec = EaMac> Ec = Ebeca

hence we may consider the spaces PB(E, )", B(E.)", B(Ey)!, B(E,)* with the convention that
if, say, B(F,) is contained isometrically in PB(E.) that then P(FE,) = B(E,)"* = P(F,).

We assume first that both, P(E,) and P(E;), are not contained isometrically in
B(E.). By Corollary 13.4 the codimension of PB(E,)! (B(E)') in P(E,) (B(E,)) is one.
The ordering theorem Proposition 11.3 shows that there occurs one of the following three
situation:

(i) P(Ea)" C PB(E),
(ii) P(Ea)" = P(E,)" and P(E,)" = P(Ey)",
(iii) P(E)" € P(Ea)".

Consider the case (i). Then we have the following picture:




u

Assume first that | Z ) , ( )]R(Mac) = 1, then, by Proposition 13.5, we have B(FE,)" =

v

P(ET) with (A, By) = (Aa, Ba)M(v). Since K(M(v)) is a Hilbert space, Ind_PB(E7) =
Ind_B(E,). Moreover, ‘B(E“) is contalned 1sometrlcally in P(FEp), hence there exists a
matrix My, € ML k = Ind_P(F,) — Ind_P(E"), such that (Ay, By) = (AY, BY)M_uy.

Since ( ) & R(Mgup), the matrix

Mab = M(Z)Maub

is contained in M}, k = Ind_P(F;) —Ind_P(E,). Since P(Ey) is contained isometrically in
PB(E,), there exists a matrix My, € M}, k = Ind_P(F,), such that (A,, B,) = (Ao, Bo) Mo,
Now we can write (A, B,) in two different ways:

(Aca Bc) = (A(), BO)MOaMac = (A0> BO)MOaMabec-
By the uniqueness part of Theorem 12.2 we have
MOaMac = MOaMabec>

hence we obtain the desired factorization M,, = My, M.
Now assume that [uA, +vBq, uA, + vB,]qpk,) = 1. Then B(E,)" is nondegerated,

PB(E,) = PB(E.) where
(Aaa Ba) = (Afzv Brlz>M(7:)

Consider the transfer matrix M. Since the space PB(FE}) contains isometrically P(EY), it
contains in particular the element uA, + v B, which is equal to uA!, +vB. by (13.4). Hence

( :j ) € R(M,,). Moreover,
[( : ) ; < Z )]ﬁ(Malb) = [uAd!, +vB., uAl + vBllyp,) <
< Al +vB. uAl + vBllpp,y =1, (13.5)
)

follows that the space R(M ) NM. ﬁ(M i) endowed with the sum inner product is not a
Hilbert space. Hence, with the matrlx

Since < : ) is an element of norm 1 in &(M+)), and hence of norm —1 in A(M7Y), it

Mgy = M(_ul)Malbv
we find from [ADSR1] that
Ind_R(Mz) < Ind_R(M ) + 1.

Since (Ay, By) = (Aa, By) My, we must have in fact Ind_R(M,,) = Ind_R(M,,). Now we
again write (A., B.) in two different ways:

(Aca Bc) = (Aal> Bal)M(Z)Mabec = (Aala Bal)M(Z)Maca



which implies as above that M,. = M, M,..

The case (ii1) is treated analogously, hence we may confine our attention to the situ-
ation (7). We consider for demonstration the case that B(E,)" = B(E},)! is nondegenerated,
and that

(WA + vbg, A, + vB,]p,) = 1 > 0, [uA, + vb,, uA, + vB)pm,) = A > 0.

The other cases, i.e. u > 0 and A < 0, or p < 0 and A < 0, or if P(E,)* = P(Ep)" is
nondegenerated, are treated similar.
In the considered case we have the picture:

P(Ee)
Mbc Mac
P(Ep) P(Ea)
My (w) My (u)

Assume that p > A, then

_ 1
() = M1y € My,

>|=

v

Mab = Ml_lu M
()
and we obtain the desired factorization M,. = M., M. by

(Acu Bc) = (Afp Bé)Ml(“)Mac = (Afl, bé)Ml(“)MabMacu
and appealing to Theorem 12.2.
If one of P(F,) and P(F}) is contained isometrically in P(E,.), the above proof
works also, in fact with some simplifications.

O
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