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1 Introduction

In [R1]-[R4] J.F.Ritt proved some theorems concerning composition of (complex)
rational functions. These results, when considered for polynomials, expose some in-
teresting facts of the composition semigroup (C[z], o) of complex polynomials. For
example the classification of commutative subsemigroups of (C[z], o) relies heavily
on some results of [R1]-[R4] (compare [EW]). J.F.Ritt used analytic methods in
his proofs. At the present time there are different approaches and ’purely alge-
braic’ proofs of various of the mentioned results known, see e.g. [B1], [B2], [DW],
[E], [F], [FR1], [FR2], [Ja], [LN], [L], [S], [T], [Z]. At the same time generalizations
to polynomials over fields K with certain properties are obtained. Mostly K is
assumed to be algebraically closed and to have characteristic zero. The assump-
tion of algebraic closedness is in some respects no essential restriction (compare
fi. [S], Lemma 1.5.2). However, the consideration of fields with nonzero character-
istic is more complicated and requires (naturally) additional assumptions, see e.g.
[B2], [EN], [], [Z]. In [B1] and [DW] there can be found some examples showing
differences between zero and nonzero characteristic.

It is the aim of the present note to continue these efforts: We generalize
some results of [R1]-[R4] to polynomials over algebraically closed fields of arbi-
trary characteristic. The theorems under consideration are: A characterization of
polynomials which satisfy a certain rational functional equation (Theorem 4.1),
a characterization of those pairs of polynomials which have, up to a multiplica-
tive constant, common iterates (Theorem 4.3), and a characterization of pairs of
permutable polynomials (Theorem 5.1). The additional assumption we impose is
that the characteristic of the coefficient field K is not a divisor of the degree of
any polynomial involved in the above statements. Some of the given proofs are
even new in the case of characteristic zero. Also our method is fairly elementary,
disregarding the application of a result of [Z] in the proof of Theorem 5.1.

The first part of this paper consists of two sections. In Section 2 we introduce
certain fields of (one-sided finite) power series and study composition of such se-
ries. These expositions, while elementary, provide some basic tools for our further
investigations. The subject of Section 3 is the study of the so-called Boettcher
function of a power series. In complex analysis, in particular in iteration theory,
the Boettcher function is commonly used (compare [Be], [Bo]). In the setting of
formal power series Boettcher functions have been introduced in [K].

The second part is devoted to the proof of the three theorems of Ritt mentioned
above. Section 4 is concerned with Theorem 4.1 and Theorem 4.3. In Section 5
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we characterize permutable polynomials. Our proof relies on the characterization
of so called standard solutions (‘Ritt’s second theorem’). An elementary proof of
this result can be found in [S], we use a stronger form as given in [Z].

2 Semigroups of power series

Throughout this paper let K be an algebraically closed field of characteristic 7 > 0.
We consider formal power series with coefficients in the field K. As usual we write
a (possibly double infinite) formal power series as

f= Z anz”, a, € K. (2.1)

n=—oo

If f # 0 is given by (2.1), let
Ordy f := inf{n € Z|a,, # 0}, Orde f := sup{n € Zla,, # 0},
and denote by R and R, the sets
Ro = {f|Ordo f > —00} U{0}, Rec 1= {f|Ordus f < 5} U {0},

If f and g are two formal power series, the sum f + ¢ is defined as usual. If both
f and g are contained in Rg (Roo, respectively), we define the product f - g by
means of the Cauchy product. Clearly, (Ro,+,-) and (Reo, +,-) are fields. Note
that

Ordy (f + g) =2 min{Ordy f, Ordo g}, Ords (f +g) < max{Ords f, Ords g},

where equality holds if Ordg f # Ordp g (Ordy f # Ords g), that Ordg (f - g) =
Ordg f+Ordg g (Orde (f - g) = Ords f + Orde g) and that Ordg f~! = —Ordy f
(Ordes f~! = —Ordas f).

Remark 2.1. If f € RgNRw, the inverse f~! may have a different form depend-
ing on whether it is computed in Ry or Reo.

Many properties of R, can be deduced from the corresponding properties of
Ry (or vice versa) by making use of the following transformations. Define

oo oo
Q: E apz" — E a_pz",

n=—oo n=—oo

and
&1 f = (pf)" Ro\ {0} - Roo \ {0,
Note that ®1 can also be considered as a mapping of R \ {0} onto Ry \ {0} if

the (multipli(zzative) inverse is computed in the field Ry. For notational reasons we
put ©.0:=0.
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In the following lemma we collect some properties of ¢ and ®1. These are
proved by a straightforward calculation.

Lemma 2.2. The mapping ¢ satisfies ¢ o =id and Ordy f = —Ordo, @ f. The
restriction of ¢ to Ro (Reo) is a field isomorphism onto R (Ro).

The mapping 1 induces a bijection of Ro onto Reo. It is an isomorphism with
respect to -. It satiszﬁes ®10®1 =idg,, where the right (left) factor is considered
as a mapping of Ry to R; (’Rzoo to Ro). If f € Ry, then Ordy fIJ%f = Ordy f.

Definition 2.3. Let f,g € Ro, Ordpg > 1, be given and write

o) 0o
f = Z anzna g = Z bnz"
n=1

n=—k

We define a composition f o g as

fog= Y ang" (2.2)

n=—k

In order to justify the definition (2.2), note that the n-th coefficient of f o g is
a finite sum of products of coefficients a; and powers of b, (compare [Je]).

Note that in certain cases the right hand side of the relation (2.2) makes sense
even if Ordgg < 1. For example if the left factor f is contained in Ry N R, the
composition f o g is well defined by (2.2) for any g € Rg, g # 0, as an element of
Ro.

As usual the compositional power f o ---o f will be denoted by f(™) whenever

—_—
n times
it exists.
Let f,9 € Roo, Ordeo g > 1, be given. We define a composition f o g as

fog:=2a: ((‘I’gf) ° (‘1’59)) :

Clearly the mapping ®: is compatible with o. It is easily checked that this defi-
nition extends the usual definition for, say, rational functions.

In the following proposition we collect the basic properties of the introduced
notions. Since these results are seen by fairly elementary arguments for Ry and
follow on applying ® 1 for R, we leave the proof to the reader.

Proposition 2.4. If f,g € Ry, Ordog > 1, then Ordy (f o g) = Ordg f - Ordg g.
The operations + and - are left distributive with respect to o, i.e. for f,g,h € Ry,
Ordo h > 1, we have

(f+g)oh=(foh)+(goh), (f-g)oh=(foh)-(goh), (foh)™ =f"oh
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In particular, foh = goh implies f = g. The associative law for o holds whenever
all occurring products are defined. The element z of Ro is neutral with respect to
o. The set

RS = {f S RQ|OI’d0f = 1}

consists of units with respect to o. The same assertions hold if everywhere 0 is
replaced by oo.

The notion introduced next is a technical but important tool for our argumen-
tations.

Definition 2.5. Let f =" 2", f # a2k If Ordg f = m > —oo, put

n=—oo 4n

lo(f) :== Ordy (f — amz™) — m.
If Ordo f = m < oo, put
lo(f) :==m — Ords (f — amz™).

For notational reasons we put lo(agz¥) = [ (ax2*) = co.

In the case that lp(f) > 1 (loo(f) > 1) we say that f has gap form. In the
next lemma we list some properties of [y and [,. These results and those of the
following corollary will be used extensively in the subsequent sections.

Lemma 2.6. Let f,g € Rg. Then the following holds:
(i) For all k € Z we have (2" f) = lo(f).

(i) If k € Z\ {0} and the characteristic m of K does not divide k, we have
lo(f*) = lo(f). Otherwise lo(f*) > lo(f), if these numbers are finite.

(i1i) In any case lo(f - g) > min{lo(f),lo(g)}. FEquality holds in this relation if
lo(f) # lo(g)-

(iv) For all k € N, we have lo(f o 2¥) = klo(f).
In case that Ordg g > 1 we have furthermore:

(v) If m = Ordy f # 0, then

lo(f o g) > min{lo(g™), lo(f)Ord g} > min{ly(g), lo(f)Ordo g}.

In the first relation equality holds if lo(¢g™) # lo(f)Ordog. If additionally
7t m, then also in the second relation equality holds. In the case Ordy f =0,

we have lo(f o g) = lo(f)Ordy g.
(vi) If Ordg g > 1 and 7 { Ordy g, then lo(g®)) = lo(g) for all k € N.
(vii) If g € R, we have lo(g=Y) = lh(g).
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Moreover, we have
Hence the assertions (i)-(vii) hold for f,g € Reo, if lo (Ordy) is replaced by I
(Ordy ).
Proof : The relations (i) and (i) are immediate.
Let f=2"f, Ordg f =0 and f = ag + ZZO:[O(f) anz". Then

F* = ag + kaf a2+

which implies (7). In order to show lo(f~") = lo(f), compare coefficients in the
relation 1 = f - f~1. A similar argument shows that (%ii) holds.
Using distributivity we obtain fog= ¢™ - (f og). Since

fog = Qg +(L[0(f)g[0(f) + ...,

we find lo(f o g) = lo(f)Ordg g. Applying (ii) and (iii) yields (v).

The relation (vi) follows immediately from (v) and (%), (vii) can be checked
easily by comparing coefficients in g(~Yog = 2. The assertion concerning [, (®1 f)
follows by applying (ii). ’

O

Corollary 2.7. Let f,g € Ry (Roo) and assume that

foz"=2"og,

for some m € N. If 7+ m and lo(g) # mlp(f) (Ie(g) # mls(f)), then f = az"
and g = bz" for some n € N and a,b € K, a = b™. If n|m, the same assertion

holds under the hypothesis lp(g) > mly(f) (lo(g) = mlx(f)).
Proof : If f or g is a monomial, the assertion follows immediately. Otherwise,
(#) of Lemma 2.6 implies [p(2™ o g) = lp(g) if 71 m and [p(2™ o g) > lp(g) if 7|m.
By (iv) we have [p(f o 2™) = mlp(f).

d
For f € Ro, f # axrz*, denote by ki < ks < ... those indices with ay, # 0. Then
the gap degree of f is defined as the number

S(f) = ng{kQ — kl, kg — kg, .. }
For f € Ry let £(f) := £(¢f). For notational convenience we put £(axz*) := 0.

A related notion has been considered in [T].

Lemma 2.8. Let f € Ry (Rx) be given. An element € € K satisfies a relation
of the form
foez=dzof (2.3)
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for some § € K, if and only if (/) = 1.
Proof : In the case that f is a monomial or [(f) = 1, the assertion is obvious. If
[ # apz® we write f =70 ax, 2" and (2.3) for some € # 1 implies

Eki+1_ki =1,

for all i, hence e(/) = 1. The converse is seen by the same argument.

3 The Boettcher function

In this section we study conjugation with respect to o.

Definition 3.1. Let g € R{ be given. Denote by ®, the conjugation
®yf = g"Vofog feERg Ordof>1.

Clearly then:

Lemma 3.2. If f € Ry and g € R, then Ordy f = Ordy ®4f. The mapping @4
is a composition isomorphism of {f € Ro|Ordg f > 1} onto itself.

In Definition 3.1 and Lemma 3.2 we can replace Ry and Ordg f by Ro and
Ordy, f.

Next recall that certain elements of Ry (R ) can be conjugated to powers z™.
This fact was first observed by L.Boettcher (see [Bo]), and is commonly used in
the framework of complex analysis (see e.g. [Be], [R1]). In an algebraic setting the
following result has been proved in principle in [K] for power series f contained
in Rg. The assertion in the case f € R follows by an application of ®1. Also
note that the uniqueness part of the following proposition appears implizcitly in
the proof of Hilfssatz 4 of [K].

Proposition 3.3. Let f € Ry (f € Roo), Ordop f =m > 2 (Ordee f =m > 2),
mtm. Then there exists an element B € R§ (8 € RY,), such that

dsf=p"Vofof=2m (3.1)

With 8 also B o ez satisfies (3.1) if €™~ = 1. Conwversely, any element of R}
(R:,) satisfying (3.1) is of this form.

If B satisfies (3.1), we refer to 3 as a Boettcher function of f. In the sequel
By will be the generic notation for a Boettcher function of f. In the following
corollary we complete the answer to the question whether in the case 7|Ordg f a
Boettcher function exists or not.
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Corollary 3.4. Let f and m be as in Proposition 3.3, and assume that m = dn*
with k > 1 and d > 1. Then there exists a Boettcher function 3 of f if and only
if f can be written as g o 2 for some g.

Proof : Assume first that fo (3 = o 2z™ for some 5. An application of the chain
rule for differentiation shows that f’ =0, i.e. f = fi02". Hence fiof = oz,
where (3; is a solution of the equation 3y o 2™ = 2™ o 3, i.e. the coefficients of 5;
are exactly the m-th powers of the coefficients of 3. If 7|2 the chain rule again
shows that f{ = 0. Proceeding inductively we end up with a relation of the form

froBy=pR0z2% (3.2)

where the coefficients of 3 are exactly the 7*-th powers of those of 3. Moreover,
we have f = fy o P

Conversely assume that f = g o 2™ and consider first the case that d > 2.
Then it is possible to solve the equation (3.2) with g in place of fx. This is seen
by the same argument as employed in the proof of Proposition 3.3, see [K]. Then,
clearly, fo 3 =0 2z™.

If d = 1, a straightforward argument shows that there exists a choice of § in
order to satisfy fo (= [Foz™.

O

Remark 3.5. As the following example shows, one cannot expect a uniqueness
result like Proposition 3.3, if w|m: Let 8 € Ry, Ordg S > 1, be such that every
nonzero coefficient is a (7% — 1)-th root of unity, then

z”koﬁzﬁoz”k.
In the following we study some properties of Boettcher functions.

Corollary 3.6. Let f be as in Proposition 3.3 and let n € N. Then each
Boettcher function B¢w) of ) is of the form

Brw = Ppoez, €™ =1

Proof : Note that

n

g, (f™)) = (@5, ) = 2"
The assertion follows from the uniqueness part of Proposition 3.3.

O

In the sequel we will always consider polynomials as elements of R, since then
a nonlinear polynomial has a Boettcher function if 7 is not a divisor of its degree.
Clearly, an element f € R, is a polynomial if and only if Ordg f > 0. Hence
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our main interest will be in studying Boettcher functions of elements of Ro. As
examples for Boettcher functions may serve:

Lemma 3.7. A Boettcher function B,m is given by B,m = z. If t, denotes the
Dickson polynomial of degree n, a Boettcher function is given by

Bt, =2z + % (3.3)

Moreover, a Boettcher function B_y, is (z + %) oz, where a" ™t = —1.
Proof : The first assertion is self-evident. To prove (3.3) recall that (see f.i.

Corollary 1.5.2 in [S])

1
tn -) = - "
o(z—l—z) (z—l—z)oz

In the following some properties of Boettcher functions are collected.

Proposition 3.8. Let f € Reo, Ordes f =m > 2, 1 m, be given.
(l) Ifg e R:;o then ﬁ@gf = g(fl) o ﬁf.
(i) We have lo(8f) = loo(f).
(iii) Assume that e € K satisfies e°F) = 1, then B; commutes with ez. In fact

£(By) = £(f)-

(i) If k|£(By), and ¢ € K, ¥ = 1, then for some § € K with §(™~V* =1 we
have Bey = By 0 dz.

Proof : To prove the first assertion note that
(6;_1) og)o (g(fl) ofog)o (g(fl) off) =2z

Assume next that f = """ a,z", By = S5 ____byz". Since fo ;= fBfoz™,
we have

1 1
foﬁ:am(blz—l—bo—i—b_l;—|—...)m—f—am_l(blz—l—bo—l—b_l;—l—...)m_l—|—.,.:

1
Zblzm-f—bo-l—b_lz—m-f—.... (3.4)

If Io(f) = k > 1, it follows from (3.4) by an inductive argument that [ (8f) = k.
If on the other hand [, (f) = 1, there exists a linear polynomial L = z + ¢, such
that lo(®rf) > 1, in fact ¢ = —%. By the already proved statement

[OO(L(_I) © ﬁf) = [00(6<I>Lf) > 1,
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hence [ (8f) = 1.

The assertions (i) and (iv) are obvious if f is not of gap form. Assume that
lo(f) > 1 and that ¢ is a primitive £(f)-th root of unity. By Lemma 2.8 there
exists a number [ € N, such that foez = ez o f, hence for all £ € N and certain
numbers [, we have

mk

P g, (e2) = g, (e%2) oz

Since ¢ is a root of unity e assumes only finitely many different values. For some
k Corollary 2.7 is applicable and shows ez o 8¢ = 3 o az, for some a € K. Since
Ords By = 1, we must have a = ¢, i.e. ez commutes with Gy and we conclude that

L(HILBy)-
Assume on the other hand that ¢ is a primitive £(8¢)-th root of unity. Then
ez commutes with 3y and we find

g, (foez)=2Moez=e"z02™.

Hence foez =¢"zo f and we conclude that £(8¢)|£(f).
To prove the remaining part let k|£(3;) and ¥ = 1 be given. Then

6}_1)05f06f25206}_1)0f05fzszozmzézosz(S*lz.

Lemma 3.9. Let f,g € Roo, Orde g > 1, be given and assume that Ordg (f o g),
Ordgg > 0. Then also Ordg f > 0.

Proof : Write f = fi + f- with Ordp f+ > 0 and Orde f- < 0. Then
Orde (f- 0g) < 0 and Ordg (fy og) > 0. Since fog = (fyrog)+ (f- og)
the assumption implies that f_ o g =0, hence f_ = 0.

O

Lemma 3.10. Let f € Ri,, (8) > 1, neN, n>2 and e € K\ {0}. Assume
that

f=B0z"0pN, g=pBocz"op"

are both polynomials. Then 3 commutes with £z.

Proof : We have

Boezofl Vo f=pFoez0pMofoztop" =g



10 G.Dorfer, H.-Woracek

By Lemma 3.9, 3(-Y oezo0 3 = L where L is a linear polynomial. Since [, (8" o
ezo[3) > 1, L must be equal to ez.

O

The following proposition characterizes permutable power series by means of their
Boettcher function. A partial result in this direction has been obtained in [K].

Proposition 3.11. Let f,g € R, Ordes f = my > 2, Ordecg = my > 2,
T myg,mg, be given. Then f commutes with g if and only if

ﬁg :ﬁfofza

for some € with glms=1)(mg—=1) _ 1
Proof : Assume that fog= go f holds, then

2™ o®p.g=Pg.go2M. (3.5)

Corollary 2.7 implies that ®5,g = §2™s. Now (3.5) shows that ™s~1 = 1. Choose
¢ such that e™s~! = §~1. Then

DPproez(g9) = Pz (P, (9) = e l2062™0 0z = 2™,

hence (3 o £z is a Boettcher function for g. Clearly ¢(ms=D(ms=1) = 1,
Conversely, assume that 3, = (¢ ocz for some ¢ with glmg=1)(ms=1) — 1 Then

fog=0f o 2™Mf 06;—1) o Bf 0ez 0 zMa 0571206;_1) _
= 6f 0z™ o Elimgz o0z™9 0 6;_1) = 6}‘ o Emf(lfmg) 0 2™MfMg g 65&‘_1) —

— ﬁfogl—mgzozmgmf og}*l) = fBroezoz™s og_lzoﬁ](fl)oﬁfoszOﬁJ(fl) =gof.

O

4 Polynomials with a rational functional equation
and polynomials with a common iterate
The following result characterizes those polynomials f whose Boettcher function

is rational, i.e. Ordg By > —oo. Note that this condition means that f satisfies the
functional equation

f(B(2)) = B(z"), n = Ord f,

for the rational function § (compare [R2]).
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Theorem 4.1. Let f be a polynomial, Ords, f = n > 2, n # 7%, and assume
that fo B = (Boz" for some B € R . Then Ordg 8 > —oo, if and only if there
exists a linear polynomial L, such that ®r(f) either is a power or up to the sign
a Dickson polynomial.

Proof : Let Ordg 8 = —m > —o0, i.e.

1 1

Zm
and fo (8 = (oz" for the polynomial f. We assume that m > 2 and deduce a
contradiction. Note that with § also L o 3 satisfies these conditions (replacing f
by Lo fo L™!). Hence we may assume that by # 0.
Write f = a,2™ + ... + ap. We compute some of the powers of z which occur
in fofor Boz" Let

iy = min{i > 1|m } (T:)}

and note that by our assumption n # 7% we have i, < [%]. The highest (lowest)
powers occuring in f" are 2", 2" (7™, z= Mt (B)) If follows that a, 1 =
oo = 0p_i,41 = 0 and a,,_;, # 0. The lowest power which occurs in "~ is
z=m(n=i2) Tt follows that

—m(n — i) = —mn + il (3),

hence [p(8) = m, i.e. B is of the form bz + by + bmzim.

Again we use the freedom of composing [ with a linear polynomial from the
left and assume that by = 0. The highest (lowest) powers occuring in 8" are
then 2", gt~ le—mi" (z=mn pmmn—i )+l If n —§, —mi, > 0, we obtain with
similar arguments as above that m(n — i, +mi.) = m(n —1i.) + i, a contradiction.
Otherwise it follows that f is a monomial, which obviously is a contradiction again.

If Ordy By = 1 we immediately have that f is conjugated to the power 2". If
Ordg B = —1, By = bz + b1, we can write

z

b 1
ﬁf—azo(z—kz)oaz,

where o2 = %. It follows that
1 1-n n 1 (-1)
(z—i—z)oa zoz O(Z+z) ,

is a polynomial conjugated to f. Lemma 3.10 implies o'~ = 41, and the assertion
follows.

If &1, (f) is a power or a Dickson polynomial for some linear polynomial L, then
by Lemma 3.7 and Proposition 3.8 we have Ordg 8y > —1.

O
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Remark 4.2. If Ord,, f = 7%, then Theorem 4.1 fails as Remark 3.5 shows.
However, by Corollary 3.4, the existence of 8 implies that f is conjugated to P

In the remaining part of this section we consider polynomials with a common
iterate (compare [R1] for the case ¢ = 1).

Theorem 4.3. Let f, g be polynomials of degree at least two, 71 Orde f, Orde g,
let ¢ € K be such that e*(F) = 29 =1 and let L be a linear polynomial such that
DL(f) has gap form. If for some numbers n,m € N

efm) = glm),
then £(f) = £(g) and there ezists a polynomial h, lo(h) > 1, £(f)|£(h), elements
X1, X2 € K, Xf(h) =1 and numbers I, k € N, such that

f=0-10ah"), g=2p-1(x2h™).

If already o (f) > 1, we have in fact Xf('f) =1.
Before we can prove Theorem 4.3, we need another lemma.

Lemma 4.4. Let g1,92 € Reo, g € RE, and n,m € N be given, such that m|n
and
Ordg (g1 02" 0g2), Ordg(goz™o0ga) > 0.

Then also Ordg (g1 0 zm o g(=1) > 0.
Proof : We have
(grozmog™V)o(goz™ogy) =g102"0 g,

and the assertion follows by Lemma 3.9.
O

Proof (of Theorem 4.3): We consider first the case that [(f) > 1. Note that
this implies [, (g) > 1. Assume that (™ = g("™) and let B¢ and B, be Boettcher
functions of f and g. By Corollary 3.6 and Proposition 3.8 we find

By = By 05z, (4.1)

for some & € K. Note that (4.1) implies that £(8f) = £(3,). Clearly our assump-
tion implies (Ords f)™ = (Orde g)™, hence there exist numbers r, s,t € N such
that Ords f = r® and Orde g = rt. Write u := ged{s,t} = bt — as with a,b € N.
Then

as _ bt _ bt bt _
f(“):ﬁfozT oﬁ} 1)7 g(b):ﬁgozr oﬁé 1):(ﬁf061 z)oz oﬁj(‘, 1)7
are both polynomials. By Lemma 4.4 also

h:= (Bfo Sl_rbtz) 0z o 6;_1) (4.2)
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is a polynomial. Note that (4.2) implies [ (k) = o (8f) and £(6)|£(h).
Consider the polynomials

W) = (Bpoyz)oz" o BV, f=proz" o Y.

By Lemma 4.4 also (Byo~yz)ozo ﬁgfl) is a polynomial, and hence must equal 7yz.
We find that '
f=~"th), A5 =1,

A similar argument applies to g and yields the desired result.
If [o(f) = 1, also € = 1, hence our assumption reads as f(") = g("™). The
assertion in this case follows from the already proved applied to @ (f) and ®1(g).

O

5 Permutable polynomials

In this section we prove a characterization of permutable polynomials (compare
[R4], [T]).

Theorem 5.1. Let f,g € K[z], n = Orde f, = Ordoo g > 2, w1 71, m, be given
and assume that fog=go f. Then there exists a linear polynomial L, such that
one of the following cases occurs:

(i) ®L(f) = ay2", ®L(g) = agz™, with af ! = .

(i) ®L(f) = asta, Prlg) = agtm, with o} =al =1 and o' = a}h_l.
(iii) ®r(f) = ash®), &1(g9) = ayh®), for some h € K[z] with ayzoh =hoayz,
agzoh=hoayz.

Remark 5.2. If we drop the assumption 7 1 7 and 7 { m the conclusion of
Theorem 5.1 is not true as the following example shows: Let K be an algebraically
closed field of characteristic 7 # 0 and consider the polynomial g := 2™. Obviously
g permutes with a polynomial f if and only if every coefficient of f is a (7 — 1)-th
root of unity (compare Remark 3.5).

It is easily seen that for every k > 4 there exists a choice of f, Ord., f = k,
such that f and g cannot be represented as in (%), (ii) or (iii) of Theorem 5.1. In
fact, choose

flz)=2F 42524223 4 4241

If f could be represented as in (i), we would obtain a relation of the form f =
L0250 Ly for some linear polynomials Ly, Lo, a contradiction since all coefficients
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of f with exception of the (k — 1)-th are nonzero. A similar argument shows that
(#) cannot occur. Now assume (44). Since 7 is prime, we must have ¢t = 1. Hence
h = L;o02z" o Ly for some linear polynomials L, Ly and since a4z permutes with
h, we conclude that f = Mj o 2™ o Ms for some linear polynomials My, Mo, a
contradiction as we have seen above.

To prepare the proof of Theorem 5.1 we provide another lemma:

Lemma 5.3. Let p,q be linear polynomials, m > 3 and r > 2 be given. Assume
that 1 m, (r +m) and that there exist linear polynomials L1 and Lo such that

Lyoz"p(2)™ = 2"q(z™) o Lo, (5.1)

then p and q are multiplications, i.e. p = ez, ¢ = dz.
Proof : Without loss of generality we may assume that L1 = z 4+ p, Ly = 2z + v.
Write p = ez + a, ¢ = 6z + 7, then (5.1) becomes

Ziez+ )" +p=(z+0v)(0(z+v)" +7). (5.2)

Comparing the coefficients of z7T™, z7Tm=1 ;r+m=2in (5.2) yields, since m > 3,

e™ =0, me™ ta = 6(r+m)y, <7;) M2 = 6<T Zm> V2 (5.3)

Consider first the case 7 # 2. f wt (m — 1), 74 (r+m —1) and « # 0, the above
relations imply

m 3% m—1

r+m a r4+m-1
a contradiction since r # 0. We conclude that o« = 0 and clearly then also v = 0.
Ifrt(m—1)and 7|(r+m—1) (x|(m—1) and 7t (r+m — 1)) we obtain from the
last relation in (5.3) that @« = 0 (¥ = 0). The second relation then implies v = 0
(a=0).

Now assume that 7|(m — 1) and 7|(r + m — 1), which is in particular the case
if # = 2. Then 7|r and a comparison of the coefficients of z! in (5.2) yields
§(r +m)r™tm=1 = 0. Hence v = 0 and thus also a = 0.

Finally, comparing the coefficient of 2% (2") in (5.2) shows that u = 0 and
v =0.

O

Now we come to the proof of Theorem 5.1, which is done in several steps.

Choose L such that ®5,(f) has gap form. An elementary consideration using
Lemma 2.6 shows that [ (PL(f)) = leo(PL(g)). Hence we may assume throughout
that [oo(f) = leo(g) > 1 which will imply that we may choose L = z. Also, without
loss of generality, let n > m.

Step 1: First we reduce the proof of Theorem 5.1 to the case that Ordy f 1 Orde g
and Ordy g 1 Ords f.
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We construct inductively a (finite) sequence of polynomials f;, g;: Put fo = f,
go = g, and if f; and g; have already been determined, Ord, f;, Ords g; # 1, and
satisfy Ordes fi|Orde g; (or Ords gi|Ordes fi, respectively), then define f;;1 and
gi+1 by

fiv1 = fi, 9i = git10 fi,

or giv1 = i, fi = fit1 0 gi, respectively. This construction is possible due to
Proposition 1 of [T] since we have f; o g; = g; o f; for all i (Proposition 1 in [T] is
the only result proved there for arbitrary characteristic). The constructed sequence
is finite since in each step at least one of the degrees of f; and g; strictly decreases.
It terminates if either at some point Ords f; 1 Ords ¢; and Orde g; 1 Ords fi,
or if one of the degrees of f; and g; is 1. In order to visualize this construction
consider the following example:

f=fh < fH =

AN v

g=90 = g1

In particular, since we assume that f and g are of gap form and 7 does not divide

the degree of any of the occuring polynomials, all members of the constructed
sequences are of gap form.

Assume first that the last polynomial (in the example g3) is linear, i.e. of the
form ~z. Going backwards in the above construction, we find that f and g are of
the form (#ii) (in the example we have f = vfég), g= 7f§2)).

Now consider the case that the last polynomials satisfy Ord f; 1 Ords ¢; and
Ords g; 1 Ords fi- Note that this assumption automatically excludes case (7). If
the assertion of the theorem holds for f; and g;, i.e. f; and g; are of the form (i) or
(i), so are f and g. This is again seen by going backwards the above construction.

During the remainder of our argumentation we assume that Ords f  Ords g

and Orde, g 1 Ordy f, and hence our efforts will have as their aim to show that
(i) or (ii) of Theorem 5.1 holds.

Step 2: We show that if f*) and g\ are of the form (i) or (ii) for some k,1 € N,
then f and g also are.
Assume first that f*) = q;2" s g = 2™ By (vi) of Lemma 2.6, we

conclude that f = as2", g = ayz™. Since f commutes with g we must have
a1 — o1 ’ ’
g f

Next we assume that f*) = ait;e and ¢ = aat,;. By Proposition 3.3 and
Lemma 3.7 a Boettcher function of f is given by

k

f=(+3)oe,

for some . Lemma 3.10 shows that ¢'=™ = 41, hence f = +t;. A similar
argument shows that g = +t5,.

Step 3: Let 7 = Ord f = nd, m = Orde g = md, with d = ged{n,m}. Then m
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and n are relatively prime and at least two. We show, using Step 2, that without
loss of generality

m,n >4, |m—n|23,1<£<27 (5.4)
m

can be assumed.
The numbers log Ord f and log Ord. g are linearly independent over Z, hence
there exist numbers k, [l € N, such that

0 < klogOrde f — l1log Ords g < log v/2.

This implies Orde £ § Ords gV, Ords gV § Ordy f#), and 1 < % <2,

hence the polynomials f?%) and g) meet our requirements (5.4).

Step 4: In this step we define three sequences of polynomials f;, g;,h;. This
construction is analogous to that in [R4]. By Proposition 1 of [T] there exist
polynomials fy, go, ho, such that

f=fooho, g=gooho,

and Orde hg = ged{Orde f,Ord g}. It follows that hg o fo and hg o go are
permutable, and by the same argument as above we find polynomials f1, g1, h1,
such that

hoo fo= fiohi, hoogo=gioh, (5.5)

OI‘doo hl = OI‘dOO ho. Since fo o ho 0go = go © h,o @) fo we have fo 0g1 = go©° fl-
Proceeding inductively we obtain sequences f;, g;, h;, which satisfy

hio fi = fix10hit1, hiogi = git1 0 hiya, (5.6)

fiohiogi=giohio fi, fiogiy1 =gio fiy1. (5.7)

Since [ (f) = lo(g) > 1, the polynomials f;, g;, h; may be chosen such that all
of them have gap form. Then [ (ho) = loo(f) = leo(9) and loo(hit1) = loo(fi) =
I (g;) for i > 0.

We claim that if at some stage f; = Ly 02", ¢; = Ly o 2™ and h; = vz¢,
for some v € K and linear polynomials Ly, Lo, then f and g are of the form (7).
In fact, by comparing the gaps in the first equation of (5.7), L; and Lo must
be multiplications. By (5.6) also f;_1,g;—1 and h;_1 are monomials. Proceeding
inductively yields the claim.

Recall that Ordy, f; = n, Ords g; = m, that these numbers are relatively

prime, 7 { n,m and that Ord. h; = d.
Step 5: Now the results of [Z] on standard solutions are applied to the second
equation of (5.7). We assume that m and n are chosen as in Step 3 and that
m < n. By the Main Theorem of [Z], there exist for each ¢ linear polynomials L; ;,
j=1,...,4, such that one of the following cases occurs:
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(i) for some polynomials p;,q; which are linear by our choice of m and n, we
have )
Lijofio LZ(B ) = 2"pi(z)™
L'ﬁg 0 git+1 © L'72 = zm
N s R : (58)
LiyogioL;, ==z
Ligo fix10L;0 = 2"pi(z™)
(i1) for some A; € K\ {0} and the Dickson polynomials ¢, and ¢,,, we have
Lijofio ngl) =X ""zot, 0"z
Lizogiy10Lig =\ "z0ty,0\z
L;jo0g;0 Ll(;l) =\ 20t 0Nz
Lisofiy10Lio=A"Tzot,o\z

(5.9)

Note that the cases - power solution or Dickson solution - of [Z] when solving
fiogiv1 = gi o fiq1 for different values of ¢ cannot mix. This is seen as follows:
since we assume m > 4 and 7 { m, we have £(t,,) = 2 and therefore t,, is not of
the form My o 2™ o My with linear My, Ms.

Step 6: Consider case (i) of Step 5. By our choice of n and m due to Step 3 and
Lemma 5.3, we find comparing the representations of f; ;1 in the equations (5.8)
for ¢ and i + 1 that p; = ;2. From the representations of f;, g; and g;+1 in (5.8)
we conclude that L; 2, L; 3, Li4 have no constant term. Hence f;; and g;41 are
monomials for all 4 > 0. If for some ¢ > 0 also h;y; is a monomial we are done.
Otherwise (5.6) shows that [ (hi+1) = (r+m)ls(h;) for all ¢ > 1, a contradiction.

Step 7: Consider case (i) of Step 5. Again L; 2, L; 3 and L; 4 have no constant
term. Comparing the representations of f; and g7 in the equations (5.9) for i = 0
and ¢ = 1, we obtain

Lg?ll) oAN™zot, 0 'z0 Ly 3= L(():J) oAy "zot, 0Nz 0 L(()Tzl),
Lg?ll) oAz ot,0Az0o Ly = L(()Tgl) oAy Mz oty 0Nz o L(()Tzl).

Since t, (tm) has gap form and the gap degree £(t,) (£(tm)) equals two, we
conclude by Lemma 2.8 that

Al'zoLisz0Lggo /\alz ==z, \jzoLgso0 ngll) o ATz = £z, (5.10)
and

ANzoLigoLogody e =4z APzoLogo LV oA™z =42 (5.11)
Comparing these relations, we find

)\gz 9 L074 = :l:)\{)”z 9 L073, /\71712 o L1)3 = :|:)\7112 o L1)4.
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If we put
Jo=foo Lz o Xg™z, g5 = go o Li3” 0 \g™z, iy = Az 0 Lo 3 0 ho,

fi=Alz0Loso f1, g1 =Ag'zo Loz ogr, hi=hio Lé:o,l) o "2,
we get from (5.5)
ho o fo = fiohi, hgogy =giohi.
Substituting from the equations (5.9) and using (5.10) leeds to
ho oty =4 (ty 0 hy), hootm = £(tm o h),

where ho = hj o L((fll) oAy ™"z and hy = Aoz 0 L((J)El) o hi. Now conjugate these
relations with a Boettcher function 0 = z + % of ty:

+®phg 0 2" = 2" 0 Dghy, £Bzhg o 2™ = 2™ 0 Byhy.

If ®5ho (Pghy) is not of the form ez? (§z%), then by Corollary 2.7 both relations
Nloo (P5h0) = loo(Pghy) and Ml (Psho) = loo(Pshi) hold, a contradiction. We
arrive at the conclusion that
Dphg = ez,
Lemma 3.10 implies that ¢ = +1 and ho = etq. Substituting this relation and
the first and third relation of (5.9) into f = fy o ho, g = go © ho, and using the
definition of g shows that f and g are of the form (ii) of Theorem 5.1.
All assertions of Theorem 5.1 are proved.

Acknowledgement: The authors wish to thank the referee for pointing out to
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consideration of fields with nonzero characteristic.
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