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A REMARK ON PERMUTABLE

POLYNOMIALS

Günther Eigenthaler, Harald Woracek

Abstract

In this short note, we show that two theorems of J.Ritt, which
are concerned with the composition of polynomials over the field of
complex numbers, hold more generally for any algebraically closed
field of characteristic zero. Both theorems are heavily used in the
theory of permutable polynomials.

Let K be a field and let K[x] be the polynomial ring over K in one indeter-
minate x. The composition ◦ of polynomials is the binary operation defined
by

(f ◦ g)(x) = f(g(x)), f, g ∈ K[x].

The set K[x] together with the operation ◦ forms a noncommutative monoid
with identity x. The polynomials f, g are called permutable, if they satisfy
f ◦ g = g ◦ f .

In [EW] there is given a complete list of commutative subsemigroups
of 〈K[x], ◦〉 for K = C, the field of complex numbers. In this note we show
that these results hold in fact for arbitrary algebraically closed fields K of
characteristic 0.

The proof given in [EW] uses two results of J.Ritt ([R1], [R2], compare
also Proposition 4.3 and Proposition 4.4 of [EW]), which are concerned
with polynomials having complex coefficients. Apart from this, all other
methods used in [EW] depend only on the fact that the coefficient field is
algebraically closed and of characteristic 0. Hence, in order to reach our
goal, it suffices to generalize the mentioned results of J.Ritt.

Before we can state these results we have to introduce some notation
and recall some basic facts concerning the composition semigroup of poly-
nomials.

The units of 〈K[x], ◦〉 are exactly the linear polynomials. If L(x) =
ax+ b, a 6= 0, its (composition) inverse is given by

L(−1)(x) =
1

a
x−

b

a
.
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For any linear polynomial L the mapping

ΦL(f) = L(−1) ◦ f ◦ L, f ∈ K[x],

defines an automorphism of K[x], which is called an inner automorphism.
Clearly the set of all inner automorphisms forms a group acting on K[x].
Two polynomials f, g ∈ K[x] are said to be conjugated if they belong to
the same domain of transitivity with respect to this group, i.e. if there is a
unit L, such that ΦL(f) = g.

In the following N (N0) denotes the set of all positive (nonnegative)
integers. For f ∈ K[x] we denote by [f ] the degree of f (in this context [0] =
0). Moreover, let f (n) be the n-th power of f with respect to composition:
f (n) = f ◦ · · · ◦ f . Note that [f ◦ g] = [f ] · [g].

For any field K with characteristic 6= 2, the Chebyshev polynomial tn
defined by the relation

cos(nα) = tn(cosα)

is a polynomial of degree n with coefficients in the prime field of K (compare
[LN], IV). Now we are able to state the generalizations of Ritt’s results:

Theorem 1. Let K be an algebraically closed field, char K = 0, and let
f, g ∈ K[x], [f ], [g] ≥ 2, be given. Assume that f and g are permutable,
then there exists a unit L ∈ K[x], such that one of the following three cases
occurs (n = [f ],m = [g]):

(i) ΦL(f) = axn, ΦL(g) = bxm, a, b ∈ K \ {0},

(ii) ΦL(f) = ±tn, ΦL(g) = ±tm,

(iii) ΦL(f) = ε1h
(s), ΦL(g) = ε2h

(t), where h ∈ K[x] is of the form h(x) =
xp(xr), p ∈ K[x], r ∈ N, εr1 = εr2 = 1, and s = n

[h] , t = m
[h] .

Theorem 2. Let K be an algebraically closed field, char K = 0, let
f, g ∈ K[x], [f ], [g] ≥ 2, and let roots of unity ε, δ ∈ K be given. Assume
that for some numbers l, l′ ∈ N and u, v ∈ N the relations

f ◦ εx = εlx ◦ f, g ◦ δx = δl′x ◦ g and εf (u) = δg(v)

hold. Then there exist a unit L ∈ K[x], a polynomial h(x) = xkp(xr),
p ∈ K[x], k ∈ N0, r ∈ N, p(0) 6= 0, and ε1, ε2 ∈ K, εr1 = εr2 = 1, such that

(s = [f ]
[h] , t = [g]

[h])

ΦL(f) = ε1h
(s), ΦL(g) = ε2h

(t).
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As mentioned before, for the complex number field K = C these results
have been proved by J.Ritt, for Theorem 1 see [R2], for Theorem 2 see [R1].

The proofs of Theorem 1 and Theorem 2 depend on the following two
well known facts from field theory:

Lemma 3. Every countable field of characteristic 0 can be embedded into
C.

Lemma 4. Let a system of algebraic equations in finitely many variables
over some field L be given, and suppose that the system has a solution
in some extension field of L, then there exists a solution in the algebraic
closure of L.

Lemma 3 is obvious and Lemma 4 is a consequence of Hilbert’s Null-
stellensatz (see e.g. [K]).
Proof (of Theorem 1): Let f(x) = anx

n+ . . .+a1x+a0, f(x) = bmx
m+

. . .+b1x+b0, and let L be the algebraic closure of Q(a0, . . . , an, b0, . . . , bm),
where Q is the prime field of K. Then by Lemma 3, there exists an embed-
ding ϕ : L → C, which can be extended to an embedding ψ : L[x] → C[x]
with ψ(x) = x. Since ψ is a composition homomorphism (see [LN], III.1),
the polynomials ψ(f), ψ(g) ∈ C[x] are permutable.

Since Theorem 1 holds for K = C, there exists a unit L ∈ C[x], such
that one of the cases (i)-(iii) occurs with ψ(f), ψ(g) instead of f, g.

As it is easy to see by comparing coefficients, (i) is equivalent to a
system of algebraic equations for a, b and the coefficients of L, (ii) to a
system for the coefficients of L only, and (iii) to a system for ε1, ε2 and the
coefficients of L and p (with fixed r, s, t).

In any case a solution in C exists, hence by Lemma 4 there is a solution
in ϕ(L). An application of ψ−1 completes the proof of Theorem 1.

Proof (of Theorem 2): The proof runs along the same lines as that
of Theorem 1: the condition p(0) 6= 0 does not cause any troubles, the
other conditions (with fixed k, r, s, t) are again equivalent to a system of
algebraic equations.
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Corollary 5. All results in [EW] on commutative composition semigroups
of polynomials hold for any algebraically closed field of characteristic 0.

Acknowledgements: The authors are indebted to the referee for a
valuable suggestion concerning Hilbert’s Nullstellensatz.
As M.Goldstern pointed out, Theorem 1 and Theorem 2 can also be
obtained by using Tarski’s Theorem on algebraically closed fields (see e.g.
[V]).
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