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The method of M.G. Krein and H. Langer to solve interpolation problems of Nevan-
linna-Pick type is explored. The classical Nevanlinna-Pick problem and a version involv-
ing derivatives are treated. The data give rise to an indefinite inner product space and a
symmetric operator in it. In general, the inner product space is degenerate.

1. Introduction

In this paper we consider some interpolation problems of Nevanlinna-Pick type
with data which are not necessarily positive definite. An approach to such prob-
lems was proposed by M.G. Krein and H. Langer [15], who adapted a construction
for the case of positive definite data by B. Sz.-Nagy and A. Koranyi [16, 17].
The method consists of constructing an indefinite inner product space and a sym-
metric linear operator or relation in it, so that the solutions of the particular
Nevanlinna-Pick problem correspond to selfadjoint extensions of the symmetric
operator. The construction of the indefinite inner product space can be given ab-
stractly [13, 14, 15, 16, 17] or via reproducing kernel spaces [3]. Several papers
have appeared, where this method was applied to similar situations under different
conditions on the data [1, 2, 7, 8, 9, 18]. The aim of our paper is expository: we
show in detail the basic ideas of the method in conjunction with some interpola-
tion problems. A similar approach with the Nevanlinna class on the upper half
plane replaced by the Schur class on the unit disk and with selfadjoint relations
replaced by unitary operators was discussed by J.A. Ball [5].

Some preliminary material about selfadjoint relations in Pontryagin spaces can
be found in Section 2, cf. [10, 11]. In Sections 3 and 4 the basic constructions asso-
ciated with such selfadjoint relations are presented [13, 14]. In Sections 5 and 6 we
consider the classical indefinite Nevanlinna-Pick problem and a version involving
derivatives. For each problem we associate a model, i.e. an indefinite inner prod-
uct space and a symmetric operator or relation to the prescribed data. There are
no restrictions on the data, so that the model spaces may be degenerate. We show
that the solutions of these interpolation problems are in one-to-one correspondence
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with the selfadjoint relations which extend the model operator. In a sequel to this
paper we will give parametrizations of the solutions in terms of resolvent matrices.
Also certain special types of solutions will be considered and a connection of our
results to the theory of @-functions will be established. If the model space is non-
degenerate or even a Hilbert space solutions of the Nevanlinna-Pick interpolation
problems exist. In general, this need not be true and the existence of solutions
depends on the structure of the model.

A central role in this paper is played by functions belonging to the so-called
generalized Nevanlinna class. In order to define this class, we will introduce some
terminology and notations. Let $ be a Hilbert space with inner product (-,-). Let
f: C\ R — L($) be a meromorphic function; its domain of holomorphy in C\ R
is denoted by p(f). The function f is called real, if for each z € p(f) also z € p(f)
and f(z) = f(2)*. Let v,m € N = NU {0} U {co}, not both equal to co. Then
NT($) is the set of all real meromorphic functions f : C\ R — L($)), such that
the Nevanlinna kernel

Ni(z,w) = ——————, zwep(f), z#w,

Ny(z,2) = f'(2),  z€p(f),

has precisely v negative and 7 positive squares. In other words, for each n € N
and each choice of z1,...,2, € p(f) and 1, ..., 2, € $, the quadratic form

n

D (Ng (2, 25)a, )6,

ij=1

has at most v negative and 7 positive squares, and there is an n € N and a choice
of z1,...,2n € p(f) and z1,...,z, € 9, such that if ¥ < co then the quadratic
form has precisely v negative and if m < oo it has precisely 7 positive squares.
In this definition we may restrict ourselves to Hilbert spaces. For if f is a Krein
space with fundamental symmetry J and § is the associated Hilbert space, then
J gives a bijective correspondence f — fJ between N7 (R) and N7 ().

2. Selfadjoint relations in Pontryagin spaces

The indices (v, ) of a Krein space P are the maximal dimensions of a negative
and of a positive subspace of B. We will always assume that one of the indices is
finite, in which case we speak of a Pontryagin space. Let 8 be a Pontryagin space
and let A be a selfadjoint relation in 3. In general, the resolvent set p(A4) may
be empty due to the structure of the multivalued part of A; if A is an operator,
it is nonempty. In the sequel we will consider only selfadjoint relations A whose
resolvent set is nonempty. In that case C\ R C p(A) with a possible exception of
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finitely many points which are normal eigenvalues of A and which lie symmetrically
with respect to the real axis, cf. [10, 11]. Two selfadjoint relations A, As in
Pontryagin spaces 1, ‘B2 with nonempty resolvent sets are unitarily equivalent
if there exists a unitary operator U from 93; onto Pa, such that (As — 2)~1U =
U(A1 —2)7Y, z € p(A1) N p(Az). In this case, for z € p(A1) N p(As),

{({UA; —2)'h, U + 2(Ay — 2) Yz} : 2 € P}
={{(Ay —2)7'Uh, (I + 2(Ay — 2) Uz} : 2 € B},

which leads to p(A;) = p(Az). Now we will discuss the reduction of a selfadjoint
relation and the construction of a selfadjoint relation via a symmetric operator or
relation in an indefinite inner product space.

Let 99t be a subspace of B3, not necessarily closed. The selfadjoint relation A
induces a closed linear subspace £9p of B defined by

Lo =5pan{ (I +(z —2)(A—2)"Na:aecM, z€p(A)}, =20 € p(A).

Clearly, 9t C Lon. It follows from the resolvent identity and the continuity of
(A —w)~?, that
(2.1) (A—w) 'L C Lon, w € p(A).

The invariant subspace £9p may be a proper subspace of 3; it can even be degen-
erate. However, after factorization the invariant subspace £9n and the selfadjoint
relation A give rise to a Pontryagin space Loy and a ”minimal” selfadjoint relation
Agn in Poy in the following way. The invariance property (2.1) implies that

{{A-2) o, (I+2(A—2) Y2}z e &} C AN LE,.

Conversely, each element in A N £3, is contained in the left side. Hence for each
z € p(A),

(2.2) Ang ={{(A-2)"o,(T +2(A—2)"Ya}: z € L }.
Let Sgn =LmN Efﬁ? be the isotropic part of £9z. Then the factor space
Pon = Lon/Low

is a Pontryagin space, cf. [4, p.69] and [6, Theorem 2.6]. In Poy we define the
relation Aoy by Aoy = (AN £%;)/(£3;)? or, more explicitly, by

Ao = {{2,9} : {=,y} € AN LY.

It follows from (2.1) that £3;, hence also £J,, is invariant under (4 — w)~!,
w € p(A). Therefore, the resolvent (A — 2)~! induces a bounded linear mapping
in Pax, which we denote by R,. The identity (A — z)~* = (A — z)~! implies that
R: = R3z. It follows from the definition and (2.2) that

Am = {{R.x, I+ zR.)z} : v € Pam }, 2z € p(4).
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These observations give the following result.

Theorem 2.1. Let 9 be a subspace of the Pontryagin space P and let A be a
selfadjoint relation in P with a nonempty resolvent set. Then the relation Agn is
selfadjoint in Pop and p(A) C p(Agr), so that the resolvent set of Aoy is nonempty.
Moreover, the resolvent operator (Asy — 2)~1 coincides with the mapping induced
by (A —2)~1 in Pon.

The selfadjoint relation A is called minimal with respect to 9t if £9n = ‘B, in
which case Agy = A. Clearly, the relation Agy is minimal with respect to the
image of 9 in Pop. We will call Agy the minimal part of A.

Let £ be a linear space with inner product [-,-]. The indices (v, 7) of £ are the
maximal dimensions of a negative and of a positive subspace of £. Assume that
either v or 7 is finite. A sequence {(a,)}7° of elements in £ is said to converge to
an element a € £ if

(i) [an,b] — [a,b] for allbe &,

(i) [an,an] — [a,al.

A linear subspace 2 of £ is dense if every element of £ can be approximated in
this sense by a sequence of elements of 2. Since £ may be degenerate, i.e. the
isotropic part £ = £N £+ may be nontrivial, limits of sequences are not uniquely
determined. If a,, — a, then also a,, — a+h for any h € £0, Conversely, if a,, — a
and a,, — a’, then clearly a —a’ € £°. The completion of the factor space £/£° is
a Pontryagin space 8 with indices (v, ) in which the above notion of convergence
is preserved [12, 13].

Theorem 2.2. Let £ be an inner product space with indices (v, ), where v, ™ € N,
not both equal to co. Let S be a symmetric relation in £, such that ran (S — z) is
dense in £ for some z € CT and some z € C~. Then

A:Spﬁ{{iv?g}em2: {,T,y}ES},

18 a selfadjoint relation in the Pontryagin space B with a nonempty resolvent set.

Proof. It is easy to see that
Al = Span{{j?ﬁ} € "132 : {ZC,y} € S}u

is a symmetric linear relation in 8. Moreover, since ran (S — z) is dense in £, also
ran (A; — z) is dense in PB. As the closure of (the graph of) A;, A is symmetric
and ran (A — z) = PB. The symmetry of A implies that ker (A — z) = {0}. We
conclude that A is selfadjoint and has a nonempty resolvent set [10, 11]. ad

In various forms of the Nevanlinna-Pick interpolation problem we will encounter
an indefinite inner product space &, a Pontryagin space 3, and an isometry &
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from & to B. Then a relation T in & can be lifted to the relation @ o T" in P by
PoT = {{Pz,Py}: {z,y} €T}

If & is degenerate, then the isometry ¢ may have a nontrivial kernel ker @ C &°,
in which case @ o T' may be a proper linear relation. Clearly, if 7" is a symmetric
relation in &, then @ o T'is a symmetric relation in ‘B.

3. Induced functions

Let P be a Pontryagin space with inner product [-,-] and let A be a selfadjoint
relation in P with a nonempty resolvent set. Let § be a Hilbert space and assume
that I' € L($,B). Fix zo € p(A4) and let B € L($) such that Im B = (Im zo) I'*I".
Define the function f4 by

(81)  fa(x) =B"+(z = 2)"(I+(z—20)(A—2) I, 2 € p(A),

where the adjoints are taken in the corresponding spaces. Note that f(z) € L($)
and fa(zo) = B. We will consider fs as a function defined on its domain of
holomorphy p(f4) within C\ R. Clearly, p(fa) 2 p(4) N (C\ R), so that p(fa)

contains C \ R with the possible exception of finitely many points. Using
B*+ (2 —20)"I'=ReB + (z —Rezo) "I,

we see that the function f4 also has the representation

(3.2)  fa(2) =ReB+ (2 —Rezo) "I + (2 — 20)(z — 20)[*(A — 2)"'T".

Hence f4 is real. Moreover, by using the resolvent identity we see that

(3.3) Ny(z,w) =[(I+ (2= 20)(A—2)")z, (I + (w— 20)(A —w) Tyl

This relation implies the following result.

Theorem 3.1. Let P be a Pontryagin space with indices (v,m). Let A be a
selfadjoint relation in P with a nonempty resolvent set and let I' € L($,B). Then
fa € N:: (9) where v/ < v and ' < 7. Moreover, if A is I'-minimal, then v' = v
and ™’ = 7.

Let A; and Ay be selfadjoint relations in Pontryagin spaces 1, P2, whose
resolvent sets are nonempty, and let I1 € L($,9:1) and I € L($,Ps). The
relations A; and Ay are called M-unitarily equivalent, if A; and As are unitarily
equivalent and the associated unitary operator U : 31 — P, satisfies Ul = I5.
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Theorem 3.2. If Ay and Ay are I'-unitarily equivalent then fa, = fa,. Con-
versely, if Ay is I -minimal, Ag is I'o-minimal and fa, = fa,, then A1 and As
are I'-unitarily equivalent.

Proof. Let A; and A3 be I'-unitarily equivalent and let U be the associated unitary
operator. Due to UI'y = I we have I'7U* = I';. These identities together with
U*U =TI and (A3 —2)7'U = U(A; — z)~! immediately show that fa,(z) = fa,(2)
for all z € p(A1)Np(Az2). (Note that we use the normalization f4, (z0) = fa,(20) =
B.) Since (C\ R)\ (p(A41) N p(Az)) is finite we conclude that p(fa,) = p(fa,), i-e.
fa, = fa,.

To prove the converse part, let A; and As be I'-minimal selfadjoint relations
and suppose that fa, = fa,. It follows from (3.3) that the relation

V(I + (2= 20)(A1 = 2) Dy = (I + (2 = 20)(A2 — 2) )y, yeN,
defines a linear mapping from the dense subspace L£;anm, C 1 onto the dense
subspace £yanr, C P2, which is isometric. Moreover, VI = I,. It is also clear
that V(A; — 2)711 = (A2 — 2) 715, We extend this identity from the range of
It by means of the resolvent identity as follows

V(A —w) M + (2 — 20)(A1 — 2) DI
= (A2 — w)_l(I—i- (Z — Zo)(Ag — Z)_l)Fg
= (4y — w)_lV(I + (2 — 20) (A1 — Z)_I)FL
Then, by linearity the relation
V(A —w) "ty = (A2 —w) "Wy, w e p(Ar) N p(As),

holds for all y € £,an 1, - Sinve V maps a dense set from the Pontryagin space
onto a dense subset of the Pontryagin space o, it has a unitary continuation U
from 1 onto Pa. Then clearly A; and A, are I'-unitarily equivalent under U. O

In order to study the derivatives of the function f4 in (3.1) it is convenient to
introduce the function ¢4 by

(3.4) da(z) =T+ (z—2)(A—2)")I, z¢€p(A).
Then the right side of (3.3) can be written as [¢pa(2)z, da(w)y]. Hence when
z,w € p(A), z,y € 9, and k,l > 0, this gives

k ! z)— w
(3.5) 6% (), g;><w)y]_<‘9 0 M:@

2k duw! Z—w
and differentiation of the function in the right side leads to

O\ (=1D)F (k1 — h)!
> () P U )

h=0

l

N (=D (k+1—h)
+Z (h) ( (ﬁ? — Z()kjlﬂh) ( ,(axh) (w)x,y).
h=0
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Lemma 3.3. Let z1,...,2, € p(4) and x1,...,2, € ), then

(36) {Z?:lgf)A(Zi)Ii, E?lelgbA(zl)xl} S A Zf Z?:lzi =0.
Let z € p(A), x € 9, and k > 1, then
(3.7) {60 @), 200 () + ket ()a} € A

Let z,w € p(A), z,y € 9, and k,1 > 1, then
38)  (f(2)zy) = (2 — 0)[6'}) (2)z, pa(w)y] + ko (2)z, g (w)y],
and
(3.9) (2 — @)Y (2)z, 6 (w)y]
= 1¢%) (2)z, 04V (w)y] — ko' (2)z, 84 (w)yl.

Proof. The resolvent identity implies that
(A= 20)""p(2) = (A= 2)7'T,
which leads to the inclusion (3.6). By differentiation of (3.4) we obtain

o) (2) = A Ay
©) = (2= 20) T (A=) T+ kT (A= 2) 'L,
With

dk

(A=) = k(A = ),

z
this gives

(3.10) ¢') (2) = kl(z — 20) (A — 2) " F DL 4 kIA — 2)7F T = KA — 2) *¢a(2).
The inclusion (3.7) can be seen from (3.10). Since
fa(z) = fa(z0)" + I (2 — Z0)$a(2),
it follows for k > 1 that,
(3.11) (@, y) = (2 = )68 () + ket (), Ty)

so that (3.8) holds for w = zy. The general case follows from the fact that the
element in the left side of (3.7) belongs to A and that, according to (3.6), also the
element

{¢a(w)y — dalz0)y, wpa(w)y — 2004 (20)y}
belongs to A. Since A is selfadjoint, these elements are adjoint which in conjunction
with (3.11) implies (3.8). Similarly, (3.9) follows from (3.7) and

{69 @)y, w (w)y + 164V (w)y} € A,
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4. Induced models

Let f € N™($) where v, 7 € N, not both equal to co. We will show that there
exist a Pontryagin space 3, a selfadjoint relation A in P with a nonempty resolvent
set, and a mapping I' € L($),9) such that f = fa as in (3.1). Define a linear
space £ of formal finite sums by

Ly ={X.epp)r-€:: T €9, z. =0 for almost all 2},
and provide £¢ with an inner product given by

[zes,yew] = (Nj(z,w)z,y), z,wep(f), =zyeC.

Then £ is an inner product space with v negative and 7 positive squares. Con-
vergence in £ is defined as in Section 2. Define the (graph of the) operator Sy in
Ly by

Sp = U cep() 262 oep(n #2621+ Doep(py®= = 0}

so that S stands for pointwise multiplication.

Lemma 4.1. The operator Sy in £y is symmetric without eigenvalues in p(f). For
each z € p(f), the range ran (Sy — z) is dense in £5. Moreover, for all z, zo € p(f)
and all x,y € H:

(4.1) (f(2)z,y) = (f(20)"2,y) + (2 = Z0)[(] + (2 = 20)(Sy — 2)™")zwezq, yex).

Proof. The operator Sy is symmetric, since it follows from Ezep(f)xz = 0 and
Zwep(f)yw =0, that

(X cenr)#®282 Xwep(s)Yuwen] = [Xoep() @262 D p(s)Wyweu]
= ZZ,wep(f)(Z — )Tz, Yuweu)
= Zz,wep(f) (f(2)22Yw) — (22, f(0)Yw))

= (Zzep(f)f(z)‘TZ’ Zwep(f)y’w) - (Zzep(f)xzﬂ Zwep(f)f(w)yw)
=0.

The operator Sy — z, z € p(f), is injective, as no single component e, is included
in dom Sy. It follows directly from the definition that

(4.2) (Sy —2)"twe, = w, z # w.

z—w
The relation (4.2) implies that for z, zg € p(f), 2z # Zo,
(CEVCY

[(IT+ (z— Zo)(Sf - Z>71)Iezoayezo] = [ze., yes | = ( 2 — %
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This gives (4.1). Furthermore, we obtain for each zy € p(f),

(4.3) L7 =span{ze,,,ze, + (2 — 20)(Sy — 2) e, sz € p(f)\ {2}, z€H).

We now show that ran (Sy — z) is dense in £4. It follows from (4.2) that

(4.4) ran (S5 — z) =span{ze, : w e p(f)\ {z},z € H}.

Let z,,2 € p(f), 2z — 2z in C and let x,,x € 9, x,, — = in the norm of §. We
claim that

(4.5) Tnes, — Te, in L.

Then (4.5) and (4.4) imply that ran (S — z) is dense in £;. To see (4.5), first note

that z, — z implies that

flzn) = f(20)"  f(z)— Fz0)

Zn — 20 zZ—2p

or f'(Z),

depending on z # Zy or z = Zy, respectively. Moreover, this sequence is uniformly
bounded in the operator norm. Therefore, we conclude

(LlenlmfCo ) (LS

— — (:En - I)a y)
Zn — 20 Zn — 20

[Ineznv yezo] =

- [{EBZ, yezo]v

and
= () = Sz
[Znes,, Tnez,] = po— T2
+ < Zn — Zn, ( n I)a I>
f(fml e, )
M ECIES (O
(L, )
22—z ’
= [ze,, we,].
According to Section 2 these limiting relations imply (4.5). O

Theorem 4.2. Let f € N7(§)) where v, € N, not both equal to co. Then there
exist a Pontryagin space Py with indices (v, m), a mapping I' € L($H,By), and a
I'-minimal selfadjoint relation Ay in Py with p(Ap) N (C\R) = p(f), such that

(4.6) f(2) = f(20)" + (2 = 20) (I + (2 — 20)(Ay — 2) "I, 2,20 € p(f)-
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Proof. Denote the completion of £; by Bs. Since f € N7 ($), the indices of Py
are given by (v, 7). By Lemma 4.1, Sy is a symmetric operator in £¢ and its range
ran (S5 — z) is dense in £ for each z € p(f). Hence by Theorem 2.2, Sy in £
induces a selfadjoint relation Ay in ;. The relation Ay has a nonempty resolvent
set; in fact, p(f) C p(Ay). Define the mapping I" : § — £, by

(4.7) I'e =ze,,, €89
For z,y € $ it follows that
[z, ['z] = [res,, xes] = (Nf(20, 20)2, ), [z, yew] = (Nf(20, W)z, y).
Hence the operator I' is bounded and by
'z =7e,,, =x€8$,
it can be viewed as I' € L($,B). Due to (4.3), Ay is I'-minimal. We have
la,ge.,)) = la, I'y] = (I"a,y), y€9H, acPy,

and, in particular,
I _ *
mflzo) _ f(20) = f20)" _ pep
Im zg zZ—Z

Now the identity (4.6) follows from the corresponding identity (4.1). In other
words, f = fa, and we have p(A) N (C\R) = p(f). a

Note that if a selfadjoint relation A is I'-minimal, then p(fa) = p(4) N (C\ R).

5. A classical Nevanlinna-Pick interpolation problem

The classical Nevanlinna-Pick interpolation problem which we consider here is
to find all solutions f € N7 () of

(5.1) zi€p(f), flz)=W;, i=1,...,n,

when for some n € N the data 21,...,2, € Ct and W1,..., W, € L($) are given.
In order to describe the solutions of this problem we will follow the approach used
by Krein and Langer [15]. Define the linear space & of formal finite sums by

G = {Z?:lxiei T, €9 },
and provide ® with an inner product given by

W — W}

[Ieivyej]_< — x7y>7 xayeﬁa ivjzlv"'an'
Zi — Zj
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Define the (graph of the) operator T in & by

T= {{Z?:lxieia E?:lzixiei} : E?:l‘ri =0}.

Clearly, T is a symmetric operator in &, since it follows from > ;z; = 0 and
> i—1y; = 0, that

[Yim ziwieq, )5y yiej | — [2oiey @ies, D5y 2jy5¢; ]
=201 (2 = zj)[wies, yjeg]
= 22‘7‘:1 (Wi — W;)iﬂia Y;)

= (X Wiz, 350 y5) — (20 @i 22—y Wyys)
— 0.

Theorem 5.1. Let v,m € N, not both equal to co. The function f € NT($)
satisfies (5.1) if and only if there exist a Pontryagin space P, a selfadjoint relation
A in B, and an isometry ¢ : & — P with the following properties:

(i) the indices of P are (v, m);

(ii) 2z1,...,2n € p(A);

(iii) A is I'-minimal, when I' € L($9,PB) and 'z = S(ze1), € 9H;
(iv) A extends o T,

such that
(5.2) f(z):Wl*+(2—21)1"*([4-(z—zl)(A—z)_l)I’.

Proof. Let B, A, and & be given, such that (i)—(iv) hold. Hence the function f
defined by (5.2) is of the form (3.1) with zg = z1: f(2) = fa(z). It follows from (i),
(ii), (iii), and Theorem 3.1 that f € N7($)) with z1,...,2, € p(f). The equality
(5.1) is equivalent to

(5.3) % =TI+ (zi—2)(A—2) O, i=1,...,n.
7 <1

For ¢ = 1, the identity (5.3) follows from

(W1 — Wy

z1— 21

y) = [wer,yer] = [B(zer), B(yer)] = [T, Ty) = (I Tz, ),

when z,y € $. For ¢ > 1, the definition of T implies that

{xlﬂ} € (T —2) L.

R — 21
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It follows from (iv), that

{pm (w)} _ {gp(m),@ (w)} € (A—z),
Zi — 21 Zi — 21

and, therefore, that

(5.4) I*(I+ (2 — 21)(A = z) DIz = T P(xey).
For all y € 9,
(" 0(oes). ) = [0(0es), T] = [9(oes), B(yer)] = fressper] = (2 D).

so that (5.4) implies (5.3). Hence f = f4 satisfies (5.1).

Conversely, let f € N7($)) be a function with 21,...,2, € p(f). Let B, A, and
I' be as in Theorem 4.2, so that f = f4 with zp = z; in (3.1), cf. (3.2). This
establishes (i), (ii), and the first statement of (iii), that A is I'-minimal. Define
®:6 — P by

&(zve;) = Te,,,
so that

(0(0cs). 0(06y)) = [ e, = s s | = (LI 2L 0 ).

Zi—Zj

Hence, if in addition f satisfies (5.1), the right side equals [xe;,ye;] and P is
an isometry from & to PB. Moreover, from (4.7) with zg = z; it follows that
I'z = &(xey), which completes the proof of (iii). The definition of T' and A imply
(iv). m|

6. A multiple point Nevanlinna-Pick interpolation problem

The multiple point Nevanlinna-Pick interpolation problem is to find all solutions

[ € NT(9) of
(6.1) zeplf), fPz)=Wi, i=1,....,n, k=0,... ki

when for some n € N the data 21,...,2, € C*, ky,...,k, € NU{0}, and Wy, €
L(®),i=1,...,n, k =0,...,k;, are given. Closely connected to (6.1) is the
following classical Nevanlinna-Pick problem: to find all solutions f € N7 () of

(62) Z; € p(f), f(ZZ) =Wi, t=1,...,n.

In order to solve (6.2) we define the linear space & as the set of all finite sums

G = {Z?:liﬂz‘oeio S Tip €NV,
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provided with an inner product by

Wio = Wi
T _3 Zi0,Yj0 | -

i =
[CC 0€i0, yjoejo] (
Zi — j

In & the operator T defined by

To = { {22121 %i0€i0, D_jmy ZiTi0€io} © g io = 0 }

is symmetric. In order to solve (6.1) we extend the space &¢ to the linear space
& of formal finite sums by

6 = {Z?:lzzizoﬂfikeik P Tk €9 } ;
and provide & with the inner product inductively defined by

lzeir, yeji—1]) — klze; k—1,yej)

ik, Yejl] = , kI >1,
[zeir, yeji] p—
Wi ) —k i,k—1, j
[weir, yejo] = Wik, y) [fv_e =1 yea@]j k>,
Zi — Zj
and l -
[xeioayejl] — [xezmye%l—l] B (LL', le)7 1>1.

zi—éj

In & we extend T to the operator T" by
{ {Z?:lzz;ol“ikeik, Z?:lzz;o(zifﬂikeik + kl‘i,kqei,kq)} P> T =0 } ,
where we formally put z; —; = 0, so that
T wioeio) = g ziTioeio if D i @0 = 0,
and
T(zireir) = ziTikeir + kTineir—1, k>1.
The operator T is symmetric, since for k,1 > 1,
(T (zikeir), yjej) — [Tivein, T (yjie)]
= (2 — Zj)[wineir, yjej) + klzei w1, yuej) — zineir, yjie;i—1]

207

while, for instance for [ > 1, >°"  z;0 = 0 implies that

[T (X wioein), yjesi ] — [ Dy wioeio, T (yjiesr) ]
= 2?21 ((21 - ij)[!Ez‘o@ioayjlejz] - [!Eioeioa lyjzej,l—l])
= -2 wio, Wity;i)
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due to the definition of the inner product. Finally, note that the explicit form of
the inner product [-, -] is given by

k _1\k—h _
(6.3) [zew,ye] = Z (:) ( (i)_ ;;fkjlilg)! (Winz,y)
h=0 v

l
DD e+l=h)
+hz<h> (Zj — z;)RHiF1=h Wiz,y), z,y€H.
=0

Theorem 6.1. Let v,m € N, not both equal to co. The function f € NT($)
satisfies (6.1) if and only if there exist a Pontryagin space B, a selfadjoint relation
A in B, and an isometry & : & — P with the following properties:

(i) the indices of P are (v, m);

(i) z1,...,2n € p(A);

(iii) A is I'-minimal, when I' € L($,P) and I'c = &(xerp), © € H;
(iv) A extends PoT,

such that
(6.4) f2) =W+ (z—2)*(I+(z—2)(A-2)"I.

Proof. Let A, B, and & be given such that (i)—(iv) hold. Hence the function f
defined by (6.4) is of the form (3.1) with zg = 21: f(2) = fa(z). It follows from (i),
(i), (iii), and Theorem 3.1 that f € NT(9) with z1,...,2, € p(f). The inclusion
To C T and Theorem 5.1 imply that (6.2) holds, i.e. (6.1) holds for k¥ = 0. Now
assume that &k > 1. By the definition of T',

{zeik, zizey + kxej -1} € T,
and it follows from (iv) that
{®(kwe;p—1),P(veir)} € (A—2)" .
Hence for all £ > 1,
k(A — 2) '®(ze; 1) = P(weir),

which implies that

(6.5) ENA — 2) F®(zei ) = Pxeir).

Since Ty C T, it follows as in (5.4) that (I + (z; — 21)(A — 2;) ") 'z = D(we;p).
Substituting this into (6.5) and using (3.10) we observe,

ff) (zi)x = P(xesy).
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Hence according to (3.11) with z = z; and z9 = 21,

Pz = (20— 2) 60 (z)z, Dyl + kol ™ (), T'y)
= (21 — 21)[@(zeir), P(yero)] + k[P(we; k1), P(yero)]
= (Zz — z_l)[a:eik, yelo] + k[il?eiykfl, yelo].

Therefore, using the definition of the inner product in &, we conclude that

(P (i), y) = (Wi, y).

Hence f = f4 satisfies (6.1).

Conversely, assume that a function f € NT($)) satisfies (6.1) with z1,...,2, €
p(f). Let B, A, and I' be as in Theorem 4.2, so that f = f4 with 29 = 2; in
(3.1), cf. (3.2). This establishes (i), (ii), and the first statement of (iii), that
A is I'-minimal. Define the corresponding function ¢4(z) as in (3.4) and define
$:6 — P by

b(zey) = ff)(zi):v.

Since f is a solution of (6.1), it follows from Lemma 3.3 with z = z; and w = z;
and the definition of the inner product in &, that

k l
[ 54)(21')117, (A)(Zj)y] = [Ieik,yea‘l]a

and hence @ is isometric. Clearly, 'z = ®(xe1p), which completes the proof of
(iii). Since, in particular, f satisfies (6.2), Theorem 5.1 shows that ¢ o Ty C A.
Now let k > 1 and let {we, z;ze;, + kxe; x—1} € T. Then

{DP(zeir), P(zize + kxe; x—1)} = {(bff)x, ziqﬁff) (zi)x + k¢ff71)(zi)x} €A,
by (3.7) of Lemma 3.3. By the definition of T" we conclude that $oT C A, showing
(iv). O
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