PERMUTABLE POLYNOMIALS AND
RELATED TOPICS

H.Woracek G.Eigenthaler

1 Introduction

Let k be a field and k[z] the polynomial ring over k in one indeterminate. Consider the
semigroup (k[z], o) where o denotes the composition of polynomials defined as (f o g)(z) =
f(g(x)). The semigroup (k[z|,o) is not commutative, i.e. the equality fog = go f does not
hold in general. Thus the question arises which specific polynomials f and g permute, i.e.
satisfy fog = go f, and, in a more structural setting, which subsemigroups of (k[z], o) are
commutative.

We consider mainly the case that k = C, the field of complex numbers, as in this case a
result of J.Ritt (see [38]) answers the first mentioned question. This leads us to an answer to
the second question in form of a complete list of commutative subsemigroups of (k[z], o) for
k = C (see Theorem 2).

In §2 we recall some basic facts concerning the semigroup (k[z], o). We introduce the notion
of the gap-degree of a polynomial in §3. The gap-degree is an invariant under conjugation and
provides a convenient tool for working with permutable polynomials. In §4 we give a classifica-
tion of commutative subsemigroups of (C[xz], o) which contain no linear polynomials. Together
with some well known results this leads us to a complete list of commutative subsemigroups of
(Clz], o) (see List IV in §5). Finally, in §6 we apply our results to some related questions, namely
the classification of maximal commutative subsemigroups and the classification of generalized
permutable chains.

We would like to point out that, as we refer to certain results of J.Ritt, in most parts of the
paper k equals C. Apart from this some methods developed in this note depend only on the
fact that k is of characteristic zero and algebraically closed; in particular, this is the case for
§3.

As a complete proof of the presented results employing only purely algebraic methods is still
missing we have tried to collect literature concerning the subject of permutable polynomials
and related topics, including various results in the case that char k # 0 and some papers which
give connections to other areas.

2 Some basic facts about the semigroup (k|z|, o)

For f € k[z] denote by [f] the (exact) degree of f. It is well known that [.] : (k[z], o) — (Ny,-) is
a homomorphism (as k denotes a field, k contains no zero divisors). The polynomial z is neutral
with respect to composition and, again due to the fact that k is a field, the units of (k[z], o)
are exactly the linear polynomials. Furthermore the inverse of the polynomial L(z) = ax + b
is easily seen to be ix — g; we will denote the inverse of L by L(-1). The n-th iterate of a
polynomial f will be abbreviated as f™, i.e.

[ =fo-of.

—_—
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The operation of composition is right-distributive with respect to addition and multiplica-
tion of polynomials, i.e.
(f+g)oh=(foh)+(goh)and

(f-g)oh=(foh)-(goh)

holds. From this and the fact that [.] is a homomorphism it follows easily that every nonconstant
polynomial is right-regular. On the other hand not every nonconstant polynomial is left-regular.

Given any invertible polynomial L(z) = ax + b, we can define an (inner) automorphism &,
of (k[z],0) as ®1(f) = LY o fo L for f € k[z]. Clearly the relations ®;, o ®3; = ®3/0, and
(®)~! = &, (1) are satisfied. Thus the set of all inner automorphisms forms a group acting on
k[z], antiisomorphic to the group of linear polynomials.

We call two polynomials f and g conjugates of each other, if they belong to the same domain
of transitivity with respect to this group, i.e. if there exists a linear polynomial L, such that
&, (f) = g holds. At some stage it is convenient to consider a coarser equivalence relation: We
call two polynomials f and g weakly conjugates of each other, if there exist linear polyninomials
Ly and Lo, such that L; o f o Ly = ¢ holds.

A polynomial f permutes with a constant polynomial a if and only if a is a fixed point of f:
f(a) = a. Thus any commutative subsemigroup of (k[z], o) contains at most one constant. On
the other hand, given any commutative subsemigroup S we can extend S to a - still commutative
- semigroup &’ = SU{a} if and only if a is a common fixed point of all polynomials of S. In view
of this fact we can confine our attention to commutative semigroups which contain no constant
polynomials. In the sequel the notion of commutative semigroup will always be understood in
this manner.

A straightforward argument using Zorn’s Lemma shows that every commutative subsemi-
group of (k[z], o) is contained in some maximal commutative subsemigroup.

If f permutes with ¢, then obviously f permutes also with every power ¢™ of g. The
converse statement is not true, as the following example shows: Let f(x) = (x where ( is a
primitive third root of unity and let g(z) = x?. Then

()P oz =a*olx=Croa*=Cro(2?)?,

but
2o lx = CProa® # (xoa’

But at least the following result, which will be used in the subsequent sections, holds.

Lemma 1 Let f permute with ¢ forn; €N, i=1,...,k and let d = gcd(n,,...,n;). Then
f permutes with g\®.

Proof : For [g] = 0 the statement is trivial, so let [g] > 0 and suppose w.l.o.g. d = A\yn; +...+

Ny — Agafisr — - .. — \gng with A; > 0. As f permutes with each g™ we find
f og()\lnl-i-...-i-)\lnl) — g()\l’nl-‘r...-i-)\lnl) o f‘
and
fo g(>\1+1m+1+m+>\knk) — g(>\1+1nl+1+m+>\knk) o f.
Thus

fo g(d) o g(>\l+1m+1+---+>\knk) = fo g(>‘1"1+---+>\lnl) — g()‘lnl‘f‘---'i‘)\l"l) of=



— g(d) o g(>\l+1m+1+---+>\knk) of= g(d) ofo g()\l+lnl+l+---+>\knk)

)

which implies ¢¥ o f = f o ¢@.

3 The gap-degree of a polynomial

In this section we study an invariant of a polynomial under conjugation. The results proved in
the sequel provide some tools for the study of permutable polynomials and give an insight to
the behaviour of linear polynomials when composed with another (arbitrary) polynomial.

Definition 1 Let f € k[z], [f] > 1. Consider the field extension [k(x) : k| and the subring
k[f]. Denote by G(f) the group of all automorphisms of [k(x) : k] which leave K[f] (as a whole)
invariant. The number L(f) = |G(f)| will be called the gap-degree of f.

A well known theorem (see e.g. [43]) states that the automorphisms of [k(x) : k] are exactly

those endomorphisms which map z to some linear fractional element L(z) = gzj:g of k(x).

Denote by «y, the automorphism of [k(z) : k] with ay :  — L(z), i.e. ar(f) = fo L.

Lemma 2 The group G(f) consists exactly of those automorphisms «y, where L is a linear
polynomial and satisfies an equation of the form

Liof=folL (1)
for some linear polynomial L.

Proof : The condition a(k[f]) C k[f] implies that a.(f) = fo L € k[f]. Thus fo L is
a polynomial (in the indeterminate x), which implies that L is a polynomial. Furthermore
foL=Ljo f where L; is a polynomial, which then must have degree 1.

Conversely suppose that (1) holds for some linear polynomial L;. Then ay (k[f]) = k[f], as
for arbitrary g o f € k[f] the formulas

ar(gof)=go(fol)=(goli)of

and
ozL(Ll_lof):Ll_lofoL:Ll_loLlof:f
hold.
O
We have apop = apg o ap, hence L — a1 defines a group-isomorphism. In view of this fact
and the above lemma we can consider G(f) in the following as a group of linear polynomials.

Before we proceed to determine the group G(f) for a given polynomial f, we introduce
another notion.

Definition 2 Let f € k[z], f(z) = a,2" + ap,_12" ' + ... + ap with n = [f] > 2. Denote by
I(f) the smallest number k > 1, such that a,_y # 0. In the case f(x) = a,z™ let I(f) =n. If
I(f)>1, i.e. an_1 =0, we say that f has gap-form. We call the number I(f) the gap of f.



From now on let us assume that char k = 0.

Lemma 3 Let f € k[z], f(z) = anz™ +an_12" 4 ... +ag with [f] > 2, let L(z) = ax+b and
consider the polynomial g = fo L. Then I(g) > 1 if and only if

Qp—1

b=—

(2)

na,
Proof : We compute the highest coefficients of g:
g(x) = fo L(x) = an(ax + b)" + ap_1(ax +0)" ' + ... =

= apa” 2™ + (a,na™ b+ ap_1a” )" L
Thus g has gap-form if and only if

anna” b+ ap_1a" "t =0,

which is equivalent to (2), as a # 0.

Corollary 1 Let f € k[z], f(x) = apa™ + ap_12™ "t + ... 4+ ag with [f] > 2. Then there is a
conjugate g of f which has gap-form.

Proof : As multiplication from the left with linear polynomials does not change I(f), we can
take

o Apn—1 __an—l
9=+ 22y 0 fo(@— 2t

O

From now on assume that k is not only of characteristic zero, but also algebraically closed.
The following proposition gives a method to compute £(f) from the coefficients of f.

Proposition 1 Let f € k[z], f(z) = apa" + ap_12" ' + ... +ag, n = [f] > 2 and suppose that
f has gap-form.

1) In case that 1 < < n denote by n = k1 > ko > ... > k; > 0 those indices k; €
I hat 1 I(f d b k k k 0 th d k
{1,...,n} for which ax, # 0. Then the formula

‘C(f) = ng(kl - k27k2 - k37 e '7kl—1 - kl)

holds. Furthermore the gap-degree L(f) is the mazimum number r, such that f(x) — ag
admits a representation of the form

f(I) — Qg = xkp(l,r)’ Jork>1andp € k[ﬂ? p(O) # 0, (3)
and we have G(f) = {Cx|¢FV) = 1} =2 Zgy.

(ii) In case that [(f) = n, i.e. that f(x) = a,a™+ag, we have L(f) = |k| and G(f) = {az|a €
k,a # 0}.



Case (it) occurs if and only if [ is weakly conjugated to the power x™.

Proof : Consider the case 1 < I(f) < n. Denote by ¢ the maximum of all numbers r such that
a representation (3) is possible, and let d = ged(ky — ko, ko — k3, ..., ki1 — k). In first place
we show ¢ = d.

Let 7 be any number such that (3) holds for some k € N and p € k[z]. Then

{ki,... ki} Sk k+rk+2r ... k+ [p|r}
holds, which implies r|(k; — k;41) for each i = 1,...,1 — 1 and therefore r|d.
To show the converse relation we establish a representation (3) for r = d:
f(2) — ag = ¥t (ag, ™M 4+ ap,a™ R 4 4 ay,).

As d|(k; — kiy1) for each i, d also divides k; — k;. Thus f(z) — ag = 2*p(2?) with k = k; and

k1—k; ka—ky
p(x) = ap,x” @ Fag,x”d + ...+ ag,.

We proceed to determine G(f). Let ¢ be a d-th root of unity, then
folr=(f—ap)olx+ay=2"px?)olzx+ay=C"xoz"p(a?) +ay=

=CFro(f—ag)+ag=C"rof+(1—CMay=Liof,
where Ly (x) = (*z + (1 —(*)ag. Thus ¢z € G(f) by Lemma 2. Let conversely L(z) = ax+b be
an element of G(f). Then there exists, again by Lemma 2, a linear polynomial L'(z) = d'z + ¥/,
such that L' o f = fo L. Thus I(fo L) =I(L' o f) = I(f) > 1, which implies b = 0 by Lemma
3. Let p(z) = bypa™ + byy_12™ L + ... + by, then

foL=(z*p(x?) + ap) o (ax) = a*2Fp(a®z?) + ay =
ak(bmadmzdm+k + bm_lad(m—l)xd(m—l)—l—k 4.+ bol’k) + ag

and

L' o f =a (bya®™t* 4 by, 2@ =Dk L L poak) 4+ 0.
Comparing coefficients we find

a = a®* and V' = aq.

Let b; (i # m) be any nonzero coefficient of p and compare the coefficients of z%+*:

di+k __ _dm+k
biCL =a bi,

that is a9 = 1. The numbers k1, ...,k are exactly those numbers di + k with b; # 0 and
ki = dm+k. Thus d = ged(ky — ko, k1 — ks, ..., k1 — ki) = ged({d(m —1)|b; # 0}) and therefore
a® =1. We found G(f) = {¢z|¢? = 1} and thus L(f) = |G(f)| = d.

Consider now the case [(f) = n. Similar to the first case we find for each L(z) = ax + b €
G(f) that [(fo L) =1(L o f) =1(f) > 1, hence b = 0. On the other hand

foaxr = (a,x" + ap) oazr = (a"xz + (1 —a")ag) o f
holds, and therefore az € G(f) for arbitrary a € k,a # 0. Thus G(f) = {azx|a € k,a # 0}.

If f(x) = apa™ + ag, we find f = (a,z + ag) o 2. Thus f is weakly conjugated to z".
Conversely, let f be weakly conjugated to z", i.e. f = (d’x + V') o x™ o (ax + b). As f has
gap-form Lemma 3 implies b = 0 and we find f(z) = d'a"2" + V.

l



Proposition 2 The gap-degree is constant on weak conjugacy classes. Let f € kx|, f(x) =
™ + ap 12" A ag, no= [f] > 2 and let f' = OL(f) with L(z) = v — %L Then
L(f) = L(f") and the latter can be computed via Proposition 1.

(1) In case that 1 < I(f'") < n the group G(f) is given by
G(f) ={Gx + (¢ = DT=LCED) = 1} = Zy.

(i1) In case that [(f") = n we have

Qn

G(f) ={ax+ (a—1) _n1|ae]1<,a;£0}.

na

Again case (it) occurs if and only if f is weakly conjugated to the power x™.

Proof : Since k[f] = k[L o f] for any linear polynomial L, we have G(f) = G(L o f). Suppose
g = LiofolLsy, then G(g) = (](Lé_l) oL{™ og) = Q(Lg_l) o folLy). In the following we establish
an isomorphism between G(f) and Q(Lg_l) o f o Ly). This will prove the first assertion.

Let L be a linear polynomial and consider the conjugation ®;. If H € G(f) we have

Hyo f= foH for some Hq,

and therefore also
O (Hi) o @r(f) = r(f) o PL(H).

Thus (I)L(H) c g((I)L(f)), i.e.
®L(G(f)) € G(PL(f))

Since a similar argument shows
P (G(PL(f))) € G(f),

we have G(®.(f)) C ®.(G(f)), thus the conjugation @, yields an isomorphism between G(f)

and G(®L(f)).
In case that 1 < I(f") < n Proposition 1 yields G(f') = {¢z|¢*Y) =1} and therefore

G(f) = 2y (G(f)) = {Cr + (¢~ DT =13,

In the case [(f") = n the result follows by a similar argument.
d

For future reference we state a result of H.Engstrom (see [16]), and give some formulas involving
gap and gap-degree.

Proposition 3 (H.Engstrom 1941) Let f,g € k[z|. If k[f] Nklg] # k then there exists a
polynomial h of degree [h] = ged([f], [g]), such that

f=fiohandg=gi0oh

holds for appropriate fi and g;.



Let us remark that Proposition 3 also follows from a result in [28] (ch.6, Theorem 5.84) by

using the well known fact that k[f] = k(f) Nk[z| for any f € k[z].

Lemma 4 Let f,g € klz], n = [f],m = [g] > 2, f(z) = a,2" + ap_12" ' + ...
D™ + by 12™ 1+ ..+ by and suppose f(x) # a,z™ and g(x) # byx

polynomial f o g is given by the following formulas:
(1) If l(g) # [g]i(f) then I(f o g) = I(g),
(i) if 1(g) = [g]I(f) then I(f o g) = U(g).

In the last case equality holds if and only if

annbi,sf)_lbm_l(g) + Qn—i(5) £ 0.

The gap of the polynomial f - g is given by the formulas:
(i) If 1(f) # U(g) then I(f - g) = min(I(f), [(g)),

(w) If I(f) = I(g) then I(f - g) = I(f) = l(g).
In the last case equality holds if and only if

Anbm1(g) + Ani(pybm # 0.

Furthermore we have:

(v) lanz™ 0 g) = l(g),

(vi) I(f © bpa™) = ml(f),

(vii) U anz™ - g) = U(g),
(viii) 1(g™)) = I(g) forr € N.

Proof : Let k = I(f) and | = I(g), then f(z) = a,a" + ap_gz"~

bin ™ + by ™t 4 .+ by where ay,_j, by—; # 0.
We compute the highest coefficients of f o g:

fog(z) = a,(bypa™ + b x™ !t +

At (D™ + by ™ )

=apby """ + annbfn_lbm_lx"m_l + an_kb”m_kx”m_mk + ...

From (6) the assertions (i), (ii) and (4) follow.
We compute the highest coefficients of f - g:

fg(x) = (anz™ 4 an_pz™ " + ...+ ag) - (bpt™ + bppjz™"

& -l
= b ™ + Ay kb T 4+ ap by T

From (7) we obtain (iii), (iv) and (5).

+ Qop, g([lf) =
™. Then the gap of the

..+ ap and g(z) =



To prove (v) we compute
apx" 0 g = ap(bpx™ + b ™+ bo)" =

=, (B2 2™ 4 b b ).

The relations (vi) and (vii) are obvious. To establish (viii) we use induction on r. For r = 1
(viii) is clearly true. Let r > 2 and suppose that I(¢" V) = I(g). As [g] > 2

I(g) < [9]l(g) = [g)l(g" ")

holds. Thus (i) applies to g™ = ¢~V o g and we obtain I(¢™) = I(g).

Lemma 5 Let f,g € klz| be as in Lemma 4 and assume furthermore that f o g = go f, then

I(f) = Ug)-
Proof : By (i) and (ii) of Lemma 4 we obtain
l(fog)=1Ilgef) =)

(f) we have I(f o g) = l(g) and therefore I(g) > I(f). If I(g) = [g]l(f) we
f). By symmetry I(f) > I(g) and thus I(f) = I(g).

In case I(g) # [g]!
also have I(g) > I(

O

Before we can state the next result we have to introduce another notation. Denote by G*(f)
the group of all linear polynomials L;, such that a relation of the form

Liof=folL
for some linear polynomial L holds.

Lemma 6 Let f € k[z], [f] > 2. Then
G292 200D 2.... (8)
We have G(f) = G(f@) if and only if G*(f) C G(f). In this case equality holds throughout the

chain (8).
The condition G*(f) C G(f) is satisfied for instance if 1 < I(f) < [f] and f(0) = 0.

Proof : Let L € G(f™) and let m < n. Then
Fmm o (£ 0 1) = (Lo frm) o ),
and Proposition 3 implies that there exists a polynomial h of degree [h] = [f™], such that
f0 oL =Lyohand f™ = Lsoh

holds. Thus f™ o L = (Lyo LY V) o ™ ie. L e G(f™).



Suppose G(f) = G(fP) and let L; € G*(f). Then Liof = foL forsome L € G(f) = G(f@).
Let Lyo f® = f@ o L then
Lyof@ =fofoL=/foLof.

Thus Ly o f = f o Ly, which shows L, € G(f). Conversly suppose that G*(f) C G(f) and let
L € G(f). Then
fPoL=foLiof=1Lyof®

holds since L; € G*(f) C G(f), and therefore L € G(f®). Repeating the above argument
(m — 1) times we obtain
fM oL =L,o0 fm

which shows L € G(f™).
Let f satisfy 1 < I(f) < [f] and f(0) = 0. Then we have a representation
f(z) = 2*p(z") with k > 1 and r = L(f),
and
G(f) = {¢x[¢" = 1}.
As folx = (*ro f we find
G (f) = {¢*zl¢" =1} C G(f).

Another sufficient condition in order that G*(f) C G(f) holds is given in the next lemma.
Lemma 7 Let f € k[z], [f] > 2. Suppose that 1 < I(f) and that for some n € N and a linear

polynomial ex the relation

f™oexr=dxof™, whered #1 (9)
holds, then f(0) = 0. If furthermore I(f) < [f], then G*(f) C G(f) and in particular L(f®)) =
L(f) for k € N.

Proof : The relation (9) shows that ez € G(f™). Thus, by Lemma 6 we also have ez €

G(f™ 1), ie.
f("_l) oex = Lo f("_l)

holds for some linear polynomial L. We compute
foLofmV=fofm Doer=fMoexr=drofm,
and therefore
foL=2dxof. (10)

As I(f) > 1 the right hand side of (10) has gap-form and, according to Lemma 3, the polynomial
L must be a multiplication L(z) = yz. Due to this fact we may compute

f(0) = (f oyx)(0) = (6z 0 f)(0) = 0.£(0).
As 0 # 1 we find f(0) = 0 which implies together with Lemma 6 the assertion.
l

In the following definition we consider another group of linear polynomials. This concept has
been studied in [13].
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Definition 3 Let f € k[z], [f] > 2. Denote by GP(f) the group of all linear polynomials L
which permute with f:

Lof=/folL.
Furthermore let LP(f) = |GP(f)].

Some results on GP(f) will be recalled in §5.
For future reference let us state the following rather obvious facts.

Lemma 8 Let f € k[z], [f] > 2. Then GP(f) C GP(f™) holds for each n € N. In case L(f)
is finite we also have LP(f™)|L(f).

Proof : The first assertion is obvious. To prove the remaining part of the lemma, note that

Gr(f™) C G(f™) CGlf).

4 Commutative semigroups which do not contain a lin-
ear polynomial

In this section we give a complete list of all commutative subsemigroups of (C|z], o) which
contain no linear polynomials (except possibly the trivial one, namely z).

To start with let us recall two well known results. Here k again is a field of characteristic
7Z€ero.

Proposition 4 Let k be algebraically closed and let S be a commutative subsemigroup of
(klz],0). If S contains an element which is conjugated to a power az™ (a € k, a #0, n > 2),
then

®,(S) C P. = {¢aF|k =1 modr, (" =1}

for some r and an appropriate conjugation ®,.

Proposition 5 Let S be a commutative subsemigroup of (k[x],o). If S contains an element
which is conjugated to a Chebyshev polynomial t,, or —t,, respectively (n > 2), then either (i)
or (i1) holds for some conjugation @y :

(i) ©.(S) C Dy = {t,|n € N},

A proof of these results can be found e.g. in [14]. Another interesting proof of Proposition 5 is
given in [3]. All these proofs employ only purely algebraic methods.

We proceed treating the remaining case of a commutative subsemigroup S of (Clz], o) with
no element conjugated to a power ax™ or a Chebyshev polynomial +t,,. To do so we use two
results of J.Ritt (see [36] and [38]) which have been proved using topological and analytic
methods.
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Proposition 6 (J.Ritt 1923) Let f,g € Clz], [f],[9] > 2 be permutable and suppose that
neither f nor g is conjugated to a power or a Chebyshev polynomial. Then there exists a
conjugation ®1, and a polynomial h(x) = zp(x"), such that

®L(f) = erh™ and dr(g) = e h™)
Here €] = €5, =1 if r is chosen maximal. If furthermore r > 1, we have r = LP(h).

Proposition 7 (J.Ritt 1920) Let f,g € Clz], [f],[g] > 2 and let € and & be roots of unity
with
foex=¢xofandgodr=0"zo0g

for some 1,I' € N. If ef™ = §¢™ for some numbers m,n € N, then there exists a conjugation
@y, and a polynomial h(z) = 2*p(z") (k >0, p(0) #0), such that

®,(f) = e1h® and ®L(g) = e,h®.
Here €] = €5, =1 if r is chosen maximal. If furthermore k > 1 and r > 1, we have r = L(h).

Proposition 7 actually is proved in [36] only in the case e = 0 = 1, but it is easy to see that the
proof given there also works in the more general situation.

Before we proceed to generalize Proposition 6 we have to state a corollary of Proposition 6
and a lemma.

Corollary 2 The formulation “there exists a conjugation ®1, and a polynomial h(x)” in Propo-
sition 6 and Proposition 7 can be strengthened to ”for each conjugation ®5 which conjugates f
(and thus g) to gap-form there exists a polynomial h(x)”.

Proof : If we have ¢; = ¢ = 1 we can apply any conjugation ®,,; to the representations given
in Proposition 6 and Proposition 7, respectively and obtain a representation of the same type.
If €1 # 1 or €3 # 1 the polynomial h has gap-form. Any conjugation ®,; which conjugates f
(and thus g) to gap-form therefore differs only by a conjugation ®., from ®;. Applying @, to
the representations of Proposition 6 and Proposition 7, respectively does not change the type
of representation given.

O

Lemma 9 Let f1, fo,... be a (possibly finite) sequence of permutable polynomials which admit
the representation

£(#) = alatp(an )

where € =1, i.e. f;oex = ez o f; for convenient numbers l;. Then (i) or (i) holds:
(i) f; = h*¥) for some polynomial h.

(ii) For some i we have € # 1. In this case we have in particular k > 1 and r > 1.
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Proof : Assume that (ii) does not hold, i.e. € =1 for all 7. Then

*p(a") o g = Fp(a”)

and thus also

k

atp(a") o e

r = 2¥p(z").

This implies
filz) = [ex o 2Fp(a”) o e ta]*) for i = 1,2,....

As the polynomials f; permute we have that all numbers ¢; are equal and therefore obtain a
representation of the desired form.

|
The following two lemmata generalize Proposition 6.

Lemma 10 Letn € N, let fi,..., f, € Clz], [fi] > 2 be pairwise permutable polynomials with
gap-form and suppose that no polynomial f; is conjugated to a power or a Chebyshev polynomial.
Then (i) or (ii) holds:

(i) There exist a polynomial g and numbers my, ..., m, € N, such that

fi=g"™) fori=1,...,n. (11)

(ii) There exist a polynomial g(x) = x*g,(x") where k > 1, g1(0) # 0 and r = L(g) > 1,

numbers my, ..., m, € N and r-th roots of unity €, ..., €,, such that
fi = g™ fori=1,... n. (12)
Here _
e =" forij=1,...,n (13)
and for at least one i € {1,...,n} we have €¥ # 1.

Proof : First of all we clarify condition (13). To do so assume f; = ¢;g() with g as above and
compute f; o f; and f; o fi:

k™i
J

fi 0] fj =X O g(mz) o ejx o) g(my) = €€ T 0 g(mH—mj)’

k™ (mi+my)

J J I

Thus f; and f; permute if and only if (13) holds.

To prove the lemma use induction on n. Consider first the case that n = 2. Then Proposition
6 implies together with Lemma 9 the assertion of the lemma.

We proceed to treat the case n > 2. The inductive hypothesis implies that (i) or (ii) holds
for the polynomials fi, ..., f._1.

Case 1: Assume (i) holds for fi,..., f,_1, i.e. we have a representation

fi=g¢™) fori=1,...,n—1.
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Let ged(mq,...,m,_1) = d. As f, permutes with each polynomial f;, Lemma 1 implies that
fn permutes with ¢@. Note that by Lemma 4 [(¢‘Y) = I(g) = I(f1) > 1. Thus Proposition 6
implies together with Corollary 2 that

9'(x) = erfap(2*)]*) and

ful@) = eaap(z*)]*?) with €} = e} = 1.

Proposition 7 shows that
g(x) = &i[2'q(2*)]) and (14)

wp(z) = dyfalq(x®)]"?) with 67 = 65 = 1.

From this we find
99 (@) = 103 [a'g ()] =) and

fal) = eady?[2' g ()] 2+
for some ny,n9 € N. In order to apply Lemma 9 we have to show that € = 1, as then
file) = mlalq(a”)]) 0 for i =1, ,n —1

with some s-th roots of unity ~;.
If ¢4 = e = 1 we are done. So suppose that €; # 1 or €5 # 1. We have

[2lq(2*)]") o gz = €1 0 [2lq(x®)] ") for i = 1,2.

As all occurring polynomials have gap-form Lemma 7 is applicable and we find [ > 1 and
s = L(z'q(z*)). Furthermore

ulL([2'q(2*))")) = L(a'q(2”)) = 5,

thus € = 1, and Lemma 9 yields a representation of type (i) or (ii).
Case 2: Assume (ii) holds for fi,..., f,_1, i.e. we have a representation

o (my

fi=eg™) fori=1,....n—1.

Here g(z) = 2%gi(2") with r = L(g) > 1 and (w.lo.g.) € # 1. As f; permutes with f,
Proposition 6 together with Corollary 2 implies that

fo(@) = 81[zq(2*)]*) and
fi(@) = bafwq(z*)]2) = e [a* gy (7)) ™)
with 05 = 65 = 1. As [zq(x®)] > [(zq(x*)) = (f1) > 1 we have by Lemma 6
s|L(zq(x®)) = L(f1),

and similarly
L(f1) = L(z"gi(z")) = 7.
Applying Proposition 7 we find

g (") =7 [xlql(xt)](tl) and (15)
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zq(2°) = pla'q («")]*

with 74 =5 = 1. As

[xlql (xt)](tl) 06T = elf:c o [:clql (xt)](tl)

and I(z'qi(z?)) = I(2%g1(2")) > 1 Lemma 7 implies [ > 1. Thus
r=L(zFg (2") = L(a'q(zh)) =1
(if t is chosen maximal). From this we obtain

fi(@) = €[2% g1 (2] = €[y [2lqu ()] W] ) =
for some numbers [;, and
fu(z) = 81 [ya[2lqu (a)]) ) ) =

= o o'y (@)

for some number [,,. As r =t and s|r we can apply Lemma 9 to obtain a representation either
of type (i) or of type (ii).
l

Remark 1 The splitting of the assertion of Lemma 10 into types (i) and (ii) is justified by the
following observation: If type (ii) occurs the polynomials f; have gap-form and satisfy f;(0) = 0.
On the other hand, in case of type (i), arbitrary polynomials with gap-form may occur.

From (14) and (15) we obtain the following fact.
Remark 2 In each inductive step the degree of the representing polynomial g does not increase.
The next lemma shows that the assertion of Lemma 10 remains true in the case that n — oo.

Lemma 11 Let fi, fo,... € Clz], [fi] > 2 be a sequence of pairwise permutable polynomials
with gap-form, and suppose that mo polynomial f; is conjugated to a power or a Chebyshev
polynomial. Then a representation of type (i) or type (ii) of Lemma 10 holds.

Proof : We apply Lemma 10 to {fi, fo} and obtain a polynomial g, and a representation of
the form (11) or (12) employing g». Proceeding from this representation we apply the inductive
step of the proof of Lemma 10 to { fi, fo, f3} and obtain a polynomial g3 and a representation of
the form (11) or (12) employing g3. Carrying on in this way we get a sequence of polynomials
gn, such that for each n a representation of the form (11) or (12) employing g, holds for f;, i
up to n. By Remark 2 we have [ga] > [g3] > .. ..

Let g5 be a polynomial of minimal possible degree, such that f; and f; admit a representation
of the form (11) or (12) involving go. Starting the above procedure with this polynomial we
get a sequence g, gs, . .. with [g,] > [go], as each g, yields in particular a representation of f;
and fo, by Lemma 9. Thus

[92] = [93] = [ga) = .. .
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We have representations
fi :ei,kglimi) fori=1,...,kand k> 2

(independently of whether type (i) or (ii) of Lemma 10 occurs). In particular we have for each

k>3

fi= 61,29§m1) = 61,k91(cm1)

and thus due to Proposition 7
g2(x) = 01 [a'p(2")]® and gy (x) = &;[2'p(a")]

with 6] = 05 = 1. Here obviously d,x € G(f1) for i = 1,2. Thus the numbers ¢§; are L(f;)-th
roots of unity, i.e. go and g differ only by a L(f;)-th root of unity. Therefore one specific
polynomial g = (go (where (Y1) = 1) must occur infinitely often among the polynomials g
and we find

f; = ;g™ for each i € N.

Applying Lemma 9 yields the assertion.

O

Lemma 10 and Lemma 11 put us in position to give a complete list of commutative subsemi-
groups of (Clz], o) containing no linear polynomials.

Theorem 1 Let S be a commutative subsemigroup of (Clx], o) which does not contain any
linear polynomial (except possibly x itself). Then S is conjugated to a subsemigroup of one of
the following commutative semigroups:

List I

(i) P = {Ca*|k =1 modr, (" =1},
(i) Dy = {t,|n € N},
(iii) Dy = {£tx|k odd},

(iv) Ry = (eg™|i = 1,...,n), wheren € N, or Ry = (g™)|i = 1,2,...), with g(z) =
akp(z"), k>0, ¢ =1 and

K™ -1 _ _kMi—1
€ =€

for all v and j.

Proof : Let § be a commutative semigroup which contains no linear polynomials. The cases
(i)-(iii) are settled by Proposition 4 and Proposition 5. Thus assume that no element of S
is conjugated to a power or a Chebyshev polynomial. Let f € S, [f] = n(> 1). A result of
E.Jacobsthal (see [19]) states that for any given degree k(> 1) there are at most n — 1 poly-
nomials of degree k£ permuting with f. Thus S is countable and has in particular an at most
countable set of generators fi, fa,.... By Lemma 5 there is a conjugation ®; such that all
polynomials ®(f;) have gap-form. Applying Lemma 10 or Lemma 11, respectively proves the
assertion of the theorem.

O
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5 A list of commutative subsemigroups of (c|z|, o)

Together with some well known results Theorem 1 will lead us to a complete list of arbitrary
commutative subsemigroups of (C[z], o).

First of all let us consider semigroups of linear polynomials. In [14] we find the following
result, which holds for an arbitrary field k.

Proposition 8 Let S be a commutative semigroup consisting entirely of linear polynomials.
Then S is conjugated to a subsemigroup of one of the two following commutative semigroups.

List IT

(1) T ={z+ala € k},
(ii) Sp = {az|a € k,a # 0}.

The next result determines the set GP(f), i.e. all linear polynomials permuting with a given
nonlinear polynomial.

Proposition 9 Let k be a field of characteristic zero, f € kx|, [f] > 2 and let & be a
conjugation, such that fi = ®p(f) has gap-form. Then GP(f) = @1 (GP(f1)) and

List 111

(i) G*(f1) = A{=x} if f(0) # 0,
(i) GP(f1) = {Cz|¢" =1} if f1(0) =0 and
r = max{u € N|fi(z) = xg(z") for some g € k[x]}.

A proof of this result can be found in [13]. Proposition 9 yields the well known example of the
commutative semigroup R = ((z, g), where g(z) = zp(z") and ( is a primitive r-th root of unity.
This is a special case of the commutative semigroup R occurring in Theorem 1 (if we add the
linear polynomials (x): Ry = (€;¢g™|i = 1,...,n), where n € N, or Ry = (e;g")]i =1,2,...)
with g(x) = 2Fp(z"), k >0, ¢ =1 and
HFTI1

; =€~ for all i and j. (16)

The following proposition shows that this seemingly more general type of commutative
semigroups actually does not yield "new” semigroups.

Proposition 10 Consider the commutative semigroup Ry = (e;g™I|i = 1,...,n) (R1 =
(g™)|i = 1,2,...), respectively) and assume (w.lo.g.) that ged(my,...,m,) = 1
(ged(mq, ma,mg, . ..) = 1, respectively). Then there exists an r-th root of unity -y, such that

Ri1 CR = ({z,79)

where € is a primitive LP(g)-th root of unity, i.e. R is commutative. Furthermore LP(g) com-
putes as LP(g) = ged(k — 1, 7).
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Before we can give a proof of Proposition 10, we have to state another lemma.

Lemma 12 Letn € N, k,r € N, k,r > 2 and let my,...,m, € N, gcd(mq,...,m,) = 1. Then
the set of solutions of the system of congruences

zi (k™ — 1) = z;(E™ — 1) modr fori,j=1,...,n (17)

equals the set of all integral linear combinations of the vectors

1+k+... +Ekm-1 m 0

1+k+... +kmt 0 : (18)
) > ottt 0

Tt k4 ...+ kmat 0 P T )

Proof : Obviously every linear combination of vectors (18) gives a solution of the system
(17). To show the converse let us first compute the number of modulo r incongruent linear
combinations of the vectors (18). Note that

ged(K™ —1,... k™ —1)=k—1,
i.e. there exist numbers uyq, ..., t,, such that
E—1=p (K™ —1)+ ...+ p, (K™ —1).
Dividing by k£ — 1 we obtain
L= +k+.. .+ D+ +pu L+ k4. +E™

which yields

ged(l+ k4. +Ek™ ™ 14k4+. ™ =1 (19)
Consider a linear combination
14+k+...+km1 m 0
1kt 4 Emet 0 :
Ao : + M , +... A (‘) (20)
T+ k+. . 4kt 0 ed (=T

and suppose that

T+k+...+km ! N
1+ k4. 4 kmt "ged(k—L,7)
Ao ) + : =0 modr.
Lkt o et An gedth—1.7)
Then
1+k+.. .+ k-t
1+ k4. +km! 0 mod r
0 : =T mo ged(k —1,7)

14+k+...+km 1
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and thus (19) implies that

-
Ao =0 mod ——.
0 o ged(k —1,7)
We found that linear combinations of type (20) with different coefficients Ao in {1, ..., m}
yield incongruent solutions (modulo r). For fixed Ay € {1,..., m} we obviously get

ged(k — 1,7)™ incongruent solutions (modulo 7). In fact we found P () cged(k —1,r)" =
ged(k —1,7)"" ! r incongruent solutions of (17), namely linear combinations of type (20) with
Ao € {1,...,m} and Ay, ..., A\, € {1,...,ged(k —1,7)}.

We use a method which can be found e.g. in [2] (Chapter 4 of Section 2) to compute the
number of incongruent solutions of (17).

To do so consider the matrix A of coefficients of the system (17). To illustrate the form of

this matrix consider for example the case n = 4. Then we have

Cy —C1 0 0
cs 0 — 0
. Cy 0 0 —C1 . o opmi
A= 0 ¢ —cy O , with ¢; = k 1.
0 Cy 0 —Co
0 0 Cy —C3

The rank of the matrix A equals n—1. We compute the greatest common divisors dj, of the
h x h subdeterminants of A for h =1,...,n — 1. Obviously (k — 1)" divides d;. On the other
hand we can find for each i = 1,...,n an h x h minor of A with determinant (k™ — 1)". As
ged((k™ — 1) ... (k™ — 1)") = (k — 1)" we have

dy=(k-Drforh=1,...,n—1,

where dy = 1 by convention. Thus the so called elementary divisors of A are given as

eh:ﬂ:k‘—lforhzl,...,n—l.
dp-1

Then the number |A, r| of incongruent solutions of (17) is given by the formula
|A, 7| = ged(eq,r) - ... - ged(ep_1,7) -7 = ged(k — 1,7)" - 7.

Thus each solution of the system (17) is a linear combination of the type (20) which proves
the lemma.

O

Proof : [of Proposition 10] If » = 1, then no nontrivial roots of unity appear, i.e. ¢, = 1. Thus
R1 C (g).

S_uppose therefore r > 1 and consider first of all the cases that £k =0 or 1. If £ = 0 we have
g(z) = p(z") and thus
g(x) o ex = g(x) whenever ¢ = 1.

As €;g(™) permutes with ejg(mj) we find

(mi+m;) _ Eig(mi) o 6jg(mj) — 6jg(mj) o 6Z.g(mi) _ ejg(mﬁm"),

€9
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which implies €; = ¢;. Put § = ¢ (=€ = €3 =...), then
(69)") = b9

and therefore Ry C (dg).
In case that £ = 1 we have

g(z) o ex = ex o g(x) whenever ¢ = 1.

Thus Ry C (Cx, g) where ¢ denotes a primitive r-th root of unity.

In the following we may assume that & > 2 and r > 2, which makes the preceding lemma
applicable.

Assume for the moment that R, = (e;g/™)]i = 1,...,n) with n € N. Let ¢ be a primitive
r-th root of unity and let ¢; = (*. As the relations (16) hold, we find

z;i(k™ — 1) = z;(K™ — 1) modr for i,j =1,...,n.

According to Lemma 12 we have

= M14+Ek+. . 4+ E™ )+ N’ modr fori=1,...,n,

where T’/ = m
Let v = ¢*, then
mi) _ m;—1 mz mzfl ml “,, z; ml
(,yg)( )_,yl-i-k-i- +k g( C)\ (1+k+...+k ( C A <— (

As (¢7Nm)eed(k=1r) — 1 we have
6,9 = 6;(yg)™) fori =1,...,n,
where ¢; are ged(k — 1, 7)-th roots of unity. Thus
g™ € R = (€x,79),

where ¢ is a primitive ged(k — 1,7)-th root of unity.
Consider now the case that R, = (¢;g"|i = 1,2,...). The numbers

frn=ged(E™ —1,... k™ —1) for h=1,2,...

satisfy fro1|fn for each h. Thus they must remain constant for sufficiently large h, and for such
h we have
fon=k—1=ged(k™ —1,k™ —1,...)

and ged(my, ..., my) = 1. For each such h we find
6,g"™) € (€x,ypg) for i =1,... A,

where ¢ is a primitive ged(k — 1, r)-th root of unity and 7, is an r-th root of unity. So at least
one of the ~, must occur infinitely often as h increases. Thus we find eventually for each i

eig™) € (€x,7g)
where v is a fixed r-th root of unity, which proves the assertion of the proposition.
l

Putting together Proposition 8, Proposition 9, Proposition 10 and Theorem 1 we obtain a
complete list of commutative semigroups:
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Theorem 2 Let S be a commutative subsemigroup of (Clx],0). Then S is conjugated to a
subsemigroup of one of the following commutative semigroups:

List IV

(i) (linear polynomials): T, Sy.
(ii) (nonlinear polynomials except the trivial linear polynomial x):
Py ={z2"|n € N},

Dy = {t,|n € N},
Q= {g(")|n € No} with g € Clz], [g] > 2,

where g has gap-form and is not conjugated to a power or a Chebyshev polynomial.

(i1i) (nonlinear polynomials and nontrivial linear polynomials):
P, = {Ca*|k = 1 modr,(" = 1} = (£x, 2%k = 1 modr) (r > 2) where € is a primitive
r-th root of unity,
Dy = {£tx|k odd} = (—z, tx|k odd),

R = (Cx,g), where [g] > 2

and g is not conjugated to a power or a Chebyshev polynomial, g(x) = xp(z"), r = LP(g) >
1 and C is a primitive r-th root of unity.

Proof : Let § be a commutative semigroup. If S consists entirely of linear polynomials,
consider Proposition 8.

If there are nonlinear polynomials in S, consider the subsemigroup &’ of S which contains
all nonlinear polynomials of S. Then, according to Theorem 1, a certain conjugate ®5(S’) of
S’ is contained in a semigroup occurring in List I.

Suppose first ¢, (S’) C P, and choose r maximal. Then ®.(S) C P,, as no other linear
polynomials than z (¢" = 1) permute with ®,(S’).

Suppose that &, (S") € Dy or ¢1(S') C Dy. As GP(t,) = {z} or {£x} if n is even or odd
respectively, we again have ®.(S) C D; or ¢.(S) C D,.

Finally consider the case ®,(S") = Ry = (€;,g™)]|i = 1,...,n) or {eg™)]i =1,2,...) (from
the proof of Theorem 1 we see that in this case actually the equality sign holds). According
to Proposition 10 we have ®(S") C (Cz,¢g¥) where d = ged(my, ..., my) (ged(my, mo,...),
respectively) and ( is a primitive £7(g(?)-th root of unity. Thus ®.(S) € Q or ®,(S) C R
holds.

O
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6 Maximal commutative semigroups and permutable
chains

In this section we give some applications of Theorem 2.

First it is easy to determine all maximal commutative subsemigroups of (C[z], o). Note that
a maximal commutative semigroup must be conjugated to one of the semigroups listed in List
IV. Thus it suffices to give conditions whether a semigroup occurring in List IV is maximal or
not. It turns out that, roughly speaking, this is the case whenever the contrary is not obvious.

Theorem 3 The commutative semigroups 7,8y, Pr (r = 1,2,3,...), D1 and Dy are mazimal
(among all commutative semigroups).

The semigroup @ = {g™|n € N} is mazimal if and only if LP(g) = 1 and g cannot be
written in the form g = f% for some f € Clx] and k > 1.

The semigroup R = (Cz,g) is mazimal if and only if g cannot be written in the form
g = EfW where LP(f) = LP(g), k > 1 and €79 = 1.

Proof : The assertions involving 7, Sy, P, D; and D, are proved in [14].

Consider the case of Q: If LP(g) # 1 then QC((x, g) where ( is a primitive £P(g)-th root
of unity. Suppose on the other hand that QCS and LP(g) = 1, then S cannot contain linear
polynomials. A conjugate of S appears in List IV. So the only possibility is that S is itself of
type Q. Thus {g™|n € N}C{f™|n € N} which shows that g = f*) for some k > 1.

Consider the case of R and assume RCS. Then a conjugate ®(S) must occur in List
IV. The only possibility is that ®.(S) is of type R: ®.(S) = ({x, f). As g and f both have
gap-form the linear polynomial L must be a multiplication. Thus § = (£z, f1) with f; = ®.(f).
Furthermore g = ¥z o fl(k) and therefore £P(f,)|£P(g). On the other hand ('z € RCS for any
C'x € GP(g) and therefore LP(g)|LP(f1). Thus £P(g) = LP(f,) and as R # S we must have
E>1.

O

As another application we solve a problem of W.Nobauer. To do so we have to recall some
notation.

Let S be a commutative semigroup. Then the (multiplicative) semigroup M(S) = {[f]|f €
S} of N is called the degree of S. Given any subsemigroup M of N we obviously have the
following commutative semigroups S with M(S) = M:

List V

(i) S ={z"|n € M},

)
(ii) S ={¢z"|n € M,(" =1} if M consists entirely of numbers = 1 modr,
(iii) & = {tnln € M},

(iv) 8 = {£t,|n € M} if M consists entirely of odd numbers.

For which semigroups M are the above listed S the only commutative semigroups (apart of
conjugates) with M(S) = M ?
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Theorem 4 Let M be a (multiplicative) subsemigroup of N. Every commutative semigroup S
with M(S) = M (apart of conjugates) occurs in List V above if and only if M does not consist
entirely of powers of one specific number.

Proof : Suppose that M = {k"|n € M;} for some k € N and M; C N. Let g be a polynomial
of degree k which is neither conjugated to a power nor to a Chebyshev polynomial. Consider
the commutative semigroup S = {¢™|n € M;}, then M(S) = M and no conjugate of S can
occur in List V.

On the other hand suppose M(S) = M and no conjugate of S occurs among the semigroups
listed above. In the case M = {1} we are done. If M # {1} the only possibility for a conjugate
of § is to be a subsemigroup of either Q or R (of List IV). In both cases M(S) C {k"|n € N}
with & = [g].

l
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